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h dv
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〉

Ω
=

1

|Ω|

∫

Ω

d
g
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{
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σ
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o�\�<?DfDNOQs�<?\ LfP�DNC_\IXZD(B~�2s�B c e?P%S¯< c <?\I]�DNOID(O c g_OQs�<vXZPuXN@h<~X
• Ghom

OID$XZ@6P�sRB c eAP%S¯P c e?P�\IBA{GP�B?��X�< c >AP c Xk@�]�{GPRLN{6\Q< c P�D

Ghom =
⋂

D

{

Σ | Σ : D − πhom(D) ≤ 0
} ¸ �A¼

• �(@6P � BAC c gh<?Lf] ∂Ghom
B~�nXZ@_PdMj<?s�LfBADNsRBA{6OIs(DfXZLfP c >~XZ@}g_BAM}<~O c OQD�g6P%  c P�g � ]�XN@6PkDfXZLfP�DfD�DfXZ<~XZPRD

Σ
DN<~XZOIDf�½]�O c >

Σ : D = πhom(D) = min
v

〈

π(d)
〉

Ω
¸ � ¼

��@6PRLNP
D

OID(BALNOIP c XZPRg���B?\Q\QB���O c >	XN@6P�BAC_Xy��<?LNg c BALNMj<?\�XZB ∂Ghom
<~X�{�BAO c X Σ F

x X�M�C6DYX � P��?PR{_X�O c M)O c g¯XZ@6<~X�XZ@_P�s�\Q<?DNDfOQs�<~\�\IOQM)OIXk< c <~\I]�DNOIDd��LZ<~MjP%��BALf�¯g_P�DNsRLNO � PRg·< � B�e?P H OID
OQM){6\IOQs�OVXZ\V]#g6P�g_OQs�<vXZP�g XZB·XZ@_P�DYXZLfP c >?XN@�{_LNBA{�P�LYXZOQP�B~�uMj<~XZPRLNOQ<?\QD*��OVXZ@¡<?DfDNB�s�O�<vXZP�g {6\Q<?DfXNOQs�¦hB��
LNC_\QP F

��- � � �7�8� ��� ���#"�� � />� �,9���� � "�� ��%

�(@6P$g6P%XZP�LfMjO c <~XNOQB c B?� ∂Ghom
XN@6LNB?C6>A@*XN@6P(�¤O c PRM}<~XNOQs�<?{6{6LfB�<?s�@�LfP�£¤C6OQLfP�D2XNB�DNBA\Ve�O c >�{_LNB � \IP�M

¸ � ¼%H ��@6OQs�@�XNC6L c XNB � P9< c C c P�<?DY]}X�<~DN����BAL�LN< c g6BAM)\I]�@_PRXZPRLNBA>?P c PRBAC6D(Mj<~XZPRLNO�<~\QD F qdD��®<?L�<?D�XN@6P
\QOIMjOVX�DYX�<~XNP�D�B?��DfXZLfP�DfDu<?LfP9s�B c s�P�L c P�g H XN@6P � PR@h<�e�OQBAL�B?��XZ@6P�Mj<~XZLfOVS}M}<�]j��BALNMj<?\Q\V] � P�M)BTg6PR\QPRg
<?D�LNOI>AOQg}{6\�<?DYXZOIs���OIXZ@ c B?LNMj<?\QOVXy]}LfC6\QP F q c <?\IXNP�L c <~XZOVeAPue�OIDNs�B?{6\�<?DYXZOIs���BALNM�C_\�<~XNOQB c XNB�g6PRXNP�LNM)O c P
XZ@_P)DfBA\QCTXZOQB c B?� ¸ � ¼ s�B c DNOQDYXZD�O c <?g_BA{_XZO c >�XZ@6P�DfC6{6{�BALfX���C c s%XZOIB c πm

B?��XZ@6P�s�B c e?P%S Gm
<?D�<

{�B?XZP c XNO�<?\G��BAL$XZ@6P�Mj<~XZLfOVS}DfXZ<~XZP�P�£¤Ch<vXZOQB c¥± � ´

σ =
∂πm

∂d
¸Y³	�A¼

q²s�\�<~DNDNOIs�<?\!LfP�DfC6\IXdB?�sRB c eAP%S�< c <~\I]�DNOIDkDYX�<~XNP�DkXZ@h<~Xu<�DfXZLfP�DfD σ g6P%  c PRg�O c XZ@6OIDk��<�]�\QOQPRD�B c XN@6P
� BAC c gh<~Lf]#B?�

Gm ¸ O F P F Fm(σ) = 0 ¼ <~X9XN@6Pj{�BAO c X9��@_P�LNP�XZ@_PjBACTXy�$<?Lfg c B?LNMj<?\2OQD9{6<?LZ<?\I\QPR\�XZB
d F�E O c s�P H ��BAL J LfC6s��?PRLYmyw�LN<?>APRL�Mj<~XNP�LNOQ<?\QD H πm(d)

OQD c B?X�g_O�
GP�LNP c XZO�< � \QP*<~X d = 0 H�¸�³	��¼ DN@_BAC6\QgXZ@_P�LNP%��BALNP � PdLNP�{_\�<?sRP�g � ] σ ∈ ∂πm(0) H ��@6P�LfP ∂πm(0)
OID�XN@6P�DNC � myg6O�
nPRLNP c XNO�<?\KB?� πm

<~X
d = 0 F

°@6P c XZ@6P c BALfM}<?\IOIXy]}LNC6\IP�OID(��C6\I h\I\QPRg H XZ@_P� hs%XZOVXZOQB?C6D(eTOIDNsRBA{6\�<~DfXZOIs�{6LNB � \QP�M.LNP�<~g6D�<?D���BA\I\QB���D F
` BAL2<d>AOIe?P c Mj<?s�LfBADNsRBA{6OIs�DfXNLZ<?O c LZ<vXZP D H ��P$s�B c DNOQg_P�L�XN@6P$M)OQs�LfBADNsRBA{6OIs¨ hPR\Qg6D σ < c g v DfBA\QC_XNOQB c DB?��XZ@6P�M)P�s�@h< c OQs�<?\ {6LfB � \QPRM.g6P%  c PRg=B c XZ@6P�L F P F e
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g_OIe
σ = 0

O c Ω

d = (
>ALZ<?g

v +t
>ALN<?g

v)/2
O c Ω

σ = ∂πm/∂d
O c Ωm

v = D · x O c ∂Ω

¸Y³A³�¼

xyc <?g6g6OVXZOIB c XZB·DY]TDYXZPRM ¸Y³A³�¼+H sRB c g6OVXZOQB c d = 0 ¸ LfP�Df{ F σ = 0 ¼ @h<?D�XNB � P�DZ<vXZOQDY hP�g O c Ωh
OV�

XZ@_Pu@6P%XZP�LfBA>AP c P�OVXZOQPRD�<~LNPuLfOQ>AOIg�O c sR\QC6DfOQB c D ¸ LNP�Df{ F {�BALfP�D ¼+F qdD�LfP�>�<?Lfg6D�XZ@6PdM}<?sRLNBADfs�BA{_OQskDfXZLfP c >~XZ@
{6LfBA{GPRLfXNOQP�D H DNB?\Ie�O c >�XN@6P�{6LNB � \QP�M ¸Y³A³�¼ {6LNB�eAPRD�XN@h<~X Σ =

〈

σ
〉

Ω

DN<~XZOIDf hPRD�PR£¤Ch<?\QOVXy] ¸ � ¼�± �TH � ´ F
o�B c DfP�£¤C6P c XN\I] H XZ@_P=g6P%XZP�LfMjO c <~XNOQB c B?�

∂Ghom
LNP�g_C6s�PRD}XZB�  c g6O c >�XN@6P=P 
nPRsRXNOIeAP � PR@h<�e�OQBAL)B?�

M)P�g6OIC6M8M}<?g_P	C6{#B~�¨<je�OQDNsRBA{6\Q<?DfXNOQs�M}<~XNLNO�S�DNC6LfLNB c g6O c >}@6PRXNP�LNB?>AP c PROIXNOQP�D ¸ LNOI>AOQg�O c s�\QC_DNOQB c DdB?L
{�BALNPRD ¼%F
bdc ��BALYXZC c <~XZPR\I] H XZ@6P�{6LN<?sRXNOQs�<~\ OQM){6\QPRMjP c X�<~XNOQB c B~��XN@6OQDk<?{6{_LNB�<?s�@�XZC_L c D(XZB � P�OIMj{�BADfDNO � \QPd��B?L
s�B?Mj{�BADNOVXZPRDk��OVXZ@#< J LNC6s��~P�LYmywLZ<?>APRL9M}<vXZLNO�S � P�s�<~C6DNP�B?��XZ@6P�@_OQ>A@¯DNO c >AC6\�<~LNOIXy]�B?�XZ@6P	DNC6{_{GBALYX
��C c s%XZOIB c πm

>AOIe?P c#� ] ¸Y³A³�¼+FGxyc g6P�PRg H XZ@_P�\�<~XfXZPRLkXZ<?�?PRD9O c   c OIXZP�e~<?\QC6PRDuOV� X = dv − T dd < 0 F�(@6P*XNP�s�@ c OQ£¤C6P�{6LfBA{GB?DNP�g=O c�±��_H�³	�~´ XZB�g6P�<?\���OIXZ@¯XZ@6OIDuDNO c >AC6\Q<?LNOVXy] H s�B c DNOIDfXZDdO c O c XZLNB�g6C6sRO c >}<
DNPR£¤C6P c sRP H O c g_P%STP�g � ]}XZ@6P�LNP�<?\!DNs�<?\�<~LND a > 0 H B?��{�B?XZP c XNO�<?\ID ψa(d)

B c XZ@6P9��BALfM

ψa(d) = ψa(dv, dd) = fa(X) + h dv
¸Y³�¹?¼

��@6PRLNP
fa(X)

OID2<uDfP�£¤C6P c s�P�B?� C2 mysR\�<?DfD�s�B c e?P%S���C c sRXNOQB c D H g_P�s�LfP�<?DfO c >9B c ]−a, +∞] H fa(X) =

0
��BAL

X ≥ 0
< c g�DNC6s�@�XZ@h<vX lim

X→−a+
fa(X) = +∞ ¸ DNP�P ` OI> Fh¹A¼+F

a−
X

fa

� ����� ¹ ��E @6<?{GP�B?����C c s%XZOIB c fa
F

x X9s�< c�� P�P�<?DfOQ\I]¯DNPRP c ��LNBAM ¸Y³�¹?¼ XZ@h<vX9XZ@6P�DfP�£¤C6P c s�P)B?����C c sRXNOQB c D ψa(d)
XZP c g6D9XZB���<?LNg_D�XN@6P

DNC_{6{GB?LfX(��C c s%XZOIB c πm(d)
B?��XZ@_P J LNC6s��~P�LYmywLZ<?>APRLdMj<~XNLNOVS)��@6P c XN@6P9DNs�<?\�<~L({h<?LZ<~MjP%XZP�L a XNP c g6DXZB���<?LNg_D

0+ ¸ DNOQM){6\IP�s�B c e?P�LN>?P c sRP ¼%F r c XZ@6P�B?XN@6P�L�@h< c g H XZ@6P�DYXZLNPRDNDkDfXZ<~XZP�g6P%  c P�g � ]

σ =
∂ψa

∂d
= f ′

a(X)
(

1 − T d
d
/dd

)

+ h 1 ¸Y³�º�¼

�



<?\V�$<�]�D�MjPRPRXZD�sRB c g6OVXZOQB c σ ∈ ∂Gm ¸ O F P F Fm(σ) = 0 ¼%F
W P�DfOQg6PRD H s�B c g6OIXNOQB c�¸�³�º�¼ O c g_OQs�<vXZP�D$XN@h<~X f ′

a(X) 6= 0
OI�
σ 6= h 1 H < c g�XZ@¤C6D X ∈] − a, 0[ F �(@6OID{6LfBA{GPRLfXy]�M)P�< c D¨XN@h<~X¨XZ@6P c BALfM}<?\IOIXy]	LNC6\IP dv = T dd

OQD�<?Df]�M){_XZB?XNOQs�<?\Q\V]	��C6\V h\Q\IP�g���@6P c a→ 0+

¸ {_LNB�e�OQg6PRg�XN@h<~X σ 6= h 1 ¼%F�(@6P{6LNB � \QPRM ¸Y³?³�¼%H ��@6OQs�@�LNPRDNBA\IC_XZOIB c \IP�<?g6D XNB$XZ@6Pg_PRXZPRLNM)O c <vXZOQB c B?�¤XZ@6PMj<?sRLNBADfs�BA{6OIs2DfXNLNP c >?XZ@
g6BAMj<?O c Ghom

OID$XZ@¤C6D�LNPR{6\�<~s�P�g � ]�XZ@_P�DfP�£¤C6P c s�P	B?��e�OQDfs�BA{_\�<?DYXZOQsu{6LNB � \QP�M)D






















g_OIe
σ = 0

O c Ω

d = (
>ALZ<?g

v +t
>ALN<?g

v)/2
O c Ω

σ = ∂ψa/∂d
O c Ωm

v = D · x O c ∂Ω

¸Y³�»�¼

XZB���@6OIs�@¯M*C6DfX � P	<~g6g6P�g�XZ@_P	<~{6{6LNB?{6LNOQ<~XZP�sRB c g6OVXZOIB c d = 0
B?L
σ = 0

O c XZ@6P�g6B?M}<?O c Ωh F
x X}OIDjDf@6B�� c O c ±��~´ XZ@h<vX�<�DNBA\IC_XZOIB c ¸ σ

a
, va)

B?��XZ@_P�< � B�eAP=DY]�DfXZPRM DN<~XZOIDf hPRDjXZ@_P¯��BA\I\QB���O c >
s�B c g6OIXNOQB c D9|
• d = lim

a→0+
d

a

OQD�<~DNDNB�s�OQ<~XZPRg���OIXZ@�<��¤O c PRM}<~XNOQs�<?\Q\V])<?g6M)OQDNDfO � \IPde?P�\QB�s�OVXy]� hPR\Qg �

• Σ = lim
a→0+

〈

σ
a

〉

Ω
∈ ∂Ghom F

�(@6P�< � B�e?P�e�OQDfs�BA{_\�<?DYXZOQs9LfP�>AC_\�<?LfOQ¢�<vXZOQB c B?��XZ@6P�Mj<~XZLfOVS�DYX�<~XNP�P�£¤Ch<~XNOQB c OQD�B c XZ@_P � <?DNOIDkB~��XN@6P
XZPRs�@ c OI£�C_P(OQM){6\QPRMjP c XNP�g	O c�±��~´ O c BALfg6P�L�XNB9PRe~<?\ICh<~XZP H C c g6P�L2XN@6P(<?DfDNC6M){_XNOQB c B~� c BALNMj<?\IOIXy]�LNC_\QP H
XZ@_P�Mj<?sRLNBADfs�BA{6OIs9DfXNLNP c >?XZ@�B?� J LNC6s��~P�L�m�wLZ<?>?P�LkM}<~XNP�LfO�<?\ID$LNPRO c ��BALfs�PRg � ]�LfOQ>AOIg�O c sR\QC6DfOQB c D F
�(@6P�B � fPRsRX�B?�kXZ@6P���B?\Q\QB���O c >=DfP�sRXNOQB c D�OQD*XNB#P%S�XZP c g¡XN@6P�< � B�eAP�<?{6{6LfB�<?s�@�XZB�XN@6P�DNOVXZCh<vXZOQB c
��@6PRLNP�XZ@6P c BALfM}<~\QOIXy])LfC6\QP9OID c B?X�e~<?\QOIg F
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�(@6P�£¤C6P�DYXZOIB c B?��Mj<?s�LfBADNsRBA{6OIs	DYXZLNP c >?XN@#{6LNBA{�P�LYXZOIP�DuB~��<}s�B?Mj{�BADNOVXZP�M}<~g6P*C6{=B?�¨< J LfC6s��?PRLYm
wLZ<?>?P�L�M}<vXZLNO�S���OVXZ@·P�M � P�g_g6P�g @_PRXZPRLNBA>?P c PROIXZOIP�D ¸ LfOQ>AOIg#O c sR\QC6DfOQB c D9BAL9{GB?LNP�D ¼ OID�P%S_<?M)O c PRg�O c
XZ@_P�>?P c PRLZ<?\!DfOIXZC6<~XZOIB c ��@6P�LfP�XN@6P c BALfM}<?\IOIXy])LNC_\QP9OQD c B?X(��C6\I 6\Q\QPRg F
;¯BALNP9{_LNP�sROQDfP�\I] H OIX�OID�<?DNDfC6MjPRg�XN@h<~X(XN@6P�M}<~XNLNO�S�{6\Q<?DfXNOQs�]�OQPR\Qg6O c >�OID(s�@h<?LZ<~sRXZPRLNOI¢�P�g � ]

d = χ̇
∂Gm

∂σ
, χ̇ ≥ 0

��OIXZ@ Gm(σ) = σd + t σm
¸Y³ � ¼

Gm � P�O c >*XN@6P9{6\�<~DfXZOIsd{�B?XNP c XZOQ<?\ < c g t ∈ [0, T ]
XN@6P�g6OI\�<~XZ< c s%]jsRBTP%©)s�OQP c X F6x � σ 6= h 1 H XN@6P c B c<?DfDNB�s�O�<vXZP�g�¦hB��7LfC6\QP ¸�³ � ¼ <~sRXZC6<?\Q\V]�LNP�<?g6D

dv = t dv
¸Y³ �A¼
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xyc BALfg6P�L�XZBj>AP c PRLZ<?\IOQ¢RP�XN@6P	<?{6{6LfB�<?s�@=g_P�DNsRLNO � PRg�O c DNPRsRXZOIB c	��
�� XZB�XZ@6P	s�<?DfP
t 6= T H XZ@6P�OQg_P�<s�B c DNOIDfXZD�O c g6PR  c O c >*XN@6PuDYXZLfP�DND�DfX�<vXZP � ])M)P�< c D�B?��<�{GB?XNP c XZOQ<?\ ψa(dv, dd) = fa(Y )+h dv

< c g
< c OQDfB?XZLfBA{6OIs9{6LNPRDfXZLfP�DfD σ0(Y ) 1 H ��OIXZ@ Y = dv − t dd

|

σ =
∂ψa

∂d
(Y ) + σ0(Y ) 1 ¸Y³ 	A¼

¸Y³ 	A¼ OQM){6\QOIP�D¨XZ@h<~X

σm = f ′

a(Y ) + h+ σ0(Y ) ; σ
d

= −t f ′

a(Y ) d
d
/dd

¸Y³ �A¼
xyc BALNg6PRL(XZB�MjPRPRX�sRB c g6OVXZOQB c Fm(σ) = 0 H XN@6P�{6LNPRDfXNLNP�DfDdLfP�<?g_D

σ0(Y ) = f ′

a(Y )

(

t

T
− 1

)

¸Y³ � ¼

` C6LfXN@6P�LfMjB?LNP H OI��XZ@_P�DYXZLfP�DND)DfXZ<~XZP σ g6O�
nPRLND���LfBAM
h 1 H PR£�C6<~XZOIB c D ¸Y³ ��¼ < c g ¸Y³ � ¼ DN@_B���D�XZ@6<~X

f ′

a(Y ) 6= 0 H ��@6OQs�@¡OQM){6\IOQP�D�XZ@h<vX
Y ∈] − a, 0[

< c g¡s�B c DfP�£¤C6P c XN\I] XZ@6<~X�XZ@6P c B c <?DfDNB�s�OQ<~XZPRg
{6\Q<?DfXNOQsu¦hB��7LfC6\QP

dv = t dv

OQD$��C6\V h\Q\IP�g�<?DY]�Mj{_XNB?XZOIs�<?\I\I]���@6P c a→ 0+ F
xyc XNP�LfP�DfXNO c >?\I] H XZ@6P�DfXZ<~XZP�PR£�C6<~XZOIB c¥¸Y³ 	A¼ s�< c s�B c eAP c OQP c XZ\I] � P9��LNOVXNXZP c B c XZ@6P9��BALfM

σ =  m(d) : d+ σp(d) 1 ¸µ¹ ��¼
�(@6P�DNPRs�< c XdOQDfB?XZLfBA{6OQsd��BAC6LfXN@TmyB?LNg6PRL$XZP c DNBAL  m(d)

OQD(>?OIeAP c¯� ]

 m(d) = 3km � + 2µm � ��OVXZ@
km =

f ′

a(Y )

Y
µm = −tf

′

a(Y )

2dd

¸ ¹T³�¼
��@6PRLNP � = 1

3
1 ⊗ 1

< c g � = � − � H ��@6OI\QP�XZ@_P�OIDNB?XNLNBA{_OQs�{6LfP�DYXZLNPRDNDkLNP�<?g6D

σp(d) = h+
f ′

a(Y )

Y

(

t

T
Y − dv

)

¸ ¹A¹?¼

x X�DN@_BAC6\Qg � P�B � DfP�Lfe?P�g¡XZ@h<~X H P%STsRP�{_X)��BAL σ = h 1 H Y OQD�<#DfXNLNOQsR\I] c P�>A<~XZOVeAP c C6M � P�L H ��@6OQs�@
P c DNC6LfP�D�XZ@6P�{�BADNOVXZOIe�OVXy]}B?��XZ@_P�M)B�g6C6\QO km

< c g µm F
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 P�DfP�PR� c B�� XZ@6P�\IOQM)OIX�DfXZ<~XZPRD9B?��XZ@6P�sRBAM){GBADfOIXNP*<~XuXZ@6P�Mj<?s�LfBADNsRBA{6OIs*DNs�<?\QP	��OIXZ@_O c XN@6P���LZ<vm
M)PR��BALN��B?��<¥M)OQsRLNBAM)P�s�@h< c OQs�<?\$LNP�<?DNB c O c > F�` B?Lj<·>AOVeAP c e~<?\QC6P�B?�dXZ@6P�g6OI\�<~XZ< c sR] s�B�PR©)s�OIP c X
t ∈ [0, T ] H XN@6P�DNP%X	B~��Mj<?sRLNBADfs�BA{6OIs�\QOIMjOVXuDYX�<~XNP�D Σ

OQD�g6P c B?XNP�g�O c XZ@_P�XZ@6P�DfP�£¤C6P�\ � ] Et
F �(@6P
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