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Abstract. The first model for viscoplastic fluids was idealized by Bargltonsisting in a superposition of a Newtonian
term and the residual stress term, with the material flowimdy avhen the shear stress is higher than a yield stress.
This system, which presents a singularity, was handled bwi@kki to a one variable problem by using a lagrangean
multiplier and solving the formulation through a regulation method. Viscoplastic flow problems of incompressible
fluids can be modelled by the equations of motion, mass baland momentum balance. Few numerical methods have
been proposed for these problems and, in general, theyfeatize instabilities to the boundaries, resulting in uridea
pressure fields. Karam and Loula proposed a mixed stabilirét® element formulation in velocity and discontinuous
pressure variables able to handle the incompressibilitystmint. Although obtaining stable results for linear eas
when the Bingham relation is considered it is difficult toabttheoretically the range for the stabilizing parameters
Based on both approaches, in this work we propose a mixedaeged stabilized finite element method in velocity and
discontinuous pressure to which it is possible to obtainheatatically the range of stabilizing parameters, not ledito

low Bingham numbers.
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1. INTRODUCTION

Viscoplasticity, as idealized by Bingham (1922), is a pheanon characterized by the existence of a residual value
for the shear stress, beyond which the material would pteseiscous flow. He attempted to the fact that before flowing
as in a Newtonian way, those material systems behaved a&galkds and called them viscoplastic fluids. Defining
as the residual stress, or yield stress, ar the plastic viscosity the first model for this behavior was

Tu)=71,+py < 7(u)>71y, (1)
A(u)=0 < 7(u) <7y

System (1) presents a singularity, which was handled by ®&kki(1976) to a one variable problem by using a lagrangean
multiplier and solving the formulation through a regulation method. Viscoplastic flow problems of incompressible
fluids can be modelled by the following system of equations:

—div(r(u))+Vp = finQ, (2)
divu = 0inQ

with u = @ on 9 and(u) is given by (1);Q2 anddf2 are the domain and its boundary, respectively. Few nunierica
methods have been proposed for these problems and, in §eheyaransfer the instabilities to the boundaries, résgl

in unstable pressure fields. To solve linear incompresdlibié problems, Karam and Loula (1991) proposed a mixed
stabilized finite element formulation in velocity and distiauous pressure variables able to handle the incompikgsi
constraint. Although obtaining stable results for linease&, when (1) is considered it is difficult to obtain the@agty

the range of the stabilizing parameters.

Based on both approaches, in this work we propose a mixedaregpd stabilized finite element method in velocity
and discontinuous pressure to which it is possible to obtathematically the range of stabilizing parameters even fo
high yield stress values for the generalized Stokes prohledrstable pressure fields for high Bingham numbers.

2. REGULARIZED STABILIZED MIXED FORMULATION

Let Sk (£2) be the finite element space of ordeand clas<"?, and@’, (2) be the finite element space of ordeand
classC~!. For the velocity and pressure fields consider the folloveipgroximation spaces

Vi = (Son(Q))° = (SN Hy(Q) €V, Wi =Q(Q) € L§(Q). ®3)

The new variational formulation for the Generalized Stogesblem with Bingham equation consists in the following
saddle point problem.
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Problem £,: Find {un,pn} € Vi X Wy, such that

Li(un,qn) < Ln(an,pr) < Lo(Vh,pr), V{Vh,qn} € Vi x Wh, (4)
with the LagrangianC, (v, gr) given by

d1h? . .
Ln(Vh,qn) = Ln(Vh, qn) + ;—MH —2udive(vy) + Van — £|7 + 022u) div vy ||
where

Ln(Vh,qn) = a(Vh, vi) + Jn(ve) + 0(gn, vi) — f(vn)
and
e(up) - €(vy)

a(up, vy) = 2u(e(un), €(va)), b(qn, vh) = —(qn,divve),  Jp(vh) =Ty w1

whered; andd, are the stabilization parameters to be fixgds the newtonian viscosity,, is the yield stress; is the
regularization parameter afid ||, is the L? norm taken elementwise. The saddle point generated bgtifenctional is
characterized by

Problem PGG},: Givenf € Vi, find{un,pr} € Vi x Wy, such that

An({an, pr ;i {vn, an}) + jn(vr) + b(pn, vi) + b(qn, un) = Frn(vh,qn), Y{Vh,qn} € Vh x Wy, 5)
with
An({un,prt;{vh,an}) = a(un,vn) + d22p(divuy, divvy)
51 h? . .
;—u(—Zu div(e(un)) + Vpn, —2pdiv(e(vn)) + Van)n

2
Fa(vhqn) = f(va) + %—Z(f, 2 div(e(vn)) + Vau)n

To make the analysis easier we decompose the presguatehe element level into a zero mean valued functignand
a constant by pafi,, that is

Ph ZPZ +]_7h7 pz € W}Ta I_?h S V_Vh (6)
such that
(W € Wh) = {pjj € L2 / pLAQ =0 VS = Vpi): @)
(ThcWi) = (p e 125V =0, 7= [ pae/ [ d), (8)
Qe Qe

Using decomposition (6) we can restate the Problem P&
Problem PGGy,: Find {un,pr} € Vi x Wy, such that

AL (Qan, pi b Ave, ah}) + dn(vi) + 0By, ve) = Fi(Vh,q;), Yon € Vi, Vg, € W,
b(qhvuh) = Oquh S Whv
with
Ay({unsprti{vi,ai}) = a(un, vi) + b(p), va) + b(gy,, up)
51h? . N . ”
+ ;—H(_2M div(e(un)) + Vpj,, —2udiv(e(vn)) + V@)
+  022u(divup, div vy) (9)
* * 61h2 . *

Fy(vh,q) = f(vn) + W(f’ —2pdiv(e(vn)) + Vap)n (10)

b(ahv uh) = _(qhv div uh)a (11)
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3. NUMERICAL ANALYSIS BY BREZZI'S THEOREM

Identifying the subspac&, C V,, we may consider the reduced form,
Problem PGG;,z:Find {un, pr.} € Vi x Wy, such that

A fwn,pi b v, ai}) = Filva,qi), Yvi € Kp,Vg;, € Wi, (12)

with
Fh = {Vh eV b(@h,vh) = O,V@h € Wh}, (13)
sun, ph b {va, ar}) = AL ({an, i {ve, 6h}) +5(vi) (14)

Existence, uniqueness and stability of solution for ProbRGG, z can be obtained by verifying the following (i), (i),
and (iii) Brezzi’s conditions, Brezzi (1974). Recallingettefinition of the norm in the product spalcex W,

[{vn, an} |l = llvnlls + llgnllo or [{vn, an }I* = llonllF + llgnll3.
we have:

(i) Continuity if A3 ({-,-}; {-,-}) andb(-,-): Using Holder-Schwarz and Minkowski inequalities, frord) e have

A* * * G(Uh)'E(Vh)
A (wpiivie )| < 2plleCwn)lle(vall + |n, |~ SV
le(un)> +n
51h? . N . ”
oo (12 div e(up)[n + [[Vpylln) (120 dive(va)lln + IV, ln)
+ PRl div vall + [lgg || divus ]l 4 0224 divug ||| div va |
Since
[unllr = [[e(un)]| = ! (| divup|| (15)
€ — || div
hill Z h el \/ﬁ hils

wheren is the domain dimension, and by the inverse estimates fordalueity and the pressure fields, i.e.,

hlfdive(vi)lln < ille(va)l, — RIVapln <2llgll;

and by considering; < |e(vy)| < Cy we obtain

Ax * * Ty
|A} (W, o vesgn)| <0 2p(1 4 nd2) || wal1[[vall + TWH up|1][vallx
51 * *
+ % Cuyille(an)| +v2ll pill) Cuvalle(va)ll + 2l g ll)
Vo (lpalllvalls + gl a1 - (16)

Using the product space norm we have the continuity through

A5 (an, phivis i)l < aa(my)[{wn, i IV, a5 I

with

, 0171, )
VCE+1? 2p

independent of, but depending om,.

The continuity ofb(-, -) comes out from the application of the Holder inequality amel ase of (15) on (g, u,),
yielding

a1(ry) = max {Qu(l +nd2) + 5 7 \/ﬁ} (17)

6@, un)| < Vnl[@sllwllunllv- (18)
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(b) Kp-ellipticity of A7 ({-, }; {-,-}):
Since

T (v oF Ve fvr a* 1) — e 2+ [ _€n) e(vn)
AL{va, @35 {vn, 4 }) 2plle(vi)ll” + 7y o VIeVE £ 17

5h2 . . .
. I~ 2udive(va) + Va|lh + 022ul| divva | — 2(g;, div va)

+

and considering the bounds |pd(v},)|| so that

) Ty
x> ‘ e(vy) - €(vy)dx.
/ e(vy, |2+77 VO3 +n? Q( ) elva)

one obtains

v gl v ) = 2ullevi)l® + —=2—le(va)|

VO3 +n?
51h . 2 * .
|~ 2udive(vi) + Vi |} + d22p] divvi | - 2(gi div vi).

Using the triangle inequalityya — b|> > (||a|| — ||b]|)?, we may write

_ . . T 5,h? ,
r{ve gk v ai}) = 2u|\e(Vh)||2+7‘”He(w)llz+174u2||dlve(Vh)l\i

\/—C§+ 2
51
||V hHh |2Hd1V€(Uh) Vaqy|dx

+ 522,uH divvy||* — 2(qh, d1v Vi)

51

+

Applying Kérn inequality,||e(vs)||? > C|lun||?, using the inverse estimatg| div e(vy)||n < 71lle(vs)] in a
borrowed part of|vy, |2, we have

- . . h2 ) T 2
A v anyi{viany) = pClvall + u?II div e(va)[I7, + -
1

— Y |dive(vp)|?

S1h22ul| di MQ v
+  01h 2u IVE(Vh)Hh || hHh

201 h? / | div €(vp) - Vi |dz + 822 div vy ||* — 2(gf, divvy,).
Q
Using the the Young inequality, with arbitragyint the product terng-, -);, we have

1

\/C'Qj v —5&| h? Hdlve(vh)Hh

1 B
+ 61h7 <_,u — —) V@il + 622u divva||? — 2(q, div vy).

A {vn gy iveany) = pCllvallf +

% +2,LL51 +
71

Choosingg such that

L —0,
1

(19)

Ty
N LAY
VCZ+ i

we have

_ . . o1 h? T, . .
T ({vn gt} v al)) = uClval2 + 2 X0 yGomie 150, divv 2

—2(qt, di
2 X(ry) + 26 (g, divvp)

1 Ty
X(1y) = ’712_# (M + W) . (20)
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Aplying again Young’s inequality, now to the last term, watlith arbitrary( we have

61h? x(7y)

Ak *7 . * > C 2
Fvai s (i) 2 nCllvalf + %5

" . Lo«
IV ay |17 + 6220 — ¢ || div val|* — leth\Q-

Choosing{ such that2uds — ¢ = £ = 2ud9, and aplying the Poincaré inequality elementwise to thegune,

W2Vl > pllaill?, (21)
we obtain
A (v @i s Avm a5 }) = aa(my) (lonll + llg;l1?) = ca(my)l{vn, g }I? (22)
with
. 1 016x(7y) 1
as(Ty) = min {/LC, o <X(Ty) T . (23)

independent ok. Sinceas(T,) must be positive, it is sufficient that, 6, andr, satisfy

i 515?((7'7;) _ i)
24 <x(Ty) +2061  d9 > 0. (24)

(c) LBB Condition: Forb(g,,, vi) given by (11) and vy, G, } € Vi, x W, there exists a constaft, > 0, independent
of h, such that

b(g,,v _ _ .
sup LYWL g Y, € W, (25)
vievin  Ivallv

This result may be seen in (Girault and Raviart, 1986). Wihditions (i), (ii) and (iii) satisfied, in accordance
with Brezzi's theorem, Problem PG(has a unique solution.

From the coercivity ofd} ({v, ¢; }; {vs. ¢} }) it came out a sufficient condition, eq.(24), that can be usetimate
9, andé, for a givenr,. Denoting byf (41, d2) the relation betweed, , J» andr, in eq.(24), we have, then.

_a1Bx(ry) L (01628 — 1)x(1y) — 261
A o IR A Ny v o oy Bl ()

As an example to estimate the parameters, and considenmnignoa constants for the inverse inequaliti€s (v, and
3, Figure (1(a)) shows values ¢f4;, d2) for several combinations @f andd, for 7,=100.

0.2

-0.2
-0.4
-0.6
-0.8

(@) (b)
Figure 1.f(61, 62) (@) in all region (b) only at the first quadrant, withy, = 100.0,7 = 1078,v; = 1.0, = 0.3, u = 1.0
andr, = 100.0.

Figure (1(b)) shows these values farandd, positives. In Figures (2(a)) and (2(b)) curvesfgb,, J2) are shown
whend, andd; are fixed, respectively. From these Figures we can see thia iha wide range of combinations between
the two parameters that satisfies the stability conditio(Ped.
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(@) 3 * (b) 5
Figure 2. f(61,6,) (a) with 4, fixed (b) with 6, fixed, with C, = 100.0,n = 1078,y = 1.0,8 = 0.3, = 1.0 e
7, = 10.0.

4. ERROR ESTIMATES

The continuity oA} : (Vj, x W},) x (V}, x W},) — R established before is not valid in the continuous sgace W
because the inverse estimates do not hold for infinite dilnaakspaces making difficult to obtain error estimates & th
usual product space norm. For this reason we use the follpedguivalent mesh-dependent norm that was defined in
Karam-Loula (1991):

§1h? (Au+ B'p*, Avy, + B'q})

Un, an Hlvxwn = [{vn, antllvxw + sup p 27
I{ Hivx I{ Hivx e e 2 IAon + B'a; | (27)
with

[{on, an}llvxw = vnllv + llanllw  Au+ B'p* = —2pdive(u) + Vp* (28)

that satisfies the following lemma

Lemma 41 Letv, € Vj, andg, € Wy,; The norms|{vp, gn}|lvxw and||{vn, an}llv<xw,. are equivalents, i.e., there
existsM;, < oo, such that

{vn, antlvsow < [H{vn, antllvxwn < Mpl{vn, gr}llvxw (29)
with

My, =1+ max{y1,72} (30)
We can also show that the bilinear fordr ({-, -}; {-, -}) is continuous with respect to the mesh-dependent normigthat

A B 5D < O (I{ons an v sow [{ons an v cowial (31)
with

Ctp = max{2u(1 + nds) + \/ﬁ 5171, 5;% NS (32)

By the consistence of PGGusing conditions (i), (ii) and (iii) above and inequality.631) we get the following approx-
imation estimate result

Theorem 4.1 The Problem PG has unique solution and

[{u —un,p = pr}llvxwn < Unl{u = vn,p — g }llvxw,n (33)
with ¥;, independent of given by

\I/h:max{<1+clh7(7y)) (1—|—MZ),i (Cgh—i-ﬁh—i—%(l—i—ﬁh))} (34)
B gl Bn gl

being

Z =M, (1+%>. (35)
Bh
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For SF andQ! as defined we may apply inverse estimates and the results fifitte element interpolation theory (Ciarlet,
1959) to obtain the following error estimate,

{u — un,p — prHlvswn < Cr(u)hF + Co(p)h+? (36)
(37)

or
[{u—un,p —pr}lvswn < Ch({u,p})h®, (38)

with s = min{k, ! 4+ 1}. Which is optimal for the velocity and suboptimal, with gaguel to 1, for the pressure field,
whenk = [ = 1. Optimal rates for both fields are obtained with= [ + 1.

5. NUMERICAL RESULTS

In order to confirm the performance of the above formulati@present numerical results for a classical example, the
driven cavity flow problem shown in Figure 3, we focuse aftanbn the stability aspect for several combinationg;of
andos values even for high yield stress values.

yb (1,00
(0.0) Q (0.0)
(0.0) X

Figure 3. Problema da Cavidade.

For this analysis, we adopted a uniform mesh withx 16 elements, continuous biquadratic interpolation for the
velocity and discontinuous biquadratic interpolationtfa pressure. The regularization parameter was fixgdnl 0~ 12
for all tests.

Figure 4 presents the results for = 5 andéd, = 10 for a series ofr, ranging from 1.0 to 50.0 following Figures
4a-d. It is possible to observe the expected increase inisceplastic effect whem, increases, from from the graphics
of the velocities, with this effect being noticed evenfgr= 1, although presenting a small yielded zone that increses for
Ty = b and is very pronounced whe is higher than 10.

Following the graphics for the pressure fields, we may oles#rat the results are stable for all thevalues. The
range of pressure values foy = land5 being closer to each other and whenis higher than 10 the pressure range
values are very different than those for lower yield stresse

Figure 5 shows the same behaviour as Figure 4, but for a bajfjerence between the stabilizing parameters set as
01 = 10 andd, = 100, showing that the results are not affected by these parasnete
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Figure 4. Velocity field and pressure value using= 5.0 andé, = 10.0 for (a)r, = 1.0 (b)r, = 5.0 (c)r, = 10.0

(d)r, = 50.0.
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pressure
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pressure
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Figure 5. Velocity field and pressure value using= 5.0 andé, = 100.0 for (a)r, = 1.0 (b)r, = 5.0 (c)r, = 10.0

(d)r, = 50.0.



Proceedings of ENCIT 2008 12th Brazilian Congress of Thermal Engineering and Sciences
Copyright © 2008 by ABCM November 10-14, 2008, Belo Horizonte, MG

6. CONCLUSIONS

The regularized stabilized formulation in velocity andadistinuous pressure proposed in this work allows same
order interpolation and satisfies Brezzi's theorem. Stedselts have been generated for a wide range of the stalgilizi
parameters for high yield stress values even for the pres€ytimal order of convergence is obtained as proved here in
the numerical analysis.
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