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Abstract. In this work we report numerical simulations using the GILTT (Generalized Integral Laplace Transform 

Technique) approach to simulate radioactive pollutant dispersion in the Planetary Boundary Layer (PBL). To study the 

dispersion and the possible scenarios arising from accidental emissions, the results obtained with the GILTT method 

are compared with experimental data obtained at the Nuclear Power Plant of Angra dos Reis under 

neutral/moderately unstable conditions. Furthermore, to a better description of the wind profile for the irregular 

ground level terrain, we consider the wind profile as solution of the MM5 mesoscale model. The statistical indices 

point out a reasonable good agreement is obtained between experimental data and GILTT model. 
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1. INTRODUCTION  
 

The safety has been an important consideration from the very beginning of the development of nuclear reactors. 

Although construction and operation of nuclear power plants are closely monitored and regulated by the Research 

Council (CNEN – Brazilian National Commission of Nuclear Energy), an accident is possible. The potential danger 

from an accident at a nuclear power plant is exposure to radiation. This exposure could come from the release of 

radioactive material from the plant into the environment, usually characterized by a plume (cloud-like) formation. The 

area the radioactive release may affect is determined by the amount released from the plant, wind direction and speed 

and weather conditions which would swiftly drive the radioactive material to the ground, hence causing increased in the 

deposition of radionuclides.  

With mathematical models it is possible to do forecasts or to simulate concentration fields of contaminants in 

accidents in accordance with action plans to give safety to the population. The mathematical models of pollutant 

dispersion in the atmosphere represent an important technical instrument, as for the knowledge of the state of the 

atmosphere, united to monitoring network, as for the environmental management. Both our scientific understanding and 

technical developments have been greatly increased by the use of empirical, analytical and numerical models to predict 

the air pollution concentration in atmosphere. For this purpose, the advection-diffusion equation has been largely 

applied in operational atmospheric dispersion models. In principle, from this equation it is possible to obtain the 

dispersion from a source given appropriate boundary and initial conditions plus knowledge of the mean wind velocity 

and concentration turbulent fluxes. 

In a recent work Moreira et al. (2005a) proposed an analytical solution for radioactive pollutant dispersion in 

atmosphere, solving the time-dependent two-dimensional advection-diffusion equation by the ADMM (Advection 

Diffusion Multilayer Model) method. The main idea of the ADMM method is based on a discretization of the PBL in N 

sub-layers, where in each sub-layer the advection-diffusion equation is solved by the Laplace transform technique, 

considering an average value for eddy diffusivity and the wind speed. The experiment used in the simulations consisted 

of the controlled releases of radioactive tritiated water vapor from the meteorological tower close to the power plant at 

Itaorna Beach (Biaggio et al., 1985). The wind profile was determined using experimental meteorological data and the 

micrometeorological parameters were calculated from empirical equations obtained in the literature. 

Following the above idea, Buske et al. (2006) solved the same equation by the GILTT approach in order to avoid the 

stepwise discretization of eddy-diffusivity coefficient appearing in the ADMM method. In fact, the main idea of the 

GILTT approach relies on the expansion of the concentration in series of eigenfunctions obtained from an auxiliary 

problem, replacing this equation in the advection-diffusion equation and taking moments we come out with a matrix 

ordinary differential equation that is solved analytically by the Laplace transform technique. In the simulations was used 

the same experiment, wind profile and micrometeorological parameters described above. 

In this work we step forward reporting numerical simulations using the GILTT approach to simulate radioactive 

pollutant dispersion in the PBL, using the experimental data obtained at the Nuclear Power Plant of Angra dos Reis 

under neutral/moderately unstable conditions (Biaggio et al., 1985). Furthermore, to a better description of the wind 

profile for the irregular ground level terrain, we consider the wind profile as solution of the MM5 Mesoscale model. 



To reach our objective we organize this paper as follows: in section 2 we report the advection-diffusion equation 

solution by the GILTT method. In section 3 the experimental data and turbulent parameterizations are presented. The 

comparison with experimental data are in section 4, and finally in section 5, the conclusions.   

 

2.  SOLUTION OF THE ADVECTION-DIFFUSION EQUATION BY THE GILTT METHOD 
 

Atmospheric pollution turbulent fluxes can be assumed to be proportional to the mean concentration gradient. This 

assumption, along with the equation of continuity, leads to the advection-diffusion equation. The cross-wind integration 

of the advection-diffusion equation leads to: 
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for hz <<0 , 0>t  and 0>x , where h is the height of the PBL, u and w are, respectively, the longitudinal and 

vertical mean wind, Kz is the vertical eddy diffusivity, c is the crosswind integrated concentration and λ  is the decay 

constant. Moreover, we introduce the usual boundary conditions of zero flux at the ground and PBL top, and a source 

with emission rate Q at height
sH : 
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)(),(0, sHz=Qtzuc −δ                     at  x = 0                                                                                                           (1b) 

 

0)0,,( =zxc                                        at  t = 0                                                                                                            (1c) 

 

in which δ  is the Dirac delta function. 

Using the Laplace Transform technique, transforming t  into r  and c  intoC , applying the initial condition (1c), 

the Eq. (1) becomes:  
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where r+= λλ*
. Taking advantage of the well known solution of the stationary problem with advection in the x 

direction by the GILTT method (Wortmann et al., 2005; Moreira et al., 2005, 2006b), we pose that the solution of 

problem (1) has the form: 
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where ( )i zΨ  are the eigenfunctions of an associated Sturm-Liouville problem ( ( ) cos( )i iz zλΨ =  for 0,1, 2, 3, ...i =  

and
h

i
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πλ = )  and  ),( rxci
 is the solution of the transformed problem which is given below. 

Proceeding in a similar manner of the work of Wortmann et al. (2005), replacing the expansion of the pollutant 

concentration in a series in terms of the given eigenfunctions (Eq. (3)) in Eq. (1) and taking moments, we obtain the 

transformed problem that in matrix notation becomes:  

 

0)()(' =+ xFYxY   ,                                                                                                                                  (4) 

 

where Y(x) and Y’(x) are, respectively, the column vector whose components are )(xci
 and )(' xci

 and EBF .1−= . 

The entries of the matrices B and E are written as: 
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The transformed problem represented by the Eq. (4) can be solved analytically by the Laplace transform technique and 

diagonalization. For more details about the solution of the transformed problem see the work (Wortmann et al., 2005). 

Finally, the time dependent concentration is obtained by inverting numerically the transformed concentration 

),,( rzxC  by a Gaussian Quadrature scheme 
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where
kA  and 

kP  are the weights and roots of the Gaussian Quadrature integration (Stroud and Secrest, 1996). It is 

important to observe that Eq. (5) accepts any wind and eddy diffusivity vertical profiles.  

In this work, we need to calculate three-dimensional concentration. This way, we assumed a Gaussian distribution in 

the lateral direction and we have taken into account the dispersion parameter 
yσ . Therefore, the final equation to 

calculate the ground-level centerline concentration is: 
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where the ground-level crosswind-integrated concentration in Eq. (6) is calculated employing Eq. (5). 

 

3.  EXPERIMENTAL DATA AND TURBULENT PARAMETERIZATION 
 

The results obtained with the GILTT method (Eq. (6)) are compared with experimental data obtained at the Nuclear 

Power Plant of Angra dos Reis under neutral/moderately unstable conditions and described in Biagio et al. (1985). The 

experiment consisted in the controlled releases of radioactive tritiated water vapor from the meteorological tower, 100m 

height, close to the power plant in Itaorna Beach (Angra dos Reis), during five days (28 November to 4 December 

1984). During the whole experiment, four meteorological towers collected the relevant meteorological data. Wind speed 

and direction are measured at three levels (10, 60 and 100 m), along with the temperature gradient between 10 and 100 

m. Some additional data of relative humidity are available in some of the sampling sites, and are used to calculate the 

concentration of radioactive tritiated water in the air (after measuring the radioactivity of the collected samples). All 

relevant details, as well as the synoptic meteorological conditions during the dispersion campaign are also described in 

(Biaggio et al., 1985). The data from experiment 3 was used to obtain the numerical results and are presented in Table 

1.  

 

Table 1. Micrometeorological parameters and emission rate for experiment 3. 

 

Period )/( smu  )(mh  )/(* smu  )(mL  )/(* smw  MBq/s)(Q  

1 2.2 1153 0.4 -967 0.6 20.5 

2 2.0 1027 0.3 -861 0.5 20.5 

3 2.6 1367 0.5 -1147 0.7 20.5 

  

The micrometeorological parameters shown in the Table 1 are calculated from equations obtained in the literature. 

The roughness length utilized was =0z 1m (in according with (Martano, 1992); the Monin-Obukhov length can be 

written as (Zanetti, 1990): 
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in which k is the von Karman constant (k = 0.4), *w is the convective velocity scale ( uw 25.0* ≅  in neutral conditions 

(Briggs, 1992), 
*u is the friction velocity and h is the height of the boundary layer.  The friction velocity is obtained in 

neutral turbulence conditions by the expression: 
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where 10=rz m (reference height) and u  is the wind speed. The height of the PBL h is obtained by: 
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where 410−=cf  represents the Coriolis coefficient. 

In the atmospheric diffusion problems, the choice of a turbulent parameterization represents a fundamental aspect 

for the contaminants dispersion modeling. From a physical point of view a turbulence parameterization is an 

approximation of nature in the sense that we are putting into mathematical models an approximated relation that in 

principle can be used as a surrogate for the natural true unknown term. The reliability of each model strongly depends 

on the way turbulent parameters are calculated and related to the current understanding of the PBL (Moreira et al., 

2005a). 

For lateral dispersion parameter σy we followed Nieuwstadt and Van Dop (1982) where the following form is 

presented: 
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where X  is a nondimensional distance ( uhxwX /*= ). 

For small variations of the wind direction in relation to the position of the receptors was utilized the expression (10) 

as lateral dispersion and the follow expression for large variations (Nieuwstadt and Van Dop, 1982): 
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where 15=θσ  (Blackadar, 1997) for unstable/neutral conditions. 

In terms of the convective scaling parameters the vertical eddy diffusivity derived from Batchelor (1949) can be 

formulated as (Degrazia et al., 1997): 
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Thus, in this study we introduce the lateral dispersion parameter (Eqs. (10) or (11)) and the vertical eddy diffusivity 

(Eq. (12)) in the GILTT model (Eq. (6)) to calculate the ground-level concentration of emissions released from an 

elevated continuous source point in an unstable/neutral PBL.  

 

4.  NUMERICAL SIMULATIONS 
  

Bearing in mind that in this work our aim is to show the feasibility of the proposed model to simulate pollutant 

dispersion in the atmosphere for more realistic problems, we are now in position to specifically apply this methodology 

on a problem with wind speeds evaluated by the MM5 mesoscale model. In order to apply the GILTT method using the 

discrete data supplied by MM5, we perform a polynomial interpolation of the wind field (u(x,z) and w(x,z)) in z 

variable and take the average in x variable. The grid used was 25x25 km with 1km of resolution and 38 vertical levels. 

The topography and vegetation used was USGS, 900m. 

To simulate a dispersion experiment for radioactive contaminant described in Biaggio et al. (1985), we used the 

wind field from the model MM5 (MM5V3 Modeling System Version 3). The mesoscale model is a limited-area, non-

hydrostatic or hydrostatic (Version 2 only), terrain-following sigma-coordinate model designed to simulate or predict 

mesoscale and regional-scale atmospheric circulation. It has been developed at the Penn State and NCAR as a 

community mesoscale model and is continuously being improved by contributions from users at several universities and 

government laboratories. 

Table 2 presents some statistical performances (Hanna, 1989) using in the simulations the Eq. (6) for two cases: 

wind field from MM5V3 and u constant from micrometeorological tower. The statistical index FB shows if the 

predicted quantity underestimates or overestimates the observed ones. The statistical index NMSE represents the 

quadratic error of the predicted quantities related to the observed ones. The best results are expected to have values 

close to zero for the indices NMSE, FB and FS, and close to 1 in the indices COR, FA2 and FA5 (simulations in 

complex terrain is usually FA5). Figure 1 shows the observed and predicted scatter diagram of ground-level 
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concentrations. Promptly, we observed from Table 1 and Figure 1 that the model satisfactorily reproduces the 

concentrations, particularly, with wind field from the MM5 mesoscale model. 

 

Table 2. Statistical evaluation using the experiment 3 of Angra dos Reis. 

 

 NMSE COR FA2 FA5 FB FS 

GILTT with MM5 0.78 0.68 0.30 0.82 -0.49 0.69 

GILTT with u cte 2.43 0.58 0.12 0.48 -1.17 -0.06 

 

 

 
Figure 1. Observed and predicted scatter diagram of ground-level concentrations. Solid lines indicate a FA2, 

dotted lines a FA5. 

  

5.  CONCLUSIONS 
  

Air pollution models are an important technical instrument for identifying and managing accidental release from 

nuclear plants. In this work we compared computed concentration against data used for simulating accidental release 

from the Nuclear Power Plant of Angra dos Reis, Brazil. The experimental simulation was made releasing tritiated water 

under neutral/moderately unstable conditions (Biaggio et al., 1985).  

We presented a general solution (i.e. for any wind and eddy diffusivity vertical profiles) of the three-dimensional 

transient advection diffusion equation using the GILTT method. The statistical indices point out that a reasonable good 

agreement is obtained between experimental data and GILTT model. The computer code for this new solution runs 

much faster than computer code for a numerical model and can be used for a fast screening of concentration distribution 

from a given source and as an auxiliary tool in the control of critical events related to air quality.  

Remembering that this is a preliminary study, our next step is considering the complex terrain of Angra dos Reis in 

the model. 
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