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Abstract. In this paper the vortex cloud method was extended to take into account the convection and diffusion of  heat 
transfer. Discrete heat particles were generated close to a circular cylinder surface oscillating with small amplitude in 
addition to nascent vortex elements in the presence of a ground plane. The influence of the frequency and amplitude 
oscillation on the aerodynamics loads and on the heat transfer are discussed and the preliminary numerical results are 
presented. 
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1. INTRODUCTION 
 

The transference of heat from the surface of a bluff body to the surrounding fluid is very important in the design of 
a device such as a cooling system for an electronic component or a heat engine. This is the process which cools or heats 
the body. There is a second process by which the fluid is mixed downstream of the body – this is the convective 
transport of heat in the wake of a bluff body – being the most important consideration in the design of a device such as a 
flame holder or a mixed. 

Viscous flow around circular cylinders has been studied by several authors during the last years not only to 
understand the fundamentals of general bluff body flows but also because this flow configuration itself is of direct 
relevance to many practical applications (e.g., tall buildings, bridge piers, chimneys, periscopes, heat exchangers tubes, 
cables, wires, and so on). In fact, the flow around cylinders includes a variety of fluid dynamics phenomena, such as 
separation, vortex-shedding and the transition to turbulence. The most essential parameter which characterizes the wake 
of a smooth circular cylinder is the Reynolds number, Re. 

Thus by varying the Reynolds number, a rich set of flow is observed, but even more wake patterns are observed by 
forced oscillation of a cylinder. Under forced transverse oscillations, various vortex shedding patterns are possible by 
varying the oscillation frequency and amplitude (Williamson and Roshko, 1998).  

On the other hand, the influence of the boundary layer formed on the ground is much more complicated and is still 
unclear despite several intensive studies reported so far. Roshko et al. (1975) measured the time-averaged drag and lift 
coefficients, CD and CL, for a circular cylinder placed near a fixed wall in a wind tunnel at Re=2.0×104, which lies in the 
upper-subcritical flow regime, and showed that the CD rapidly decreased and CL increased as the cylinder came close to 
the wall. Zdravkovich (1985) observed, in his force measurements performed at 4.8×104 < Re < 3.0×105, that the rapid 
decrease in drag occurred as the gap was reduced to less than the tickness of the boundary layer δ/d on the ground, and 
concluded that the variation of CD was dominated by  h/δ rather than by the conventional gap ratio h/d. He also noted 
that the CL could be significantly affected by the state of the boundary layer, although it was insensitive to the tickness 
of the boundary layer. 

Recently, Nishino et al. (2007) presented experimental results of a circular cylinder with an aspect ratio of 8.33, 
with and without end-plates, placed near and parallel to a moving ground, on which substantially no boundary layer 
developed to interface with the cylinder. The main purpose of experiments was to elucidate the fundamental 
mechanisms of ground effect in more details by using a moving ground running at the same speed as the freestream and 
thereby eliminating the confusing effects of boundary layer formed on the ground. Measurements were carried out at 
two upper-subcritical Reynolds numbers of 0.4 and 1.0×105. The results produced new insights into the physics of 
ground effect, and could serve as a database for both experimental and computational studies on the ground effect in the 
future. According to Nishino et al. (2007) experiments, for the cylinder with end-plates, on which the oil flow patterns 
were observed to be essentially two-dimensional, the drag rapidly decrease as h/d decrease to less than 1.0 but became 
constant for h/d of less than 0.85, unlike that usually observed near a fixed ground 

The aim of this paper is to investigate numerically the mechanisms of the heat transport from an oscillating heated 
cylinder in ground effect using vortex method.   

The vortex methods have been developed and applied for analysis of complex, unsteady and vortical flows in 
relation to problems in a wide range of industries, because they consist of simple algorithm based on physics of flow 
(Kamemoto, 2004). The essentials of vortex methods are presented by Chorin (1973), Leonard (1980), Sarpkaya (1989), 
Lewis (1999), Alcântara Pereira et al. (2002) and Stock (2007). The vortex methods offer a number of advantages over 



the more traditional Eulerian schemes: (i) computational elements only where vorticity is non-zero; (ii) no grid in the 
field; (iii) only 2D grid on vehicle surface; (iv) boundary conditions in the far field automatically satisfied. 

In order to handle fluid flow and heat transfer by the vortex method, the following models are required (Ogami, 
2001): (i) the modeling of discretization of heat distribution into the heat particles; (ii) the modeling of the process in 
which the vortex is generated by the effect of a heat; (iii) the modeling of the diffusion process of heat and vortex. 
Alcântara Pereira and Hirata (2003) extended the vortex method to take into account the convection and diffusion heat 
transfer. Discrete heat particles were generated close to a circular cylinder surface in addition to nascent vortex 
elements. The unsteady flow and heat transfer were simulated around a circular cylinder in a uniform flow. The result of 
the surface and time-averaged Nusselt number at constant surface temperature showed reasonable agreement with that 
of experiment. The generation of vortex due the heat was not analyzed. 

Recently, Moura et al. (2007) analyzed the flow around an oscillating cylinder in ground effect, which moved with 
constant velocity. The amplitude of the oscillatory motion was considered to be small when compared with the body 
length, as the first approximation one is allowed to transfer the body boundary condition from the actual position to a 
mean position of the body surface. The impermeability condition was imposed through the application of a source 
panel’s method. Lamb vortices were generated along the surfaces, whose strengths are determined to ensure that the no-
slip condition is satisfied and that the circulation is conserved. The aerodynamics loads were computed using an integral 
formulation derived from the pressure Poisson equation. The analysis of oscillation effect on the mechanism of circular 
cylinder lift generation was presented. 

Heat transfer from transversely oscillating cylinder in cross-flow was first studied by Sreenivassan and 
Ramachandram (1961) over the range 2500 < Re < 15000 in air. This is likely because the oscillation frequencies used 
in their experiments were much lower than the natural shedding frequency. Though they considered amplitude ratios up 
to 1.8, the largest value of f* in their study was 0.07, which is only about 1/3 of the natural shedding frequency. Later 
experiments have found that heat transfer from a cylinder is enhanced by transverse oscillations near the Strouhal 
frequency (Kezios and Prasanna, 1966). 

In this paper, the vortex method (Moura et al., 2006) is employed to simulate numerically the unsteady flow and 
heat transfer (Alcântara Pereira and Hirata, 2003) around and oscillating circular cylinder in ground effect which moves 
with constant velocity in a quiescent Newtonian fluid. The two-dimensional aerodynamics characteristics are 
investigated at a Reynolds number of 1.0×105. The main purpose of present numerical study is the investigation of the 
relationship between near-wake structure and heat transfer for small amplitude (Moura et al., 2006). 

The authors of this paper has developed the present vortex method to simulate the macro scale phenomena, 
therefore the smaller scale ones are taken into account through the use of a second order velocity function (Alcântara 
Pereira et al., 2002). In the present paper, the effects of small scale are not still considered. 
 
2. GENERAL FORMULATION AND NUMERICAL METHOD 

 
“Figure 1” describes a standard layout of the circular cylinder placed near the ground. Herein we consider the 

incompressible flow of a Newtonian fluid around a moving circular cylinder in an unbounded two-dimensional region. 
Also for all flows considered temperature variation has not a negligible impact on the flow field. The incident flow IS 
defined by free stream speed U with constant temperature T∞ and the domain Ω  with boundary 3S2S1SS ∪∪= , 1S  
being the body surface at constant temperature Tw, 2S  the plane surface and 3S  the far away boundary. The cylinder 
moves to the left with constant velocity; an oscillatory motion with small amplitude A and constant angular velocity λ is 
added to body motion. In this figure the (x,o,y) is the inertial frame of reference and the (η,O,ξ) is the coordinate system 
fixed to the cylinder; this coordinate system oscillates around the x-axis as y0=Acos(λt). 

The evolution of such a fluid is governed by the following relations for conservation of mass, momentum and 
energy respectively       
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In the equations above u  is the velocity vector field, p  is the pressure, f is body force, υ  is the fluid kinematics 
viscosity coefficient, k is the thermal conductivity and ρcp is the volumetric heat capacity (k/ρcp is the thermal 
diffusivity). “Equation (3)” is according Boussinesq’s approximation. 
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In this formulation it is necessary to solve for both the pressure, temperature and two velocity components in order 
to evolve the flow. This can complicate computational approaches and it proves favorable to consider the evolution 
equation for the curl of the velocity, the vorticity, instead 

 
uω ×∇= .                                                                                                                                                                                      (4) 

 
Figue1. Circular cylinder in ground effect and the coordinate systems 

 
For two-dimensional flow, the vorticity vector has only one component and thus can be expressed as a scalar field 

ω(x,y). 
Taking the curl of “Eq. (2)” and applying “Eq. (1)” and the two-dimensionality constraint yields 
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which is the evolution of the scalar vorticity field. 

In order to determine a flow from the vorticity equation, “Eq. (5)”, it is necessary to find a velocity field in terms of 
the vorticity field. To do so, consider decomposing the velocity vector into two fields 

 
φ∇+×∇= ψu                                                                                                                                                                              (6) 

 
which ψ is the vector streamfunction and φ is the velocity potential. Now consider the curl of “Eq. (6)” 

 

)(2 ψψψω ⋅∇∇+−∇=∇×∇+×∇×∇= φ .                                                                                                                           (7) 
 

Note that the velocity potential serves to include components of the velocity field which cannot be represented in the 
vorticity field. For two-dimensional flow, “Eq. (7)” simplifies to 

 

ψω 2−∇= .                                                                                                                                                                                    (8) 
 
The Green’s function for the two-dimensional Laplacian can be now convolved with the stream-function to give a 

vorticity-based representation of the streamfunction as follows 
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Now “Eq. (9)” can be used in “Eq. (6)” to yield the relation commonly known as the Biot-Savart law 
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The foundation of vortex methods rests on the use of “Eq. (5)” and “Eq. (10)” to track a fluid based on the 

evolution of this vorticity field. The vorticity equation is free of the computational instabilities associated with the 
convective term. In the inviscid case without body forces and frame of reference acceleration 
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Computational simulation requires the discretization in space and time of “Eq. (5)” and “Eq. (10)”. Particles 

strengths remain constant to satisfy “Eq. (11)”, so 
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where the amount of vorticity carried by a given particle is termed its circulation and represented by Γ. 

The vorticity convection is governed by “Eq. (11)” and the velocity field is given by (Recicar et al., 2006) 
 

)t,()t,()t,()t,( xuvxubxuixu ++=                                                                                                                         (13) 
 

where ui is the velocity vector of the incident flow, ub is the velocity vector induced by the body and plane surfaces and 
uv is the velocity vector induced due to the vortex cloud. 

Note that “Eq. (3)” gives the law that the temperature distribution, T, moves both with the convection velocity. 
Vortex elements and discrete heat elements distributed in the flow field are followed during numerical simulation 
according to the first order Euler scheme. It is clear that the energy equation, “Eq. (3)”, has the similar form to the 
vorticity transport equation, “Eq. (5)”. This suggests that the energy equation can be solved in an analogous way using 
the random walk method to the motion of the heat elements to account for diffusion (Chorin, 1973). 

In this paper, the temperature Tw  is considered constant around the body surface, see “Fig. 1”. The heat transport 
from the body surface to the fluid nearby the body surface is determined by the temperature gradient at the surface. The 
effect of buoyancy is not considered here because our study is focused on the forced convection heat transfer (Alcântara 
Pereira and Hirata, 2003). The surface heat flux is determined by Fourier’s Law 
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where n  denotes the normal direction to the surface and λ  is the thermal conductivity of fluid. The heat quantity 
transfered from the surface (j-th panel with length jSΔ ) to the k-th nascent heat element is given by 
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in which Prυ=α  (Pr is Prandtl number) and ε  is the displacement normal to the straight-line panel. 

The temperature distribution ( )zT  results from the contribution of all the heat particles in the field 
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where Tσ  is the core radius of the heat particles. 

The pressure calculation starts with the Bernoulli function, defined by Uhlman (1992) as 
 

u=+= u  ,
2

upY
2

.                                                                                                                                                                 (17) 

 
Kamemoto (1993) used the same function and starting from the Navier-Stokes equations was able to write a 

Poisson equation for the pressure. This equation was solved using a finite difference scheme. Here the same Poisson 
equation was derived and its solution was obtained through the following integral formulation (Shintani and Akamatsu, 
1994) 
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where Η is 1.0 inside the flow (at domain Ω ) and is 0.5 on the boundary 1S . ( ) 1

i Rlog21G −π= is the fundamental 
solution of Laplace equation, R being the distance from ith vortex element to the field point. 

It is worth to observe that this formulation is specially suited for a Lagrangian scheme because it utilizes the 
velocity and vorticity field defined at the position of the vortices in the cloud. Therefore it does not require any 
additional calculation at mesh points. Numerically, “Eq. (18)” is solved by mean of a set of simultaneous equations for 
pressure iY . 
 
4. RESULTS AND DISCUSSIONS 

 
When the Vortex Method is applied to heat-fluid motion, it becomes evident that the procedure is very sensitive to 

the numerical parameters involved. The main influences are: the non-dimensional time step, t∗=tU/d (where d is the 
cylinder diameter); distance of release particles from surface; particles blob radius and time increment.     

The numerical simulations were restricted to the simple situation of a circular cylinder in ground effect. In the 
calculations, each boundary 1S  and 2S  of “Fig. 1” was represented by fifty (M=50) source panels, and the time step 
size and Reynolds number were taken as Δt=0.05 and Re=1.0×105 respectively. In each time step the nascent vortex and 
heat elements were placed into the cloud through displacements ε= 0σ = 0.0009d and ε=σT= 0.09d, respectively, normal 
to the panels. The aerodynamics forces computations starts at t=10. 

Using the solution technique described in the previous section, two representative cases will be analyzed. First, we 
remove the oscillation of the circular cylinder to the ground h/d=1000. The result of the first case is presented in “Table 
1”. In this table one can find also experimental, Blevins (1984) (with 10% uncertainty) and numerical results Mustto et 
al. (1998). The numerical results of Mustto et al. (1998) were also obtained using the Vortex Method with the Circle 
Theorem (Milne-Thompson, 1955), while the Panels Method, using straight-line vortex panels with constant density, 
was used in the results of Alcântara Pereira et al. (2002). The agreement between the two numerical methods is very 
good for the Strouhal number, and both results are close to the experimental values. One should observe, however, that 
three-dimensional effects are non-negligible for the Reynolds number used in the simulations. Therefore one can expect 
that a two-dimensional computation of such a flow must produce higher values for the drag coefficient. On the other 
hand, the Strouhal number is insensitive to these three-dimensional effects. 

 
Table 1: Strouhal number, lift and drag coefficients for a circular cylinder with h/d=1000. 

 

Re = 105, A = 0 and λ = 0 DC  LC  tS  
Blevins (1984) 1.20 - 0.19 
Mustto et al. (1998) 1.22 - 0.22 
Present simulation 1.20 0.06 0.19 

 
“Figure 2(a)” shows time histories of drag coefficient, CD and lift coefficient, CL, of the circular cylinder. Both 

values of drag and lift are defined by the sum of pressure forces. “Figure 2(a)” indicate that the fluctuation of CD have 
double frequency that of CL, because it fluctuate once for each of upper and lower shedding. “Figure 2(a)” shows that 
the lift coefficient oscillates around zero. The differences encountered in the comparison of the numerical result with 
the expected result are attributed mainly the inherent three-dimensionality of the real flow for such a value of the 
Reynolds number, which is not modeled in the present simulation.  

“Figure 2(b)” shows the mean value of pressure coefficient around the discretized circular cylinder surface. The 
present result is compared with others results available in the literature and current simulation agree very well with the 
experimental ones. From the simulation the predict separation points occur around 86°, while the experimental value is 
around 82°. In other experimental investigation by Son and Hanratty (1969); determined a value of 78° for the 
separation angle. 

Some discrepancies observed in the determination of the aerodynamics loads may be attributed to errors in the 
treatment of vortex element moving away from a solid surface. Because every vortex element has different strength of 
vorticity, it will diffuse to different location in the flow field. It seems impossible that every vortex element will move 
to same ε-layer normal to the solid surface (Yang and Huang, 1999). In the present method all nascent vortices were 
placed into the cloud through a displacement ε= 0σ =0.0009d normal to the panels. 

Numerical simulation for flow and heat transfer was performed around a circular cylinder at Re= 1.0×105, Pr= 0.71 
and h/d=0.7. A constant temperature Tw= 363 K on the body surface as a boundary condition, and the freestream 
temperature was set to T∞= 293 K. 
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                               (a) CD and CL                                                                                                          (b) time averaged pressure coefficient 
 

Figure 2: Time histories of aerodynamics loads, for A = 0, ω = 0, h/d=1000 and Re=105. 
 

“Figure 3” shows distribution of vortex elements and heat elements at t= 19.9. A vortex sheet is formed behind the 
circular cylinder (blue points). There are several situations where this type of vortex shedding may cease, and one of 
them is that a cylinder is located near a plane boundary or ground. The red points in “Fig. 3” represent boundary layer 
developing on the ground. Nishino et al. (2007) reported that the mechanism of the ground effect are still far from being 
fully understood due to a variety of other influence factors, in particular the confusing influence of the boundary layer 
formed on the ground. In this paper we introduce two factors: (i) forced convection heat transfer and (ii) small 
oscillation. 

 
Figure 3. Flow pattern around a circular cylinder, for A = 0.05, λ= 1.3, h/d=0.75, Pr=0.71 and Re=105 at t= 19.9. 

 
Pottebaum (2003) previously observed that heat transfer enhancement associated with oscillations at frequencies 

near the natural shedding frequency and its harmonics were shown to be limited to amplitudes of less than about 0.5 
cylinders diameters. Obviously the ground effect has influence at enhancing heat transfer. “Figure 4” shows the 
temperature distribution at t= 19.9. 

From the study of the heat convection from a cylinder as function of forced oscillation frequency and amplitudes, 
we need to investigate the relation between the incensement of natural vortex shedding frequency and heat transfer in 
ground effect. 

Pottebaum (2003) founded that wake structure and heat transfer both significantly affect one another. The wake 
mode, a label indicating the number and type of vortices shed in each oscillation period, is directly related to the 
observed heat transfer enhancement. The dynamics of the vortex formation process, including the trajectories of the 
vortices during roll-up, explain this relationship. 

According to the Pottebaum (2003), the cylinder’s transverse velocity was shown to influence the heat transfer by 
affecting the circulation of the wake vortices. For a fixed wake structure, the effectiveness of the wake vortices at 
enhancing heat transfer depends on their circulation. Also, the cylinder’s transverse velocity continually changes the 
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orientation of the wake with respect to the freestream flow, thereby spreading the main source of heat transfer 
enhancement – the vortices near the cylinders base – over a large portion of the cylinder surface.   

 

             
 

Figure 4. Circular cylinder: temperature distribution (when A = 0.05, λ= 1.3, h/d=0.75, Pr=0.71 and Re=105 ) at t=19.9. 
 

As future work we need to investigate the relationship between the fundamentals effects of h/d and heat transfer for 
an oscillating circular cylinder in cross-flow. The influence of the boundary layer formed on the ground is much more 
complicated and is still unclear despite several intensive studies reported so far. Recently, Zdravkovich (2003) reported 
the drag behavior for cylinder placed near a moving ground running at the same speed as the freestream for higher 
Reynolds number of 2.5×105, which lies within the critical flow regime rather than the subcritical flow regime. The 
experiment by Zdravkovich (2003) showed contrast to all the above studies. First, practically no boundary layer on the 
ground. Second, the decrease in drag due the decrease in h/d did not occur in his measurements. The differences 
encountered were attributed to the non-existence of the wall boundary layer or the higher Reynolds number, or any 
other influencing factors. Because the distributed vorticity and heat of the mainstream flow has been replaced in the 
numerical model by two clouds of particles, the CPU time for particle-particle interaction turns expensive. No attempts 
to simulate the flow for M greater than 50 were made since the operation count of our algorithm is proportional to the 
square of N. As M increases N also tends to increase, and the computational efforts becomes expensive. This is a major 
source of difficulties, and it can only be handled through the utilization of faster schemes for the induced velocity 
calculations, such as the multipole technique (Greengard and Rokhlin, 1987) and/or parallel computers to run long 
simulations (Takeda et al., 1999).  

The present methodology, therefore, is able to provide good estimates for Strouhal number, lift and drag 
coefficients, pressure distribution and time-averaged Nusselt number (Alcântara Pereira and Hirata, 2003), and is able 
to predict the flow correctly in a physical sense. As a future work, the effect of buoyancy will be carried out. A new 
method to simulated diffusion will be carried out (Rossi, 2006). Finally, the results are promising and encourage 
performing additional tests in order to explore the phenomena in more details. 
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