
Proceedings of ENCIT 2008                                                                      12
th
  Brazilian  Congress of Thermal Engineering and Sciences 

Copyright © 2008 by ABCM November 10-14, 2008, Belo Horizonte, MG 

 

RADIAL BASIS FUNCTIONS APPLIED TO THE SOLUTION OF THE 

NATURAL CONVECTION PROBLEM IN SQUARE CAVITIES  
 

Ana C. Magalhães, ana_mag1981@hotmail.com  

Marcelo J. Colaço, colaco@asme.org  
Military Institute of Engineering, Dept. of Mechanical and Materials Engineering.  

Praca General Tibúrcio, 80, Rio de Janeiro, RJ, 22290-270, Brazil 

 

Helcio R. B. Orlande, helcio@mecanica.coppe.ufrj.br  
Federal University of Rio de Janeiro, Dept. of Mechanical Engineering. 

Cx. Postal 68503, Rio de Janeiro, RJ, 21945-970, Brazil 

 

George S. Dulikravich, dulikrav@fiu.edu  

Florida International University, Dept. of Mechanical and Materials Engineering 

10555 West Flagler St., EC 3474, Miami, FL 33174, USA 

  

Abstract. This work deals with the application of the Radial Basis Function (RBF) to the solution of a natural 

convection problem inside a square cavity which is heated at two different temperature levels in the vertical walls. The 

use of RBFs followed by collocation resulted in a meshless formulation giving good results with very few collocation 

points when compared with the grids used for the classical benchmark solutions. The Boussinesq approximation was 

used and the bi-harmonic equation was solved coupled with the energy equation. The results were compared against 

those presented by de Vahl Davis who used a grid with 41x41 points and Leal et al. who solved this problem by using 

the Generalized Integral Transform Technique. The RBF was able to obtain a reasonably good result with very few 

collocation points.  
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1. INTRODUCTION  
 

     The mathematical modeling of incompressible viscous flows is one of the classical problems in fluid mechanics, 

which has been studied by several authors over the past decades.  

     One of the main problems in dealing with incompressible flows is the absence of one equation for pressure, thus 

leading to the classical pressure-velocity coupling problem, where the pressure appearing in the momentum equation 

must generate velocity field that satisfies the mass conservation equation. Several approaches were developed in the 

past to deal with this problem such as the SIMPLE (Patankar and Spalding, 1972), SIMPLEC (Van Doormaal and 

Raithby, 1984), SIMPLER (Patankar, 1979) and PRIME (Maliska, 1981) methods.  

      Another well known problem encountered when solving the Navier-Stokes equations numerically, such as with 

Finite Volume Method, is the type of grid structure used, which can be co-located or staggered, depending on how the 

pressure and velocity fields are distributed along the control volumes. In the co-located grid structure, the velocity and 

pressure fields are all located at the centers of the control volumes. Thus, during the process of integrating the 

equations, several quantities must be evaluated at the boundary of such control volumes. The evaluation of such 

quantities at these interfaces is done by means of some interpolation scheme such as the Power-Law Scheme (Patankar, 

1980), Upwind (Courant et al, 1952), WUDS (Raithby and Torrance, 1974), QUICK (Leonard, 1979) and QUICKEST 

(Leonard, 1979) among others (Leonard, 1997; Tafti, 1996). 

      Besides the two problems mentioned above, there is also the grid generation, which is, by itself, a fundamental part 

of the numerical solution of the governing equations for the incompressible viscous flow equations. The quality of the 

numerical solution depends on the grid size, grid uniformity, grid orthogonality and the grid smoothness. Complex 

geometries and multiply-connected domains can demand a large computational effort both to generate the grid and for 

solving the partial differential equations which model the physical problem. The computational cost might increase 

even more if solution-adaptive grids are used. To overcome the above mentioned difficulties, mesh-free and meshless 

methods have been developed over the past decades, seeking to avoid the drawbacks or weakness of the standard 

numerical methods, and yet preserve the ability to accommodate geometric complexity. From the viewpoint of kernel 

interpolation/approximation techniques, many mesh-free methods are based on the moving least square technique.  

One of the most popular mesh-free kernel approximation techniques is Radial Basis Functions (RBFs). Initially, 

RBFs were developed for multivariate data and function interpolation. It was found that RBFs were able to construct an 

interpolation scheme with favorable properties such as high efficiency, good quality and capability of dealing with 

scattered data, especially for higher dimensional problems. A good interpolation scheme also has great potential for 

solving partial differential equations. It was Kansa (1990) who made the first step forward in employing RBFs to deal 

with PDEs. He proposed a simple collocation method using RBFs.  
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Over the past decade, several problems were solved by using meshless methods. Chen et al. (2000, 2001, 2002) 

used the Boundary Knot Method (BKM) to solve some problems modeled by the Helmholtz and Laplace equations. 

Lavagetto et al. (2000) used the RBF as an interpolation function to recognize human faces. Ramachandran (2002) used 

the Method of Fundamental Solutions (MFS), which is also a meshless method, to solve equations such as the Laplace 

and Helmholtz equations. The MFS is a straightforward method that allows approaching the solution of boundary value 

problems for a partial differential equation whenever its fundamental solution is known. Scott (2004) used the RBF to 

solve the Burgers’ equation and also investigated the use of an adaptive choice of the collocation points. Mera (2005) 

used the MFS to solve an inverse problem of heat conduction. Wu et al. (2005) studied the use of RBFs as interpolation 

functions, using the partition of unity method. Chen (2006) used the RBFs to solve the Poisson and Burgers’ equations. 

Colaço et al. (2006) used the RBFs to solve some convection-diffusion problems, such as the Pouiseuille flow and the 

flow between two parallel plates. Several RBFs were compared, both using global and compact support. 

Chinchapatnam (2006) used the RBFs to solve the classical lid-driven cavity problem, where the problem was 

formulated as a bi-harmonic equation. Colaço et al. (2008) used RBFs as interpolation functions in a hybrid optimizer 

showing very good convergence rates. Vale et al. (2008) used the Method of Fundamental Solutions in an inverse heat 

transfer problem of estimating a heat transfer coefficient. 

In this work, the natural convection problem in a square cavity was studied using Radial Basis Functions. Different 

Rayleigh numbers, as well as a different number and distribution of collocation points were employed.  

 

2. RADIAL BASIS FUNCTIONS 
 

Radial basis functions are essential ingredients of the techniques generally known as "meshless methods that 

require some sort of radial function to measure the influence of a given location on another part of the domain. 

The use of Radial Basis Functions (RBF) followed by collocation, a technique first proposed by Kansa (Kansa, 

1990), after the work of Hardy (Hardy, 1971) on multivariate approximation, is now becoming an established approach 

and various applications to problems of structures and fluids have been made in recent years – see, for example Leitão 

(Leitão, 2001; Leitão, 2004). Kansa's method (or asymmetric collocation) starts by building an approximation to the 

field of interest (normally displacement components) from the superposition of radial basis functions (globally or 

compactly supported) conveniently placed at points in the domain (and, or, at the boundary). The unknowns (which are 

the coefficients of each RBF) are obtained from the (approximate) enforcement of the boundary conditions as well as 

the governing equations by means of collocation. Usually, this approximation only considers regular radial basis 

functions, such as the globally supported multiquadrics or the compactly supported Wendland (Wendland, 1998) 

functions. Radial basis functions (RBFs) may be classified into two main groups: 

1. the globally supported ones namelly the multiquadric (MQ, ( )
2

2

j jx x c− + , where cj is a shape parameter), 

the inverse multiquadric, thin plate splines, guassians, etc; 

2. the compactly supported ones such as the Wendland (1998) family (for example, ( )(1 )nr p r+− +  where p(r) 

is a polynomial and (1 )n
r +−  is 0 for r greater than the support). 

In a very brief manner, interpolation with RBFs may take the form: 

 

( ) ( ) ( ) ( )
ˆ

1 1

N N

i i j i j k k i

j k

s x f x x x p xα φ β
= =
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1

0
N

j k j

j

p xα
=

=∑
.      (1) 

 

where f(xi) is known for a series of points xi and pk(xi) is one of the N̂  terms of a given basis of polynomials, see 

Buhmann (Buhmann, 2003). This approximation is solved for the αj unknowns from the system of N linear equations. 

By using the same reasoning it is possible to extend the interpolation problem to that of finding the approximate 

solution of partial differential equations. This is made by applying the corresponding differential operators to the radial 

basis functions and then to use collocation at an appropriate set of boundary and domain points. 

In short, the non-symmetrical collocation is the application of the domain and boundary differential operators LI 

and LB, respectively, to a set of N-M domain collocation points and M boundary collocation points. 

From this, a system of linear equations of the following type may be obtained 
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                            (2.a,b) 
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subject to the conditions ( )
1

0
N

j k j

j

p xα
=

=∑  where the αj and βk  unknowns are determined from the satisfaction of the 

domain and boundary constraints at the collocation points. 

 

3. PHYSICAL PROBLEM 

 
The physical problem considered here involves the laminar natural convection of an incompressible Newtonian 

fluid. The fluid physical properties are assumed constant. The energy source term resulting from viscous dissipation is 

neglected and buoyancy effects are approximated by the Boussinesq hypothesis. Radiative heat transfer is neglected. 

Figure 1 shows the geometry for this problem. 

 
 

Figure 1 – Geometry and boundaries. 

 

Equations (3.a-l) show the mathematical formulation of this problem. All boundaries are impenetrable and 

subjected to non-slip flow. Top and bottom boundaries are thermally insulated and vertical walls are subjected to 

different prescribed temperatures, which will give rise to the natural convection problem. In these equations, u and v are 

the components of the velocity field in the x and y coordinate directions, υ is the kinematic viscosity, ρ is the fluid 

viscosity, p is the pressure, T* is the temperature, Th is the temperature at the ‘hot’ surface and Tc is the temperature at 

the ‘cold’ surface. 
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The above equations can be simplified with the help of the stream function formulation 

 

y
u

∂

∂
=

ψ

          x
v

∂

∂
−=

ψ
 

(4.a,b) 

      

       It is possible also to define the following dimensionless variables, as well as the Prandtl and Rayleigh numbers 
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where D is the length of the cavity, α is the thermal diffusivity, g is the gravity acceleration at the y direction and β is 

the volumetric coefficient of thermal expansion.  

    Substituting Eqs. (4) and (5) into Eqs. (3), it is possible to obtain, after some manipulation, the following equations 
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    Equation (6.a) is a bi-harmonic equation with a source term given by the temperature gradient along the 

dimensionless X coordinate. Equations (6.a) and (6.b) must be solved simultaneously due to the presence of such source 

term. As the Rayleigh number increases or the Prandtl number decreases, the coupling among the two equations 

becomes stronger. For a Rayleigh number equals to zero, both equations can be solved independently. It is interesting to 

note that the gradient of pressure no longer appears in such equations, thus eliminating the pressure-velocity coupling 

problem mentioned before. The presence of fourth order derivatives in Eqs. (6) makes their solution highly prone to 

truncation errors when numerical techniques such as finite differences of finite volumes are applied to them. The need 

for three boundary conditions at each one of the boundaries, as given by Eqs. (6.c-n), should be pointed out. 

 

4. SOLUTION TECHNIQUE 

 
     In this work we used the Radial Basis Function to solve the natural convection problem within a square cavity. 

Several choices of RBFs are possible (Colaco, 1996). In this work, we used the multiquadrics, because of its simplicity, 

low computational cost and overall good accuracy. The variables appearing on Eqs. (6) were thus expanded by using a 

RBF approximation as  

 

1
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j
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where 

 

( ) ( ) ( )
2 2

i i i i iX X Y Y cϕ = = − + − +r r  
(8) 

       

     In the above equations, the functions ϕ are the same for both variables Ψ and T, but the parameters λ are different for 

each one. The variable c is a shape parameter that controls the smoothness of the RBF. As c becomes large, the RBF 

becomes smoother, the solution becomes better, but the resulting linear system is ill-conditioned. In these equations, N 

and M are the number of collocation points, which are different for the two variables and will be explained later. 

Applying Eqs. (7) and (8) into Eqs. (6), the following non-linear system was obtained which need to be solved for λ . 

The non-linear system given by Eqs. (9) was solved by the BFGS Method (Press et al, 1999; Fox, 1971). After the 
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solution of Eqs. (9), the final value of the stream-function and the temperature can be recovered by Eqs. (7.a) and (7.b), 

respectively.  
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    At this point, it is necessary to explain why M and N must be different. Let us suppose that we have L point inside the 

domain, which are given by the blue dots in Fig. 2. Also, we have P points at the boundaries, given by the green dots at 

the same figure. Starting with the energy equation (9.b), we will have one equation for each one of the blue centers 

shown in the Fig. 2. Besides, the boundary conditions (9.e), (9.h), (9.k) and (9.n) will be applied to the boundary points 

given by the green centers. Thus, the total number of equations is L+P, which is equal to the total number of variables 

M in Eq. (7.b). Since we have one equation applied to different points, the number of variables and equations are the 

same and the system is determined. However, let us now analyze the bi-harmonic equation. Equation (9.a) gives one 

equation for each internal point of the domain (blue dots in Fig. 2) and Eqs. (9.c), (9.d), (9.f), (9.g), (9.i), (9.j), (9.l) and 

(9.m) results in two equations for each point of the boundaries (green dots in Fig. 2). Therefore, the total number of 

equations for the stream-function is L+2*P, which is equal to N. However, the total number of variables is L+P. In order 

to circumvent this, it is necessary to introduce more variables in the system. In this work, we followed the approach 

used by Chinchapatnam (2006), who used some ghost centers (red dots in Fig. 2) outside the domain and close to the 

boundary conditions. Thus, some extra centers are introduced making the system determined. Note that the equations 

are not solved for these centers. They appear only as extra variables λi. 

 
 

Figure 2 – Collocation points (blue=domain centers, green=boundary centers, red=ghost centers)  

 

      An important issue when using RBFs to solve a system of partial differential equations is related to the choice of the 

shape parameter c appearing in Eq. (8). The quality of the results is greatly influenced by this choice. As the shape 

parameter increases, the solution usually is better at the cost of an ill-conditioned system of algebraic equations. Divo 

and Kassab (2007) suggest a trial and error approach, where the shape parameter must be increased up to the point 

where the system is almost unsolvable. Following the suggestions of Chinchapatnam (2006) we first determined the 

lowest distance among all internal points of the domain and called this distance d. Then, the non-linear system given by 

Eqs. (9) was solved for c = d and the residual was recorded. The entire procedure was repeated, but for c = 2d and a new 

residual was recorded. This process was repeated for c equals to up five times d and the best shape parameter was the 

one that gave the lowest residual in the solution of Eqs. (9). Note that this system is generally ill-conditioned. Thus, the 
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initial guess for each new value of c was taken as the solution of the previous step. This entire procedure was repeated 

again five times, in order to guarantee that the initial guesses no longer influenced the final solution and the best value 

of c was finally obtained. 

 

5. RESULTS AND DISCUSSION 
 

     The natural convection problem in a square cavity was analyzed for three different Rayleigh numbers (10
4
, 10

5
 and 

10
6
) and the numerical results were compared against the benchmark results of Vahl Davis (1983) and Leal et al. 

(1999). While Vahl Davis (1983) used a numerical technique to obtain his results, Leal et al (1999) used the 

Generalized Integral Transform Technique to solve this problem. In this work we used 16, 64, 144, 256, 400, 900 and 

1600 collocation points in order to verify the convergence of the results as the number of points was increased. In all 

comparisons, the Prandtl number was taken as 0.71, since it was the one used in the benchmark results. Besides the 

multiquadrics given by Eq. (8), other types of RBFs were tried, such as the Gaussian (Buhmann, 2003) and the ones 

with compact support (Wendland, 1998). However, only the results obtained through the use of the multiquadrics will 

be presented, since they resulted in the better agreement with the benchmark results. 

       Figure 3 shows a qualitative comparison among the current results and the ones presented by Vahl Davis (1983) for 

the stream-function, isothermals and lines of constant vorticity. For these results we used 1600 collocation points and 

three different Rayleigh numbers were analyzed. From this figure, it is clear that the distribution of stream-function, 

isothermals and lines of constant vorticity are in good agreement with the benchmark results. 

 

 Stream-function Vorticity Isotherms 

 Current results Vahl Davis (1983) Current results Vahl Davis (1983) Current results Vahl Davis (1983) 

Ra=104 

      

Ra=10
5
 

      

Ra=10
6
 

      
 

Figure 3 – A qualitative comparison against the results of Vahl Davis (1983). 

 

      In order to provide a better analysis of the results, we compared the current results against the one presented by Leal 

et al. (1999). In their paper, Leal et al. (1999) provided results for the maximum value of the component U of the 

velocity field along the half height of the cavity and its location, as well as the maximum value of the component V of 

the velocity field along the half width of the cavity and its location. Other parameters were also analyzed, which are 

given by Eqs. (10). 

 

dY
X

T
T

Y
Nu X ∫









∂

∂
−

∂

Ψ∂
=

1

0

 
(10.a) 

dXNuNu X∫=
1

0

 
(10.b) 

0

max

=







∂

∂
−

∂

Ψ∂
=

XatMaximum
X

T
T

Y
Nu  

(10.c) 

0

min

=







∂

∂
−

∂

Ψ∂
=

XatMinimum
X

T
T

Y
Nu  

(10.d) 

{ }
2121 =

=
XXNuNu  (10.e) 



Proceedings of ENCIT 2008                                                                      12
th
  Brazilian  Congress of Thermal Engineering and Sciences 

Copyright © 2008 by ABCM November 10-14, 2008, Belo Horizonte, MG 

 

{ }
00 =

=
XXNuNu  (10.f) 

     

    Table 1 shows the comparison against the results of Leal et al. (1999) for the parameters discussed previously for 

several sizes of collocation points N equally distributed. In this table, the errors ε among the current results and the ones 

presented by Leal et al. (1999) are also presented. As one can see, the relative errors between the two solutions decrease 

as the number of collocation points N increases. Even for a relatively small number of collocation points, such as N = 

144, most of the parameters had errors less than 3%, except the Numax and Numin and their locations. For 1600 

collocation points, the relative errors were less than 1% for all parameters, except for Numax and Numin and their 

locations, which reached errors less than 9%. This suggests that probably there is the necessity to locate some points 

close to the boundaries, since the worst parameters were the ones located at X = 0. This will be discussed later. 

 

Table 1 – Comparison against the results of Leal et al. (1999) for Ra = 10
4
 

Ra=104 Leal et al (1999) N=16 ε% N=64 ε% N=144 ε% N=256 ε% N=400 ε% N=900 ε% N=1600 ε% 

maxU  16.180 13.208 18.4 15.412 4.7 15.795 2.4 15.999 1.1 16.055 0.8 16.065 0.7 16.122 0.4 

Y  0.823 0.810 1.6 0.820 0.4 0.820 0.4 0.820 0.4 0.820 0.4 0.820 0.4 0.820 0.4 

maxV  19.630 16.125 17.8 19.004 3.2 19.349 1.4 19.447 0.9 19.510 0.6 19.526 0.5 19.577 0.3 

X  0.119 0.150 26.0 0.120 0.8 0.120 0.8 0.120 0.8 0.12 0.8 0.12 0.8 0.12 0.8 

Nu  2.245 1.956 12.9 2.244 0.04 2.250 0.2 2.248 0.1 2.247 0.1 2.248 0.1 2.246 0.1 

0Nu  2.245 3.390 51.0 2.482 10.5 2.310 2.9 2.255 0.4 2.251 0.3 2.236 0.4 2.241 0.2 

21Nu  2.245 1.715 23.6 2.192 2.3 2.216 1.3 2.232 0.6 2.235 0.4 2.232 0.6 2.239 0.3 

maxNu  3.532 5.123 45.0 4.362 23.5 3.815 8.0 3.586 1.5 3.556 0.7 3.521 0.3 3.524 0.2 

Y  0.143 0.000 >100 0.000 >100 0.000 >100 0.060 >100 0.130 9.0 0.10 30.0 0.130 9.0 

minNu  0.585 1.586 >100 0.550 6.0 0.612 4.6 0.598 2.2 0.597 2.0 0.620 6.0 0.600 2.6 

Y  1.000 1.000 0.0 1.000 0.0 1.000 0.0 1.000 0.0 1.000 0.0 1.000 0.0 1.000 0.0 

 

    Table 2 shows the comparison against the results of Leal et al. (1999) for the Rayleigh number equals to 105. Again, 

as the number of collocation points N increases, the current results become closer to the benchmark ones. However, 

since the buoyancy forces are stronger than in the case with Ra = 10
4
, making Eqs. (9.a) and (9.b) more coupled; the 

relative errors are slightly higher than the ones presented in Table 1. For 1600 collocation points, most of the relative 

errors are close to 1% and the Numax and Numin and their locations had errors up to 13.6 %. Again, the use of a non 

uniform distribution of collocation points shall be analyzed in order to verify its effect on the relative errors of Numax 

and Numin and their locations. 

 

Table 2 – Comparison against the results of Leal et al. (1999) for Ra = 105 

Ra=105 Leal et al. (1999) N=16 ε% N=64 ε% N=144 ε% N=256 ε% N=400 ε% N=900 ε% N=1600 ε% 

maxU  34.740 29.509 15.1 27.735 20.2 30.979 10.8 32.922 5.2 33.715 2.9 34.283 1.3 34.453 0.8 

Y  0.855 0.840 1.7 0.840 1.7 0.840 1.7 0.850 0.6 0.850 0.6 0.850 0.6 0.850 0.6 

maxV  68.620 42.961 37.4 57.290 16.5 64.471 6.0 67.088 2.2 67.772 1.2 67.983 0.9 68.252 0.5 

X  0.066 0.130 96.9 0.080 21.2 0.070 6.0 0.070 6.0 0.07 6.0 0.07 6.0 0.07 6.0 

Nu  4.522 2.332 48.4 3.811 15.7 4.339 4.0 4.478 0.9 4.511 0.2 4.521 0.1 4.521 0.1 

0Nu  4.522 5.589 23.6 6.498 43.7 5.744 27.0 5.091 12.6 4.761 5.3 4.551 0.6 4.522 0.0 

21Nu  4.522 1.799 60.2 3.616 20.0 4.269 5.6 4.443 1.8 4.488 0.7 4.508 0.3 4.512 0.2 

maxNu  7.721 6.969 9.7 10.876 40.8 11.22 45.3 10.267 32.9 9.270 20.0 8.110 5.0 7.828 1.4 

Y  0.081 0.020 75.3 0.020 75.3 0.000 >100 0.000 >100 0.000 >100 0.03 62.9 0.07 13.6 

minNu  0.728 3.908 >100 2.139 >100 0.942 29.4 0.777 6.7 0.768 5.5 0.762 4.7 0.756 3.8 

Y  1.000 1.000 0.0 1.000 0.0 1.000 0 1.000 0.0 1.000 0.0 0.970 3.0 0.980 2.0 

 

     Finally, Table 3 shows the comparison among the current results and the ones presented by Leal et al. (1999) for Ra 

= 10
6
. Comparing Table 3 with Tables 1 and 2 it is clear that as the buoyancy effects increase, the solution becomes 

worst for the same number of collocation points. Once again, the worst results were obtained for Numax and Numin and 
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their locations, which are variables evaluated at the boundary of the cavity. A non-uniform distribution of collocation 

points will be presented next, where these difficulties will be partially circumvented.  

 

Table 3 – Comparison against the results of Leal et al. (1999) for Ra = 10
6
 

Ra=106 

Leal et 

al. 

(1999) 

N=16 ε% N=64 ε% N=144 ε% N=256 ε% N=400 ε% N=900 ε% N=1600 ε% 

maxU  64.830 197.575 >100 56.276 13.2 50.625 21.9 54.475 15.9 57.684 11.0 62.013 4.3 63.521 2.0 

Y  0.850 0.730 14.1 0.860 1.18 0.850 0.0 0.850 0.0 0.850 0.0 0.850 0.0 0.850 0.0 

maxV  220.600 550.635 >100 143.772 34.8 168.064 23.8 186.937 15.2 201.121 8.8 217.315 1.5 218.305 1.0 

X  0.038 0.290 >100 0.070 84.2 0.050 31.6 0.040 5.3 0.040 5.3 0.040 5.2 0.040 5.3 

Nu  8.825 8.608 2.46 4.604 47.8 6.458 26.8 7.545 14.5 8.162 7.5 8.679 1.6 8.798 0.3 

0Nu  8.826 1.069 87.9 9.868 11.8 11.744 33.1 11.985 35.8 11.516 30.5 9.895 12.1 9.221 4.5 

21Nu  8.825 1.627 81.6 4.112 53.4 6.198 29.7 7.396 16.2 8.081 8.4 8.645 2.0 8.784 0.5 

maxNu  17.540 28.981 65.2 13.987 20.2 20.145 14.8 23.605 34.6 25.220 43.8 24.558 40.0 22.135 26.2 

Y  0.039 0.630 >100 0.020 48.7 0.020 48.7 0.010 74.3 0.010 74.3 0.000 >100 0.000 >100 

minNu  0.979 -25.526 >100 5.523 >100 3.903 >100 2.015 >100 1.183 20.8 0.982 0.3 0.970 0.9 

Y  1.000 0.770 23.0 0.900 10.0 0.940 6.0 0.950 5.0 0.960 4.0 0.970 3.0 0.980 2.0 

 

     Finally, table 4 shows the computational time required for the solution of the natural convection problem in a square 

cavity using the RBF approach presented in this work, for a uniform distribution of collocation points. The codes were 

developed in Fortran 90 and compiled using the version 6.6.0 of the Compaq Visual Fortran. All codes ran in a Pentium 

IV 3.06Ghz with 1.0Gb of RAM memory. From this table, one can see that the computational time varied from a few 

seconds to several hours. A further investigation on the use of more efficient solvers for the non-linear system resulting 

from the application of the RBFs shall be investigated. A large amount of CPU time is indeed consumed during the 

choice of the shape parameter c, as discussed previously. In fact, more efficient algorithms to chose the best shape 

parameter shall be developed in the future in order to make the use of the RBFs more competitive against classical 

numerical, analytical and hybrid methods.  

 

Table 4 – CPU time required for the solution using RBF 

 CPU time 

N Ra=10
4
 Ra=10

5
 Ra=10

6
 

16 0.2s 0.7s 3.6s 

64 2.5s 4.3s 9.5s 

144 18.5s 33.9s 66.6s 

256 77.1s 111.7s 213.4s 

400 198.4s (3.3 min.) 321.3s (5.4 min.) 709.3s (11.8 min.) 

900 2354.9s (39.2 min.) 5075.3s (84.6 min.) 6299.0s (105.0 min.) 

1600 24241.8s (6.7 hours) 21815.6s (6.1 hours) 42695.0s (11.9 hours) 

 

        As discussed above, some results with a non-uniform distribution of collocation points will be now presented for 

the three Rayleigh numbers analyzed in this paper. A dimensionless factor ξ was used to approximate the collocation 

points to the boundaries of the cavity. Besides the uniform distribution, four other distributions were analyzed, as shown 

in Fig. 4, depending on how big is such dimensionless factor. 

 

    
(a) (b) (c) (d) 

 

Figure 4 – Different non-uniform distribution of collocation points for (a)ξ=0.2, (b)ξ =0.4, (c)ξ =0.6 and (d)ξ =0.8 
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     Table 5 shows the results obtained when a non-uniform distribution of collocation points was used. In this table, only 

the results obtained with the best value of the dimensionless factor ξ are presented. Thus, for Ra=10
4
, the best value of ξ 

was 0.2, for Ra=10
5
 ξ = 0.4 gave the best results and for Ra=10

6
, the best results were obtained with ξ equals to 0.2. 

The results are presented only for N = 1600. Comparing the results presented in Table 5 with the ones presented in 

Tables 1, 2 and 3 it is clear that the solution became more accurate when a non-uniform distribution of collocation 

points was used. For a Rayleigh number equal to 10
4
, comparing the last two columns of Table 1 with the results in 

Table 5, all relative errors decrease, specially the ones related to the Y location of the Numax, which decrease from 9.0% 

to 2.1%. Also, comparing the results presented in the last two columns of Table 2, for Ra = 10
5
, with the ones of Table 5 

the relative errors also decreased. Note that the Y location of the Numax, which had an error equal to 13.6% for a uniform 

distribution of collocation points, now have an error equal to 1.2%, when a non-uniform distribution was used. For Ra = 

10
6
, the solution did not improve for all parameters, as one can verify by inspecting the last two columns of Table 3 and 

the Table 5. Although the relative error for some variables decreases, such as the Numax, some other values had errors 

worse than before, such as the Numin. This suggests that a further investigation concerning the distribution of the 

collocation points shall be investigated.  

 

Table 5 – Comparison against the results of Leal et al. (1999) for non-uniform distribution of collocation points 
Ra=104 

ξ=0.2 
Leal et al. (1999) N=1600 ε% 

Ra=105 

ξ=0.4 
Leal et al. (1999) N=1600 ε% 

Ra=106 

ξ=0.2 
Leal et al. (1999) N=1600 ε% 

maxU  16.180 16.136 0.3 maxU  34.740 34.622 0.3 maxU  64.830 64.006 1.3 

Y  0.823 0.82 0.4 Y  0.855 0.85 0.6 Y  0.850 0.85 0.0 

maxV  19.630 19.585 0.2 
maxV  68.620 68.368 0.4 

maxV  220.600 218.28 1.1 

X  0.119 0.12 0.8 X  0.066 0.07 6.1 X  0.038 0.04 5.3 

Nu  2.245 2.246 0.0 Nu  4.522 4.521 0.0 Nu  8.825 8.81 0.2 

0Nu  2.245 2.239 0.3 0Nu  4.522 4.515 0.2 0Nu  8.826 8.957 1.5 

21Nu  2.245 2.24 0.2 21Nu  4.522 4.517 0.1 21Nu  8.825 8.795 0.3 

maxNu  3.532 3.52 0.3 maxNu  7.721 7.735 0.2 maxNu  17.540 20.438 16.5 

Y  0.143 0.14 2.1 Y  0.081 0.08 1.2 Y  0.039 0 >100 

minNu  0.585 0.6 2.6 
minNu  0.728 0.741 1.8 

minNu  0.979 1.025 4.7 

Y  1.000 1 0.0 Y  1.000 1 0.0 Y  1.000 0.98 2.0 

 

6. CONCLUSIONS 

 
     In this paper we applied the Radial Basis Function (RBF) method to the solution of the classical natural convection 

problem in a square cavity. Three Rayleigh numbers were tested in order to verify the accuracy of the method when the 

coupling among the momentum and energy equation was stronger. Different sizes and distributions of collocation 

points were used and an iterative procedure to determine the optimum value of the shape parameter, used in the RBF 

approach, was presented. The results show that the RBFs provided good estimates of the velocity and temperature fields 

when compared to two benchmark solutions. Further investigations shall be made concerning: (i) the choice of the 

shape parameters; (ii) the solution of the non-linear system resulting from the use of the RBFs which is very ill-

conditioned; and (iii) the adaptive location of the collocation points. 
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