
Proceedings of the 11th Brazilian Congress of Thermal Sciences and Engineering -- ENCIT 2006 

Braz. Soc. of Mechanical Sciences and Engineering -- ABCM, Curitiba, Brazil,- Dec. 5-8, 2006 

 
Paper CIT06-0979 

 

ON THE LOCAL SOLUTION METHOD AND THE SOLUTION OF 
NONLINEAR ORDINARY DIFFERENTIAL EQUATIONS 
 
 
Erb Ferreira Lins 
Programa de Engenharia Mecânica, COPPE, UFRJ, C.P. 68503, 21945-970 

Rio de Janeiro, Brasil 

erb@mecsol.ufrj.br 

 

Jerson Rogério Pinheiro Vaz 
Universidade Federal do Pará – Departamento de Engenharia de Materiais 

Folha 17, Qd 04, Lote Especial, Nova Marabá, Marabá, PA, 68505-080, Brasil 

jerson@ufpa.br 

 

Daniel Onofre de Almeida Cruz 
Universidade Federal do Pará – Departamento de Engenharia Mecânica 

Av. Augusto Correa, s/n - Belém, PA, 66075-900, Brasil 

doac@ufpa.br 

 

Abstract. In this work, a new numerical method for solution of ordinary differential equations is presented. This technique uses a 

simpler ODE form, derived from the original ODE by the assumption that, in a small region, some terms could be approximated by 

a constant value or by a straight line. The new ODE could be integrated analytically and could be used to obtain the value of the 

function and derivatives to the next step, resulting in piecewise continuous and smooth solutions. This method will be compared to 

the classical 4th order Runge-Kutta method and analytical solutions (where available) in some differential equations. The results 

show very good agreement, even for larger steps size. 
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1. Introduction 

The development of numerical methods to solve ordinary differential equations has become, in the past decades, a 

very intense field of research (Butcher, 2000). In spite of the wide range of applicability of the most used methods, such 

as Runge–Kutta and others (Butcher, 2000, Iavemaro and Mazzia, 1998, Shawagfeh and Kaya, 2004), there are still 

some situations where those methods, are not adequate or simply diverge, for certain values of the step size. The 

principal characteristic of most of the above cited methods is that, once the value of a function at a certain point yi is 

known, the estimate of the next point yi+1 is obtained through an straight line approximation. The slope of the straight 

line is calculated to minimize the error. It is well known that the above described approach does not furnish good results 

for stiff problems and, of course, is unstable when a coarse mesh is used. That type of problems appears to be an 

intrinsic characteristic of the numerical procedure, since the solution of the ordinary differential equation is locally 

approximated by a straight line. 

An alternative procedure that can be used to improve the performance of the numerical methods is to search for 

locally valid, more precise, solutions (Ramos, 2005, Ramos and García-López, 1997). Those solutions must be able to 

predict, in a small region of the domain, the approximate behavior of the solution of the differential equation. As a first 

guess, a polynomial function could be used to obtain the required approximation. But a polynomial function is not in 

fact a truly local approximation from the numerical methods point of view, since; the higher the degree of the 

approximation, higher is the number of points that must be used to obtain the derivatives used in the Taylor series 

expansion. 

Generally, the differential equations solved by numerical methods, are very complex non linear expressions, and 

possess no analytical solutions. But, considering that the idea is to find a local expression that furnishes a behavior 

closer to the exact solution than a straight line, it is not necessary to solve the original differential equation but just an 

“approximate” differential equation, obtained from the “original” differential equation. That equation must be more 

amenable to mathematical treatment than the original one. In other words, the local “approximate” equation must be 

chosen in such a way that an analytical solution can possibly be found.  

This work proposes a new numerical method for solution of ordinary differential equations. The main idea is to 

formulate a locally valid approximate differential equation, in order to obtain a locally valid approximate analytical 

solution. The solutions procedure and some applications of the method are described in the following sections. Two 

special cases with specially chosen differential equations are chosen to describe the characteristics of the method. In the 

first case, a comparison between the proposed method and the Runge-Kutta method is made. It is show that the present 
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approach is more stable, and provides better results, even for large values of the step size. In the second example the 

Blasius equation is solved by two different formulations of the present method in order to show its flexibility. 

2. Description of the method 

The local solution method consist in find an locally approximate valid analytical solution which can be used to 

evaluate the function value (solution of the equation) at the next step of the calculation. The approximate solution is in 

fact the solution of an approximate equation which is obtained from the original differential equation as described 

below. 

Consider an ordinary non linear differential equation: 

 ( )( ) ( 1) (1)
,..., ,

N N

ap ap apf G f f x
−=  (1) 

An approximate equation can be constructed from Eq. (1) by considering some of parameters of the argument of the 

G function as constants at some small interval of the domain: 

 ( )( ) ( ) ( 1) ( 1) (1) (1), , ,..., , , ,
o o o

N N N N

ap ap ap ap ap ap o
f G f f f f f x x− −=  

where 
( )N

ap
f  represents the n

th
 derivative of the approximate function. The parameters with the subscribed O are 

assumed to be constants and their values are obtained from the calculations preformed at the previous step. In order to 

clarify the procedure an example can be used: 

The Duffing equation, 
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d f
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is a non linear differential equation, with no analytical solution (so far). That equation can locally be linearized by 

the following procedure: 

I - In a small neighborhood near x=0, ( )f x  is not very different from
0

f ; 

II - The non linear term in Eq. (2) is 3

2
k f . That term can be approximated (linearized) using the statement I as 

follows:  

 3 2

2 2 0
k f k ff≅  (3) 

III - Inserting expression (3) into Eq. (2) we obtain: 

 
2 2

2 2

1 2 0 1 2 02 2
( ) 0

d f d f
k f k ff f k k f

dx dx
+ + = + + =  (4) 

Equation (4) is a linear equation with a analytic solution. The solution of Eq. (4) is not very different of the solution 

of Eq. (2) at least in the neighborhood of x=0. Eq. (4) can now be solved and used to evaluate the next step value of f at 

x x= ∆ . The derivative of f at x x= ∆  can be obtained analytically, (since we have a simple function) and now 
x

f
∆

 and 

x
df dx

∆
can be used as boundary conditions for the next step. The approach can be generalized for any step of x by the 

equation below, 

 
2

21

1 1 22
( ) 0N

N N

d f
f k k f
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+
++ + =  (5) 

With the boundary conditions: 
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Equation (5) is valid for ( )1
1

N N
x N x x x N x+= ∆ < < = + ∆ . An improved version of Eq. (5) can be obtained if the 

mean value of f, calculated at / 2
N

x x x= + ∆  is used according to the following expression: 
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The boundary conditions remain the same. 

3. Comparison with others Numerical Methods 

In order to evaluate the performance of the Local Solution Method (LSM) two equations are chosen to be 

numerically solved. A 4
th

 order Runge-Kutta (RK4) method will be used and the results will be compared with the LSM 

approach. The 4
th

 order Runge-Kutta is a very popular method, due to its relative simple numerical implementation and 

accuracy. There are some others implicit procedures, like Adams-Bashforth-Moulton or BDF (backward differentiation 

formula) methods, but they require some evaluations using explicit methods to start. As long as we are interested in a 

method that could give good results in largers steps and stiff problems, the use of implicit methods should not give good 

results (Press et al. 1992, Heath, 2002). 

Nevertheless, there are some situations where the RK4 method does not furnish good results. One example is the 

following equation: 

 

2( )
1 4 ( )

(0) 0

df x
f x

dx

f

= −

=

 (6) 

Equation (6) was chosen because, despite its apparent simplicity, the RK4 method fails to solve it for some values 

of the step size. Besides that, this equation has an analytical solution given below: 

 
5

2
4

1
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f x e
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 (7) 

The LSM furnishes the following linearized equation for each ∆x step: 
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The analytical solution of eq. (8) is: 

 

( )

( )

1
4 ( )

2

1

1

1
( )

4
2

N Nf f
x c

N

N N

e
f x

f f

++
− +

+

+

−
=

+
 with 

( )

( )

1

1

1 4
2ln

4
2

N N

N

N N

f f
f

c N x
f f

+

+

 +
− 

 = − ∆ −
+ 

 
 

 (9) 

To calculate the function f(x) at ( )1x N x= + ∆ , it is necessary to use the Eq. (9) twice. First to initially 

evaluate
1N

f + , this calculation is performed assuming 
1N N

f f+ = . Then, equation (9) is used, now using the previous 

obtained estimate of 
1N

f +  to calculate the mean value of f on the interval, in order to obtain a better approximation of 

the linearization coefficient.  
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The results of the calculation using the LSM are compared with the RK4 and the analytical solution, for several of 

the step size values. Figure (1) show the comparison for ∆x = 0.9, for this step size the RK4 diverges. Although the 

LSM does not give very accurate results at the initial steps, the results obtained with the proposed method are by far 

superior to the RK4. The LSM not only does not diverge but also gives the correct asymptotic value of the function. 

A more tight mesh is used in Fig. (2) (∆x = 0.7) in this case the RK4 exhibits a estrange behavior, the calculations 

does not diverge, but the asymptotic values furnished by the method is completely wrong. Again the solution obtained 

by the LSM is much better. At this point it is important to call the attention to the fact that the LSM is very stable, due 

to the fact that the calculations are performed using actually, an expression that is locally very near of the exact 

solution, this approach stabilizes the process and is also very useful if large values of the step size must be used. 

Figures (3) to (5) show the calculations for ∆x = 0.6, ∆x = 0.5 ∆x = 0.1 respectively, as expected the results of the 

RK4 are greatly improved as the step size gets smaller. It is worth to mention that for small values of the step size, the 

results of the RK4 are more accurate than the LSM, as it can be seen in the Tables (1), (2) and (3). The accuracy of the 

LSM is not established for this case but Tab. (1) show that it should less than ∆x
3
. 

Table 1 - Values obtained for a step ∆x = 0.1. 

X 

YPM  

Proposed  

Method 

YAS  

Analytical 

 solution 

YRK 

Runge-Kutta 

Error 

(YPM-YAS) 

Error 

(YRK-YAS) 

0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 

0.100000 0.099009 0.098688 0.098686 0.000321 0.000001 

0.200000 0.190522 0.189974 0.189971 0.000548 0.000003 

0.300000 0.269166 0.268525 0.268519 0.000642 0.000006 

0.400000 0.332640 0.332018 0.332009 0.000621 0.000010 

0.500000 0.381331 0.380797 0.380785 0.000534 0.000012 

0.600000 0.417251 0.416827 0.416813 0.000423 0.000014 

0.700000 0.442994 0.442676 0.442662 0.000318 0.000014 

0.800000 0.461065 0.460834 0.460821 0.000230 0.000013 

0.900000 0.473566 0.473403 0.473391 0.000163 0.000012 

1.000000 0.482127 0.482014 0.482004 0.000113 0.000010 

1.100000 0.487949 0.487872 0.487864 0.000077 0.000008 

1.200000 0.491890 0.491837 0.491831 0.000053 0.000006 

1.300000 0.494549 0.494514 0.494509 0.000036 0.000005 

1.400000 0.496340 0.496316 0.496312 0.000024 0.000004 

1.500000 0.497544 0.497527 0.497525 0.000016 0.000003 

1.600000 0.498352 0.498341 0.498339 0.000011 0.000002 

1.700000 0.498895 0.498887 0.498886 0.000007 0.000002 

1.800000 0.499259 0.499254 0.499253 0.000005 0.000001 

1.900000 0.499503 0.499500 0.499499 0.000003 0.000001 

2.000000 0.499667 0.499665 0.499664 0.000002 0.000001 

Table 2 - Values obtained for a step ∆x = 0.5. 

X 

YPM  

Proposed  

Method 

YAS  

Analytical 

solution 

YRK 

Runge-Kutta 

Error 

(YPM-YAS) 

Error 

(YRK-YAS) 

0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 

0.500000 0.393502 0.380797 0.373352 0.012705 0.007445 

1.000000 0.484081 0.482014 0.461302 0.002067 0.020712 

1.500000 0.497812 0.497527 0.487237 0.000284 0.010291 

2.000000 0.499703 0.499665 0.495751 0.000039 0.003914 

2.500000 0.499960 0.499955 0.498584 0.000005 0.001371 

3.000000 0.499995 0.499994 0.499528 0.000001 0.000466 

3.500000 0.499999 0.499999 0.499843 0.000000 0.000157 

4.000000 0.500000 0.500000 0.499948 0.000000 0.000052 

Table 3 - Values obtained for a step ∆x = 0.7. 

X 

YPM  

Proposed  

Method 

YAS  

Analytical 

solution 

YRK 

Runge-Kutta 

Error 

(YPM-YAS) 

Error 

(YRK-YAS) 

0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 

0.700000 0.446103 0.442676 0.381834 0.003427 0.060842 

1.400000 0.496249 0.496316 0.379132 0.000067 0.117183 

2.100000 0.499770 0.499775 0.377020 0.000006 0.122755 

2.800000 0.499986 0.499986 0.375399 0.000000 0.124587 

3.500000 0.499999 0.499999 0.374175 0.000000 0.125824 

4.200000 0.500000 0.500000 0.373261 0.000000 0.126739 
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Figure 1 – Result obtained using a step ∆x = 0.9. Observe that the Runge-Kutta method fails abruptly. The proposed 

method converges, even for this large step. 

 

Figure 2 – Obtained result using a step ∆x = 0.7. In this case the Runge-Kutta method fails. 

 

Figure 3 – Result obtained using a step ∆x = 0.6. The Runge-Kutta method tends to get better. 
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Figure 4 – Result obtained using a step ∆x = 0.5. Here, the Runge-Kutta method presents good proximity of the 

analytical solution; however, the proposed method presents better convergence. 

 

Figure 5 – Result obtained using a step ∆x = 0.1. The solutions are practically coincident. The Runge-Kutta method has 

smaller error (see Table 1), but the proposed method presents a quite good approximation. 

The accuracy is strongly connected with the solution of local approximate equation. The second test case is used to 

analyze that relation. The Blasius equation is a well know non linear ordinary third order differential equation. This 

equation with the boundary conditions is presented below. 

 
3 2

3 2
0

d f d f
f

d dη η
− =  (10) 

With the boundary conditions: 

 
0

2

02

0

(0) 0

0

f

df
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η

η

η
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=

′′=

 (11) 
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Usually the third boundary 
0

f ′′  condition is to consider that the derivative of the function asymptotically 

approaches 1 as η → ∞ . But since the value of the second derivative at the wall is well established, and that the two 

boundary conditions are in fact equivalent, the above boundary conditions are used here. 

We consider here two different approximations to the Blasius equation. The first one is very similar to previous 

approach, used in Eq. (6). In this case, we consider that the values of function ( )f η  in a small region can be 

approximated using a constant value. Then, the Blasius equation can be rewritten as: 

 
3 2

3 2
0

N

d f d f
f

d dη η
− =  (12) 

And the boundary conditions in a point 
N

Nη η= ∆  in the domain 

 

2

2

( ) N

N

N

N

N

f N f

df
f

d

d f
f

d

η η

η η

η

η

η

= ∆

= ∆

∆ =

′=

′′=

 (13) 

If 
N

f  is a constant value, the Eq. (12) has the following solution: 

 ( ) 1
2 32

Nf

N

e C
f C C

f

η

η η
− +

= + +  (14) 

Appling the boundary conditions given by Eq. (11) results: 

 
( ) ( )( ) ( )

2
1N NfN

N N N N N

N

f
f e f f f

f

η η
η η η η

− −′′
′= − + − + − +  (15) 

Where ( )1N Nη η η∆ ≤ ≤ + ∆ . 

In an alternative approach, we consider that the values of ( )f η  could be approximated using a straight line. The 

Blasius equation could be written as 

 ( )
3 2

1 23 2
0

d f d f
k k

d d
η

η η
− + =  (16) 

The solution is: 

 

( ) ( ) ( )( )( ){
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( ) ( )( )
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2 erf erf
2 2

N N
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N
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f e k e f e e k f f f
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k k f e
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η η η η η

η η

η η η

ηη
π η

− + + +

+ + +

 ′′ ′ ′′= + − + − +   

    ++ 
′′  + −            

 (17) 

And the boundary conditions given by Eq. (13). 

Some numerical tests are used to check the convergence properties of these two formulations. The analytical 

solution to Blasius equation is not available, so we solve this equation numerically with a very refined mesh and a 

reliable solver (MATLAB function ‘ode113’ (MathWorks, 2006, Ashino, 2000)) and consider this result as the correct 

solution.  
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Figure 6 – Results obtained for a very coarse mesh 

Figure (6) shows the result for the second derivatives of Blasius equation using the LSM, Runge Kutta and BDF 

methods (Heath, 2000). The Backward Differentiation Formulas (BDF) is an implicit, multi-step and very stable 

method in larger steps sizes. We used here Newton iteration to find the solution of 2
nd

 order backward corrector and 

forward Euler approximation for the first step in BDF2 solution. LSM (1) represents the approximations using Eq. (15) 

and in LSM (2) we used Eq. (17). Several points should be noted: 

a) The LSM shows better accuracy than RK4 and BDF2 for this coarse mesh. The BDF2 suffers from the poor 

approximation of first step, resulting in a totally wrong approximation, and RK4 is not stable as η → ∞ ; 

b) As expected, the LSM using a line in the interval of domain gives a better approximation; 

c) The approximation of LSM is, in fact, a piecewise continuous function, so the accuracy between the points of 

the mesh is much better than RK4 and BDF2. 

d) It approaches the correct value of the function at η → ∞ . In fact, this behavior happens even when the mesh 

has only 2 points, as depicted in Fig. (7). 
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Figure 7 – Approximation using LSM with 1 step. The Runge Kutta does not give reasonable results. 

As the number of points in the mesh increases, the Runge-Kutta method gives a better approximation than LSM in 

each of the points of the mesh (Figure 8). Nevertheless, between the reference points of the mesh the LSM presents a 

curve that closely follows the behavior of the solution and still gives a better approximation than BDF. 
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Figure 8 – Results obtained for a refined mesh 

Figure (9) shows the relative error of LSM and RK4. It can be noted that the RK4 error presents a faster 

convergence. For coarses meshes, LSM shows better accuracy than RK4. Anyway, as the size of interval of solution 

gets smaller, the error of the two methods tends to the same value, showing that this two formulations have the same 

order of approximation as 0x∆ → . 
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Figure 9 – Relative error of the methods 

4. Conclusions 

In this work a new technique was developed to the solution of ordinary differential equations. The method is based 

in a local solution obtained from original differential equation by the assumption that, in a very small region, some 

terms of differential equation could be approximated by a constant or linearly varying variables. The new differential 

equation has an analytical solution that closely approximate the function as the size of region of interest tends to zero. 

This method could be used to a large class of differential equations and has the desirable properties of local smooth 

piecewise continuous solutions. The results presented here show very good agreement when compared to analytical and 

numerical solutions. We also show that this method, when applied to Blasius equation, have the same order of error of 

classical 4
th

 order Runge-Kutta when the step size goes to zero and that the functions used to the approximate terms are 

also of great importance in accuracy of the method. The LSM also shows a very stable and good approximation when 
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larger step size is used. The application of technique to more complex differential equation, stiff and singular problems, 

as well as error bounding and a more accurate mathematical description of the method are under development and will 

be published elsewhere. 
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Abstract. This work focuses the development about a practical scheme using commercial softwares to study the flame behavior 
(combustion and flow) in annular combustion chambers for small gas turbines to attend its adaptability and economic feasible to 
use different fuels. For it, it is used the methane gas to represent the natural gas, whose chemical composition is done mainly by 
88(%) in volume by methane.  Among the softwares: Gatecycle® is applied  to calculate the thermodynamic parameters of 
combustion chamber from thermal cycle for small gas turbine; GASEQ® to calculate the chemical reactions and concentration of 
reactants and products to esteemed the emissions; and  CFX® is used to simulate the dynamic fluid for flow,  combustion , heat 
transfer and emissions.  The combustion in CFD is simulated by Eddy Dissipation Model with two steps of chemical reaction for the 
methane gas. The turbulence is simulated by RNG K-ε Model. The heat transfer by radiation is made by P1 Method and the NOx 
emission is calculated by Fenimore and Zeldovich Methods. The expected numeric results are the fields of velocity, pressure and 
temperature, to feature the load losses and the volume of flame. From this way, it intends to make available information about: the 
parameters that affect the position of flame; the maximum temperature of flame; the temperature of hot gas in exhaustion; the 
affects from nozzles; the affects of flame from methane gas in design; and the preliminary efficiency value for combustion chamber. 
Besides, it is presented a typical validation process for CFD in combustion chamber with tri-dimensional domain.  
  
Keywords. CFD, Combustion Chamber, Small Gas Turbine, Natural Gas 

  
1. Introduction 
  

The Small Gas Turbines are becoming a promise way for distributed power generation and combined heat and 
power applications. Its conception is from 40´s decade together others gas turbines for aeronautical and navy industry. 
Later, this system became alternative equipment to generate power and heat to attend the population located in isolated 
regions out to the interlinked electrical system, because of the Oil Crisis in 1973.  

Part of its success is due to the advances in electronics, which allow unattended operation and interfacing with the 
commercial power grid. Electronic power switching technology eliminates the need for the generator used by gas 
turbine to be synchronized with the power grid.   

These equipments can generate power until 350 (kW) and have the following advantages in relation to piston 
engine generators, Gurgel et al. (2002): (a) higher power density (with respect to footprint and weight); (b) low 
emissions; (c) few, or just one, moving parts; (d) its design uses foil bearings and air-cooling operate without oil, 
coolants or other hazardous materials; (e) its operation is simply; (f) its installation and maintenance are easy; and (g) 
its operation cost is low. However, piston engine generators are quicker to attend the changes in output power 
requirement. 

Besides, the emission control of pollutant agents, such as NOx, CO and SOx, is adjusted by U.S. Environment 
Protection Agency (1993), where it is set that the maximum NOx emission for small gas turbines is 15 ppmv (15% 
Oxygen) for the flame temperature equal to 1900 [K], Lefebvre (1995). 

Currently, the main manufactures of small gas turbines are: Turbo-Genset, Capstone Turbine Co., Solar Turbines, 
Allison Engine, Bowman Power, Turbec, Honeywell, lliott MagneTek Power Systen, General Electric, Turbomeca,  
ABB, Harvester Company and Rolls Royce Nimbus. 

The small gas turbines are based on Ideal Brayton-Joule´s Cycles, which is a thermodynamic cycle where air is 
compressed isentropically in compressor, the combustion occurs at constant pressure in combustion chamber, and the 
expansion for hot gas over the turbine occurs isentropically until the back to the starting pressure, Lefebvre (1983). 

Among the parts from small gas turbine, the combustion chamber is focused in earlier researches, mainly about the 
potential improvements in combustion efficiency, which has two basic factors that can limit its operation range: (a) 
friction losses; and (b) thermal limitations for blades in turbine.  
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The friction losses occur in bearings, in the blades and the metallic walls in compressor, turbine and nozzles in 
combustion chamber. Due to this friction, the small gas turbines need a compressor to supply more pressure.  In case for 
annular chambers, the compressor is radial, while the compressor is axial for tubular chambers, Lefebvre (1983).  

On the other hand, it is possible to compensate these losses using more fuel flow, although it can provoke higher 
temperatures than thermal limitations for blades in turbine, as well as the creep. 

The main improvements that are done for small gas turbines are: (a) higher compression ratios; (b) higher 
temperature gradients in combustion chamber; (c) more efficient combustion; (d) better cooling of engine parts; and (e) 
reduced emissions.  For it, two ways are applied: (a) the analysis of geometry; and (b) the development of fuels more 
reactive with low emissions.  

The first way has been explored in relation to change of geometry, where can be sign the Dry Low NOx - DLN 
chambers, which are the cylindrical combustion chambers with big quantity of holes in Liners and dilution holes in 
downstream of combustion chamber, Allen (1998), Nickolaus et al. (2002) and Wakabayashi et al. (2002).  

The second way has been studied in relation to the use of fuels without sulfur with high reactivity, like as, the 
natural gas, according to Lefevbre [16], Melick et al  (1999), Vandebroek et al. (2003) and Williams (1985). 

Allen (1998) explored the DLN chambers using other kind of fuel with liquid phase and generated by emulsion 
process. Vandebroek et al. (2003) explored the affects of chemical kinetic in combustion of methane with 4 steps to 
esteem the temperature for auto ignition. Lefevbre [15] and Melick et al. (1998) show other way to control the NOx 
emission based on the catalysts with NH3, as well as its possible effects in environment.  

In general, all of results can be obtained by experimental and numerical tests. While the first, it is necessary to raise 
enough money with expensive equipments and benches, the numerical tests have been a promise alternative with the 
advantage use of more quick computers with high capacity to save data, Kuo (1986) and Keating (1993). 

In relation to numerical tests, different numerical methods have been tested to simulate the flame for combustion 
chambers. Among these methods, the Computational Fluid Dynamic (CFD) has more applications  

The use of CFD for combustion chambers is not early and it has presented satisfactory results in some models, such 
as, tubular combustion chambers, Gosselin et. al. (2000), Lee et. al. (1990) and Nicklaus et. al. (2002), which executed 
the first simulations using CFD in cylindrical combustion chambers in bi-dimensional and three-dimensional geometry 
models.  The turbulence models tested by them are K-ε, RNG K-ε and Reynolds Stresses Model (RSM), and the 
combustion models Fast Chemistry with PDF Model and Flamelet Laminar Model (FLM). 

Besides, the works from Fuller and Smith (1994), Hamer and Roby (1997) introduced others combustion models, 
such as, Eddy Dissipation Model (EDM), with models of NOx emission of Fenimore and Zeldovich, in three-
dimensional geometry models. In particular, Hamer and Roby (1997) archived satisfactory results with simulations until 
4 steps for chemical reactions using methane gas.  

Based on the satisfactory results for CFD from studies about tubular combustion chambers, new works has been 
developed too for the annular combustion chambers with the function to solve its particular problems, such as, low 
efficiency, high emission of pollution, and to check its economic feasibility. 

Hence, considering the importance of CFD application in thermal-aerodynamics problems involving the 
combustion and its complex phenomena for annular combustion chambers, this work presents a methodology to guide 
researchers and engineers in the analysis of the flame behavior in annular combustion chamber for small gas turbines 
using natural gas by CFD. The tested geometric model uses an alternative fuel, the methane gas, once that its 
participation in chemical composition for natural gas is bigger than 88 (%) in volume.  The adopted annular combustion 
chamber operates with conventional fuels, such as, diesel and kerosene oil, whose power can be until 50 (KW) at ISO 
conditions, according to the manufacturer of small gas turbine called Solar Turbines. The adopted chemical reactions 
use interactive steps based on the Minimization Principle of Free Gibbs Energy or Lewis – NASA Method, Svehla and 
McBride (1973). 

The knowledge about the flame behavior is achieved by the establishment of the fields of velocity, pressure and 
temperature, to describe the load losses and the volume of flame using the mathematical approximations, such as: of 
turbulent flow; of combustion; of heat transfer by radiation; and NOx and CO emissions.  
  
2. The Combustion Chamber Tested 
  

 The tested combustion chamber is part of small gas turbine of kind Titan T-62T-32 Turbo shaft, 1-stage centrifugal 
compressor with annular profile, 1-stage turbine designed to work with diesel, kerosene and JP-4 oil according to the 
manufacturer Solar Turbines, whose main operation conditions are, Alencar et al (2005):  

(a) Fuel pressure in inlet of nozzle: 275790 (Pa); 
(b) Environment temperature and pressure in ISO condition: 25 (°C) and 1 (atm); 
(c) Mass flow of fuel for 6 nozzles: 29 (kg/s); 
(d) Fuel consumption 0.85 (kg / MWh); 
(e) Pressure, temperature and mass flow of air in outlet from compressor, respectively: 206843 (Pa), 52 (°C) and 

0.75 (kg/s); 
(f) Maximal temperature of gas in outlet of combustion chamber: 637.9 (°C); and  
(g) Maximal temperature of gas in exhaustion after turbine: 493.2 (°C). 
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In combustion chamber, the primary air is mixtured with fuel in nozzle with high pressure and velocity. Depend on 
its capillarity and viscosity, the fuel can be drafted by air, due to the decrease of relative pressure inside of nozzle, 
which is classified like as Venturi Nozzle. Figure 1 shows the equipment that is modeled. 

 

   
( a ) ( b ) ( c ) 

Figure 1. (a) Small gas turbine; (b) External detail of nozzles; and (c) Combustion chamber with 6 nozzles (one of them 
is shown by red cycle), Alencar et al (2005)  

 

Due to the inclination of the nozzles in relation to the axial axle of combustion chamber, it is generated a secondary 
flow with rotation. From this way, the time residence tends to be big in annular combustion chamber, which permits to 
improve the combustion efficiency. 

This annular combustion chamber has 6 nozzles with inclination equal to 60 grades in relation to the axial axle of 
combustion chamber. This model has 86 primary holes and 46 secondary holes to the inlet of air that is used to the 
combustion and to the dilution and cooling of hot gas. The flow in nozzles obeys the basic principle of jets, like as it is 
shown in Fig. 2. 

 
Figure 2 – Main regions of jets, Chigier (1983) 

 

From Fig. 2, it is identified from jet: (a) Potential Core Region, where the air / fuel mixture have a jet that is not 
affected by environment; (b) Mixing Region, where the jet have load loss and air / fuel mixture presents a diffuse flow; 
(c) Transition Region, where the air / fuel mixture archives typical velocities for turbulence and it is affected by 
secondary flow in environment; (d) Fully Developed Region, where jet losses pressure and the flow is mixed with the 
secondary flow.  

Considering the flow from lateral holes in Liner, a big recirculation is created near to the nozzles. From this, the 
flame can be anchored near to nozzles. Depend on the air / fuel reason, the flame can be classified as Diffusive Flame or 
Premixed flame. It is recommended to test different combustion models to identify the kind of flame, according to 
Louis et al. (2001). 

The conventional fuels diesel and kerosene oil used by the small gas turbine have Lower Caloric Value equal to 
10900 (Kcal/kg) and 10232 (Kcal/kg), respectively. The density for diesel and kerosene oil are 849.2 (kg/m3) and 819.2 
(kg/m3), respectively. These fuels can have auto ignition in function of temperature, according to Fig.3, Lefebvre 
(1983). 

 
Figure 3 – Typical auto ignition for fuels in relation to relative density and the temperature, Lefebvre (1983) 
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From Fig. 3, it is possible to identify that in environment temperature, the auto ignition for fuels is not occurs. The 
temperature in that the fuels are flammables defines the Flash point. In this point, the fuel only can continue the 
combustion with the action of flash. This point is near to the environment temperature. From this, diesel can have auto 
ignition in temperature 500 (K), but it is flammable in temperature 350 (K), while the kerosene oil has auto ignition in 
temperature 630 (K), but it is flammable in environment temperature. 

On the other hand, emission is the last step from combustion process and can be characterized by different types of 
substances, which cannot have more reactivity enough to interact with others, constituting the non-combustion species. 
Depending on the concentration of these species, the same can provoke damages to the environment. Table 1 shows the 
typical agents of pollution from emission at small gas turbines and its affects, using diesel and kerosene oil. 

 

Table 1 – Typical emissions and its affects for environment and man, Lefebvre (1995) 
 

Pollutant Effect 
Monoxide of Carbon – CO Toxic. 
Unburned Hydrocarbon - UHC It contributes for the greenhouse effect in the urban region. 
Particles of Carbon – C It is visible and can provoke respiratory problems. 
Oxides of Nitrogen - NOX Toxic. It is precursory of chemical smoke and the ozone depletion in the atmosphere. 
Oxides of Sulfur – SOX Toxic and Corrosive. 
Dioxides of Carbon – CO2 It contributes the greenhouse effect in the atmosphere. 

 
3. Thermodynamic Calculation 
  

For the development of the thermodynamic calculations of the tested combustion chamber, it is used the program 
GateCycle® from GE Electronics, which permits to calculate the parameters from thermal cycle of small gas turbine 
considering the following conditions for Thermal System Laboratory at NEST: a) mechanic power 51.01 (+/-1) (kW); 
b) Heat Rate 37617.49 (kJ/kW); and c) Temperature of exhaustion 749 (K). The reference work fuel is natural gas in 
environment temperature 22 (°C) and pressure 693 (mmHg). Figure 4 presents the characteristics of each element that it 
composes the small gas turbine.   

 
  

 
Figure 4 – Typical scheme from GateCycle® form small gas turbine tested 

 

In Fig. 4, the temperature and the pressure are calculated for all point, based on thermal balance in an interactive 
way. Others parameters, such as: heat loss and pressure loss are obtained by references Borbely et al. (2001) and 
Lefebvre (1983).  

 Tab. 2 shows the final values calculated by GateCycle® for control points from S1 to S5 (see Fig. 4) in relation to 
Compressor, Combustion Chamber and Turbine. 

 

Table 2 – Main values from GateCycle® for Small Gas Turbine  
Generator 

Terminal Power Stream Temperature 
(ºC) 

Pressure 
(kPa) 

Flow 
(kg/s) 

Enthalpy 
(kJ/kg) 

S1 22 91.63 0.95609 6.54 

S2 199 368.14 0.95609 188.32 
S3 22 510.00 0.01144 14.29 
S4 685.08 360.78 0.96754 736.22 

51.01 kW 

S5 478.50 91.63 0.96754 497.52 
 

In Tab. 2, the values calculated for control points from S2 to S4 can be used to define the Boundary Conditions for 
CFD.  
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4. Methodology for Solution 
  

The methodology consists to solver the physical problem relative to the behavior of flame in a model of annular 
combustion chamber for a small gas turbine, using CFD, which represents a part of science for Numerical Methods 
based on Eulerian Method known as Finite Volume Method to solve the Conservative Equations of Continuous, 
Momentum and Energy in differential way.  

For this method, the physical domain is discretized by volume elements of type tetrahedrical or quadrilateral, whose 
geometries can be structured or not, i.e., the physical greatness is distributed in center of these elements, which permits 
to realize detailed analysis in geometrical model. The computational tool is the CFX® v 5.7 from ANSYS, which is 
used to define the three basic steps for the modeling: pre-processing, processing and post-processing. 

In Pre-processing, the geometry model is generated from annular combustion chamber, which corresponds to 1 / 6 
from original volume of chamber, because there are 6 nozzles and it is preserved the symmetry in relation to the axle of 
chamber. According to Gosselin et al. (2000), this modeling can get satisfactory results because of the symmetry, not 
considering the affects from heat transfer by convection. 

Figure 5 shows the geometry generated by Mechanical Desktop ® v.6 for structural and CFD conceptions. Figure 6 
presents details about this geometry for CFX ® v 5.7. 
 

 

 

(a) (b) 

Figure 5 – Geometric model tested: (a) Structural Conception; (b) CFD conception 
 

 
Figure 6 – Geometry Details  

 
The mesh generated is unstructured with 1915508 tetrahedral and prismatic elements and 4666141 nodes. Figure 7 

shows a part of this mesh in a longitudinal surface that is paralleled to the axial axle of combustion chamber in a region 
near to the outlet of nozzle. Figure 8 presents the details of this mesh. 

 

 
Figure 7 – Lateral view of mesh 
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Figure 8 – Details of mesh: (a) in region near to the nozzle; and (b) in outlet of hot gas 

 
 The setting of this work fluid in CFD needs the knowledge about the thermal chemical balance, which is simulated 

by software GASEQ ® v 7.2, which applies the Minimization Principle of Free Gibbs Energy or Lewis – NASA 
Method, Svehla and McBride (1973).  

This method is an interactive calculation that permits to simulate the thermal chemical process for some chemical 
reactions and by mass balance among reactants and products.  It has a library has more than 120 chemical species. In 
general, this software permits to esteem the concentrations for products and, mainly, the emissions. 

The adopted work fluid is the methane gas, because in chemical composition of natural gas, this specie corresponds 
to 88 (%) in volume and it is a reference fuel for every works in combustion.  Table 3 shows the chemical composition 
for natural gas, according to Abreu and Martinez (1999). Table 4 presents the chemical composition for the combustion 
of methane gas by GASEQ ® v 7.2. 

 

Table 3 – Chemical composition of alternative fuels for the model of small gas turbine 
 

 Composition in volume (%) 
Species Natural Gas 

N2 1.2 
CO2 0.65 
CO 0 
CH4 88.56 
C2H6 9.17 
C3H8 0.42 
H2S 0 
H2 0 

H2O 0 
Low Caloric Value  [kcal / kg] 11430 

  
Table 4 – Composition of reactants and products in chemical reaction from GASEQ ® v 7.2 after 5 iterations.  

 

 
 

  

Some proprieties from natural gas are preserved, according to Abreu and Martinez (1999) and Lefebvre (1995): 
a) it generates low emissions about CO2 and NOx;  
b) It has high combustion efficiency;  
c) its combustion can be considered clean, because it does not have sulfur oxide emission, that combined with water 

molecules can form acid;  
e) it has quick dispersion in air, due to its low molecular mass in relation to air; and  
f) It presents agility in the transport and good level of safety.    

Local Species (Mol) Mass (kg) 
CH4 0.105 1.68449 
O2 0,21 6.71975 Reactants 
N2 0.76 22.1326 

CO2 0.095 4.19314 
H2O 0.204 3.6801 
N2 0.788 22.1026 
O2 0.005 0.15865 
CO 0.009 0.27232 
OH - 0.003 0.05375 
H + 0.0004 0.000418 
O -2 0.0002 0.00361 
H2 0.004 0.00794 

Products 

NO 0.002 0.06436 
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Figure 9 shows the reference surfaces defined by boundary conditions for CFX ® v 5.7. 
 

 
 
 

 
 

 
 

(a) (b) 
Figure 9 – Surfaces defined by boundary conditions: (a) Frontal view; and (b) Lateral view. 

 

Table 5 presents the values adopted for the boundary conditions for Fig. 9. 
 

Table 5 – Boundary conditions used in CFD 
 

Greatness Local Unit Values 
Mass flow of air  (kg/s) 0.1593 

Temperature of air  Inlet 1 (K) 500 
Mass flow of fuel (kg/s) 0.0341 

Temperature of fuel Inlet 2 (K) 295 
Relative pressure of hot gas (Pa) 0.0 

Temperature of hot gas  Outlet (K) 918 
Rotational symmetry in axle Lateral surfaces A1 – pre-chamber --- Periodic Interface 
Rotational symmetry in axle Lateral surfaces A2 - chamber --- Periodic Interface 
Rotational symmetry in axle Lateral surfaces B1 – pre-chamber --- Periodic Interface 
Rotational symmetry in axle Lateral surfacesB2 - chamber --- Periodic Interface 

 

In Processing, the domain for mixtures is controlled by the Conservative Equations of Continuous, Momentum 
(Navier Stokes) and Energy in differential way in relation to the time and the space, respectively: 

 

( ) ( )
IS

jx
IY~.ref

jxjx
IY~.ju.

t
IY~.

+
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

∂
∂

Γ
∂
∂

=
∂

ρ∂
+

∂
ρ∂

     (1) 

( )
MS

jx
pTUU.UU.

t
U.

+
∂
∂

−=⎥⎦
⎤

⎢⎣
⎡ ⎟

⎠
⎞⎜

⎝
⎛ ∇+∇µ−⊗ρ•∇+

∂
ρ∂

      (2) 

( ) ( )
ES

Nj

iN jx
h.

tPr
t

jx
Yi.ih.i

jx
T.

jxjx
H.jU.

t
P

t
H.

+
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

∂
∂µ

+
∂
∂

Γ+
∂
∂

λ
∂
∂

=
∂

ρ∂
+

∂
∂

−
∂
ρ∂ ∑     (3) 

 

Where: ρ is the relative density of mixture, in (kg/m3); U is the velocity, in (m/s); T is the  temperature, in (K); t is 
the time, in (s); p is the relative pressure, in (Pa); Γi is the molecular diffusion coefficient of specie i; Sct is the 
Schmidt’s Number for high turbulence flows; µ is the average dynamic viscosity for fluid, in (m2/s); µt is the dynamic 
viscosity for turbulence in mixture, in (m2/s); SI is the source term due to the chemical reaction rate for specie i, which 
is given by ρω= iIS , function to reaction rate iω (Kuramoto-Sivashinski’ Equation), Ariolli e Koch (2003), which 
is the key term to Combustion Models; SM is the body force due to the gravity for each specie i in mixture, i and j is 
the Indicial Notation of Einstein, in relation to direction x and y, respectively, to discretization of space; H is the total 
enthalpy for mixture; λ is the Thermal Conductivity Coefficient of domain; Γi is the molecular diffusion coefficient; SE 
is the molecular energy for species i in mixture; Prt is the Prandtl’s Number for turbulent flows; and UU. ⊗ρ is the 
force due to Reynolds’s Stress, in (N), which is the key term to Turbulence Models. 

The equations (1),.(2) and (3) are obtained considering the following hypotheses: transient, compressible and 
turbulent flow;  specific heat for species in mixture is constant; small convection effect; and uniform combustion.  

Besides, the heat transfer for radiation can be analyzed by the Transportation Equation for Spectral Radiation 
(RTE), according to Beer et al. (1971) e Chung (2002): 

 

( ) ∫
π

ν
ν

ννν +Ω•Φ
π

+ν++−=
.4

s
basa

v Sd´)ss(.´)s,r(dI.
.4

k
)T,(I.K)s,r(I.KK

sd
)s,r(Id

       (4) 

Outlet 

Inlet 2 Inlet 1 

Lateral surfaces: 
A1 and A2 

Lateral surfaces: 
B1 and B2 



Proceedings of ENCIT 2006 -- ABCM, Curitiba, Brazil, Dec. 5-8, 2006 – Paper CIT06-0309 
 

Where: ν is the emission frequency; r is the position vector; s is the direction vector; s´ is the distance traveled by 
radiation; Kav is the absorption coefficient; Ksv is the reflexion coefficient; Ib is the intensity of emission in black 
body; In is the intensity of spectral radiation that depend on the position r and the direction s; Ω is the solid angle; Φ is 
function to phase of reflexion due to a immersed solid in domain; and S is the source term for the radiation 
(combustion). 

From this way, the modeling of flow is done by application of different turbulence models to solve the term 
represented by Reynolds Stress Tensor, Ui. Uj, in Eq. (2).  

Among the turbulence models applied by others authors, such as K-ε, RNG K-ε and Reynolds Stress Model (RSM), 
the RNG K-ε Model can be adopted because permits to describe flows in curved surfaces, where there is rotary flows, 
and have the capacity to capture the smallest vorticity generated by small holes in combustion chamber model. For this 
model, the Reynolds Stress Tensor Ui. Uj can be calculated by expression, Yadigaroglu (1998): 
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Where δIJ is the Dirac Function; and SIJ is the Average Shear Tensor calculated by expression: 
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Where the turbulent viscosity µt is given by: 
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Thus, the main equations used to simulate the turbulence by RNG K-ε Model are: 
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Where there are five important constants, Cµ, Cε1, Cε2, σk e σε, whose typical values based on experimental tests for 
isotropic flows are presented by Tab. 6, where are shown others three auxiliary constants η, η0, and β:  

 

Table 6 – Typical values for constants in turbulence model RNG K-ε  
 

Cµ Cε 1 Cε 2 σk σ ε η η0 β 
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3.94 
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0.012 
to 

0.017 

 

Besides, among the combustion models such as, Eddy Dissipation Model (EDM), Finite Rate Chemistry (FRM), 
and Laminar Flamelet Model (LFM), the EDM Model or Eddy Break Up (EBU) can be adopted because it can describe 
combustion reactions with pre-mixture, where the effects of viscosity can be considered, between methane and air in 
nozzles, where the mechanism of reaction can be described by the following equations of combustion, Gurgel et al 
(2002): 

Phase 1: the main reaction is given by expression: 
 

CH4 +  (O2 + 3.76 N2)  CO2 + 2 H2O + 3.76 N2     (11) 
 

Phase 2: the reaction is described using stoichiometric air in two steps: 
 
CH4 + (O2 + 3.76 N2)  CO + 2 H2O + 3.76 N2  + ½ O2       (12) 

 

CO + ½ O2  CO2                 (13) 
 

According to Poinsot e Veynante (2005), the reaction rate can be affected by turbulence. From this way, the 
reaction rates for reactants and products are, respectively (kinetic chemical): 
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Where [I] is the molar concentration of each species between the reagents; A is a proportionality constant, that 
depends on the physical properties of the reactants and if there is or not pre mixture and the conditions of reactions with 
or not free radicals; P tracks all the products generated in reaction K; WI is the molecular weight of each component of 
the product; B is a numerical parameter that indicates if the simple reaction of or multiple stage. If B is negative, the 
formation of the products for determined reaction K is not performed; ε is the dissipation energy due the turbulence k is 
the turbulence in flow; and ν is the stoichiometric coefficient for reactants and products. 

On the other hand, among the models for Heat Transfer by Radiation, such as, Rosseland (to opaque domains), P1, 
Monte Carlo, Discrete Transfer (the three to semi-transparency domains) and Spectral (to full transparency domains), 
Hottel and Sarofim (1967), the P1 Model can be adopted because permits to describe the radiation in domains with 
unitary emissive and unitary absorption in walls, which can be considered not catalytic (not affect the reactions).  

The P1 Model or Radiation Differential Approximation, Raithby (1991), is a simplification of equation (4), 
considering that the radiation intensity is independent of direction and it is in an isotropic domain.  In this model, the 
radiation heat flux in diffusion limit for domain is given by equation: 

( ) ν∇
ν−ν−ν

−=ν G.
sK.AsKaK.3

1
rq         (16) 

In equation (4), this term permits to get the following identity: 
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Where A is the Linear Coefficient of Anisotropy. 
 

From this, considering that the radiation emitted by walls in domain is independent of direction, the boundary 
condition can be  calculated by equation: 
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1

rqn ν−ν
νε−

νε=
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ν−ν−ν
−=ν⋅     (18) 

Where n is the normal vector in relation to the wall surface; n+ is the distance in the same direction of n; and w is 
the magnitude of n+ in the walls. 

More details about the radiation model P1 are given by Raithby (1991). 
On the other hand, the heat transfer mechanism in tested combustion chamber can be featured by the heating of 

domain and walls using radiation, while the cooling of walls and the dilution of heat gas is done by convection.  
Thus, among the energy variation models used by CFD, such as, Isothermal Model; Thermal Energy Model; and 

Total Energy Model, it is adopted the Total Energy Model because the effects of the thermal energy and the kinetic 
energy are super posted in calculation of thermal balance by the first law of thermodynamic. 

Besides, in general way, there are three different mechanisms for NOx emission. Table 7 shows these three 
mechanisms and its description, Lefebvre (1983).  

 

Table 7 – Mechanisms for NOx generation, Lefebvre (1983)  
 

Mechanism Description 
Thermal NOx Zeldovich’s Theory – It is produced NOx by the oxidation of atmospheric nitrogen in the gases after the flame. 
Prompt NOx Fenimore’s Theory – it is generated NOx by the reactions of high speed in the front of the flame. 

Fuel NOx It is formed NOx by the oxidation of existing nitrogen in the fuel and can generates free radicals with low 
molecular weight, such as, NH3, NH2, NH, CN and others. 

  

Among these models to simulate the NOx emission, the adopted models are Thermal Model of Zeldovich and 
Prompt Model of Fenimore, because of emission from methane combustion depends on oxidation of atmosphere 
nitrogen in front of flame and the high velocity reactions, respectively, given by the following basic reactions, 
Vandebroek et al (2003): 
 
  
 
 

Thermal NOx: 
N2 + O ↔ N + NO 
N + O2 ↔ NO + O 
N + OH ↔ NO + H

Prompt NOx: 
N2 + CH ↔ HCN + N 
N2 + CH2 ↔ HCN + NH 
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5. Validation of CFD Calculation   

In general, all CFD calculations shall be performed in comparison to the experimental results for simple 
geometries, in function to guarantee the right result with quality to represent the behavior of physical phenomena 
studied for more complex geometries.  

A good example for it, which can be applied for combustion chambers, is the CFD validation for radiation 
calculation in a geometry proposed by Stuttaford (1997), which is used to validate the numerical method developed by 
Shah (1979). 

This geometry domain consists of a little cylinder with length 5 (m) and diameter 2 (m). The walls have 
temperature of 227 (°C) and an emissivity of 0.8. The gas contains a hot region at a temperature of 1427 (°C) and has an 
absorption coefficient of 0.6 (m-1). The external surface in cylinder is remain with temperature equal to 827 (°C) and 
has an absorption coefficient of 0.05 (m-1), as it is shown by Fig. 10. 

The calculation uses mesh with 89782 tetrahedral elements.  The convergence condition has 50 iterations with goal 
error equal to 10-4 for heat transfer. Besides, the radiation model is Heat Transfer Discrete Model, where the radiation 
source can be discretized by 8, 64 and 128 rays with enough dimensions for that the average refraction is smaller than 
emission, because of work fluid is a hot gas without particles (photons).  The adopted model to discrete the spectrum is 
Gray Model, because the spectrum is uniform. The Scattering Model is considered null, because that the term in 
transport equation for energy due the particles (photons) is not necessary and the domain is isotropic. 

5 m

Z

R

0,5 m

1 m

Twall = 227 °C
ε = 0,8

2,5 m

Tgas = 1427°C
a = 0,6 m-1

Tgas = 827 °C
a = 0,05 m-1

 
Figure 10 – Geometry Domain and boundary conditions for radiation calculation, Stuttaford (1997) 

 

Table 8 presents the intensity of radiation in non-dimensional form obtained by experimental test and by CFD 
calculation, where Io is the maximum radiation intensity and equal to 80000 (W / m2) and L is the length of cylinder 
and equal to 5 (m). 

 

Table 8 – Results from Experimental Tests and CFD calculation 
 

Distance                                           Z / L 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Experimental Radiation Intensity I / Io 0.78 0.93 1.00 0.99 0.90 0.60 0.34 0.24 0.18 0.14 0.13 
Numerical Radiation Intensity      I / Io 0.74 0.90 0.98 0.97 0.86 0.56 0.31 0.21 0.15 0.11 0.09 

 

From Tab. 8, it is possible to done a graphical comparison in relation to Non-dimensional Net Radiation Heat Flux 
for Axial Distance.  In figure 8, this comparison is done, considering the maximum radiation intensity Io and the length 
of cylinder L. 
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Figure 11 – Non-dimensional Radiation Heat Flux for Axial Distance 
 

It is observed from Fig. 11 that the behavior of radiation intensity is due the characteristics of hot gas zone with 
temperature 1427 (°C) and the other hot gas zone with temperature 827 (°C).   

The values of experimental and numerical tests are near and the CFD calculation permits to get satisfactory results 
in a simple geometry for radiation calculation. The maximum difference between the results is 4 (%) in non-
dimensional axial distance equal to 0.5. From this, CFD can be used to study more complex geometries, where the heat 
transfer is done by radiation too, like as, in the combustion cases.  
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6. Analysis of Results 
  

In general, the duration for the calculations is approximately equal to 14 hours using a computer DELL with double 
processor of 3.4 GHz and 1GByte of RAM, considering a goal error equal to 10-5 for mass flow, velocity, turbulence 
and turbulent dissipation energy in CFX ® v 5.7.  Figure 12 presents the distributions of velocity and pressure. 

 

  
( a ) ( b ) 

Figure 12 – (a) Velocity contour; (b) Pressure contour 
 

Figure 13 shows the distribution of temperature and the format of flame from iso-surfaces of temperature, with 
gradients equal to 200 (°C), approximately, where is shown that the flame is formed from a specific distance in relation 
to the nozzle with low dispersion. It is a characteristic for this kind of annular combustion chamber. 

 

( a ) ( b ) 
Figure 13 – (a) Temperature contour; (b) Iso-surfaces of temperature 

 

The distribution of iso-surfaces of temperature shows that the flame has dispersion in annular combustion chamber, 
as well as, the temperature is affected by rotary flow. This flow changes the position where the flame has its maximum 
temperature after the ignition. Maybe, it is necessary to change the dimensions of lateral holes of dilution air in Liner. 

Besides, in longitudinal surface that is shown in Fig. 12 and 13, it is possible to determine the variation for velocity, 
pressure and temperature along the local axle from nozzles, which is parallel to main axle of combustion chamber, 
according to Fig.14.  Table 9 presents the values for these greatnesses for this local axle obtained after the convergence. 

 

 
Figure 14 – Position of Z axle from nozzle 
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Table 9 – Values obtained after the convergence 
 

Greatness Symbol Unit Values 
Position in relation to nozzle Z (mm) 0 30 83 118 144 

Average velocity of flow V GAS (m/s) 52 45 32 27 62 
Average pressure P GAS (Pa) 2350 3200 3800 4100 0 
Gas temperature  T GAS (°C) 907 2033 1012 810 630 

Gas density  ρ GAS (kg/m3) 0.35 0.18 0.36 0.42 0.52 
Reynolds’ number RE GAS (--) 4.71E+07 4.07E+07 2.90E+07 2.44E+07 5.61E+07 

 

Besides, others important parameters that can be determined are the maximum temperature of flame and the 
temperature of gas in exhaustion, whose values are 2033 (°C) and   630 (°C), respectively, which are coherent with data 
from manufacturer Solar Turbine, whose experimental values for temperature of gas in exhaustion is 637.9 (°C).  
Besides, this maximum temperature computed by Combustion Model EDM is near to the maximum temperature of 
flame esteemed by GASEQ ® V 7.2, approximately 2220 (°C) for methane gas. 

From Tab. 9, it is possible to determine the characteristic curves of operation for the model, as it is shown from Fig. 
15 to Fig. 17, whose reference is the Z-axle in longitudinal surface (see Fig. 14). 

 

Figure 15 – Characteristic velocity curve 

 
Figure 16 – Characteristic pressure curve 
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Figure 17 – Characteristic temperature curve 

 

From Fig. 17, it is possible to identify the maximum temperature of flame is near to the nozzles, but its position is 
affected by the secondary flow, which can be represented by high flow of air from dilution holes in lateral surface (for 
distances between 60 and 90 (mm) from nozzles) and by the rotary flow due to the inclination of nozzles in relation to 
the main axle on combustion chamber, respectively, Figs 12(a) and 13(a).  Because of it, it is possible to avoid the 
approximation of hot gases in relation to the metallic walls, too. 

The velocity and pressure values obtained in Figs. 15 and 16, respectively, are affected by the turbulence zone near 
to the nozzles and exhaustion zones; see Fig. 13(a).  
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Other characteristic that can be identified is the rotary flow in zone of nozzles, which can benefit the combustion, 
because it contributes to increase the residence time.  

Other important information is the efficiency of combustion chamber that can be estimated using the following 
equation, Odgers and Carrie (1973): 
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     (19) 
Where To is the reference temperature in environment, in [°C]. 
In tested model, the reference temperature is 22 (°C). The percentage of CO2 in outlet surface is, approximately, 

17.5 (%) and the Temperature of gas or flame is 2033 (°C). So, the combustion efficiency is, approximately, 37.8 (%) 
for this combustion chamber in these operation condition. 

According to manufacturer Solar Turbines, the combustion efficiency for this equipment is between 35 (%) and 40 
(%) for the efficiency of cycle between 25 (%) and 30 (%) in relation to the power 50 (kW).  

 

7. Conclusions 
  

In this work, the important contribution is the development about a practical scheme using commercial softwares, 
like as Gatecycle®, GASEQ® and CFX ® to study the behavior of combustion and the flow in annular combustion 
chambers for small gas turbines to attend its adaptability and economic feasible to use different fuels.   

Considering the methane gas to represent the natural gas, whose chemical composition is done mainly by 88(%) in 
volume of methane, as well as different models for flow, combustion, heat transfer and emission in CFD, whose 
boundary condition are set by parameters from thermal cycle of small gas turbine and chemical concentrations of 
reactants and products for combustion, the combustion chamber can be features by the following notes: 

 (a) From pressure, velocity and temperature distributions, the high flow of air from dilution holes in lateral surface 
in Liner affects the position where it is the maximum temperature of flame in relation to nozzles, whose value is 2033 
(°C) for distances between 60 and 90 (mm) from nozzles; 

(b) The inclination of nozzles can induce a rotary flow, which affects the position and stability of flame and the 
residence time for combustion;  

(c) The methane gas signs that the flame can be dispersed, which obligates in new design of combustion chamber. 
This new design is to avoid the approximation of hot gases in relation to the metallic walls;   

(d) The temperature of gas in exhaustion obtained by CFD is equal to 630 (°C), whose value is near to the 
temperature from manufacturer Solar Turbine, which is equal to 637.9 (°C); and 

(e) The CFD simulation permits to esteem the combustion efficiency around 38 (%) for this tested model. This is a 
satisfactory precision, once that the manufacturer esteems this efficiency between 35 (%) and 40 (%) for power 50 
(kW).  
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Resumo. As redes neurais de B-splines empregam funções de base para aproximar uma função contínua, 
possivelmente multidimensional. As redes de B-splines podem ser comparadas com as redes neurais de função de base 
radial, que utilizam funções Gaussianas como funções elementares de base. As redes B-splines são geralmente 
treinadas por algoritmos baseados em informação do gradiente, o que pode levar a um ponto de mínimo local durante 
o procedimento de treinamento. Para superar os problemas encontrados pelos métodos convencionais de treinamento, 
o método de otimização com evolução diferencial utiliza uma busca estocástica para otimização global das redes B-
splines. Uma abordagem de evolução diferencial para ajustar os pontos de controle (knots) de uma rede neural de B-
splines é proposto neste artigo. Os resultados de simulação para identificação um passo à frente de um sistema 
térmico SISO (Single-Input Single Output) demonstram a eficiência da abordagem de rede neural de B-splines 
proposta. 
 
Palavras chave: sistema térmico, rede neural de B-splines, identificação não-linear, evolução diferencial 

 
1. Introdução  
 

As redes neurais são metodologias da inteligência computacional inspiradas em estudos do cérebro e do sistema 
nervoso humano. As redes neurais podem ser consideradas como sistemas dinâmicos não lineares consistindo de 
elementos de processamento (neurônios), que são interconectados entre si, com ponderações ajustáveis (Haykin, 1996). 
Entre as características relevantes das redes neurais têm-se: processamento paralelo, aprendizado, memória associativa 
e distribuída. Estas características são inspiradas nas redes neurais biológicas. As redes neurais providenciam, 
usualmente, conhecimento quantitativo não-paramétrico sendo adequadas para identificação de sistemas, aprendizado e 
adaptação em sistemas com comportamento dinâmico complexo (Coelho e Villa, 2005).  

Em particular, as redes neurais de B-spline (RN-BS) são uma alternativa de modelo não-linear para problemas de 
regressão e classificação de padrões. Parte do crescente interesse pelas RNs-BS é proveniente do fato delas possuírem 
fundamentação estatística e serem consideradas aproximadores universais de funções com dada precisão, da mesma 
forma que as redes neurais função de base radial (Guerra e Coelho, 2005), realizando um mapeamento das entradas de 
rede de dimensão vetorial m, em uma saída de dimensão vetorial n de qualquer função vetorial continua.  Neste 
contexto, a literatura sobre as RNs-BS tem apresentado vários estudos em identificação e controle de processos não-
lineares (An et al., 1994; Wang et al., 1995; Lightbody et al., 1997; Yiu et al., 2001; Chen et al., 2004).  

As RNs-BS apresentam potencialidades de generalização local, onde a interferência no aprendizado é minimizada e 
o aprendizado é relativamente rápido, devido ao número mínimo de pesos ajustados a cada vetor de treinamento 
apresentado à rede neural. Na literatura, várias abordagens de treinamento de RN-BS têm sido apresentadas, entre as 
quais usando algoritmo ANOVA (An et al., 1994; de Vries et al., 1998), algoritmos genéticos (Leu, 2004), entre outros 
(Wang et al., 1995). 

A contribuição deste trabalho é avaliar as potencialidades de usar uma abordagem de treinamento da RN-BS 
baseada em otimização por evolução diferencial (ED). A ED é um paradigma da computação evolutiva (ou 
evolucionária) desenvolvido por Rainer Storn e Kenneth Price (Storn e Price, 1995; Storn, 1997) para problemas de 
otimização não-linear contínua. Basicamente, a ED realiza mutações nos vetores pela adição ponderada de diferenças 
aleatórias entre eles. A ED, neste contexto, determina os nós de cada uma das funções de base B-spline da RN-BS em 
uma aplicação de identificação não-linear de um sistema térmico. 
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O artigo é organizado da seguinte forma. A descrição da RN-BS e o procedimento de treinamento usando ED são 
detalhados na seção 2. Uma breve descrição do sistema térmico e a análise dos resultados obtidos na identificação são 
detalhadas na seção 3. Finalizando, a conclusão e comentários sobre futura pesquisa são apresentados na seção 4. 

 
 

2. Rede neural de B-spline 
 
Uma RN-BS consiste de uma rede neural da classe de redes feedforward, sendo que a RN-BS é composta de 

funções B-splines. Na RN-BS, cada função de base é composta de q segmentos polinomiais. Aqui existe uma relação 
simples e recursiva estável para avaliação da pertinência de uma função de base B-spline de ordem q, tal que 
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qN  é definido como a j-ésima função de base univariada de ordem q; jλ  é o j-ésimo nó (knot) e Ij é o j-ésimo 

intervalo. A saída da RN-BS é dada por 
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sendo p o número de knots, xk e kŷ  são as entradas e saída da rede, respectivamente; wj é a ponderação atribuída para a 

j-ésima função de base e )(⋅j
qN  é dada pela equação recursiva (2). O índice j é associado com a região de suporte local 

)j()qj( x λλ ≤≤− , enquanto o índice q indica a ordem das funções de base (Harris et al., 1993). 
A qualidade da aproximação depende da alocação de nós das funções B-spline. O objetivo da otimização da RN-

BS usando ED é a determinação dos nós de cada uma das funções de base B-spline. Entretanto, neste trabalho o número 
de funções de base é escolha do projetista. 

 
 

2.1. Otimização da RN-BS usando evolução diferencial (ED) 
 
Os algoritmos evolucionários (ou evolutivos) são ferramentas promissoras para busca, otimização, aprendizado de 

máquina e para resolução de problemas de projeto. Estes algoritmos utilizam a evolução simulada para busca de 
soluções em problemas complexos (Bäck et al., 1997; Whitley, 2001). Os algoritmos evolucionários são baseados em 
uma população de indivíduos, onde cada um representa um ponto de busca no espaço de soluções potenciais de um 
dado problema. Os algoritmos evolucionários possuem alguns procedimentos de seleção baseados na aptidão (fitness) 
dos indivíduos mais aptos, operadores de cruzamento e mutação. 

Os algoritmos evolucionários incluem algoritmos genéticos, programação evolucionária, estratégias evolutivas, 
programação genética, entre outras variantes. Segundo Bäck et al. (1997), existem diversas variantes de 
implementações de algoritmos evolucionários, no entanto, as diferenças principais repousam na representação dos 
indivíduos, no projeto dos operadores de cruzamento e/ou mutação e nos mecanismos de seleção. 

O operador de seleção emprega o princípio de sobrevivência dos indivíduos mais aptos, através de uma metáfora 
aos procedimentos de reprodução assexuada e seleção natural, de acordo com o grau de adaptação do indivíduo ao 
ambiente. O objetivo básico do operador de seleção é enfatizar as melhores soluções que constituem uma população. O 
operador não cria nenhuma nova solução. Este operador seleciona as soluções relativamente aptas de uma população e 
remove as soluções remanescentes. 

O operador de cruzamento é responsável pela troca de material genético entre os indivíduos, com maior 
probabilidade de reproduzirem os indivíduos mais aptos em relação ao ambiente. O operador de mutação modifica o 
valor dos genes do indivíduo e visa restaurar o material genético perdido ou não explorado em uma população. Este 
operador, quando projetado de forma apropriada, pode prevenir a convergência prematura de um algoritmo evolutivo 
para soluções sub-ótimas e manter a diversidade da população. 

Dentre estes algoritmos evolucionários destaca-se o algoritmo de evolução diferencial. A ED foi desenvolvida por 
Price e Storn (Storn e Price, 1995; Storn, 1997) visando a busca por melhores resultados com uma abordagem um 
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pouco diferente da utilizada nos algoritmos genéticos e em estratégias evolutivas. Algumas das potencialidades da 
evolução diferencial têm-se a rapidez de convergência da otimização, a facilidade de implementação e validação. 

Basicamente, a ED realiza mutações nos vetores pela adição ponderada de diferenças aleatórias entre eles. A 
escolha da ED para problemas de otimização é baseada nas características de que a ED: 
•  é um algoritmo de busca estocástica que é motivado pelos mecanismos de seleção natural; 
•  é menos susceptível a mínimos (ou máximos) locais, pois busca  a solução ótima global pela manipulação de uma 

população de soluções candidatas, ou seja, busca um número de diferentes áreas simultaneamente no espaço de 
busca; 

•  não requer informação de derivadas para o cálculo da função de aptidão; 
•  manipula diretamente os números de ponto flutuante (fenótipo), diferente dos algoritmos genéticos canônicos ou 

binários que manipulam cadeias de bits (genótipo), o que diminui o custo computacional necessário para 
transformação de uma representação genotípica em fenotípica; 

•  geralmente não necessita de populações grandes para funcionar eficientemente. 
 

Na ED clássica, cada variável (indivíduo) é representada por um valor real (ponto flutuante). A variante 
implementada neste trabalho foi a ED/rand/1/bin, que é regida pelas seguintes etapas: 
 
Etapa 1: Iniciar os parâmetros de controle da evolução diferencial: O projetista deve escolher os parâmetros de 
controle da ED, tais como tamanho da população (M), limites (máximos e mínimos) das variáveis de otimização, taxa 
de mutação (fm(t)), taxa de cruzamento (CR) e o critério de parada do procedimento de otimização. 
 
Etapa 2: Iniciar o contador de gerações: Atribuir geração inicial, t=1. 
 
Etapa 3: Iniciar a população inicial de indivíduos (soluções): Gerar uma população inicial aleatória, com distribuição 
uniforme, de soluções factíveis à resolução do problema em questão, onde as regras de “reparo” garantem que os 
valores atribuídos às variáveis estão internas às fronteiras delimitadas pelo projetista.  
 
Etapa 4: Avaliar os indivíduos da população: Avaliar a função objetivo (custo) de cada um dos indivíduos da 
população. 
 
Etapa 5: Aplicar a operação de mutação (ou operação diferença): A mutação é uma operação que adiciona um vetor 
diferencial para o vetor dos indivíduos da população, de acordo com a equação: 
 

])()([)()()1( 321
txtxtftxtz i,ri,rmi,ri −+=+                                                                          (4) 

 
sendo i=1,2,...,M o índice do indivíduo da população; j=1,2,...,n é a posição do indivíduo em um espaço n-dimensional; 
t é a geração (tempo); [ ]T21 )(...,),(),()( txtxtxtx niiii =  consiste da posição do i-ésimo indivíduo de uma população de 

M vetores n-dimensionais; [ ]T21 )(...,),(),()( tztztztz niiii =  é responsável pela posição do i-ésimo indivíduo de um vetor 
que sofrerá mutação; r1, r2 e r3 são valores inteiros mutuamente diferentes, selecionados aleatoriamente com distribuição 
uniforme do conjunto { }Nii ,,1,1,,2,1 LL +− ; fm(t) > 0 é um parâmetro real denominado de taxa de mutação, que 
controla a amplificação da diferença entre os dois indivíduos de índices r2 e r3 para evitar a estagnação da busca e é 
usualmente projetado com valores no intervalo [0,4; 1,0]. 
 
Etapa 6: Aplicar a operação de cruzamento: Após a operação de mutação, o cruzamento (ou recombinação) é aplicado 
a população. O cruzamento é empregado para gerar um novo vetor tentativa ou vetor doador (trial vector) pela 
substituição de certos parâmetros do vetor destino (target vetor) pelos seus parâmetros correspondentes ao vetor doador, 
estes gerados aleatoriamente. 

Nesta operação, para cada vetor, zi(t+1), um índice { }nirnbr ,,2,1)( L∈  é escolhido aleatoriamente usando uma 
função densidade de probabilidade uniforme, e um vetor denominado de vetor tentativa, 

[ ]T21 111 )1( )(tu),...,(tu), (tutu niiii +++=+ . Neste caso é gerado um novo vetor tal que, 
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sendo randb(j) a  j-ésima avaliação da geração de um número aleatório com distribuição uniforme no intervalo [0, 1]; e 
CR é a taxa de cruzamento (ou recombinação) no intervalo [0, 1]. Geralmente, o desempenho do algoritmo de ED 
depende do projeto de três variáveis: o tamanho da população, M, a taxa de mutação, fm(t), e a taxa de cruzamento, CR. 
 
Etapa 7: Aplicar a operação de seleção: A seleção é um procedimento em que os “melhores” descendentes (indivíduos 
filhos) são produzidos. Para decidir se o vetor ui(t+1) será (ou não) um membro da população na próxima geração, ele é 
comparado com o vetor xi(t). Assim considerando que F denota a função objetivo sob minimização, então: 
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Neste caso, o custo de cada vetor tentativa ui(t+1) é comparado com seu vetor destino xi(t). Se o custo, F, do vetor 

destino xi(t) possui valor menor que o custo do vetor tentativa, é permitido ao vetor destino continuar na próxima 
geração. Caso contrário, o vetor destino é substituído pelo vetor tentativa na próxima geração. 
 
Etapa 8: Verificar se o critério de parada foi atendido: Atribuir à geração t = t + 1. Retornar para a Etapa 4 até que o 
critério de parada seja atendido, usualmente o número de gerações, tmax. 
 

Na figura 1 é apresentado um resumo do fluxo de dados da ED adotada neste trabalho. 

 

 

Figura 1 - Fluxograma da ED para otimização de projeto. 
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3. Identificação de um sistema térmico 

 
 A identificação de sistemas é uma área do conhecimento que envolve o estudo de formas de modelar e analisar 
matematicamente fenômenos a partir de dados.  

A idéia da identificação de sistemas é permitir a elaboração do modelo matemático de um sistema dinâmico 
baseado em medidas coletadas pelo ajuste de parâmetros e/ou do modelo matemático, até que a saída do sistema 
aproxime, de forma adequada, os valores de saída desejada (Johansson, 1993). O procedimento para a identificação de 
um sistema consiste de quatro etapas básicas, conforme mostra a figura 2. 

Um estudo de caso de identificação não-linear de um sistema térmico foi abordado neste trabalho, este disponível 
na base de dados Database for the Identification of Systems (Daisy, 2006).  

 
 

 
Figura 2 - Procedimento utilizado na identificação de um sistema. 

 
O sistema térmico analisado consiste de uma lâmpada de halógena de 330 Watts suspensa sobre uma placa fina de 

aço. A saída do sistema consiste da medida de um termopar localizado abaixo da placa (Daisy, 2006). O período de 
amostragem dos dados é de 2 segundos e o procedimento de identificação, adotado neste trabalho, utiliza como entrada 
a tensão aplicada à lâmpada (em Volts) e como variável de saída é adotada a temperatura da placa, esta medida em 
graus Celsius (Dullerud & Smith, 1996). 

O experimento foi configurado para utilizar as amostras 1 a 650 (2 a 1300 segundos) para a fase de estimação 
(otimização da RN-BS) e as amostras 651 a 800 (1302 a 1600 segundos), para a fase de validação (teste) da RN-BS. Os 
dados de entrada e a saída do sistema térmico avaliado são apresentados na figura 3. 
 

 

    
 

Figura 3 - Dados de entrada e saída do sistema térmico. 

 
O procedimento de análise da identificação através de RN-BS usando ED é dividido nas seguintes etapas: (i) 

escolha da estrutura da RN-BS para representar o processo, (ii) determinação da otimização da RN-BS através da ED; 
(iii) estimação dos parâmetros do modelo matemático (fase de estimação), e (iv) a validação do modelo matemático 
(fase de validação).  
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Para identificação foi escolhido um modelo matemático para a representação do processo. A estrutura de modelo 
testada é o modelo multivariável NARX (Nonlinear AutoRegressive with eXogenous inputs) em concepção série-paralela 
com 3 entradas e 1 saída, isto é, as entradas [u1(t-1); y(t-2); y(t-1)] e a saída )(ˆ ty . 

A identificação do sistema térmico é apropriada se um critério de erro definido previamente pelo projetista está 
entre valores admissíveis às necessidades do projeto. O critério escolhido neste estudo (função custo a ser maximizada) 
foi o coeficiente de correlação múltipla regido pela equação 
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onde Na é o número de amostras avaliado (1300 amostras na fase de estimação e 300 amostras na fase de validação), 
y(t) é a saída real do processo, )(ˆ ty  é a saída estimada pela RN-BS, y  é a média das medidas do sistema térmico. 

Quando o valor de 2R  é igual a 1,0 indica uma aproximação exata do modelo aos dados medidos do processo. O valor 
de 2R  entre 0,9 e 1,0 é considerado suficiente para aplicações práticas, principalmente em projetos de identificação e 
sistemas de controle baseados em modelo. 

Adota-se, neste artigo, uma ED com tamanho de população de 10 indivíduos (vetores solução) com critério de 
parada de 100 gerações. Foram testadas de 3 a 5 B-splines na camada intermediária para cada entrada da RN-BS. 
Entretanto, os resultados de identificação usando RN-BS com ED foram mais precisos com 3 funções B-splines na RN-
BS onde o R2 obtido foi 0,9998801 (na fase de estimação) e 0,9938608 (na fase de validação), ou seja, estes resultados 
significam um erro médio quadrático de 0,1768661 (estimação) e 0,1589295 (validação). Nas figuras 4 e 5 são 
apresentados, respectivamente, os sinais da saída real e estimada do processo e também o e o sinal de erro de predição 
obtidos usando a RN-BS com 3 funções B-splines. 

 
 

 
Figura 4 – Saída real e estimada usando 3 funções B-splines para cada entrada na RN-BS. 
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Figura 5 - Erro de predição (dos sinais apresentados na figura 4) usando 3 funções B-splines na RN-BS. 
 

4. Conclusão e futura pesquisa 
 
Neste artigo foi apresentada uma metodologia de otimização baseada em ED para ajustar os pontos de controle 

(knots) de uma RN-BS. 
Os resultados de simulação para identificação um passo à frente, de um sistema térmico, demonstraram a eficiência 

da abordagem de otimização para uma RN-BS. Entretanto, a análise de um melhor compromisso entre precisão, 
complexidade computacional e ordens dos vetores de entrada deve ser abordada em futura pesquisa.  

Em pesquisa futura, deseja-se utilizar procedimentos de otimização com múltiplos objetivos junto ao projeto do 
modelo de RN-BS. Neste contexto deseja-se determinar um conjunto de soluções de identificação dentro do qual se 
verifica o compromisso entre os diversos objetivos. O conjunto destas soluções se dá o nome de Pareto-ótimo. Neste 
contexto, deseja-se projetar uma RN-BS aliado a um procedimento de otimização visando a incorporação de informação 
da precisão do modelo (usando R2), variância presente no resíduo decorrente da diferença entre a saída do sistema e a 
saída estimada, e o número de parâmetros estimados (graus de liberdade do sistema ou complexidade do modelo).  
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Abstract  
B-spline neural networks employ basis functions to approximate a continuous, possibly multidimensional, function. B-
spline networks can be compared to, e.g., radial basis function networks, which use Gaussian functions as their 
elemental basis function. B-spline networks are usually trained by gradient-based methods, which may fall into local 
minimum during the learning procedure. To overcome the problems encountered by the conventional learning methods, 
the differential evolution provides a stochastic search for global optimization of B-spline networks. A differential 
evolution approach to adjust the control points (knots) of a B-spline neural network is proposed in this paper. 
Simulation results for one step ahead identification of a heating system in SISO (Single-Input Single-Output) 
conception demonstrate the effectiveness of the proposed B-spline neural network. 

 
Keywords: heating system, B-spline neural network, nonlinear identification, differential evolution 
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Resumo. Os sistemas nebulosos são baseados em conceitos de codificação nebulosa da informação e operação com 
conjuntos nebulosos em vez de números. Os modelos nebulosos, especialmente os modelos nebulosos de Takagi-
Sugeno (TS), têm recebido atenção particular na área de identificação de sistemas não-lineares devido a suas 
capacidades de aproximar comportamento não-linear. Neste artigo uma metodologia para identificação não-linear 
baseada em modelo nebuloso de TS com método de agrupamento de Gath-Geva é apresentada e validada. A eficiência 
do método de identificação proposto usando modelo de TS aliado a agrupamento de dado é ilustrada pela 
identificação de um sistema não-linear. Os resultados de identificação experimental de um trocador de calor 
confirmam a eficiência e característica de generalização do método de identificação baseado em modelo nebuloso de 
TS. 
 
Palavras chave: trocador de calor, modelo nebuloso, identificação não-linear, agrupamento de dados. 

 
 

1. Introdução  
 

A identificação de sistemas, seja ela realizada de forma on-line ou off-line, é uma parte essencial no projeto de 
sistemas de controle. Em geral, a identificação de sistemas lineares é uma área bem estabelecida e através dos anos, 
muitas abordagens desenvolvidas já estão consolidadas na literatura (Foss et al., 1998). Entretanto, em muitas situações 
práticas, a hipótese de linearidade não pode ser mantida devido à existência de não-linearidades ou elementos variantes 
no tempo. Em tais casos, é difícil aplicar os métodos quantitativos convencionais que descrevam adequadamente as 
características não-lineares e variantes no tempo de processos industriais.  

A identificação de sistemas não-lineares, isto é, sistemas que mostram relações não-lineares entre a(s) entrada(s) 
e/ou saída(s), é geralmente uma tarefa difícil. Para este propósito, os sistemas nebulosos são uma alternativa para 
identificação de sistemas. Os sistemas nebulosos, também conhecidos como sistemas de inferência nebulosa, sistemas 
nebulosos baseados em regras, ou modelos nebulosos, representam a mais importante ferramenta de modelagem 
baseada na teoria dos conjuntos nebulosos. Um sistema de inferência nebulosa é um mapeamento ou função de um 
espaço de alternativas de entrada para um espaço de saída. A estrutura básica de um sistema nebuloso possui três 
componentes conceituais: uma base de regras que contém o conjunto de regras nebulosas, uma base de dados que define 
as funções de pertinência usadas nas regras nebulosas e um mecanismo de raciocínio que realiza um procedimento de 
inferência (raciocínio nebuloso) para obter a saída ou conclusão, baseado nas regras e fatos conhecidos (Almeida, 
2005). 

Neste contexto, destacam-se os sistemas nebulosos de Takagi-Sugeno (TS) (Takagi e Sugeno, 1985; Sugeno e 
Kang, 1988). O sistema nebuloso de TS tem sido investigado, principalmente por ser aproximador universal de funções 
com uma dada precisão e por apresentar características atrativas de interpolação e extrapolação numérica. 

Neste artigo é proposto um procedimento de otimização de um modelo nebuloso do tipo TS que desacopla a 
identificação dos antecedentes (funções de pertinência dos antecedentes ou parâmetros da premissa das regras) da 
estimação da parte conseqüente (parâmetros do conseqüente) das regras nebulosas. O procedimento proposto é 
decomposto em duas abordagens.  

Uma abordagem de agrupamento (clustering) usando o método de Gath-Geva  (Gath e Geva, 1989) para o ajuste 
da parte antecedente das regras. A escolha do método de Gath-Geva é devido a suas potencialidades de boa divisão de 
agrupamentos em relação a outros métodos clássicos, tais como o método k-médias e c-médias. A outra abordagem 
emprega o método dos mínimos quadrados (Johansson, 1993) e visa a otimização dos parâmetros do conseqüente das 
regras nebulosas. Este procedimento de otimização é avaliado na identificação de um trocador de calor. 
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As próximas seções do artigo são organizadas da seguinte forma. Na seção 2 são descritos os fundamentos do 
modelo nebuloso de TS e o seu procedimento de otimização. A descrição do trocador de calor  e a análise dos resultados 
da aplicação do modelo nebuloso são apresentados nas seções 4 e 5, respectivamente. Na seção 6, a conclusão e alguns 
comentários sobre pesquisa futura são apresentados. 

 
 

2. Modelos nebulosos  
 
A utilização de conjuntos nebulosos e de um tipo de computação baseado na regra composicional de inferência 

com seus operadores associados, resulta em sistemas de decisão estruturados no formato de uma base de regras 
nebulosas, adequados para a implementação de processos dedutivos. Esses sistemas, conhecidos como sistemas de 
inferência nebulosa ou simplesmente sistemas nebulosos, dependem da especificação de uma série de elementos. Estes 
elementos incluem a quantidade e o tipo de regras nebulosas, os parâmetros das funções de pertinência, a semântica das 
regras que participam do raciocínio aproximado e os operadores do mecanismo de inferência utilizado para obter uma 
saída a partir dos dados de entrada. A utilização de sistemas nebulosos na forma de raciocínio aproximado pode 
expressar a ambigüidade e a subjetividade presentes no raciocínio humano (Gomide e Pedrycz, 1998). 

O uso de sistemas nebulosos é indicado quando (Lin e Lee, 1996): (i) o modelo matemático do sistema não existe, 
ou quando existe, é de difícil codificação (não temos um modelo matemático a priori do processo de incineração); (ii) o 
modelo matemático é muito complexo para ser rapidamente avaliado em tempo real ou requer muita memória; (iii) no 
ambiente existe alto nível de ruído e/ou os sensores de medição poucos precisos no sistema; (iv) o processo envolve a 
interação com um operador humano, ou especialista, preparado para especificar os parâmetros do conjunto de regras a 
ser utilizado no sistema nebuloso. 

Um modelo nebuloso é um conjunto de regras de produção SE-ENTÃO que mapeia entradas em saídas. A 
estrutura básica de um modelo nebuloso consiste de três componentes conceituais: a base de regras, que contém um 
conjunto de regras nebulosas, a base de dados (ou dicionário), que define as funções de pertinência (e seus fatores de 
escala) vinculadas às regras nebulosas, e o mecanismo de inferência, que executa o procedimento de inferência sobre as 
regras e uma dada condição para derivar uma saída razoável ou conclusão.  

 
2.1 Modelo nebuloso de Takagi-Sugeno 

 
A concepção de um modelo nebuloso é baseada em um mecanismo de “dividir para conquistar”, onde os 

antecedentes das regras nebulosas dividem o espaço de entrada em uma determinada quantidade de regiões nebulosas 
locais, enquanto os conseqüentes descrevem o comportamento de uma dada região através de vários parâmetros 
constituintes.  

Existem vários modelos de sistemas nebulosos, onde na maioria dos casos, o antecedente é formado por 
proposições lingüísticas e a distinção entre os modelos se dá no conseqüente das regras nebulosas. Entre os modelos 
mais conhecidos pode-se destacar: modelo de Mamdani e o modelo TS. 

O sistema de inferência nebulosa de Mamdani emergiu como uma primeira tentativa de se controlar a caldeira de 
uma máquina a vapor, através de um conjunto de regras de controle baseadas em variáveis lingüísticas, regras estas 
obtidas de operadores humanos especializados (Mamdani e Assilian, 1975). A característica básica do modelo de 
Mamdani é o fato de utilizar conjuntos nebulosos nos conseqüentes das regras nebulosas. 

O modelo TS foi proposto como resultado de um esforço para se desenvolver de forma sistemática, uma abordagem 
para a geração de regras nebulosas a partir de dados de entrada-saída (Takagi e Sugeno, 1985). O modelo nebuloso TS é 
composto de uma base de regras nebulosas que particiona o espaço de entrada, denominado de universo de discurso, em 
regiões nebulosas descritas pelos antecedentes da regra nas quais as funções do conseqüente são válidas (Almeida, 
2005). 

Diferentes constituintes dos conseqüentes resultam em diferentes tipos de sistemas nebulosos, mas seus 
antecedentes são sempre os mesmos. Neste artigo, o modelo nebuloso de TS é adotado com funções lineares como 
conseqüentes. As regras do modelo de TS apresentam boas características de interpolação e extrapolação com um 
número reduzido de regras de produção.  

O modelo nebuloso de TS trata-se de um equivalente funcional da rede neural de base radial. Neste caso, quando a 
rede neural apresenta o mesmo número de funções de ativação na camada oculta que o número de regras do modelo 
nebuloso TS de ordem zero (Wu e Tam, 1999). Um aspecto relevante do sistema de TS é o seu poder de representação, 
especialmente para a descrição de sistemas complexos. Este modelo nebuloso permite a decomposição de um sistema 
complexo em subsistemas simples.  

Um modelo nebuloso consiste de múltiplas regras, cada regra contendo uma parte premissa (antecedente) e uma 
parte conseqüente. A parte da premissa é responsável pela especificação de um certo subespaço de entrada pela 
conjunção de cláusulas nebulosas que contém as variáveis de entrada. A parte conseqüente é um modelo de regressão 
linear. Os modelos nebulosos de TS consistem de regras de produção   SE <condição> ENTÃO <ação>   que podem 
ser representadas na forma geral: 
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Ki,bxayAxAxSER iiinnii ,,2,1     ˆ ENTÃO  É  E ... E  É    : 111 L=+=         (1) 
 
onde o antecedente SE define a parte antecedente (premissa) enquanto as funções da regra ENTÃO constituem-se na 
parte conseqüente do modelo nebuloso; Ri é a i-ésima regra, [ ] χ∈= T

nxx ,,1 Lx  é o vetor das variáveis de entrada das 
regras (antecedentes), ini AA ,,1 L  são conjunto nebulosos definidas no espaço dos antecedentes, e yi é a saída da regra. 
A variável K denota o número de regras na base de regras, e a saída agregada do modelo ℑ∈ŷ  é calculada pela média 
ponderada dos conseqüentes da regra 
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onde )(xiβ  é o grau de ativação da i-ésima regra 
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onde ]1,0[:)( →ℜjijA xµ  é a função de pertinência do conjunto nebuloso ijA  no antecedente de Ri. A cada conjunto 

nebuloso do antecedente ijA  é associada uma função de pertinência ( )iAij xµ   descrita por 
 

        ( ) ( )












 −
−=

2

2

2
1exp

ij

iji
i

ijA

mx
x

σ
µ                                    (4) 

 
onde ijm  e ijσ  são o centro e a largura função de pertinência do tipo Gaussiana, respectivamente. A união de todos 
estes parâmetros define o conjunto de parâmetros da premissa. 

A construção de um modelo nebuloso de TS a partir dos dados medidos do processo (ou sistema) a ser identificado 
envolve duas tarefas, a identificação da estrutura e a identificação de parâmetros. As duas etapas importantes da 
identificação da estrutura são: (i) a determinação do número de regras SE-ENTÃO e (ii) a partição do espaço de entrada 
para um dado conjunto de conjuntos nebulosos com funções de pertinência. A identificação de parâmetros envolve a 
identificação dos parâmetros das funções de pertinência e os parâmetros dos conseqüentes funcionais (coeficientes de 
equações lineares).  

Neste artigo, a análise de cluster (grupo) é a metodologia empregada na procura de clusters correspondentes às 
classes presentes em dados; um método de agrupamento divide todos as amostras em pequenos sub-grupos e os 
classifica de acordo com a similaridade entre eles. Uma análise de cluster reconstrói a probabilidade de densidade de 
dados das amostras e então extrai a informação encapsulada nos dados pela extrapolação da pertinência às classes.  

Os algoritmos de agrupamento nebulosos permitem um grau de associação para cada elemento em cada grupo. Um 
elemento pertence a diferentes grupos, com diferentes graus de associação, fornecendo informações mais detalhadas 
sobre a estrutura de dados. As maiores dificuldades encontradas durante o agrupamento nebuloso de dados são (Gath e 
Geva, 1989a): (i) o número de grupos nem sempre pode ser definido a priori; (ii) as características e as localizações dos 
centros dos grupos também não são necessariamente conhecidas a priori; e (iii) grande variabilidade de formas, 
densidade, e número de dados em cada grupo. Existem diversas técnicas de agrupamento entre os métodos não-
supervisionados, tais como agrupamento nebuloso adaptativo, k-médias, decomposição de mistura Gaussiana e c-
médias (Yen e Langari, 1999). 

Uma alternativa a estes métodos é o algoritmo de Gath-Geva (Gath e Geva, 1989a, 1989b), utilizado em sistemas 
nebulosos (Abonyi et al., 2005, Abonyi et al., 2002), que emprega uma distância da norma baseado em estimativas 
nebulosas de probabilidade máxima (FMLE – Fuzzy Maximum Likelihood Estimates), proposta por Bezdek e Dunn 
(1975).  

Este algoritmo é derivado pela combinação entre o algoritmo k-means nebuloso e o algoritmo FMLE. Este método 
também pode ser denominado de UFP-ONC (Unsupervised Fuzzy Partition-Opitmal Number of Classes); ele foi 
desenvolvido com o propósito de classificar os conjuntos nebulosos sem supor um número a priori de grupos, podendo 
detectar vários formatos e agrupamento, densidades e números de pontos em cada grupo (Gath e Geva, 1989a). 

Este algoritmo interpreta os dados como variáveis aleatórias, supõe uma distribuição Gaussiana com uma 
probabilidade a priori pertencente a cada grupo. Os métodos para determinar o número de grupos e a partição mais 
adequada, são utilizados quando o algoritmo não considera um critério de validação específico (Almeida, 2005). Estes 
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métodos utilizam funções de validação como indicadores da qualidade do resultado da partição, pois fornecem índices 
de validação (Silva, 2005). O algoritmo Gath-Geva, nos fornece o índice de hipervolume nebuloso e o índice de 
partição por densidade média. 

Neste algoritmo, o cálculo da distância como medida de similaridade entre o dado, x, e o centro do grupo, v, tal 
que: 
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Esta distância da norma envolve um termo exponencial e diminui mais rapidamente do que a norma do produto 

interno. wiF  é a matriz de covariância nebulosa do i-ésimo grupo é dada por: 
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onde w=1 no algoritmo original FMLE, mas neste caso utilizá-se 2=w , para que o agrupamento compense o termo 
exponencial da distância da norma. A probabilidade de seleção de cada grupo é dada por: 
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Os graus do conjunto são interpretados como as probabilidades posteriores para selecionar o i-ésimo grupo dos 

dados, obtido o kx  do conjunto de dados de entrada do modelo nebuloso. 
Neste contexto, o algoritmo Gath-Geva pode ser resumido pelas seguintes etapas: 

Dado um conjunto de dados X , escolher um número de grupos Nc <<1 , o expoente 1>w  e determinar a 
tolerância 0>ε . 

 
(i) Iniciar aleatoriamente a matriz de pertinência, U, composta dos elementos iku ; 

 
(ii) Calcular os centros dos grupos, v, com a equação: 
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(iii) Calcular a matriz de covariância: 
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(iv) Calcular a distância como medida de similaridade entre o dado e o centro do grupo: 
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              com a probabilidade a priori dos dados pertencentes ao grupo i, 
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(v) Atualizar a matriz de pertinência: 
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(vi) Repetir até ε≤−+ )()1( ll UU , senão voltar para a etapa (ii). 

 
Neste trabalho, o método de ajuste linear para os parâmetros de saída do modelo nebuloso de TS é a pseudo-

inversa.  
 
 

3. Descrição do trocador de calor 
 

O trocador de calor ou permutador de calor é um equipamento onde dois fluidos com temperaturas diferentes trocam 
calor através de uma interface metálica. Portanto, um fluido cede calor, sob forma de calor sensível ou calor latente, a 
outro, mais frio. As aplicações dos trocadores de calor vão desde os aparelhos domésticos até os equipamentos de 
grande porte nas indústrias químicas e siderúrgicas (Macintyre, 1997). 

Os trocadores de calor nem sempre precisam de controle especial da temperatura. Uma vez que os objetivos dos 
trocadores num processo é possibilitar a recuperação de calor máxima, na existe qualquer razão para restringir seus 
desempenhos com o uso de controladores. Normalmente basta usar válvulas manuais que devem permanecer bem 
abertas. Os controles principais são realizados normalmente para o resfriador e para o aquecedor que são adjacentes ao 
trocador (Kern, 1980). 

O trocador de calor analisado neste trabalho consiste de um trocador de calor de fluxo de vapor líquido saturado, 
onde a água é aquecida por vapor de fluxo saturado pressurizado em um tubo de cobre. A variável de saída é a 
temperatura do líquido de saída. As variáveis de entrada são: a taxa de transferência de calor do líquido, a temperatura 
de vapor e a temperatura do líquido de entrada. Neste contexto, a temperatura do vapor e a temperatura do líquido de 
entrada são mantidas constantes em seus valores nominais (Daisy, 2006). O período de amostragem dos dados é de 1 
segundo e o procedimento de identificação, adotado neste trabalho, utiliza como entrada a taxa de transferência de calor 
do líquido e como variável de saída é adotada a temperatura do líquido de saída. Uma representação do trocador de 
calor é apresentada na figura 3 (Bittanti e Piroddi, 1996). 

 

 
Figura 3 - Representação do trocador de calor. 

 
 
O experimento foi configurado para utilizar as amostras 1 a 1200 (N=1200) para a fase de estimação e as amostras 

1201 a 1600, para a fase de validação do modelo nebuloso de TS. 
Para identificação foi escolhido um modelo matemático para a representação do processo. A estrutura de modelo 

testada é o modelo multivariável NARX (Nonlinear AutoRegressive with eXogenous inputs) em concepção série-paralela 
com 3 entradas e 1 saída, isto é, as entradas [u(t-1); y(t-2); y(t-1)] e a saída é )(ˆ ty , conforme apresentado na figura 4. 
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Figura 4 - Identificação usando um modelo nebuloso com estrutura série-paralela. 

 
A identificação do sistema térmico é apropriada se um critério de erro definido previamente pelo projetista está 

entre valores admissíveis às necessidades do projeto. O critério escolhido neste estudo (função custo a ser maximizada) 
foi o coeficiente de correlação múltipla regido pela equação 
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onde Na é o número de amostras avaliado (2500 amostras na fase de estimação e 1500 amostras na fase de validação), 
y(t) é saída real do processo, )(ˆ ty  é a saída estimada pelo modelo nebuloso de TS, y  é a média das medidas do sistema 

térmico. Quando o valor de 2R  é igual a 1,0 indica uma aproximação exata do modelo aos dados medidos do processo. 
O valor de 2R  entre 0,9 e 1,0 é considerado suficiente para aplicações práticas, principalmente em projetos de 
identificação e sistemas de controle baseados em modelo (Schaible et al., 1997). 
 
 
4. Análise dos resultados de identificação do trocador de calor 
 

Após a identificação, um modelo do processo em análise é obtido e deve-se verificar se ele é válido ou não. O 
conhecimento da finalidade do modelo se faz necessário, para poder julgar se ele incorpora ou não as características 
requeridas. O modelo será considerado válido se ele incorporar aquelas características do sistema que são fundamentais 
para a aplicação em questão. 

Na tabela 1 são apresentados de forma resumida os resultados das simulações de previsão um passo à frente para a 
saída do trocador de calor na fase de estimação e validação. Os resultados apresentados nesta tabela mostram os 
resultados usando o método de agrupamento de Gath-Geva, sendo que também são apresentados os resultados usando o 
método clássico de agrupamento k-médias. Detalhes relativos ao método k-médias são apresentados em Duda e Hart 
(1973) e Jain e Dubes (1988). 
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Tabela 1. Resultados das simulações do modelo nebuloso de TS na identificação do trocador de calor. 
 

método de 
agrupamento 

 

funções de pertinência Gaussianas 
para cada entrada do modelo nebuloso de TS 

R2 

(estimação) 
R2 

(validação) 
R2 

(média 
harmônica) 

Gath-Geva 2 0,8486 0,0205 0,0400 
Gath-Geva 3 0,8900 0,7465 0,8120 
Gath-Geva 4 0,9589 0,7510 0,8423 
Gath-Geva 5 0,9632 0,8398 0,8973 
Gath-Geva 6 0,9631 0,8287 0,8909 
Gath-Geva 7 0,9630 0,8424 0,8987 
Gath-Geva 8 0,9645 0,8369 0,8962 
 k-médias 2 0,8400 0,0000 0,0000 
 k-médias 3 0,9101 0,1630 0,2765 
k-médias 4 0,9381 0,6454 0,7647 
k-médias 5 0,9420 0,7216 0,8172 
k-médias 6 0,9434 0,7345 0,8259 
k-médias 7 0,9440 0,7396 0,8294 
k-médias 8 0,9445 0,7471 0,8343 

 
Nota-se pelos resultados da tabela 1, que os resultados obtidos (analisando-se a medida harmônica de R2) com 

modelo nebuloso de TS aliado ao método de agrupamento de Gath-Geva são superiores aos resultados usando o método 
clássico de agrupamento k-médias. 

Nas figuras 5 e 6 são apresentados os melhores resultados (conforme a tabela 1) de identificação do trocador de 
calor. Neste contexto, o melhor resultado usando o método de agrupamento de Gath-Geva foi com 7 funções de 
pertinência Gaussianas para entrada do modelo nebuloso com R2 (média harmônica) = 0,8997. E o melhor resultado do 
modelo nebuloso de TS usando k-médias foi R2 (média harmônica) = 0,8343 com 8 funções de pertinência. 

   
Figura 5 - Saída real e estimada usando modelo nebuloso de TS e método de agrupamento de Gath-Geva. 

      
Figura 6 - Saída real e estimada usando modelo nebuloso de TS e método de agrupamento k-médias. 
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Pode-se verificar pelas figuras 5 e 6 que o modelo nebuloso de TS obtido, representa o comportamento dinâmico da 

saída do trocador de calor de forma eficiente. Contudo vale salientar que quando trata-se de eficiência, é conveniente 
levar em conta outros algoritmos que não foram utilizados e também outros aspectos como tempo de processamento do 
algoritmo e a aplicabilidade do modelo obtido.  
 

 
5. Conclusão e futura pesquisa 

 
Neste artigo é proposto um procedimento de otimização de um modelo nebuloso do tipo TS usando método de 

agrupamento de dados de Gath-Geva para identificação dos antecedentes (premissa das regras do modelo nebuloso) 
aliado ao método dos mínimos quadrados para o ajuste dos conseqüentes (problema linear nos parâmetros) das regras 
nebulosas. 

Os resultados obtidos foram satisfatórios. Neste contexto, porém, alguns trabalhos serão realizados para 
complementar esta pesquisa. Como por exemplo, a utilização de outros algoritmos de otimização e também algoritmos 
para otimizar os centros dos grupos encontrados pelo algoritmo de agrupamento de Gath-Geva. Uma outra extensão 
desta pesquisa será, não só a identificação um passo à frente, mas também infinitos passos à frente.  
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Abstract 
Fuzzy systems are based on the concept of fuzzy coding of information and operating with fuzzy sets instead of 
numbers. Fuzzy models, especially Takagi-Sugeno (TS) fuzzy models, have received particular attention in the area of 
nonlinear identification due to their capability to approximate any nonlinear behavior. In this paper a methodology for 
nonlinear identification based on TS fuzzy model with Gath-Geva clustering is presented and validated. The efficiency 
of the proposed identification method using TS fuzzy model with Gath-Geva clustering is illustrated by identification of 
a nonlinear system. The experimental identification results of a heat exchanger system have confirmed good efficiency 
and generalization characteristic of the proposed identification method based on TS fuzzy model.  
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Resumo. As redes neurais função de base radial (RNs-RBF) são modelos de aprixmação de funções que podem ser 
treinados por exemplos para implementar um mapeamento (interpolação) de entrada e saída desejado. O desempenho 
das RNs-RBF depende do número e centros das funções radiais de base, suas formas, e o método utilizado para 
aprender o mapeamento de entrada-saída. Este artigo apresenta uma abordagem de RN-RBF usando funções 
Gaussianas e treinamento com filtro de Kalman baseado em otimização através de evolução diferencial. Os resultados 
de simulação indicam as potencialidades desta abordagem desta abordagem de aprendizado de RN-RBF para 
identificação de curto prazo (um passo à frente) da densidade de fluxo de calor (saída do sistema térmico) através de 
duas camadas de parede (tijolo e camada de isolação). As entradas do sistema são a temperatura interna e a 
temperatura externa da parede.  
 
Palavras chave: sistema térmico, identificação de sistemas, rede neural, filtro de Kalman, evolução diferencial. 

 
1.  Introdução  
 

A identificação de sistemas é o estudo de procedimentos que permitem desenvolver modelos matemáticos a partir 
de dados e sinais observados (Aguirre, 2000). A área de identificação de sistemas está consolidada para modelos 
lineares. Os modelos lineares desempenham importante papel no desenvolvimento das técnicas de identificação. Devido 
à sua simplicidade e à facilidade de obtenção, os modelos lineares são utilizados para aproximar o comportamento de 
sistemas em determinadas faixas de operação. Os modelos lineares desempenham um importante papel na modelagem 
de sistemas dinâmicos, quando é possível limitar a operação a regiões de linearidade. Na realidade, todos os sistemas 
físicos são não-lineares em alguma região de operação. Assim, a presença de comportamento não-linear conduziu ao 
desenvolvimento de ferramentas que consigam modelar e analisar este comportamento. 

Neste contexto, a descrição matemática de sistemas dinâmicos nem sempre é uma tarefa simples na qual princípios 
básicos podem ser aplicados. Para sistemas complexos, modelagens baseadas em leis elementares para determinar o seu 
comportamento dinâmico nem sempre são possíveis. Uma alternativa interessante para solucionar este problema é a 
abordagem de identificação de sistemas. Por esta abordagem, é possível determinar um modelo matemático baseado nas 
entradas e saídas do sistema. A identificação de sistema é um procedimento que determina um modelo de um sistema 
dinâmico, com a intenção de prever e/ou compreender seu comportamento dinâmico. Quando existe pouco 
conhecimento a priori do sistema, é comum utilizar-se do modelo do tipo caixa-preta. Este modelo, que é uma estrutura 
flexível, podendo ser utilizado para aproximar diferentes sistemas não-lineares (Guerra, 2006).  

As redes neurais artificiais provaram ser eficientes estruturas não-lineares do tipo caixa-preta em muitas aplicações 
(Haykin, 1996), e podem ser treinadas usando os dados de entrada e saída observados do próprio sistema. A principal 
potencialidade na estrutura das redes neurais consiste na sua habilidade de adaptação e aprendizagem. A habilidade de 
adaptação e aprendizagem pelo ambiente significa que modelos de redes neurais podem lidar com dados imprecisos e 
situações complexas. Uma rede neural treinada adequadamente tem a habilidade de generalizar quando são 
apresentadas as entradas que não estão presentes em dados já conhecidos por ela 

Um tipo de rede neural que pode ser aplicado à identificação de sistemas é a rede neural de base radial (RN-RBF, 
Radial basis function neural network). Esta rede compõe uma classe de redes neurais cuja camada oculta é definida por 
um conjunto de funções de base radial, das quais esta deriva seu nome. As unidades ocultas fornecem um conjunto de 
funções não-lineares que constituem uma base arbitrária para os padrões de entrada, quando eles são expandidos sobre o 
espaço oculto. Essas funções são chamadas de funções de base radial. Na estrutura da rede neural de base radial, 
aplicam-se os algoritmos de agrupamento para encontrar os centros de cada função de base radial, com a intenção de 
descobrir padrões no espaço de entrada. 

Grande parte do interesse pelas RNs-RBF é proveniente do fato delas possuírem fundamentação estatística e são 
consideradas aproximadores universais de funções com dada precisão (Chen et al., 1991), realizando um mapeamento 
das entradas de rede de dimensão vetorial m, em uma saída de dimensão vetorial n de qualquer função vetorial contínua.  
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As RNs-RBF apresentam potencialidades de generalização local, em que a interferência no aprendizado é 
minimizada e o aprendizado é relativamente rápido, devido ao número mínimo de pesos ajustados a cada vetor de 
treinamento apresentado à rede neural. Na literatura, diferentes abordagens de treinamento de redes neurais usando 
filtro de Kalman têm sido propostas, tais como Puskorius e Feldkamp (1994), Birgmeier (1995), Simon (2002), Xiong e 
Zhou (2003), Bai e Guo (2004) e Zhang e Luh (2005).  

Na área de ciências térmicas, a literatura da aplicação de métodos de identificação em sistemas térmicos possui 
alguns trabalhos relevantes, a citar Cunnigham (2001) e Haghighat et al. (1998). Entretanto, as potencialidades da 
utilização de redes neurais é ainda pouco explorada e poucos trabalhos têm sido apresentados, como por exemplo os 
trabalhos de Chen e Chen (2000), Leung et al. (2001), Conesa et al. (2004), Torrecilla et al. (2004), Turias et al. (2005), 
Atthajariyakul e Leephakpreeda (2005), Abassi e Bahar (2005), Kumar et al. (2006), Aquino e Brigham (2006) e Parlak 
et al. (2006). 

A contribuição deste trabalho é avaliar as potencialidades de usar uma abordagem de treinamento de RNs-RBF 
baseada em filtro de Kalman estendido (EKF, Extended Kalman Filter) com otimização usando evolução diferencial 
(Storn e Price, 1995; Storn, 1997) para identificação do comportamento dinãmico de um sistema térmico. Neste 
contexto, o estudo de caso testado tem por objetivo a estimativa da densidade de fluxo de calor através de uma parede 
de duas camadas (camada de tijolos e isolação).  

O artigo é organizado da seguinte forma. A descrição e a abordagem de treinamento da RN-RBF usando evolução 
diferencial é detalhada na seção 2. Uma breve descrição do sistema térmico e a análise dos resultados obtidos são 
detalhadas na seção 3. Finalizando, a conclusão e comentários em relação aos resultados obtidos são apresentados na 
seção 4. 

 
 

2.  Rede neural de base radial 
 

Em relação ao cérebro humano, tem-se em torno de 1011 neurônios, cada um podendo estar conectado a milhares de 
outros neurônios, o que facilita o estabelecimento de processamentos paralelos de informações e a formação de redes 
muito complexas. Assim, as redes neurais artificiais tentam reproduzir as funções das redes biológicas, busando 
implementar seu comportamento básico e sua dinâmica (Braga et al., 1998). 

As redes  neurais artificiais consistem em elementos de processamento altamente interconectados denominados 
neurônios (artificiais), cada qual possuindo um número de entradas e uma saída. A saída de cada neurônio é 
determinada como uma função não-linear de um soma ponderada das entradas, embora operações matemáticas 
complexas possam ser incluídas. Os neurônios se interconectam através de pesos, os quais são ajustados durante o 
período de treinamento. 

As redes neurais são especificadas pela topologia, características dos neurônios e regras de treinamento. Estas regras 
de treinamento especificam como o conjunto de pesos iniciais deve ser adaptado para a rede aprender o comportamento 
de um sistema. Os algoritmos de treinamento (ou aprendizado) de uma redes neurais ajustam iterativamente os pesos 
das conexões entre os neurônios até que os pares desejados de informações de entrada(s) e saída(s) sejam obtidos e as 
relações de causa e efeito possam ser estabelecidas. Se as condições mudarem de tal modo que o desempenho do 
modelo não seja mais adequado, pode-se submeter à rede neural a mais um treinamento sob estas novas condições de 
entrada(s) e saída(s) para corrigir seu desempenho. Assim sendo, podem-se apresentar dados à rede neural a uma 
atualização periódica, resultando num modelo auto-ajustável em linha. 

De uma forma geral, as principais características das redes neurais artificiais são: (i) aprendizado através de 
exemplos, (ii) adaptabilidade, (iii) capacidade de generalização, (iv) tolerância a falhas e (v) rápida implementação.  

A RN-RBF pode ser considerada como um projeto de rede neural para um problema de ajuste de curva 
(aproximação) em um espaço de alta dimensionalidade. Desta maneira, aprender é equivalente a encontrar uma 
superfície, em um espaço multidimensional, que forneça o melhor ajuste para os dados de treinamento, com o critério 
de “melhor ajuste” sendo medido em um sentido estatístico. Então o processo de generalização equivale a utilizar esta 
superfície multidimensional para interpolar outros pontos que não pertençam aos dados de treinamento, mas estejam em 
sua vizinhança. 

Para uma RN-RBF, as unidades ocultas fornecem um conjunto de “funções” que consistem em uma “base” 
arbitrária para os padrões (vetores) de entrada, quando eles são expandidos sobre o espaço oculto: estas funções são 
denominadas de funções de base radial, dais quais a rede deriva seu nome. Cada uma dessas funções é centrada em uma 
particular coordenada do espaço multidimensional dos pontos que compõem o espaço de dados de entrada. Cada uma 
destas coordenadas particulares caracteriza-se por definir o centro de uma (entre várias possíveis) região de maior 
aglomeração de pontos ou grupos (clusters), do espaço de dados de entrada (Haykin, 1996). 

A arquitetura da RN-RBF, em sua estrutura mais básica, é constituída de três camadas, com propósitos totalmente 
diferentes: 
•  Camada de entrada: é composta por nós de fonte (unidades sensoriais) que conectam a rede ao seu ambiente; 
•  Camada oculta: é única, aplica uma transformação não-linear do espaço de entrada para o espaço oculto (na maioria 

das aplicações, o espaço oculto é de alta dimensionalidade); 
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•  Camada de saída: é linear, fornecendo a resposta da rede ao padrão (sinal) de ativação aplicada à camada de 

entrada. 
 

O processamento da entrada de uma rede neural se realiza de acordo com sua topologia e o tipo da  ativação dos 
neurônios. Em uma RN-RBF clássica, este aspecto consiste na alimentação adiante (feedforward network) de uma 
entrada de dimensão m em uma camada oculta, que possui c neurônios ocultos que implementam uma função de 
ativação baseada em uma medida de similaridade entre os vetores de entrada e os protótipos. Cada neurônio da camada 
oculta possui um protótipo. As saídas da camada oculta são interligadas às unidades da camada de saída por ramos com 
pesos sinápticos que ponderam cada saída dos neurônios presentes na camada oculta. Cada unidade da camada de saída 
implementa uma soma ponderada das saídas da camada oculta. A resposta das camadas de saída forma os elementos do 
vetor de resposta da RN-RBF.  

Uma função de base radial, φ, apresenta uma saída simétrica em torno de um centro associado, cµ , tal que 

( )cc x µφφ −= , onde ⋅  é a norma vetorial. Uma condição suficiente para uma função ser candidata à função de base 
radial é a de ser radialmente simétrica e possuir primeira derivada monotônica. A função Gaussiana é o tipo de função 
de base radial utilizada neste artigo. As funções Gaussianas são caracterizadas por um parâmetro de escala (ou 
comprimento), σ , e isto é verdade para muitas outras classes de funções de base radial. Tais classes podem ser 
representadas como: 

  
( ) ( )σµφφ ;cc xx −=                (1) 

 
Um conjunto de funções de base radial pode servir como uma base para representação de uma diversificada classe 

de funções, que são expressas como combinações lineares de funções de base radial, tal que: 
  

( ) ( )c
M

j
j xxy µφω −∑=

=1
                                           (2) 

  
Para identificação de sistemas, as RN-RBFs modelam uma função implícita de um fenômeno físico. O modelo 

neural de identificação é paramétrico do tipo “caixa-preta”, pois a RN-RBF contém parâmetros livres sem significado 
físico a serem ajustados para que a rede consiga representar a função implícita do processo. 

Os vetores de protótipos e pesos sinápticos são os parâmetros da estrutura da RN-RBF. Deve-se ressaltar que os 
valores desses parâmetros não acrescentam nada de conhecimento a respeito do sistema, porém devem cumprir o 
determinado: aproximar a resposta do sistema a uma determinada entrada. Para tanto a estimação dos parâmetros das 
redes neurais em geral, incluindo as RNs-RBF pode ser concebido como um problema de aprendizado com uma 
“possível” interpretação biológica e também com equivalência matemática (problema de otimização não-linear na 
estimação dos parâmetros do modelo segundo um critério de otimalidade) (Haykin, 1996). 

Alguns pesquisadores têm treinado as RNs-RBF, escolhendo os centros das unidades ocultas aleatoriamente no 
conjunto de treinamento. Outros têm utilizado métodos não-supervisionados (por exemplo, agrupamento pelo método 
de k-médias e fuzzy c-médias), como também algoritmos supervisionados para a seleção dos centros (Simon, 2002). Os 
métodos de treinamento separam as tarefas de determinação dos protótipos e a otimização dos pesos. A vantagem dessa 
abordagem é a rapidez no treinamento da rede como resultado da separação das tarefas e aplicação de um método 
híbrido de treinamento em alternativa ao treinamento global e a otimização não-linear explicita da descida de encosta 
(incluindo o algoritmo de retropropagação do erro) (Chen et al., 1991). 

A separação das tarefas no treinamento da rede é possível devido a estrutura da RN-RBF e seu tipo de função de 
ativação que age localmente no espaço de entrada. Foi dada uma considerável atenção na literatura das RNs-RBF em 
como obter um método de treinamento baseado em técnicas lineares explorando características estruturas das RNs-
RBF. Observa-se na figura 1 que se os protótipos são fixados e a função da camada escondida g(·) conhecida, a rede é 
linear em seus pesos sinápticos w. Assim, a estrutura da RN-RBF possibilita a separação de tarefas no processo de 
aprendizado, com a vantagem que na estimação dos pesos w o treinamento da rede se torna uma tarefa rápida de ser 
resolvida através de métodos do tipo mínimos quadrados.  

Segundo Chen et al. (1991), “o problema do mal-condicionamento nas estratégias híbridas pode, por exemplo, 
ocorrer devido aos centros estarem próximos, resultando em uma dependência linear entre ambos os centros”. Assim o 
mal-condicionamento numérico da rede pode ser contornado pelos métodos de agrupamento (clustering) que faz a 
escolha dos protótipos como sendo representantes de populações encontradas nos dados de entrada por aprendizado não 
supervisionado. Observa-se nos métodos que exploram a localidade da RN-RBF que somente as entradas similares aos 
protótipos serão capazes de contribuir de forma efetiva na resposta da rede e também não usam toda informação 
fornecida dos exemplos de entrada(s) e saída do conjunto de treinamento na fase de estimação dos parâmetros, 
acarretando em uma pobre generalização no aprendizado da rede. Neste contexto, o algoritmo do filtro de Kalman é 
descrito na subseção apresentada a seguir. 
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2.1.  Filtro de Kalman estendido 

 
Criado por Rudolph Emil Kalman em 1960, o filtro de Kalman foi desenvolvido inicialmente como uma solução 

recursiva para filtragem linear de dados discretos (Kalman, 1960). Para isto, utiliza equações matemáticas que 
implementam um estimador preditivo de estados, buscando corrigir interativamente a resposta de um determinado 
sistema através de múltiplas variáveis relacionadas a ele. Suas áreas de aplicação são muito diversificadas, tais como: 
processamento de imagem, supervisores de eventos discretos, processamento de sinais, sistemas de inferência, entre 
outros (Côrrea, 2005). 

O filtro de Kalman original (Kalman, 1960; Kalman e Bucy, 1961) foi concebido para ser aplicado em sistemas 
com dinâmica linear. Para um sistema dinâmico linear com ruído branco de processo de medição, o filtro de Kalman é 
um estimador ótimo dos estados do sistema. A fim de tornar a aplicação do filtro de Kalman em sistemas não-lineares, 
pesquisadores propuseram o filtro de Kalman estendido (Kuchner, 1967; Gordon et al., 1993), o que se mostrou 
eficiente para muitos sistemas cuja não-linearidade é pouco significativa. Para sistemas não-lineares com ruído 
colorido, o filtro de Kalman pode ser estendido pela linearização da matriz de transição não-linear da descrição em 
variáveis de estado do sistema em torno dos parâmetros estimados correntes (Haykin, 2001). Neste contexto, o filtro de 
Kalman estendido atualiza os parâmetros de forma a ser consistente  com todos os dados medidos do processo e 
geralmente converge em poucas interações (Simon, 2002; Welch e Bishop, 1995). 

A formulação dos filtros de Kalman está fundamentada na representação em espaço de estados de um sistema 
dinâmico linear discreto de dimensão finita, ou seja, o filtro de Kalman é descrito em termos de equações a diferenças, 
porém se o sistema for não-linear, pode-se estender o uso do filtro de Kalman com um procedimento de linearização de 
um sistema da forma  

 

    
kkk

kkk
hy

f
υθ

ωθθ
+=

+=+
)(

)(1                             (3) 

 
onde o vetor θk é o estado do sistema no instante de tempo K, kω  é o ruído provocado pela própria dinâmica do 

processo, yk é o vetor de observação, kυ  é o ruído de observação (ou de medida), e )(⋅f  e )(⋅h  são funções vetoriais 
não-lineares e representam esse sistema possivelmente variante no tempo. 

A idéia básica do filtro de Kalman estendido consiste em linearizar a equação (3) a cada instante de tempo em 
torno do estado estimado recente. Se as não-linearidades são suficientemente suaves, pode-se fazê-lo aplicando a 
aproximação de Taylor de primeira ordem nas funções não-lineares v e )(⋅h  em torno do estado estimado θ̂  para obter 

 

)ˆ()ˆ()( kkkkk Fff θθθθ −+= +  termos de ordem elevada                                 (4) 
 

)ˆ()ˆ()( kk
T
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sendo adotada a seguinte notação para as derivadas parciais: 
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θ

∂
∂= )(fFk  θ=θ̂ k                                             (6) 
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θ
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k  θ=θ̂ k                                   (7) 

 
Desconsiderando os termos de ordem mais elevada na equação (5), um sistema linear aproximado é obtido de (4), 

onde 
 

kkk F φθθ +=+ )(1                                         (8) 
 

kk
T
kk Hy ϕθ += )(                  (9) 

 
Neste caso, kφ e kϕ  são definidos por 
 



Proceedings of ENCIT 2006 -- ABCM, Curitiba, Brazil, Dec. 3-8, 2006, Paper CIT06-0323 
 

)ˆ()ˆ( kkkk Ff θθφ −=                                         (10) 
         

)ˆ()ˆ( k
T
kkk Hh θθϕ −=                                           (11) 

 
A obtenção da aproximação linear do sistema representado pela equação (4) é o primeiro passo para utilização do 

filtro de Kalman. O problema do filtro de Kalman consiste em resolver simultaneamente e de maneira ótima as 
equações de processo e de medida para um estado desconhecido.  

Pode-se formular o problema de filtragem de um sistema linear achando um valor ótimo de kθ̂ , tal que o sistema 
deve satisfazer as restrições impostas pelos teoremas do estimador médio condicional e o do princípio da 
ortogonalidade. Finalmente, pode-se mostrar que a estimação desejada kθ̂  pode ser obtida recursivamente pelas 
equações do filtro de Kalman: 

 
)]ˆ([)ˆ(ˆ

11 −− −+= kkkkk hyKf θθθ                                          (12) 
 

1)( −+= kk
T
kkkk HPHRHPK                                      (13) 

 
QFPHKPFP T

kk
T
kkkkk +−=+ )(1                            (14) 

 
onde Kk é o ganho de Kalman e Pk a matriz de covariância do erro de estimação do estado kθ . As matrizes Q e R são as 
matrizes de covariância dos ruídos artificiais ωk e υk, respectivamente. Como o sistema descrito nas equações (8) e (9) é 
uma aproximação de um sistema não-linear, o filtro não é ótimo e a estimação é somente uma aproximação da média 
condicional. 

O problema de otimização da matriz de pesos sinápticos W e as coordenadas dos vetores protótipos jv  sob o ponto 
de vista da estimação ótima de parâmetros com filtro de Kalman de uma RN-RBF pode ser tratado como um problema 
de minimização do tipo mínimos quadrados ponderados. Neste caso, para aplicar o EKF, faz-se com que os elementos 
da matriz de pesos W e os elementos dos vetores de protótipos vj  constituam o estado do sistema discreto não-linear em 
que o filtro de Kalman é aplicado. 

 
2.2. Evolução diferencial 

 
A ED é um paradigma da computação evolutiva (ou evolucionária) desenvolvido por Rainer Storn e Kenneth Price 

(Storn e Price, 1995; Storn, 1997) para problemas de otimização não-linear contínua. Basicamente, a ED realiza 
mutações nos vetores pela adição ponderada de diferenças aleatórias entre eles. A escolha da ED para problemas de 
otimização é baseada nas características de que a ED: 
•  é um algoritmo de busca estocástica que é motivado pelos mecanismos de seleção natural; 
•  é menos susceptível a mínimos (ou máximos) locais, pois busca  a solução ótima global pela manipulação de uma 

população de soluções candidatas, ou seja, busca um número de diferentes áreas simultaneamente no espaço de 
busca; 

•  não requer informação de derivadas para o cálculo da função de aptidão; 
•  manipula diretamente os números de ponto flutuante (fenótipo), diferente dos algoritmos genéticos canônicos ou 

binários que manipulam cadeias de bits (genótipo), o que diminui o custo computacional necessário para 
transformação de uma representação genotípica em fenotípica; 

•  geralmente não necessita de populações grandes para funcionar eficientemente. 
 

Na ED clássica, cada variável (indivíduo) é representada por um valor real (ponto flutuante). A variante 
implementada neste trabalho foi a ED/rand/1/bin. 

 
 

3.  Descrição do sistema térmico e análise dos resultados de identificação usando RN-RBF 
 

A seguir são apresentados os detalhes do sistema térmico a ser identificado e após são mostrados e comentados os 
resultados de identificação usando RN-RBF com filtro de Kalman e evolução diferencial. 
 
3.1. Descrição do sistema térmico 
 

A obtenção de uma estimativa apropriada para o comportamento dinâmico da densidade de fluxo de calor através 
de uma parede de duas camadas (camada de tijolos e isolação) é o objetivo do procedimento de identificação baseado 
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em modelo neural deste trabalho. As entradas do sistema são a temperatura interna (u1(t)) e a temperatura externa (u2(t)) 
da parede. O sinal de saída y(t) consiste da densidade de fluxo de calor através de uma parede (Bloem, 1994). Neste 
caso, os dados (1680 amostras) usados no procedimento de identificação estão disponíveis na base de dados DaISy (De 
Moor, 2006). É importante mencionar que o sistema térmico, avaliado neste trabalho, é um sistema teste para métodos 
de identificação. Detalhes do sistema térmico podem ser encontrados em Bloem (1994) e De Moor (2006). 
 
3.2. Análise dos resultados de identificação 

 
O procedimento de análise da identificação através de RN-RBF é dividido nas seguintes etapas: (i) escolha da 

estrutura da RN-RBF para representar o sistema a ser identificado, (ii) otimização da RN-RBF usando agrupaento de 
dados e pseudo-inversa; (iii) estimação dos parâmetros do modelo matemático (fase de estimação), e (iv) a validação do 
modelo matemático (fase de validação).  

Na procura de um modelo “ideal”, devem ser observadas as seguintes questões: se o modelo encontrado é flexível o 
suficiente e se o modelo é desnecessariamente complexo, ou em outras palavras, se o modelo é confiável para o 
propósito desejado. Existem diversas maneiras de se realizar a validação de um modelo. Neste trabalho, o índice de 
desempenho utilizado é o erro médio quadrático (Mean Squared Error, MSE). 

Para identificação foi escolhido um modelo matemático para a representação do processo. A estrutura de modelo 
testada é o modelo NARX (Nonlinear AutoRegressive with eXogenous inputs) em concepção série-paralela com 2 
entradas ([u1(t-1); u2(t-1)] e 1 saída estimada, )(ˆ ty , para a densidade de fluxo de calor. 

Na tabela 1 é apresentado o resultado para o projeto do filtro de Kalman (executado apenas em uma época de 
aprendizado) para o treinamento da RN-RBF. O espaço de busca usado na ED foi entre 0,1 e 2000 para as variáveis da 
diagonal principal de P, Q e R. Neste caso a função de aptidão (fitness) usada na ED foi o MSE. Foram usadas as 
amostras de 1 a 840 na fase de estimação da RN-RBF, e as amostras de 841 a 1680 na fase de validação. 

Os valores dos termos da diagonal principal das matrizes P, Q e R foram obtidos usando uma abordagem de ED 
com uma população de 5 e critério de parada de 20 gerações. O melhor resultado obtido pela ED para o projeto do filtro 
de Kalman usado na RN-RBF foi P=238,2820, Q=125,3487 e R=15,2179 usando uma RN-RBF com 3 funções 
Gaussianas (grupos) na camada oculta. 
 
Tabela 1. Resultados das simulações para previsão densidade de fluxo de calor através de uma parede de duas camadas. 
Gaussianas na camada oculta (nº de grupos) MSE (x 10-3) (fase de estimação) MSE (x 10-3) (fase de validação) 

2 0,4139 0,0238 
3 0,3983 0,0154 
4 0,3993 0,0147 
5 0,5110 0,0975 

 
Na figura 1 é apresentado o sinal de erro e saída estimada para a densidade de fluxo de calor através de uma parede 

de duas camadas, respectivamente, para o melhor resultados apresentado na tabela 1 obtidos pela RN-RBF com 4 
funções Gaussianas na camada oculta. Nota-se que a RN-RBF apresentou um índice de desempenho apropriado para 
modelar o comportamento dinâmico da densidade de fluxo de calor com MSE (x 10-3)= 0,3983 (fase de estimação)  e 
MSE (x 10-3)=0,1054 (fase de validação). 

 

  
                       (a) densidade de fluxo de calor                                        (b) sinal de erro de estimativa 

Figura 1. Saída estimada para a densidade de fluxo de calor usando RN-RBF (4 funções Gaussianas na camada oculta). 
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4. Conclusão e futura pesquisa 

 
As RNs-RBF têm como uma das principais características agirem como se fossem aproximadores universais de 

funções, podendo ser utilizadas com êxito para identificar sistemas complexos. Este trabalho apresentou uma 
abordagem de RN-RBF baseada em treinamento por filtro de Kalman híbrido com evolução diferencial. Os resultados 
de simulação indicam as potencialidades desta abordagem de rede neural para identificação de curto prazo (um passo à 
frente) da densidade de fluxo de calor em uma parede. 

O filtro de Kalman possibilitou lidar com informações ruidosas do sistema dinâmico, utilizando informações 
matemáticas para estimar o estado atual do ambiente no qual está inserido. Uma dificuldade no projeto do filtro de 
Kalman foi o projeto das matrizes P, Q e R. Neste contexto, neste trabalho, utilizou-se a técnica de evolução diferencial 
para otimizar os termos da diagonal principal das matrizes de P, Q e R. Os resultados de empregar filtro de Kalman com 
evolução diferencial no projeto da RN-RBF obtidos foram satisfatórios em termos de MSE.  

Em pesquisa futura, deseja-se realizar uma análise estatística de diferentes abordagens de algoritmos de otimização 
para o projeto do filtro de Kalman em aplicações de previsão de séries temporais não-lineares de sistemas térmicos com 
características complexas de atraso de transporte e não-linearidades. 
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Abstract 
Radial basis function neural networks (RBF-NNs) are function approximation models that can be trained by examples 
to implement a desired input-output mapping (interpolation). The performance of RBF-NNs depends on the number and 
centers of the radial basis functions, their shapes, and the method used for learning the input-output mapping. This 
paper presents a RBF-NN model using Gaussian functions and Kalman filter training based on differential evolution 
optimization. The simulation results indicate the potentialities of this RBF-NN learning approach to one step ahead 
identification of heat flow density (output of thermal system) through a two layer wall (brick and insulation layer). The 
system inputs are the internal and external temperature of the wall.   
 
Keywords: thermal system, systems identification, neural network, Kalman filter, differential evolution 
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mng and HHV∀ are�ow rate and higher heating value of natural gas, respetively, within ontrol volume ∀).1



Proeedings of the ENCIT 2006, ABCM, Curitiba � PR, Brazil � Paper CIT06-03242. Desription of the raking unitRadiation setion has a entral plane (symmetry plane) ontaining 22 reator tubes, plus 6 reator tubes ona ross-over plane loated on the end of this setion. Furnae an be approximated as a prism with retangularbase, whose dimensions (in meters) are: 6.5 height, 1.6 width and 16.7 length.

Figure 1: Representation of raking furnae: load surfaes (reator tubes) and refratory surfaes (burners)Heat required for endothermi raking reation is provided by means of radiant wall burners loated inparallel to the symmetry plane. There're 4 rows (levels) of burners on eah side of furnae, eah row having 10burners. These burners provide uniform heat distribution through indiret heating of reator tubes skin: bulkof radiative heat transfer is due to refratory surfaes (these ones �rst being heated mainly by burner's �ame)emitting and re�eting to reator tubes. More details about this type of petrohemial furnae may be gatheredfrom John Zink's Handbook (Baukal, 2001).3. Zoning and disretizationUsually, zone size is ditated by harateristi length sale of ondution and onvetion (Hottel and Saro�m,1967). For this problem, onvetive and ondutive heat transfer answer for less than 15% of the overall heat�ux to load, therefore a rough furnae zoning, as detailed in Fig. (2), already gives a good desription of theproblem, and is oherent with experimental data about reator tube skin temperatures. The present zoningsheme is for one half of furnae, as the problem will be admitted plane-symmetri:
• 5 gas volume zones (V0,V1,V2,V3,V4): main gas speies are O2, H2O, CO2 and N2; in the �rst four volumes(V0...V4) there are heat soures (burners); there aren't burners in �fth volume;
• 6 load surfae zones (S2,S6,S10,S14,S18,S20): disontinued load surfaes omposed by spaed tubes andvoids; there're strong exhanges by radiation (S2,S6,S10, S14,S18) and onvetion (S20);
• 16 refratory surfae zones (remaining surfaes): made of refratory omposites; on some of these surfaesare installed wall burners (S0,S4,S8,S12).

Figure 2: Isometri detail of furnae zoning and identi�ation of all domain zones (surfaes and volumes)2
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Figure 3: Simpli�ed model for mass �ux in eah volume zone4. Zonal analysisTo alulate radiative heat transfer, an integral approah was used employing zonal analysis (Hottel andSaro�m, 1967). Mathematially, the zone method is, perhaps, the simplest numerial quadrature of thedi�erential-integral equation (Radiative Transfer Equation or RTE) governing radiative transfer. Hottel'smethod make no approximation or assumption to simplify the RTE. By using the onept of radiosity andthe priniple of energy onservation, this method transforms RTE into a new set of nonlinear algebrai equa-tions.Together with onventional �nite di�erene tehniques to represent onvetive transports, the zone methodprovides a way to disretize radiation ontribution on a general di�erential-integral equation.5. Total balanes for zones forming a avityTerms related to radiative transport are written as funtion of exhange fators known as direted �ux areas,denoted by ⇀

GG, ⇀

GS, ↽

GS and ⇀

SS for gas-gas, gas-surfae, surfae-gas and surfae-surfae exhanges, respetively.Using the theory developed by Hottel and Saro�m, direted �ux areas an be alulated from more funda-mental exhange fators, as shown in Tab. (1):Table 1: Exhange areas used in zone method for radiation analysis (Rhine and Tuker, 1991)Exhange Fator Denomination Funtion ofdiret exhange area gigj , gisj , sisj geometry, gray gas extintion oe�ient K.total exhange area GiGj , GiSj , SiSj geometry, K, surfae emissivity ǫidireted �ux area ⇀

GjGi, ↼

GjGi, ⇀

GjSi, ↼

GjSi, ⇀

SjSi, ↼

SjSi geometry, K, ǫi, Ts,i and Tg,i temperatures.Direted �ux areas are omputed from total exhange areas, whih in turn are omputed from diret exhangeareas. Using these exhange fators, the transfer of thermal radiation for a partiular zone may be inorporatedin a total energy balane. In this balane all others heat transfer modes are aounted.Equations are written for all gas and surfae zones, giving rise to a simultaneous system of nonlinearequations. This system an be solved to �nd temperature and overall heat transferred to eah zone.5.1. Total energy balane for a surfae Si with area Ai

∑

j

⇀

SjSi Esj

︸ ︷︷ ︸

+
∑

k

⇀

GkSi Egk

︸ ︷︷ ︸

− Ai ǫi Esi
︸ ︷︷ ︸

+
∑

l

hlAi (Tgl
− Tsi

)

︸ ︷︷ ︸

=
·

Qall(i)
︸ ︷︷ ︸

(1)Inident powerover Ai resulting ofthe presene of allemitting surfaes. Inident powerover Ai resultingof the preseneof all emittingvolumes. Emittedpower by
Ai. Inoming power to Aidue to onvetion. Overallpowertrans-ferred to

Ai.3
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is the blakbody emissive power at zone's (zj)temperature, and it's given by Stefan-Boltzmann law (Ezj

= σT 4
zj
).For surfaes S2, S6, S10, S14 and S20, ·

Qall(i)
stands for the overall heat transferred to eah i = 2, 6, 10, 12, 14, 20load surfae (tubular reator skin). This is the meaningful quantity to evaluate furnae's e�ieny. For refra-tory surfaes, ·

Qall(i)
stands for losses by ondution through wall.5.2. Total energy balane for a gas Gi with volume Vi

∑

k

⇀

GkGi Egk

︸ ︷︷ ︸

+
∑

j

↼

GiSj Esj

︸ ︷︷ ︸

− 4
∑

η

ag,ηKη Vi Egi

︸ ︷︷ ︸

−
∑

l

hlAl (Tgi
− Tsl

)

︸ ︷︷ ︸

−
·

Qe, i +
◦

q
∀, i = 0 (2)

?

Q
Q

QsInidentpower over Viresulting ofthe preseneof all emittingvolumes. Inidentpower over Viresulting ofthe preseneof all emittingsurfaes. Emitted power by
Vi. Leaving powerfrom Vi due toonvetion. Enthalpyvariationasso-iatedwithgases�uxwithin

Vi.
Powersoure re-leased fromombustionreation involume Vi.Where

·

Qe, i =
⇀↽
∆ e =

∑

outlet

(
·

moutlet eoutlet

)

i
−
∑

inlet

(
·

minlet einlet

)

i
(3)

◦

q
∀, i =

(
·

mgn

)

i
HHV∀ (4)In volume Vi, outlet and inlet �owrates (kg/s) for O2, N2, CO2, H2O are expressed by ·

moutlet and ·

minlet,respetively. The terms eoutlet and einlet � spei� enthalpies (kJ/kg) � are alulated at temperatures ofvolumes Vi and Vi−1, respetively. Combustion air is referened at temperature Tref = 298K. Terms ag,η and
Kη are weight and absorption oe�ients, respetively, of the 1, 2, ....η gray gas.5.3. Equations system and onvergene loopGeneri form of nonlinear equations, to be solved for unknown temperature and heat �ux, may be writtenas bellow.For total energy balane of m surfaes:
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αsij
=







σ

(
↼

SiSi −Aiǫi

)

, if i = j

σ
↼

SiSj , if i 6= j

βsij
=







−
∑

k

hkAi, if i = j

0, if i 6= j

γsi
=
∑
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⇀

GlSi T 4
g,l +

∑

k

AiTg,khk4
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αgij

=







σ

(
↼

GiGi − 4
∑

η
ag,ηKη Vi

)

, if i = j

σ
↼

GiGj , if i 6= j

βgij
=







−
∑

k

hkAk, if i = j

0, if i 6= j

γgi
=
∑

l

↼

GiSl T 4
s,l +

∑

k

AkTs,khk−
·

Qe, i +
◦

q
∀, iSystems Eq. (5) and Eq. (6), a priori, have 2m + n unknowns and only m + n equations. Whih meansone needs to presribe m boundary onditions to determinate solutions for those systems. About boundaryonditions, see 7. Boundary onditions.Brie�y, Equation (5) and Eq. (6) were solved by means of a modi�ed Newton-Raphson routine with tunedPowell's funtions (Powell, 1970), using trust regions and normalized residues within zero urves of possiblesolutions. This proedure allowed the nonlinear system to be, relatively, "well behaved" for a given arbitraryinitial guess for temperature �eld.Convergene loop for omputing solution of Eq. (5) and Eq. (6) is shown in Fig. (4).

Figure 4: Solution loop of zone method alulus for radiative heat transfer5



Proeedings of the ENCIT 2006, ABCM, Curitiba � PR, Brazil � Paper CIT06-0324Inner loop (B) represents the onvergene level of an energy balane equation for eah zone (for example,equation Eq. (1) for a zone i). Outer loop (A) involves a global onvergene, not just inluding a partiularbalane, but energy balanes for all zones (surfaes and volumes), e�ets of partiipant medium absorptivities,diret exhange areas, total exhange areas and direted �ux areas.In Fig. (4), onvergene riteria are expressed by ΘB and ΘA (here alled onvergene error) for inner andouter loops, respetively. Some harateristis of onvergene stability annot be inferred only based on theassumption that both soure term and radiative intensity are linear with respet to the blakbody intensity ofthe medium and walls. When the spetral banded nature of absorption and emission phenomena are taken intoaount (no grey gas assumption), suh linearity is not true beause of emissivity's dependene of medium andbakground temperatures.In this work we propose a expression to monitor onvergene based on eigenvalues stability analysis. Forexample, to measure onvergene advane for gas volumes on an outer loop level at k +1-th iteration, Equation(7) gives:
Θ

(k+1)
A = χ(k+1)

(
χ(k+1)

χ(k)
− 1

)−1 (7)Where χ(k+1) =

√
n∑

i=0

(

T
(k+1)
g,i − T

(k)
g,i

)2 is a root mean square (RMS) residual. Figure (5) shows a example foronvergene-path measured by ΘA.
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Figure 5: Volume's temperature onvergene is mesured by Eq. (7)A more onventional onvergene riteria is applied for ΘB.
Θ

(k+1)
B =

√

δT
(k+1)
g,i δT

(k)
g,i (8)Where δT

(k+1)
g,i =

∣
∣
∣T

(k+1)
g,i − T

(k)
g,i

∣
∣
∣. Total energy imbalane must be also bellow a target riteria, suh as a diretresidual δ =

n∑

i=0

◦

q
∀, i −

(
·

Qe, exit +
∑

j=loads

·

Qall(j)
+wall losses), where ·

Qe, exit is the enthalpy of �ue gases atfurnae's exit. This way, one ould verify if the problem has, in fat, onverged.5.4. Numerial relaxationRelaxation fators were used in both outer and inner loops, but outer loop was more a�eted by stabilityissues. Figure 5 (outer loop's onvergene-path measured in terms of ΘA) shows a progressive damping of
ΘA amplitude, resulting from an adaptive fator relaxation (AFR). Solver allows software's user to hangerelaxation fator, if needed, after a ertain number of iterations or to let itself apply AFR. With the �rst hoie,6



Proeedings of the ENCIT 2006, ABCM, Curitiba � PR, Brazil � Paper CIT06-0324user ould hek, for example, ΘA and δTg,i values and hoose suitable relaxation fators to eah unknown,dumping iteration instabilities.One deteted soure of suh instabilities originates from sale di�erenes between terms on Eq. (1) andEq. (2). In other words, there are terms whih are small when ompared with some other term with highermagnitude order. For a volume zone total energy balane, spei�ally, when a great air exess (λar > 1.3)is simulated, the enthalpy term ( ·

Qe, i) beomes, relatively, very big (mainly beause of water vapor spei�enthalpy). This generates onvergene problems in both loops (B and A): for inner loop beause of saledi�erenes; and for outer loop beause ·

Qe, i is an impliit funtion of temperature.When AFR is used, di�erent relaxation shemes are applied in loops A and B. For loop B (Newton-Raphsonmethod), solution is iteratively updated aounting to Eq. (9) and Eq. (10). For a zone zi (either surfae orvolume)
T

(k+1)
z,i = T

(k)
z,i + φ(k) δT

(k)
z,i (9)

δT
(k)
z,i = −

(

J (k)
)−1

F
(

T
(k)
z,i

) (10)where J is the nonlinear system's Jaobian matrix; φ is the relaxation fator; and F is either Eq. (1) orEq. (2). Fator φ is the one (O'Dwyer and O'Donnell, 1995) whih minimizes residual L2 norm in the diretionalong the solution update, at eah iteration (loop B). That is, φ(k) is hosen as the value whih minimizes
∥
∥
∥F
(

T
(k)
z,i + φ(k) δT

(k)
z,i

)∥
∥
∥ or ensures that ∥∥∥F (T (k)

z,i + φ(k) δT
(k)
z,i

)∥
∥
∥ <

∥
∥
∥F
(

T
(k)
z,i

)∥
∥
∥. For loop A, Equation (11)was empirially hosen as the relaxation sheme to give best results (great dumping rate and minimum numberof iterations needed). Similar method was also proposed by Bastos (Bastos et al., 1995).

T
(k+1)
z,i = (1 − φ1) T

(k)
z,i + φ1



T
(k+1)
z,i + φ

(k)
2

(

T
(k+1)
z,i − T

(k)
z,i

)

√
√
√
√

T
(k)
z,i

T
(k+1)
z,i

.



 (11)Equation (11) allows one to hoose between two methods: if φ2 (whih is an adaptive relaxation fator) isset to 0, this equation simpli�es to a traditional under-relaxation method (0 < φ1 ≤ 1); if now φ1 = 1, onlythe term under brakets will be evaluated. Of ourse, if 0 < φ1 ≤ 1 and φ2 6= 0 a hybrid method will be used(although this ase wasn't extensively tested).The following rules are used to alulate φ2:i) For eah unknown, set a initial φ
(0)
2 and de�ne an inrement dφ;ii) For eah unknown, alulate ∆(k−1) = T

(k−1)
z,i − T

(k−2)
z,i and ∆(k) = T

(k)
z,i − T

(k−1)
z,i ;iii) Calulate the produt ∆(k) · ∆(k−1);iv) If the produt is negative, osillation in onvergene ourred. In this ase set T

(k)
z,i = T

(k−1)
z,i and φ2 = φosc;v) If the produt is positive, there wasn't osillation. In this ase set φ2 = φ2 + dφ.where φosc is the value a�eted if the unknown had osillated, and normally is smaller than φ

(0)
2 . Unknownsuse di�erent relaxation levels determined by their di�erent behavior. Values for φ

(0)
2 , dφ and φosc are hosendepending on problem's individuality. Typial values are (Bastos et al., 1995): φ
(0)
2 = −0.6, dφ = 0.05 and

φosc = −0.7. To solve Eq. (2), an additional under-relaxation sheme (with φ2 = 0) was utilized to update justthe temperature used to alulate ·

Qe, i, hene minimizing the importane of this term over eah iteration.6. Diret exhange areas for retangular enlosureDiret exhange area (DEA) represents the geometri and opti relation between eah pair of zones (Hotteland Saro�m, 1967). DEA an also be seen as the energy fration emitted by an element zi and absorbed by anelement zj , after a diret transmission � does not inlude re�etion on others surfaes.Many authors have been applying di�erent methods to alulate DEA for various geometries: Erkku (Erkku,1959) provided solutions to ylinders and slabs; Veramen (Veramen and Froment, 1980) obtained DEAs byalulating photon trajetories using Monte Carlo method.Works by Erkku (Erkku, 1959), Tuker (Rhine and Tuker, 1991) and Arima (Arima, 1998) related toformulation and alulus of DEA admitted the simpli�ation of an uniform zoning and a �xed range of optial7



Proeedings of the ENCIT 2006, ABCM, Curitiba � PR, Brazil � Paper CIT06-0324path lengths (given by pg Lm produt, where pg is the sum of partial pressures of absorbing/emitting gasspeies and Lm is the mean beam length). In the works by Tuker and Arima, enlosure was approximated bya olletion of ubi gas zones bounded by square zone surfaes.When emissivity and absorptivity of ombustion produts are represented through use of multiple gray gases,this uniform zoning limits the usage of DEA tables and zone desription (size) when high extintion oe�ients(K > 10 m−1) are present. In the simulation of raking furnae F-1401-A, DEAs were formulated for nonuniform zones, using speial alulus tehniques.Numerial integration of DEA equations were arried out by Monte Carlo statisti method, with an adap-tive algorithm (Janny and Sousa, 2005) whih evaluates the integrand on a hyperubi region along randomdiretions. The integrand may be seen as radiation beams emitted by a zone whih diretly arrive on anotherzone, aounting their interation with intervenient medium (gases).6.1. DEA equationsThere are three types of DEA: surfae-surfae (sisj), gas-surfae (gisj) and gas-gas (gigj), whih an beexpressed by the following equations:
sisj =

∫

Ai

∫

Aj

ξ (Ai, ~rij) τ (R)
cos (θi) cos (θj)

π R2
dAj dAi (12)

gisj =

∫

Vi

∫

Aj

ξ (Vi, ~rij) τ (R)
Ki cos (θj)

π R2
dAj dVi (13)

gigj =

∫

Vi

∫

Vj

ξ (Vi, ~rij) τ (R)
Ki Kj

π R2
dVj dVi (14)where τ (R) = exp

(

−
R∫

0

K (r) dr

)1 is the transmittane; R =
√

(xi − xj)
2 + (yi − yj)

2 + (zi − zj)
2 is theabsorption path (see Fig. (6)); and ξ (Ai, rij) is the harateristi funtion whih aounts for the presene ofshadow zones (Janny and Sousa, 2005). Funtion ξ (Ai, rij) = 1 when a beam leaving a point (xi, yi, zi) atsurfae zone Ai (or volume Vi), loally traveling along a per unit solid angle diretion ~rij , is seen when lookingfrom a point (xj , yj , zj) at the other surfae zone Aj (or volume Vj). Otherwise (not seen), ξ (Ai, ~rij) = 0.

Figure 6: Radiative exhange between two di�erential surfae elements1Instead of fundamental models for transmittane, the exponential law given by Hottel (Hottel and Saro�m, 1967) is used.8



Proeedings of the ENCIT 2006, ABCM, Curitiba � PR, Brazil � Paper CIT06-0324Transmittane τ (R) quanti�es the energy fration not transmitted by a radiation beam to the volume zonesby whih this beam goes through, during a trek from its origin point until its �nal absorption point. As anapproximation, it may be written as
τ(R) ≈

Rmax∫

Rmin

exp

(

−
∑

m

K
rm

∆rm

)

f(R) dR (15)where ∆rm is the fration of total beam length (R) whih lies inside a given volume zone with absorptionoe�ient K
rm

. It's alulated based on the intersetion of the radiation beam with bounding planes of thevolume zone. The fator f(R) is a di�erential distribution of beam lengths, i.e. the probability that an arbitrarilyhosen value of beam length lies between R and R + dR (Veramen and Froment, 1980). A statisti �t is usedbeause there exist an in�nite number of possible absorption paths between a pair of zones.By example, diret exhange area between a refratory surfae and a load surfae, without any shadowzones, may be written as (see Fig. (7)):
sisj =

∫ xi+∆xi

xi

∫ zi+∆zi

zi

∫ xj+∆xj

xj

∫ zj+∆zj

zj

τ (R)
y2

j

π R4
dzj dxj dzi dxi (16)

Figure 7: refratory wall zone (Ai) and reator tube zone (Aj)6.2. Redution of the dimension of a multiple integralA speial tehnique to transform double integral into a sum of simple integrals were developed by Erkku(Erkku, 1959). This tehnique an be extended to non uniform grids using an additional argument, as proposedby Tian (Tian and Chiu, 2003).This proedure leads, altogether with the redution of integral dimension, to a minimization of singularitiesof funtion sisj within its integration domain. This is a result of great importane, sine Eq. (12), Eq. (13)and Eq. (14) have integrands with abrupt variation (singularity) within integration domain for some pair ofzones (self radiating or adjaent zones).7. Boundary onditionsAs already mentioned, to solve systems Eq. (1) and Eq. (2) it's neessary to speify m boundary onditions.In the ase of the atual zoning of furnae F-1401-A, it'll be presribed 22 onditions. From these, 6 will beDirihlet boundary onditions � of �rst kind, whih spei�es a value T = b(x, y, z) � presribed to load surfaes(S2, S6, S10, S14, S18, S20). Experimental data from Braskem's DCS (Distributed Control System) provided9



Proeedings of the ENCIT 2006, ABCM, Curitiba � PR, Brazil � Paper CIT06-0324information about the temperature of �uid proess (inside reator tube), measured by means of thermoouplesalloated immediately upstream (Tin) and downstream (Tout) from equivalent loations of load surfae zonesadopted in this work. Starting from arithmeti mean of these values ((Tin + Tout) /2), in Tab. (2) tubularreator skin temperature were alulated aounting for gradients within boundary layer, hene summing a ∆Tvalue to this arithmeti mean.Table 2: Known (experimental) temperatures of load surfaesZone Temperature [K℄ Zone Temperature [K℄
S2 TS2 = 802 S14 TS14 = 655
S6 TS6 = 767 S18 TS18 = 579
S10 TS10 = 732 S20 TS20 = 542The 16 remaining information will be Neumann boundary onditions � of seond kind, whih spei�es avalue for ∂T/∂~n = n̂ · ∇T � presribed to refratory surfaes (S0, S1, S3, S4, S5, S7, S8, S9, S11, S12, S13, S15,

S16, S17, S19,S21). In Eq. (2) and Eq. (3), this ondition will be assoiated with term ·

Qall.If furnae walls are not admitted adiabati ( ·

Qall= 0), there will be losses through these walls and ·

Qall wontbe null. In this ase, ·

Qall will be iteratively omputed in the following way (Janny and Sousa, 2005):
·

Q
(k)all(i)= Losses(k)i =

·

Q
(k)ondution(i)= Ai

κ
(k)
i

∆l
i

(

T
(k)
si − T

(k)
i,e

) (17)
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(k)
i,e

]4

+

(

∆l
i
h

(k−1)
i,e + κ

(k−1)
i

∆l
i
ǫ
(k−1)
i,e σ

)

T
(k)
i,e −

κ
(k−1)
i T

(k−1)
si + ∆l

i
h

(k−1)
i,e T∞,e

∆l
i
ǫ
(k−1)
i,e σ

= 0 (18)where Ti,e is furnae external wall's temperature (adjaent to surfae Si); ∆l
i
is refratory blok thikness(adjaent to surfae Si); κi is refratory thermal ondutivity (adjaent to surfae Si); ǫi,e is furnae externalwall's emissivity (adjaent to surfae Si); hi,e is furnae external wall's onvetion oe�ient (adjaent to surfae

Si); and T∞,e is the environment temperature. The quarti Eq. (18) has a known analyti solution.7.1. Model to represent an array of tubesA model was developed (Janny and Sousa, 2005) to replae a set of tubes and voids, by a gray plane (in thesame averaged temperature of the array of tubes within the disredited zone), whose emissivity is alulated asfollows (see Fig. (8)):

Figure 8: Replaing a set of tubes and voids by a gray plane
ǫz =

ǫ

ρ

π D

2 C

[
D

2
Y 2 + (C − D) (Y − π)

] [
D

2
Y 2 + (C − D)

(

Y −
π

ρ

)]−1 (19)10
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(

D
C

)
+
[(

C
D

)2
− 1
]1/2

− C
D . Assuming symmetri onditions on both sides of furnae, equalamount of radiation whih omes from the right side and irradiates over a void with C − D width, also leavesthe left side towards right side. Therefore, it's like if the void C − D would re�et all inident radiation. Inother words, the void C − D behaves like a re�etor (ǫ = 0, ρ = 1). Similar proedure is detailed by Hottel(Hottel and Saro�m, 1967).8. ResultsSimulation results are ompared with measured experimental data presented in Tab. (3). Operating ondi-tions of furnae are given in Tab. (4).Table 3: Experimental data from furnae F-1401-A operationExperimental data ValueOverall heat transferred to reator tube skin (both sides of furnae) 9206 [kW℄Overall heat transferred to reator tube skin (one side) 4603 [kW℄Volume V0 temperature 1144 [K℄Volume V2 temperature 1184 [K℄Volume V3 temperature 1189 [K℄Flue gas temperature at radiation setion's exit (V4) 1062 [K℄Table 4: Furnae F-1401-A operating onditionsCondition Value (half furnae) Condition ValueFuel �owrate in zone S0 0.0481 [kg/s℄ Fuel's arbon ontent 0.7245Fuel �owrate in zone S4 0.0349 [kg/s℄ Fuel's hydrogen ontent 0.2323Fuel �owrate in zone S8 0.04134 [kg/s℄ Fuel's sulfur ontent 0.000Fuel �owrate in zone S12 0.04134 [kg/s℄ Fuel's nitrogen ontent 0.0297Fuel �owrate in zone S16 0.0 [kg/s℄ Fuel's oxygen ontent 0.0135Air exess 1.05 [air/stoih air℄ Fuel's higher heating value 49113 [kJ/kg℄Heat input (total) 8137 [kW ℄ Fuel's density 0.7729 [kg/Nm3℄Figure (9) gives the simulation results for predited temperatures and Fig. (10) gives the predited overallheat transferred to eah load (tubular reator skin) zone, summing a total of 4375 kW. Hene, a deviation of

−4.9% from the value in Tab. (3).

Figure 9: Temperature results from simulation11
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Figure 10: Overall heat transferred to eah load surfae (simulation result)The deviation from the experimental overall heat transfer � see Table (5) � is aeptable in terms ofmathematial modeling, given the atual simpli�ations about zoning and �ow desriptions.Table 5: Relative deviations between simulated and experimental temperaturesVolume zone Experimental value [K℄ Simulated value [K℄ Deviation [%℄
V0 1144 1345 −17.6
V2 1184 1375 −16.1
V3 1189 1374 −15.6
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Resumo. O problema de estimação de parâmetros é de grande relevância em problemas de identificação de sistemas 
levando em consideração a representação não linear escolhida. Na literatura, este problema tem sido resolvido de 
diferentes formas dependendo da representação utilizada. Neste trabalho, um procedimento de identificação de 
sistemas não lineares baseado em uma representação NARMAX (Nonlinear AutoRegressive Moving Average with 
eXogenous inputs) polinomial e algoritmo dos mínimos quadrados ortogonais é aplicado a um trocador de calor. Os 
modelos NARMAX polinomiais descrevem sistemas não lineares em termos de equações a diferenças lineares nos 
parâmetros relacionando a saída atual a combinações (possivelmente não lineares) de entradas e saídas passadas. 
Isto é apropriado a modelagem de componentes estocásticos e determinísticos de um sistema e é capaz de descrever 
uma vasta variedade de sistemas não lineares. Neste trabalho, o vetor regressor utilizado para compor o modelo 
NARMAX polinomial é cuidadosamente escolhido, entre centenas de candidatos, por um procedimento automático. O 
resultado de simulação obtido foi muito satisfatório na previsão “infinitos-passos-a-frente” da saída do trocador de 
calor. 
 
Palavras chave: trocador de calor, identificação não-linear, modelo NARMAX, algoritmo dos mínimos quadrados 
ortogonais. 

 
1. Introdução  
 

A utilização de modelos matemáticos é importante para o desenvolvimento da ciência e tecnologia, pois com estes 
modelos é possível determinar o comportamento dinâmico de um sistema dinâmico, por exemplo, um sistema térmico. 
As técnicas de modelagem podem ser úteis para a construção e análise de modelos matemáticos que reproduzam alguns 
comportamentos observados na natureza (Rodrigues, 1996). 

A utilização de um modelo para representar um determinado sistema pode estar relacionada com os mais diversos 
objetivos, tais como: (i) compreender certas dinâmicas do sistema dinâmico (processo) estudado, (ii) predizer o 
comportamento do sistema sob diversas condições de operação, (iii) analisar e projetar controladores, (iv) estimar 
variáveis do processo que não podem ser medidas diretamente, (v) otimizar o comportamento do sistema, (vi) permitir 
detecção eficiente de falhas no sistema, (vii) permitir o estudo do sistema em regiões de operação dispendiosas ou 
problemáticas no sistema real, permitindo um treinamento de operação seguro e eficiente (Matko et al., 1992). 

Os modelos matemáticos podem ser compostos por conjuntos de equações diferenciais ou equações a diferenças 
que representam o comportamento dinâmico do processo a ser modelado. Estes modelos matemáticos não conseguem 
representar na totalidade o processo real, pois há vários fenômenos que são complexos para serem representados 
matematicamente. 

Os sistemas dinâmicos em uma análise detalhada são não lineares, mas há casos em que aproximações lineares são 
suficientes para utilização prática. Entretanto, há casos que representações lineares são limitadas e não conseguem 
reproduzir bem certas dinâmicas desejadas, com isso é necessário o uso de representações não lineares.  

As técnicas de modelagem de sistemas são agrupadas em três conjuntos, denominadas: (i) modelagem caixa 
branca, (ii) modelagem caixa preta e (iii) modelagem caixa cinza. A modelagem caixa branca é utilizada quando há um 
bom conhecimento do processo a ser modelado, pois nele são utilizados de leis da física para obter as equações do 
modelo. Quando não há nenhum conhecimento da física do processo, e se tem em mãos apenas dados de entrada e 
saída, ou saída apenas, se utiliza a abordagem da identificação caixa preta, que é uma alternativa a caixa branca 
(Aguirre, 2004). Pois nela agrupa-se o ferramental matemático para se obter o modelo aproximado do processo. A 
terceira abordagem, a identificação caixa cinza se utiliza do conhecimento prévio da física do processo aliado a 
identificação caixa preta. Nela se utiliza de conhecimentos auxiliares que não se encontram em dados de entrada e saída 
do sistema sob análise. 

A identificação de sistemas também pode ser dividida em identificação linear e não linear. A identificação linear é 
mais simples em relação a identificação não linear, pois esta não pode ser composta por quaisquer dados (regressores), 
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o que causaria uma dinâmica não desejada, quando utilizado o modelo não linear, pois os termos redundantes se 
cancelam através de pólos e zeros, com isso o modelo obtido não geraria uma dinâmica não desejada. 

A concepção de novas e eficientes abordagens para identificação de sistemas dinâmicos não lineares tem sido tema 
freqüente de pesquisas apresentadas na literatura recente. Neste contexto, pode-se citar, por exemplo, a utilização de 
modelos de Wiener, Hammerstein, bilinear, Volterra, redes neurais artificiais, sistemas nebulosos, wavelets, entre outros 
(Haber e Unbehauen, 1990; Johansson, 1993; Sjöberg et al., 1995; Haykin, 1996; Ljung, 2001). 

Dentre as contribuições significativas na área de identificação de sistemas dinâmicos não lineares estão o da 
utilização de estimação de modelos matemáticos NARMAX (Nonlinear AutoRegressive Moving Average with 
eXogenous inputs) usando o algoritmo dos mínimos quadrados ortogonais (Leontaris e Billings, 1987; Korenberg et al., 
1988; Chen et al., 1989; Kukreja et al., 2003; Zito e Landau, 2005). 

Este trabalho aborda a identificação de um trocador de calor usando modelo matemático NARMAX e algoritmo 
dos mínimos quadrados ortogonais (Orthogonal Least Squares, OLS). O trocador de calor analisado consiste de um 
trocador de calor de fluxo de vapor líquido saturado, onde a água aquecida é aquecida por vapor de fluxo saturado 
pressurizado em um tubo de cobre. 

O artigo é organizado da seguinte forma. A descrição do modelo NARMAX e o algoritmo OLS são detalhados na 
seção 2. Uma breve descrição do trocador de calor e a análise dos resultados obtidos na identificação são detalhadas na 
seção 3. Finalizando, a conclusão e comentários sobre futura pesquisa são apresentados na seção 4. 

 
 

2. Modelos matemáticos NARMAX 
 
Para sistemas lineares discretos utilizam-se modelos de equações lineares a diferenças que relacionam variáveis de 

entrada e saída do sistema. Neste contexto, pode-se citar os modelos do tipo ARX (AutoRegressive with eXogenous 
inputs), ARMAX (AutoRegressive Moving Average with eXogenous inputs), dentre outros. Uma descrição análoga para 
sistemas não lineares discretos são os modelos NARMAX que realizam um mapeamento não linear das entradas e 
saídas passadas para a saída atual (Sjöberg, 1995). Tais modelos são capazes de representar uma ampla classe de 
sistemas não lineares e ao contrário do que ocorre com as séries de Volterra e Wiener (Billings, 1980), evitam a 
necessidade de grande número de parâmetros (Chen e Billings, 1989; Cassini, 1999). 

Os modelos polinomiais apresentam vantagens em relação a outros tipos de representações pois ele se transforma 
em uma representação linear quando o ponto de operação do sistema é mantido aproximadamente fixo e também a 
facilidade sobre a informação analítica sobre o modelo pode ser obtido. Este modelo consegue representar com 
exatidão, desde que os dados não apresentem variações abruptas. 

A utilização de algoritmos de estimação de parâmetros de sistemas lineares, que são fáceis de implementar e que 
convergem rapidamente, é possível de ser utilizada, pois funções não-lineares polinomiais são lineares nos parâmetros.  

O modelo NARMAX pode ser representado pela seguinte forma geral: 
 
  )()](),...,1(),1(),...(),(),...,1([)( tentetentutuntytyFty euddy

l +−−+−−−−−= ττ     (1) 
 

onde τd é o atraso de transporte ou tempo morto, e(t) são os efeitos que não são bem representados por Fl[ ], que é uma 
função polinomial não linear de y(t), u(t) e e(t).  A função Fl[ ] possui um grau de não-linearidade l∈ Z+ e o período de 
amostragem Ts é considerado normalizado, por isso não foi considerado na equação (1).  A equação (1) é composta por 
uma parte estocástica, e(t), e uma parte determinística, ou seja, a parte que envolve Fl[ ]. Nota-se que de acordo com o 
grau de não-linearidade l  e das ordens ny, nu e ne, o número de termos pode aumentar acentuadamente no modelo 
polinomial representado pela equação (1). 

Em casos lineares há cancelamento de pólos e zeros, caso haja termos redundantes, já em sistemas não lineares 
(neste trabalho em questão) quando ocorre uma sobre-parametrização tende a gerar regimes dinâmicos não apresentados 
pelo sistema real. 

Em muitos casos não é necessário utilizar de uma excessiva quantidade de termos para representar bem um sistema, 
basta apenas uma quantidade pequena para isso, e isto é feito por algoritmos de detecção de estrutura. Neste trabalho 
será utilizado o algoritmo de taxa de redução de erro (Error Ratio Reduction, ERR) que é muito utilizado na detecção de 
estrutura dos modelos NARMAX polinomiais. O ERR indica o quanto cada termo inserido no modelo pode melhorar a 
representação do sistema. Normalmente o ERR é utilizado junto com métodos de ortogonalização. 
 
2.1. Estimação dos parâmetros do modelo NARMAX 

 
O projetista após escolher o modelo matemático NARMAX para representar um sistema dinâmico, deve-se estimar 

os parâmetros, para que o modelo identificado consiga gerar uma dinâmica semelhante ao do sistema. Normalmente se 
utiliza algoritmos baseados em mínimos quadrados aos dados de entrada e saída. Neste caso, o modelo NARMAX pode 
ser apresentado da seguinte forma: 
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onde pi(t) representam os regressores e os θ i são os respectivos parâmetros. 

Aplicando a técnica de mínimos quadrados (Least Squares, LS) a função custo, chega-se a equação (3), 
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onde ),( θξ t  é o sinal de erro, ou seja, ),(ˆ)(),( θθξ tytyt −= , onde )(ty  é a saída real do sistema e ),(ˆ θty  é a saída 
estimada. Para conseguir determinar os parâmetros θ, basta minimizar (4) e a solução é dada por: 

 
YPPP TT

LS
1)(ˆ −=Θ                                                           (4) 

 
As matrizes Y e P são as matrizes já definidas a priori, a matriz )( PPT  é a conhecida como matriz de informação, 

ela é simétrica e positiva definida quando P tem posto pleno de colunas (colunas são linearmente independentes e 
formam uma base num espaço vetorial gerado por ΘP ). Mas em casos não lineares, pode haver um mal 
condicionamento numérico da matriz P e ela pode não ter estas propriedades. 

Na maioria dos casos, Y não pertence ao espaço vetorial gerado pelas colunas de P, com isso os dados do sistema 
não são completamente explicados pelos regressores. Nesse caso, LSPΘ̂ , onde LSΘ̂  é o vetor de parâmetros calculado 
pelo método dos mínimos quadrados (Least Squares, LS), representará a projeção ortogonal de Y no espaço de imagem 
de P e os resíduos de estimação )(tξ  serão mínimos e ortogonais a tal espaço.  
 
2.2. Detecção da estrutura usando ERR 

 
Analisando o resíduo do modelo identificado, e considerando a esperança matemática 0)]([ =tE ξ , pode-se definir a 

variância do erro, )(tξ , pela equação 
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onde gi indica os elementos do vetor de parâmetros, g e wi indica os regressores ortogonais. 

Se nenhum termo fosse incluído no modelo, a variância de )(tξ  seria igual ao erro quadrático médio da saída y(t). A 

cada inclusão de termo, a variância de )(tξ  é decrescida de um fator ∑
=

θn

i
i

T
ii wwgN 1

21 , onde wi indica o termo incluído e 

gi o seu respectivo parâmetro. Para reduzir a variância deve-se normalizar o erro quadrático médio do sinal de saída. 
Deste modo, o ERR para cada termo é definido como: 
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O ERR indica a porção da variância na saída, quando se insere um novo termo no modelo, ou seja, os termos que 

possuírem maior ERR, constituíram o modelo final.  
Quanto maior o índice ERR, maior é a importância do termo para o modelo. Assim, os termos que apresentarem um 

índice ERR muito baixo, não são incluídos no modelo. Desta forma, este critério evita o mal condicionamento numérico 
já que termos linearmente dependentes ou irrelevantes são eliminados (Cassini, 1999).  

O índice [ERR]i  do i-ésimo termo , wi, indica a proporção do valor médio quadrático da saída, YTY, explicada por 
este termo. Consequentemente,  

 

1
1

=∑
=

θn

i
ERR ,                       (7) 

 
e desta forma, os termos irrelevantes para o modelo, contribuirão com um percentual desprezível para o índice ERR, 
podendo ser eliminados. 
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2.3. Expansão do modelo polinomial NARMAX 

 
Para a representação polinomial serão consideradas a priori as seguintes condições: (i) o sistema possui um atraso 

de transporte ou tempo morto ( dτ ) e (ii) nenhum termo cujo parâmetro tenha que ser estimado pode depender do 
resíduo no mesmo instante, e é representado pelo termo e(t), logo o modelo NARMAX será representado pela equação 
(1) (Aguirre, 2004). 

A equação (1) é composta por uma parte estocástica, e(t), e uma parte determinística, ou seja, a parte que envolve 
Fl[ ]. 

A parte determinística pode ser expandida em um somatório de termos com graus de não linearidade variando de 
lm ≤≤1 . Deste modo cada termo de grau m pode conter um fator de grau p do tipo y(t-i) e um fator de grau (m-p) do 

tipo u(t-i) sendo multiplicado por um parâmetro representado por ),...,( 1, mpmp nnC − , onde obtém-se a equação (7), dada 
por (Aguirre, 2004): 
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sendo que,  
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e o ny é o limite superior para os somatórios que possuem fatores y(t-ni) ou nu  para os fatores u(t-ni). Neste trabalho 
considerou-se um modelo NARMAX incluindo-se também os termos lineares (neli) para o sinal de erro atrasado. Neste 
caso, o modelo NARMAX pode ser representado pela seguinte forma geral: 

 
  )](),...,1([)](),...,1(),1(),...(),(),...,1([)( elieuddy

l ntetentetentutuntytyFty −−+−−+−−−−−= ττ   (9) 

Neste trabalho, o atraso de transporte ou tempo morto, τd, foi adotado como conhecido a priori e com valor unitário. 

 
2.4. Estimador dos mínimos quadrados ortogonais 

 
Após determinar a estrutura NARMAX, o próximo passo é determinar os parâmetros do modelo. Os algoritmos 

usados para estimar os parâmetros são os baseados em OLS, que utilizam o fato de que a matriz ϕϕ T  é simétrica por 
construção; pois a matriz de regressores (ϕ ) pode possuir muitas colunas, que seria um caso típico de sistemas não-
lineares e com isso não resultaria em boas estimativas. Tais algoritmos são: método clássico de Gram-Schmidt (CGS), 
método Modificado de Gram-Schmidt (MGS) e método de Golub-Householder (GH) (Aguirre, 2004). 

Este algoritmo é baseado no método dos mínimos quadrados clássico, ou seja, uma variante para ser utilizado 
como estimador de parâmetros em modelos não lineares. Nele aplicando-se a equação (10) N vezes, ao longo dos dados, 
chega-se na equação (11), tal que 

 
)(ˆ)1()( ttty T ξθϕ +−=                                                             (10) 

 
ξθΨy += ˆ                                                                   (11) 

 
onde Ψ , é o vetor de medições (regressores) e para tempos negativos são assumidos valores nulos. Os elementos da 
equação (10) são: 
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Sabe-se que em identificação de sistemas não lineares a matriz de regressores (ψ) possui muitas colunas, e quando 

se for calcular os parâmetros estimados ( θ̂ ) em [ ] yψψψθ T1T −
=ˆ , resultaria em estimativas inadequadas. Logo a 

utilização de métodos que baseados em OLS dos métodos CGS, MGS, e GH; seriam numericamente interessantes. 
Neste trabalho é utilizado o método de fatoração QR e decomposição de Householder. Detalhes deste método são 
encontrados em Golub e Van Loan (1996), Goldberg (1992), Stewart (1998) e Aguirre (2004). Na figura 1 é 
apresentado um fluxograma do procedimento de identificação de modelos NARMAX polinomiais baseado em 
Rodrigues (1996) utilizado neste trabalho. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figura 1 - Fluxograma do procedimento de identificação de modelos NARMAX polinomiais. 
 

3. Identificação de um sistema não-linear 
 

3.1 Estudo de caso: Trocador de calor  
 
O trocador de calor analisado consiste de um trocador de calor de fluxo de vapor líquido saturado, onde a água 

aquecida é aquecida por vapor de fluxo saturado pressurizado em um tubo de cobre. A variável de saída é a temperatura 
do líquido de saída. As variáveis de entrada são a taxa de fluxo de líquido, a temperatura de vapor, e temperatura do 
líquido de entrada. Neste contexto, a temperatura do vapor e a temperatura do líquido de entrada são mantidas 
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constantes em seus valores nominais (Daisy, 2006). O período de amostragem dos dados é de 1 segundo e o 
procedimento de identificação, adotado neste trabalho, utiliza como entrada a taxa de fluxo do líquido e como variável 
de saída a temperatura do líquido de saída. Uma representação do trocador de calor é apresentada na figura 2 (Bittanti & 
Piroddi, 1996). 

 
Figura 2 - Representação do trocador de calor. 

 
O experimento foi configurado para utilizar as amostras 1 a 1200 (N=1200) para a fase de estimação e as amostras 

1201 a 1600, para a fase de validação do modelo NARMAX. Foram realizados diversos testes variando pos valores das 
ordens ny, nu, ne e o grau de não linearidade l. Na tabela 1 são apresentados os resultados dos testes realizados. 

A identificação do trocador de calor é apropriada se um critério de erro definido previamente pelo projetista está 
entre valores admissíveis às necessidades do projeto. O critério escolhido neste estudo foi o coeficiente de correlação 
múltipla regido pela equação 
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onde N é o número de amostras avaliado, y(t) é saída real do processo, )(ˆ ty  é a saída estimada pelo modelo NARMAX, 

e y  é a média das medidas do sistema térmico. Quando o valor de 2R  é igual a 1,0 indica uma aproximação exata do 

modelo aos dados medidos do processo. O valor de 2R  entre 0,9 e 1,0 é considerado suficiente para aplicações práticas, 
principalmente em projetos de identificação e sistemas de controle baseados em modelo. 

 
Tabela 1. Resultados das simulações na identificação do trocador de calor (predição de “infinitos-passos-a-frente”). 

teste 
realizado 

termos 
lineares do 

erro, neli 

l ny nu ne R2 

(estimação) 
R2 

(validação) 
R2 

(média 
harmônica) 

1 0 1 1 1 0 0,7639 0 0 
2 0 2 1 1 0 0,5771 0 0 
3 0 1  2 1 0 0,2933 0 0 
4 0 1  3 1 0 0,4298 0 0 
5 0 1  1 2 0 0,8564 0,2656 0,4055 
6 0 1  1 3 0 0,8888 0,4553 0,6021 
7 0 1  1 4 0 0,9131 0,6129 0,7335 
8 0 1  1 5 0 0,9056 0,5516 0,6856 
9 0 1  2 4 0 0,8958 0,5457 0,6782 

10 0 1  3 4 0 0,8997 0,5419 0,6764 
11 0 2  1 4 0 0,9077 0,2009 0,3290 
12 0 3  1 4 0 0,9476 0,6028 0,7369 
13 0 3  2 4 0 0,9286 0,6263 0,7480 
14 0 3  3 4 0 0,9154 0,5370 0,6769 
15 1 3  2 4 1 0,9289 0,6394 0,7574 
16 1 3  2 4 2 0,9375 0,6624 0,7763 
17 2 3  2 4 1 0,9313 0,6436 0,7612 
18 3 3  2 4 2 0,9289 0,6269 0,7486 
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Nota-se dos resultados apresentados na tabela 1, que o melhor resultado (melhor média harmônica de R2) foi para o 
teste 16 com ny=2, nu,=4, ne=2, grau de não linearidade l=3 e um termo linear para o erro (isto é, e(t-1)). Neste caso, a 
equação obtida para representar o trocador de calor possui 10 termos e é dada por: 

 
   y(t)  = 7,8267 + 1,0574y(t-1) - 0,13218y(t-2) - 0,47121u(t-3)u(t-2)y(t-1) 
             + 43,274u(t-3)u(t-2) - 0,55339u(t-4)u(t-1)y(t-1) + 53,357u(t-4)u(t-1)       
             - 2,8004u(t-2)u(t-1)u(t-1)-1,4147u(t-4)u(t-4)u(t-4) - 0,18872 10-4e(t-1)y(t-1)y(t-1) 
 

 
     (15) 

 
Na figura 3 é apresentado o sinal de saída estimada e também o sinal de erro obtido com a utilização da equação 

(15). Neste caso o erro médio quadrático das fases de estimação e validação foram de 0,2116 e 0,2092, respectivamente. 
 

   
Figura 3 – Melhor modelo NARMAX obtido para representar o trocador de calor. 

 
 

4. Conclusão e futura pesquisa 
 
Existem diversas maneiras de modelar um sistema, tais como a modelagem pela física do processo e a modelagem 

através de técnicas de identificação. A modelagem pela física do processo é uma abordagem analítica realizada através 
de conhecimento de leis físicas do processo, exigindo um conhecimento detalhado do mesmo, o que torna em alguns 
casos difícil a sua aplicação. A identificação, por outro lado, é uma abordagem experimental, que consiste no 
desenvolvimento de técnicas para a estimação de modelos de sistemas dinâmicos através de dados experimentais, não 
exigindo conhecimento prévio do processo, embora tal conhecimento possa ser utilizado se disponível. 

A obtenção do modelo matemático de um sistema dinâmico é uma tarefa de vital importância na engenharia. A 
identificação de sistemas é uma abordagem que possibilita obter modelos matemáticos, através de dados de medição. 
Neste trabalho, um procedimento de identificação de sistemas não lineares baseado em uma representação polinomial 
NARMAX e algoritmo dos mínimos quadrados ortogonais é aplicado a um trocador de calor. Os resultados de simulação 
foram promissores e um modelo com 10 termos com ny=2, nu,=4, ne=2, grau de não linearidade l=3 e um termo linear 
para o erro (isto é, e(t-1)) foi o mais apropriado para representar o comportamento dinâmico do trocador de calor. 

Em pesquisa futura, os autores desejam aprimorar o projeto do modelo NARMAX pela utilização de métodos de 
otimização não-linear para a determinação da ordem (ny, nu, ne) e o grau de não linearidade mais adequada para a 
identificação de sistemas térmicos. 

 
5. Referências 
 
Aguirre, L. A., 2004, “Introdução à Identificação de Sistemas: Técnicas Lineares e Não Lineares Aplicadas a Sistemas 

Reais”, Editora da UFMG, Belo Horizonte, MG.  
Billings, S. A., 1980, “Identification of Nonlinear Systems   a Survey”, IEE Proceedings Pt. D, Vol. 127, No. 6, pp. 

272-285. 
Bittanti, S., Piroddi, L., 1996, “Nonlinear Identification and Control of a Heat Exchanger: a Neural Network 

Approach”, Journal of the Franklin Institute, Vol. 334B, No. 1, pp. 135-153.   
Cassini, C. C. S., 1999, “Estimação Recursiva de Características Estáticas Não Lineares Utilizando Modelos 

Polinomiais NARMAX”, Dissertação de Mestrado do PPGEE, Universidade Federal de Minas Gerais, Belo 
Horizonte, MG, Brasil. 

Chen, S., Billings, S. A, Luo, W., 1989, “Orthogonal Least Squares Methods and their Application to Non-linear 
System Identification”, International Journal of Control, Vol. 50, No. 5, pp. 1873-1896. 



Proceedings of ENCIT 2006 -- ABCM, Curitiba, Brazil, Dec. 3-8, 2006, Paper CIT06-0325 
 
Chen, S., Billings, S. A., 1989, “Representations of Nonlinear Systems: the NARMAX model”, International Journal of 

Control, Vol. 49, No. 3, pp. 1013-1032. 
Daisy, 2006, Database for the Identification of Systems, http://www.esat.kuleuven.ac.be/sista/daisy/ [Acesso 

16/02/2006]. 
Goldberg, J. L, 1992, “Matrix Theory with Applications”, McGraw-Hill International Editions, New York, NI, USA. 
Golub, G. H., Van Loan, C. F., 1996, “Matrix Computations”, 3rd edition, The Johns Hopkins University Press, 

London, UK. 
Haber, R., Unbehauen, H., 1990, “Structure Identification of Nonlinear Dynamic Systems   a Survey on Input/Output 

Approaches”, Automatica, Vol. 26, No. 4, pp. 651-677. 
Haykin, S., 1996, “Neural Networks”, 2nd edition, Prentice-Hall, Upper Saddle River, NJ, USA. 
Johansson, R., 1993, “System Modeling and Identification”, Prentice-Hall, Englewood Cliffs, USA. 
Korenberg, M., Billings, S. A., Liu, Y. P.; McIlroy, P. J., 1988, “Orthogonal Parameter Estimation Algorithm for Non-

Linear Stochastic Systems”, International Journal of Control, Vol. 48, No. 1, pp. 193-210.  
Kukreja, S. L., Galiana, H. L., Kearney, R. E., 2003, “NARMAX Representation and Identification of Ankle 

Dynamics”, IEEE Transactions on Biomedical Engineering, Vol. 50, No. 1, pp. 70-81. 
Leontaris, I. J., Billings, S. A., 1987, “Input-output Parametric Models for Non-linear Systems – Part 1: Deterministic 

Non-linear Systems”, International Journal of Control, vol. 41, pp. 303-344. 
Ljung, L., 2001, “Black-box Models from Input-output Measurements”, Proceedings of the 18th IEEE Instrumentation 

and Measurement Technology Conference, Budapest, Hungary, pp. 138-146. 
Matko, D., Zupancic, B., Karba_ R., 1992, “Simulation and Modelling of Continuous Systems - A Case Study 

Approach”, Prentice Hall International, UK. 
Rodrigues, G. G., 1996, “Identificação de Sistemas Dinâmicos Não Lineares Utilizando Modelos NARMAX 

Polinomiais - Aplicação a Sistemas Reais”, Dissertação de Mestrado do PPGEE, Universidade Federal de Minas 
Gerais, Belo Horizonte, MG, Brasil. 

Sjöberg, J., Zhang, Q., Ljung, L., Benveniste, A., Delyon, P. G. B., Hjalmarsson, H., Juditsky, A., 1995, “Nonlinear 
Black–box Modeling in System Identification: a Unified Overview”, Automatica, Vol. 31, No. 12, pp. 1691-1724.  

Stewart, G. W., “Matrix Algorithms: Volume I: Basic Decompositions”, SIAM, Society for Industrial and Applied 
Mathematics, Philadelphia, USA. 

Zito, G.; Landau, I. D., 2005, “NARMAX Model Identification of a Variable Geometry Turbocharged Diesel Engine”, 
Proceedings of American Control Conference, Portland, OR, USA, pp. 1021-1026. 

 
 
POLYNOMIAL NARMAX IDENTIFICATION OF A HEAT EXCHANGER USING ORTHOGONAL LEAST-
SQUARES ALGORITHM  

 
Leandro dos Santos Coelho, Marcelo Wicthoff Pessôa e Ricardo Massao Suguimoto 
 
Laboratório de Automação e Sistemas, LAS 
Programa de Graduação em Engenharia de Produção e Sistemas, PPGEPS 
Pontifícia Universidade Católica do Paraná – PUCPR 
Rua Imaculada Conceição, 1155, CEP 80215-901, Curitiba, PR, Brasil 
leandro.coelho@pucpr.br; celowp@gmail.com; ricardo.ms@gmail.com 
 

 
Abstract 
 
The problem of parameter estimation is of great relevance in system identification problems regardless of which 
nonlinear representation is chosen. In the literature, this problem has been solved in different ways depending on the 
representation used. In this work, a nonlinear system identification procedure, based on a polynomial NARMAX 
(Nonlinear AutoRegressive Moving Average with eXogenous inputs) representation and orthogonal least-squares 
algorithm, is applied to a heat exchanger. Polynomial NARMAX models describe nonlinear systems in terms of linear-
in-the-parameters difference equations relating the current output to (possibly nonlinear) combinations of inputs and 
past outputs. It is suitable for modeling both the stochastic and deterministic components of a system and is capable of 
describing a wide variety of nonlinear systems. In this work, the regressor vector used to compose the NARMAX 
model is carefully chosen, among hundreds of candidates, by an automatic procedure. The simulation result obtained 
was very satisfactory for the infinite-step ahead identification of heat exchanger output. 

 
Keywords: heat exchanger, nonlinear identification, NARMAX model, orthogonal least-squares algorithm. 
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Resumo. Sobre o tempo de CPU necessário para resolver numericamente a equação de Laplace bidimensional, 
verifica-se o efeito causado por: número de nós, de iterações internas e de malhas, três solvers (Gauss-Seidel, MSI e 
ADI), e esquemas de correção (CS) e de aproximação completa (FAS) com multigrid geométrico e ciclo V. O método 
de diferenças finitas é usado para discretizar a equação diferencial com um esquema de 2ª ordem de acurácia. 
Verificou-se que: (1) o esquema FAS é mais rápido do que o CS; (2) o solver MSI é mais rápido do que Gauss-Seidel e 
ADI; (3) o número ótimo de iterações internas é 1 para o CS e entre 3 e 5 para o FAS; e (4) recomenda-se usar o 
número máximo possível de malhas. 
 
Palavras-chave: solver, CFD, diferenças finitas, transferência de calor, métodos numéricos. 

 
1. Introdução  
 

Modelos matemáticos na dinâmica dos fluidos computacional surgem em fenômenos físicos que envolvem fluidos 
em movimento, com ou sem troca de calor (Fortuna, 2000; Maliska, 2004). Estes modelos matemáticos, em geral, não 
têm soluções analíticas conhecidas. Buscam-se então soluções numéricas transformando-se o modelo contínuo em um 
modelo discreto. Um método de discretização muito usado é o método de diferenças finitas (Golub e Ortega, 1992; 
Tannehill et al.,1997), onde, em problemas bidimensionais, o domínio 1,0:),( 2 ≤≤ℜ∈ yxyx  é particionado em um 
número de incógnitas (ou número de pontos), dado por:  
 

yx NNN = ,                                                                                                                                                           (1) 
 

onde xN  e yN  são o número de incógnitas nas direções coordenadas x e y, respectivamente. 
Isto introduz uma malha com os pontos  
 

))1(,)1((),( yxji hjhiyx −−= , com 
1

1
−

=
x

x N
h  e 

1
1
−

=
y

y N
h ,                                                                         (2) 

 
onde xNi ,...,1= , yNj ,...,1=  e xh  e yh  os comprimentos de cada elemento nas direções coordenadas x e y, 

respectivamente. Neste caso, estabelece-se uma malha com elementos de tamanho xh por yh que se denota por hΩ . 
A discretização desses modelos matemáticos conduz a grandes sistemas de equações algébricas do tipo 

 
fv
rr

=A ,                                                                                                                                                                (3) 
 

onde A é uma matriz quadrada, f
r

 é o vetor independente e v
r

 é o vetor de incógnitas. A estrutura da matriz A  
depende do método e das aproximações numéricas usados para discretizar o modelo matemático.    

Várias técnicas numéricas têm sido estudadas para resolver o sistema dado pela Eq. (3) com o menor custo 
computacional e a solução a mais próxima possível da exata (sem erros de iteração, Ferziger e Peric, 1999). A resolução 
por métodos diretos não é recomendável, visto que na prática, a matriz dos coeficientes é muito grande e o custo da 
inversão da matriz é alto (Golub e Van Loan, 1989). Para problemas de grande porte os métodos iterativos são mais 
adequados (Burden e Faires, 1997). O método do gradiente conjugado (Burden e Faires, 1997; Golub e Ortega, 1992), 
introduzido por Hestenes e Stiefeld (1952), usa técnicas que são mais específicas para geometrias simples e é um 
método sensível ao condicionamento da matriz. 
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O método multigrid, proposto originalmente por Fedorenko (1964), é atualmente um método numérico muito usado 
para resolver iterativamente sistemas de equações do tipo da Eq. (3). A idéia básica é usar um conjunto de malhas e 
executar alternativamente iterações em cada nível de malha e soluções aproximadas desta equação em malhas mais 
grossas (Briggs et al., 2000). São usados operadores para transferir informações da malha fina para a malha 
imediatamente mais grossa (processo chamado de restrição) e da malha grossa para a malha imediatamente mais fina 
(processo de prolongação). Briggs et al. (2000) trabalharam com a razão de engrossamento 2=r  afirmando ser uma 
prática universal e que 2≠r  não traz vantagens. Em cada malha o sistema de equações é resolvido com um método 
iterativo com propriedades de reduzir rapidamente os erros oscilatórios (propriedades de suavização). Com este 
conceito, vários trabalhos (Brandt, 1977; Stüben, 1999; Wesseling e Oosterlee, 2001; Moro, 2004; Pinto et al., 2005a  e 
2005b), apresentaram bons resultados numéricos para problemas de dinâmica dos fluidos. Os resultados de Fedorenko 
(1964) mostram que a taxa de velocidade de convergência com o uso da técnica multigrid é muito melhor que a dos 
métodos iterativos puros. O objetivo do método multigrid é acelerar a convergência a fim de reduzir o tempo de CPU 
necessário para resolver a Eq. (3). Os melhores desempenhos do método multigrid são obtidos em problemas totalmente 
elípticos (Wesseling, 1992), ou seja, problemas dominados pela difusão; e os menores em problemas dominados pela 
advecção (Ferziger e Peric, 1999). 

O método multigrid pode ser aplicado a malhas estruturadas, conhecido como multigrid geométrico (Wesseling e 
Oosterlee, 2001), bem como a malhas não-estruturadas, conhecido como multigrid algébrico (Stüben, 2001). Em 
Wesseling e Oosterlee (2001) são apontados vários desafios para o multigrid geométrico, como: a solução das equações 
de Navier-Stokes, problemas com perturbações singulares, problemas de camada limite onde aparecem as malhas 
fortemente alongadas, ou mesmo a paralelização de algoritmos. 

Neste artigo os seguintes parâmetros são estudados: número de incógnitas, número de iterações internas (número de 
iterações do método numérico a fim de suavizar as componentes de erro), o número de níveis (número de malhas 
percorridas) e os solvers Gauss-Seidel (GS), MSI e ADI (Tannehill et al.,1997). Os objetivos são: verificar o efeito 
desses parâmetros sobre o tempo de CPU para o multigrid geométrico e realizar comparações entre o esquema de 
correção (CS) e o esquema de aproximação completa (FAS) com ciclo V proposto em Wesseling (1992). Os resultados 
são comparados com os obtidos na bibliografia. São usados operadores de restrição por injeção e prolongação por 
interpolação bilinear (Briggs et al., 2000). O modelo matemático considerado neste trabalho envolve um problema 
bidimensional linear de condução de calor, ou seja, a equação de Laplace com condições de contorno de Dirichlet. 

Este artigo está organizado da seguinte forma: na seção 2 é apresentada uma visão geral do método multigrid. Na 
seção 3, é apresentado o modelo matemático e numérico. Na seção 4 são descritos os experimentos numéricos e seus 
resultados. E na seção 5 é apresentado a conclusão do trabalho. 
 
2. O método multigrid 
 

Para reduzir o erro de discretização, malhas muito refinadas são necessárias a fim de se resolver problemas de 
mecânica dos fluidos e transferência de calor. Isso gera sistemas de equações muito grandes. A resolução destes 
problemas através de métodos numéricos requer um custo computacional demasiadamente alto e muitas vezes inviável 
devido ao grande número de equações a serem resolvidas em cada passo iterativo. Uma opção para melhorar a taxa de 
convergência destes problemas é o método multigrid (Briggs et al., 2000), que acelera consideravelmente a resolução 
dos sistemas lineares envolvidos no problema. Métodos multigrid são métodos iterativos para a solução de sistemas 
lineares, sendo, portanto, fortemente dependentes da estimativa inicial atribuída às incógnitas do problema. 

Uma técnica eficiente usada para aliviar as fortes oscilações do resíduo da Eq. (3) em cada malha, definido por: 
 

vfR vrv
A−= ,                                                                                                                                                         (4) 

 
é suavizar as oscilações por um método de relaxação (método iterativo). Neste trabalho pretende-se comparar o 
desempenho dos métodos: GS, MSI e ADI. 

As primeiras iterações deste processo, geralmente, têm rápida convergência, caracterizando a presença de modos 
oscilatórios de erro. Porém, após algumas iterações o processo torna-se lento, sinalizando a predominância de modos 
suaves (Brandt, 1977). Este é exatamente o momento onde é recomendável transferir o problema de relaxação para uma 
malha mais grossa, pois os modos de erros suaves na malha fina tornam-se erros oscilatórios na malha grossa 
(Wesseling, 1992).  

Podem ser usados dois tipos de esquemas com o método multigrid (Briggs et al., 2000): o esquema de correção 
(Correction Scheme, CS) e o esquema de aproximação completa (Full Approximation Scheme, FAS). NO esquema CS, 
a Eq. (3) é resolvida apenas na malha mais fina; nas malhas mais grossas, resolve-se a equação do resíduo. Já no caso 
do esquema FAS, a Eq. (3) é resolvida em todas as malhas. O esquema CS é geralmente utilizado em problemas 
lineares e o esquema FAS em problemas não-lineares. 

A taxa de convergência ideal (teórica) do multigrid é independente do tamanho da malha, isto é, independe do 
número de pontos da malha (Hirsch, 1988; Ferziger e Peric, 1999). Não é muito efetivo usar somente dois níveis de 
malha (Roache, 1998); para obter um bom desempenho do multigrid, diversos níveis de malhas devem ser usados 
(Tannehill et al., 1997). Pinto et al. (2005a e 2005b) recomendam usar todos os níveis.  
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Os operadores de transferência da malha fina para a malha grossa são chamados de operadores de restrição e são 
denotados genericamente por HhH

hI φφ
rr

= . Onde φ
r

, no caso do esquema CS, assume o resíduo R
r

 dado pela Eq. (4) e 

no caso do esquema FAS assume a solução aproximada do problema além do resíduo R
r

. Neste trabalho faz-se uso do 
operador de injeção para problemas bidimensionais que pode ser visto em Briggs et al. (2000). 

Os operadores de transferência da malha grossa para a malha fina são chamados de operadores de prolongação, ou 
interpolação, e são denotados genericamente por hHh

HI φφ
rr

= . Onde φ
r

, no caso do esquema CS assume a aproximação 
do erro na equação residual, ou seja, a correção, e no caso do esquema FAS assume a solução aproximada do problema, 
além da correção. Neste trabalho faz-se uso do operador de interpolação bilinear que também pode ser visto em Briggs 
et al. (2000). 
 
3. Modelos matemático e numérico 
 

O problema linear de condução de calor bidimensional (equação de Laplace) com condições de contorno de 
Dirichlet, em coordenadas cartesianas, considerado neste trabalho é (Maliska, 2004): 
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onde T é a incógnita e representa a temperatura. A solução analítica do problema é 

  

( ) ( ) ( )
( )π
ππ

senh
ysenhxsenyxT .., = .                                                                                                                          (6)  

 
A discretização do domínio é feita com malhas uniformes cujos pontos são dados pela Eq. (2). Para cada um dos 

( ) ( )2  x2 −− yx NN  pontos interiores da malha, a Eq. (5) é discretizada com o método de diferenças finitas com 
diferença central (CDS) (Tannehill et al.,1997), resultando em 
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onde jiv ,  é uma aproximação (solução numérica) para a solução exata ( )ji yxT , . 

Rearranjando os termos da Eq. (7), obtém-se  
 

pEeWwSsNnPp bvavavavava ++++= ,                                                                                                              (8) 
 

onde os coeficientes são dados por 22 22 yxp hha += , 21 yn ha = , 21 ys ha = , 21 xw ha = , 21 xe ha =  e 0=pb .  

Se v
r

 e f
r

 são denotados por t
Nvvv ),...,( 1=

r
 e t

Nfff ),...,( 1=
r

, respectivamente, onde f
r

 é o vetor independente 
formado pelos termos pb , então o sistema da Eq. (7), pode ser representado por um sistema de equações algébricas do 

tipo dado pela Eq. (3), onde A é uma matriz pentadiagonal N por N, simétrica e definida positiva (Briggs et al., 2000; 
Burden e Faires, 1997). 

A Eq. (3) é resolvida com o método multigrid fazendo-se uso dos dois esquemas (CS e FAS) citados na seção 
anterior. Neste caso, os sistemas de equações do tipo da Eq. (3), onde f

r
 agora representa o termo fonte (resíduo ou 

solução aproximada) a cada nível de malha, são resolvidos com os solvers GS, MSI e ADI. Resolve-se também o 
problema, apenas na malha mais fina, com os métodos singlegrid: GS, MSI, ADI e Eliminação de Gauss (Elim.Gauss). 
O número de iterações internas (ITI) do método multigrid é o número de iterações do solver (método numérico) a fim 
de suavizar os componentes do erro. 
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4. Resultados 
 

Os algoritmos foram implementados na linguagem FORTRAN 95 com o uso do aplicativo Compaq Visual Fortran 
6.6 usando-se precisão dupla. As simulações foram realizadas num microcomputador com processador Intel Pentium 4 
com 2.66 GHz e 1 GB de RAM. 

Cerca de 400 simulações foram realizadas com as seguintes variantes: número de incógnitas (N), número de 
iterações internas (ITI), número de níveis de malhas (L) e solvers (GS, MSI e ADI). São apresentados neste trabalho os 
resultados mais representativos.  

O critério de convergência para as iterações externas (ITE) (número de ciclos necessários para suavizar as 
componentes de erro) é baseado na razão entre a norma 1L  do resíduo (Ferziger e Peric, 1999) numa determinada 
iteração e a norma do resíduo da estimativa inicial. O resíduo de cada nó é calculado através da Eq. (4). Neste trabalho 
adota-se 2=r . Adota-se também 710−=ε  e )0,...0,0(=vr  para a tolerância sobre o critério de convergência e a 
estimativa inicial, respectivamente.  

O foco deste trabalho é a minimização do tempo de CPU. Entende-se por tempo de CPU, o tempo gasto para gerar 
malhas, atribuir a estimativa inicial, calcular os coeficientes e resolver o sistema linear da Eq. (3). Este tempo é medido 
usando-se a função TIMEF da biblioteca PORTLIB do FORTRAN 95. Através de testes realizados verificou-se que a 
incerteza desta função é aproximadamente de 05.0± s. 
 
4.1. Esquema de correção (CS) 
 
4.1.1. Iterações internas (ITI) 
 

A Fig. 1a mostra a influência do número de iterações internas (ITI) sobre o tempo de CPU para alguns valores de N 
e o solver MSI. Verificou-se que, para cada malha, em geral o menor tempo de CPU ocorre com o menor valor de ITI. 
Aumentando-se o valor de ITI, em geral aumenta-se significativamente o tempo de CPU. Este comportamento da Fig. 
1a também ocorre com os outros solvers testados: GS e ADI.  

Para os três solvers testados, a Tab. 1 mostra o número ótimo de iterações internas ( ótimoITI ), que é o ITI que resulta 
no menor tempo de CPU. Observa-se que N e o solver influenciam muito pouco o valor de ótimoITI . Para N muito 
grande, ótimoITI  = 1 com qualquer solver. Portanto, recomenda-se utilizar ITI = 1 com o esquema CS e os solvers GS, 
MSI e ADI. Este valor de ótimoITI  difere daquele encontrado (Pinto et al., 2005) em problemas unidimensionais lineares 
(equações de Poisson e advecção-difusão), onde ótimoITI = 3 para o solver GS e o mesmo método multigrid. 
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b) Número de níveis de malhas (L) para N = 513 x 513. 

 
Figura 1. Método multigrid (MG) com esquema CS. 

 
 

Tabela 1. Número ótimo de iterações internas ( ótimoITI ) para o esquema CS. 
N GS MSI ADI 

257 x 257 2 2 1 
513 x 513 1 1 1 

1025 x 1025 1 1 1 
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4.1.2. Níveis de malhas (L) 
 

A Fig. 1b mostra a influência do número de níveis de malhas (L) sobre o tempo de CPU, para N = 513 x 513 nós e 
os três solvers testados. Para esta malha, Lmáximo = 9, isto é, usando-se a razão de engrossamento r = 2, para resolver a 
malha mais fina de 513 x 513 nós, pode-se usar no máximo mais 8 malhas, que são: 257x257, 129x129, 65x65, 33x33, 
17x17, 9x9, 5x5 e 3x3, que apresenta apenas um nó interno. Verificou-se que, para cada solver, o número ótimo de 
níveis de malha (Lótimo), ocorre em geral para Lótimo = Lmáximo – 1, onde Lótimo é o L que resulta no menor tempo de CPU. 
Diminuindo-se o valor de L, em geral aumenta-se significativamente o tempo de CPU. Este resultado é praticamente o 
mesmo encontrado (Pinto et al., 2005) em problemas unidimensionais lineares (equações de Poisson e advecção-
difusão), onde Lótimo ≈ Lmáximo para o solver GS e o mesmo método multigrid. Portanto, recomenda-se utilizar Lótimo = 
Lmáximo com o esquema CS e os solvers GS, ADI e MSI.  

 
4.1.3. Número de incógnitas (N) 
 

A Fig. 2 mostra a influência do número de incógnitas (N) sobre o tempo de CPU para os três solvers (GS, MSI e 
ADI) usados com o método multigrid (MG). Também são mostrados resultados para os mesmos três solvers mas 
usando-se o método padrão de malha única, aqui chamado de singlegrid (SG). Além disso são apresentados resultados 
para um método direto, eliminação de Gauss (Elim.Gauss), também baseado em malha única. As malhas usadas são: 
5x5, 9x9, ... até 65x65 (Elim.Gauss) ou 513x513 (SG) ou 2049x2049 (MG) nós.  
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Figura 2. Tempo de CPU versus número de incógnitas (N) com esquema CS. 
 
Na Fig. 2 são mostrados apenas os pontos cujo tempo de CPU não é muito influenciado pela incerteza de sua 

medição. Verificou-se que, para malhas com N > 104, o tempo de CPU do método multigrid com qualquer solver é 
significativamente menor do que o método singlegrid iterativo, que por sua vez é significativamente menor do que o 
método singlegrid direto (Elim.Gauss). Por exemplo, para a malha 65x65 nós, o tempo de CPU do SG-MSI e SG-
Elim.Gauss é de 0,84 s e 5737,22 s, respectivamente, ou seja, o SG-MSI é cerca de 6830 vezes mais rápido do que o 
SG-Elim.Gauss. Outro exemplo, para a malha 513x513 nós, o tempo de CPU do MG-MSI e SG-MSI é de 13,3 s e 7006 
s, respectivamente, ou seja, o MG-MSI é cerca de 527 vezes mais rápido do que o SG-MSI. Estas diferenças ficam cada 
vez maiores à medida que N aumenta, pois as inclinações das curvas dos solvers com MG são menores do que com SG. 
Entre os métodos iterativos, em geral, observa-se que: 
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)()()( ADItGStMSIt CPUCPUCPU << .                                                                                                           (9) 
 
Para os pontos da Fig. 2, a Tab. 2 apresenta a inclinação (p) das curvas, obtida por ajuste geométrico de mínimos 

quadrados considerando a seguinte função: 
 

p
CPU Nct = ,                                                                                                                                         (10) 

 
onde p representa a ordem do solver associado ao método empregado, e c é um coeficiente que depende de cada método 
e cada solver. O método multigrid ideal é aquele cujo p = 1, isto é, aquele cujo tempo de CPU cresce linearmente com o 
tamanho do problema, ou com o número de incógnitas N. Portanto, para cada método e solver, quanto mais próximo da 
unidade estiver seu p, melhor é o seu desempenho. A ordem dos solvers com o multigrid é pouco afetada se o esquema 
adotado é o CS ou o FAS. Mas a ordem é muito afetada em função do método adotado, se direto ou iterativo, e se 
singlegrid ou multigrid. Entre os três solvers testados, o MSI é o mais eficiente com qualquer método empregado, isto 
é, requer o menor tempo de CPU para resolver um dado sistema com N incógnitas. E entre os métodos, o MSI é o mais 
eficiente com o método multigrid e o esquema FAS.  

Pela Tab. 2, pode-se notar que, tanto para os métodos singlegrid, quanto para os métodos multigrid com o uso do 
esquema FAS, quanto mais fortemente implícito for o método, mais rápido ele é. Esta análise sofre uma pequena 
variação no caso dos métodos multigrid com o uso do esquema CS quando se trata dos métodos GS e ADI, mas mesmo 
assim, o método mais fortemente implícito (MSI) continua sendo o mais rápido.    

 
Tabela 2. Ordem (p) dos métodos e solvers. 

Solver Tipo de solver Singlegrid Esquema CS Esquema FAS 
Elim.Gauss direto 4.88 --- --- 

GS iterativo 2.50 1.35 1.40 
ADI iterativo 2.50 1.36 1.39 
MSI iterativo 2.18 1.19 1.16 

 
4.2. Esquema de aproximação completa (FAS) 
 
4.2.1. Iterações internas (ITI) 
 

A Fig. 3a mostra a influência do número de iterações internas (ITI) sobre o tempo de CPU para alguns valores de N 
e o solver MSI. Verificou-se que, para cada malha, o menor tempo de CPU ocorre com ótimoITI = 4. Diminuindo-se ou 
aumentando-se o valor de ITI em relação ao ótimo, pode-se aumentar significativamente o tempo de CPU. Este 
comportamento da Fig. 3a também ocorre com os outros solvers testados: GS e ADI. A Tab. 3 mostra o número ótimo 
de iterações internas ( ótimoITI ) para os três solvers testados. Observa-se que N e o solver influenciam muito pouco o 
valor de ótimoITI . Como na prática procura-se resolver problemas de grande porte, recomenda-se utilizar ITI = 3, 4 ou 5, 
respectivamente, para os solvers GS, MSI e ADI. 
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Figura 3. Método multigrid (MG) com esquema FAS. 
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Tabela 3. Número ótimo de iterações internas ( ótimoITI ) para o esquema FAS. 

N GS MSI ADI 
257 x 257 4 4 5 
513 x 513 3 4 5 

1025 x 1025 3 4 5 
 
Na seção anterior, verificou-se que para o esquema CS, ótimoITI = 1 com qualquer solver. Já nesta seção, verificou-

se que para o esquema FAS, ótimoITI = 3 a 5, dependendo do solver. Portanto, o esquema utilizado (CS ou FAS) 
influencia o número ótimo de iterações internas do método multigrid. 
 
4.2.2. Níveis de malhas (L) 
 

A Fig. 3b mostra a influência do número de níveis de malhas (L) sobre o tempo de CPU, para N = 513 x 513 nós e 
os três solvers testados. Verificou-se que, para cada solver, o número ótimo de níveis de malha (Lótimo) ocorre na média 
para Lótimo = Lmáximo – 1. Diminuindo-se o valor de L, em geral aumenta-se significativamente o tempo de CPU. 
Portanto, recomenda-se utilizar Lótimo = Lmáximo com o esquema FAS e os solvers GS, MSI e ADI. Na seção anterior, 
verificou-se que para o esquema CS, Lótimo = Lmáximo – 1, com qualquer solver. Já nesta seção, ocorre o mesmo para o 
esquema FAS. Portanto o esquema utilizado (CS ou FAS) não tem grande influência sobre o número ótimo de níveis 
para o método multigrid.  
 
4.2.3. Número de incógnitas (N) 
 

A Fig. 4 mostra a influência do número de incógnitas (N) sobre o tempo de CPU para os três solvers (GS, MSI e 
ADI) usados com o método multigrid (MG). Também são mostrados resultados para os mesmos três solvers mas 
usando-se o método singlegrid (SG) e eliminação de Gauss (Elim.Gauss) também baseado em malha única. As malhas 
usadas são: 5x5, 9x9, ... até 65x65 (Elim.Gauss) ou 513x513 (SG) ou 2049x2049 (MG) nós.  

Na Fig. 4 são mostrados apenas os pontos cujo tempo de CPU não é muito influenciado pela incerteza de sua 
medição. Verificou-se que, para malhas com N > 104, o tempo de CPU do método multigrid com qualquer solver é 
significativamente menor do que o método singlegrid iterativo, que por sua vez é significativamente menor do que o 
método singlegrid direto (Elim.Gauss). Por exemplo, para a malha 513x513 nós, o tempo de CPU do MG-MSI e SG-
MSI é de 3,8 s e 7006 s, respectivamente, ou seja, o MG-MSI é cerca de 1844 vezes mais rápido do que o SG-MSI. 
Estas diferenças ficam cada vez maiores à medida que N aumenta, pois as inclinações das curvas dos solvers com MG 
são menores do que com SG. Entre os métodos iterativos, em geral, para o esquema FAS também vale a Eq. (9). Para os 
pontos da Fig. 4, a Tab. 2 apresenta a inclinação (p) das curvas, obtida por ajuste de mínimos quadrados considerando a 
função dada na Eq. (10). 
 
4.3. Esquema CS versus FAS 
 

Na Fig. 5 se faz uma comparação entre os esquemas multigrid CS e FAS em função de diversos valores de N. Pode-
se notar que o solver MSI que é o mais eficiente com qualquer esquema. Pode-se notar ainda que, o esquema FAS é 
mais rápido do que o CS em qualquer N, entre 3,2 e 4,0 vezes. Isso também ocorre para os solvers GS (entre 2,1 e 2,9 
vezes) e ADI (entre 1,7 e 2,6 vezes). Por exemplo, para a malha 2049x2049 nós, o tempo de CPU do MG-MSI-FAS e 
MG-MSI-CS é de 124,7 s e 494,3 s, respectivamente, ou seja, o MG-MSI-FAS é cerca de 4,0 vezes mais rápido do que 
o MG-MSI-CS.  

Portanto, recomenda-se o uso do esquema FAS com o solver MSI para a equação de Laplace bidimensional. Esta 
constatação é inédita e inesperada pois o esquema CS é indicado para resolver equações lineares, caso deste trabalho, e 
o esquema FAS, para equações não-lineares.  Aqui vemos que o esquema CS perde a hegemonia perante o esquema 
FAS, mesmo que para um problema linear. 

Os resultados do presente trabalho diferem daqueles comentados em Brandt (1977). Ele fez análises teóricas e 
experimentais (numéricas) entre as razões de engrossamento r = 2, 3 e 3/2 para diversos problemas, mas não se referiu à 
Eq. (5) exatamente. Brandt mostra preferência pelo esquema CS em relação ao esquema FAS no caso de problemas 
lineares. Segundo Brandt, cada ciclo iterativo do esquema FAS é mais caro computacionalmente se comparado ao 
esquema CS devido à transferência de informações a respeito do resíduo e da solução para as malhas mais grossas. 

Seja o problema de minimização do tempo de CPU em função do uso dos diferentes esquemas CS e FAS. Para este 
problema, constatou-se que o esquema ótimo tem uma forte influência da qualidade das informações transferidas pela 
restrição e pela prolongação e, principalmente, pela transferência de informações a respeito do resíduo e da solução para 
as malhas mais grossas. Para o esquema FAS, por exemplo, a estimativa inicial para as malhas mais grossas é sempre a 
restrição da solução suavizada da malha imediatamente mais fina, enquanto que para o esquema CS, a estimativa inicial 
é sempre a estimativa inicial nula. Ou seja, o esquema FAS tem sempre estimativas iniciais melhores para os problemas 
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nas malhas grossas. Com isto, constatou-se no presente trabalho que o número de ciclos ou iterações do esquema FAS é 
significativamente menor do que o esquema CS. Por exemplo, para a malha 2049x2049 nós, o número de ciclos ou 
iterações do MG-MSI-FAS é de apenas 3 contra 22 do MG-MSI-CS. 
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Figura 4. Tempo de CPU versus número de incógnitas (N) com esquema FAS. 
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Figura 5. Tempo de CPU versus número de incógnitas (N) para o método multigrid (MG) 
com o solver MSI e os esquemas CS e FAS. 
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5. Conclusão 
 

Neste trabalho verificou-se o efeito de diversos parâmetros sobre o tempo de CPU necessário para resolver um 
problema com o método multigrid (MG) geométrico. Os parâmetros considerados foram: número de nós (N), número de 
iterações internas (ITI), número de níveis de malhas (L), solvers (GS, MSI e ADI), e esquemas de correção (CS) e de 
aproximação completa (FAS). O modelo matemático considerado é um problema bidimensional linear, governado pela 
equação de Laplace com condições de contorno de Dirichlet. Esta equação foi discretizada com o método de diferenças 
finitas. 

Com base nos resultados deste trabalho, verificou-se que: 
1) O esquema FAS é mais rápido do que o CS. 
2) Para os esquemas CS e FAS, o solver MSI é mais rápido do que o GS e o ADI. Portanto, mesmo com o 

método multigrid, quanto mais fortemente implícito é o solver, mais rápido ele é.  
3) O esquema utilizado influencia o número ótimo de iterações internas: para o esquema CS, ITIótimo = 1 com 

qualquer solver; e, para o esquema FAS, ITIótimo = 3 a 5, dependendo do solver. 
4) O esquema utilizado não tem grande influência sobre o número ótimo de níveis de malha: Lótimo ≈ Lmáximo 

para os esquemas CS e FAS com os solvers GS, MSI e ADI. 
Segundo o conhecimento dos autores, estas constatações são inéditas na literatura disponível. 
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Abstract 
On the necessary CPU time to solve a problem, one verifies the effect considered by: number of nodes, number of inner 
iterations, number of grid levels, solvers (GS, MSI and ADI) and Correction (CS) and Full Approximation Schemes 
(FAS). The considered problem involves a two-dimensional linear problem: Laplace´s equation with Dirichlet boundary 
conditions. The finite difference method is used to discretizate the differential equation. The algebraic linear systems 
are solved with the three solvers associated to geometric multigrid with V-cycle. Some literature results are confirmed 
and some new ones are presented. The main conclusions of this work are that FAS is faster than CS and MSI solver is 
faster than GS and ADI solvers for both CS and FAS schemes. 

 
Keywords: solver, CFD, finite difference, heat transfer, numerical methods. 
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Abstract. The maximum temperature in the internal structure and the pressure drop on the coolant flow along the channels are two 
of the most important design parameters for rocket engines with regenerative cooling. A one-dimensional mathematical model for 
the reactive flows in a LOX/LH2-rocket engine with regenerative cooling is presented. This problem includes the combustion gases 
flow in the rocket diverging-converging nozzle, the coolant flow in channels and the heat transfer through the walls (from 
combustion gases to coolant). For the combustion gases flow, three different physical flow models are used: a frozen, an 
equilibrium and a non-equilibrium one. Several chemical reaction schemes are also taken into account for each study, for the 
evaluation of effects of the species and reaction equation systems on the final numerical solution. Besides the influence of physical 
and chemical models on the answers, the effects of the adopted grids over the final results are also discussed. Therefore numerical 
errors estimative are also made and the physical and chemical models results are compared. Numerical results are obtained with a 
finite volume software, implemented with second order scheme for variables, co-located grid arrangement for all speed flows and 
Fortran 95 language. 
 
Keywords. Finite volume method, CFD, equilibrium flow, non-equilibrium flow, numerical error estimate. 

 
1. Introduction 
 

The thrust chamber is the key subassembly of a rocket engine, where the liquid propellants are metered, injected, 
atomized, vaporized, mixed and burnt, to form hot reaction gas products (Sutton and Biblarz, 2001). By speeding up 
these gases, thrust force is obtained for orbit and payload definition. The knowledge of chemical and physical 
phenomena concerned about such gases flow is, therefore, important for both rocket design (associated to material 
definition and cooling system design) and mission goals achievement.  

Heat is transmitted to all internal hardware surfaces exposed to hot gases, namely the injector face, the chamber and 
nozzle walls. Only 0.5 to 5% of the total energy generated in the gas is transferred as heat to the chamber walls (Sutton 
and Biblarz, 2001). This amount of energy, however, can increase the wall temperatures until material failure. Because 
of this, most of rocket engines have cooling systems, which allow a longer lifetime for the entire device. One of the 
most used cooling systems for large rocket engines is the regenerative one. The prediction of heat transfer 
characteristics in a regeneratively cooled rocket combustion engine is one of the most important and most challenging 
tasks in the design work of a high performance engine (Fröhlich et al., 1993). 

The problem involving reaction gas products flow and heat transfer to cooling system may be divided up into three 
sub-problems, namely: the reactive combustion gases flow through the thrust chamber (which includes the combustion 
chamber and the nozzle engine); the heat conduction from hot gases to the coolant, through the wall structure; and the 
turbulent coolant flow, in the regenerative cooling system. The solution for the whole problem can be obtained by 
solving, iteratively and in sequence, the three sub-problems, allowing them to interact, until its convergence.  

Although two and three-dimensional models are commonly used, one-dimensional models are still employed in 
rocket engines projects, being corrected by empirical coefficients (Fröhlich et al., 1993; Sutton and Biblarz, 2001). 
Studies involving one-dimensional softwares are, because of this, still useful. Based on this, in this work an one-
dimensional model, which includes different physical and chemical schemes, is purposed for solving the coupled 
problem of reaction gas products flow and heat transfer to the thrust chamber structure and coolant. 

Four physical models (one-species with variable properties, frozen, local equilibrium and non-equilibrium flows) 
are studied. Both frozen and local equilibrium flows are ideal models; they differ, however, about how the chemical 
reactions take place during the flow. For both frozen and local equilibrium physical models, nine different chemical 
reaction schemes are used. These schemes are the same presented before by Marchi et al. (2005), and include from 
three to eight chemical species and take into account from null to eighteen chemical reaction equations. For non-
equilibrium model, five different chemical schemes are used, including six or eight chemical species, which totalise five 
chemical schemes. At this work, however, only two chemical models are studied (one six-species and one eight-species 
for frozen and equilibrium flows and two six-species for non-equilibrium flow). According to Marchi et al. (2005) and 
Araki and Marchi (2006), six and eight-species models present good accuracy with CEA results (Glenn Research 
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Center/NASA, 2005), for frozen and equilibrium flows with adiabatic walls, reason for considering only six and eight-
species models in this work. 

All the models have been implemented using Compaq Visual Fortran 6.6.0. The implemented software, called 
RHG1D 3.0, was run at a PC Pentium IV, 3.4 GHz, with 4 GB RAM. Results are compared to those ones obtained for 
adiabatic walls simulations and numerical error estimates, related to all the results and based on GCI estimative 
(Roache, 1994), are also presented. 
 
2. Mathematical model 
 

The basic principles of the rocket propulsion are essentially those of mechanics, thermodynamics and chemistry 
(Sutton and Biblarz, 2001). The flow and heat transfer problem in rocket thrust chambers can be divided up into three 
different (but coupled) problems, for which there are independent mathematical (and numerical) models: (1) the 
reaction gas products (combustion gases mixture) flow through the thrust chamber; (2) the heat conduction from hot 
gases to the coolant; and (3) the coolant flow through the regenerative cooling system. Figure 1 shows, schematically, 
both the reaction gas products and the coolant flows. 

 

 
Figure 1.Thrust chamber engine with regenerative cooling system (transversal section). 

 
2.1. Reaction gas products flow 

 
The mathematical formulation for a one-dimensional, single-species flow (or a multi-species frozen or equilibrium 

flow) through the nozzle engine is based only on four equations: conservation of mass, conservation of momentum, 
conservation of energy and state (the one-species gas and/or the multi-species gas are treated by the perfect gases law), 
given in the sequence:  

 

( ) 0  =Su
dx
d

ρ , (1) 

 

( ) '    F
dx
dPSuSu

dx
d

+−=ρ , (2) 

 

( ) neeqp Sq
dx
dPSuTSu

dx
dc /'     ++=ρ , (3) 

 
TRP   ρ= , (4) 

 
where: ρ, u, P and T  are four dependent variables, related to density, velocity, pressure and temperature (in this order); 
x is the axial coordinate along the gases flow (Fig. 1); S is the internal cross-sectional area of thrust chamber structure; 
R is the gas constant (or gas mixture constant, for frozen and equilibrium flows); cp is the constant-pressure specific 
heat; ' F ,  and Seq/ne are related to the viscous forces, the heat loss to the walls and the source term correspondent to 
equilibrium or non-equilibrium conditions (this term is necessary only for equilibrium or non-equilibrium flows), 
respectively, and are evaluated by the following relations: 

'q
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for non-equilibrium flow; 
(7)

 
where: f is the Darcy friction factor; D is the diameter of the cross-section; wallS′  is the internal wall surface by length 
unity (along x-axis, Fig. 2); N is the total number of species existent in the flow; hi is the enthalpy for each chemical 
species i; Yi is the mass fraction for each chemical species i; corresponds to mass rate generation of species i; and iw& hq ′′  
and  are the convection and radiation heat fluxes to internal walls. rq ′′
 

 
Figure 2. Cooling channels and their geometrical parameters. 

 
As can be seen previously, the conservation of energy, Eq.(3), has the temperature as unknown and not the enthalpy 

nor the internal energy, as normally used. The major advantage of such variation is about the temperature 
determination, which can be obtained directly from the numerical model, not depending on the enthalpy (or internal 
energy) values. Besides the gas products flow, chemical reaction schemes have an important role on final results. 
Frozen, equilibrium and non-equilibrium models, in different levels, take into account chemical reactions. Depending 
on the adopted chemical reaction scheme, different chemical composition and physical properties are obtained or, at 
least, larger or smaller CPU time efforts are verified. For the frozen model, by hypothesis, the flow from combustion 
chamber to thrust chamber exit is so fast that there is no time for changes in chemical composition of reaction gas 
products. For the local equilibrium model, in counterpart, chemical equilibrium composition must be evaluated for 
every single cross-section of the thrust chamber. An intermediate (and more realistic) model between local equilibrium 
and frozen ones is the non-equilibrium. For this model, chemical composition must be evaluated for every single cross-
section of the thrust chamber as done for local equilibrium; the equilibrium composition, however, is not reached and, 
for each single chemical species, mass formation rates are evaluated. 

For frozen and equilibrium models, nine different chemical reaction schemes were implemented, taking into 
account from 3 to 8 chemical species and from null to eighteen chemical reaction equations, as can be seen at Table 1 
where N is the number of chemical species and L is the number of chemical reaction equations. Chemical reaction 
schemes implemented in software Mach1D 5.0, for both frozen and local equilibrium flows, are the same presented by 
Marchi et al. (2005). For non-equilibrium flow, only six and eight-species models were considered, totalising five. For 
both frozen and equilibrium flows, different chemical schemes mean at least one different chemical reaction equation 
(even when the same number of chemical species and the same number of chemical reaction equations are considered). 
For non-equilibrium, otherwise, different chemical schemes mean, at least, different forward reaction constant: based on 
this, model 3 could be split up into two ones (the other non-equilibrium models are 5, 7 and 10). 

At non-equilibrium flow model, forward and backward reaction constants (kfj and kbj, respectively) have an 
important role for mass generation rates evaluation, being related to each other by the progression rate of reaction j (γ): 
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where Ci is the molar concentration of species i in gases mixture and ,

ijν  and ,,
ijν  are, in this order, the stoichiometric 

coefficients of chemical species i in reaction j existent in reagents and products. The species generation rate (θj) is 
obtained from the product between Eq. (8) and the third body effective concentration and can be estimated by: 
 

j

N

i
iijj C γθ

1
⋅⋅= ∑

=

α , (9) 

 
in which αij is the efficiency of chemical species i at a dissociation reaction j. Unfortunately, there is a lack of 
information about the efficiency of the molecules existent on a dissociation reaction model. Because of this, it is 
commonly adopted that the efficiencies of all chemical species are equal to unit and, in this case, the concentration of 
third body species corresponds to the whole number of existent species (Barros et al., 1990). 

 
Table 1. Chemical reaction schemes implemented in software Mach1D 5.0. 

Model L N Species Observations 
0 0 3 H2O, O2, H2 Ideal model 
1 1 3 H2O, O2, H2 – 
2 2 4 H2O, O2, H2, OH – 
3 4 6 H2O, O2, H2, OH, O, H 4 reactions with 3rd body – Barros et al. (1990) and Smith et al. (1987) 
4 4 6 H2O, O2, H2, OH, O, H 4 reactions – Svehla (1964) 
5 8 6 H2O, O2, H2, OH, O, H 8 reactions (4 with 3rd body) – Barros et al. (1990) 
7 8 6 H2O, O2, H2, OH, O, H 8 reactions (4 with 3rd body) – Smith et al. (1987) 

10 6 8 H2O, O2, H2, OH, O, H, HO2, H2O2 
4 reactions from model 3 and 2 from Kee et al. (1990) – all the reactions 

including 3rd body 
9 18 8 H2O, O2, H2, OH, O, H, HO2, H2O2 18 reactions (5 with 3rd body) – Kee et al. (1990) 

 
The determination of mass generation rates is obtained by the product of Eq. (9) and molecular weight (Mi) of the 

species, resulting in  
 

( )∑
=

⋅∆=
L

j
jijii Mw

1
θν& , (10) 

 
where ijν∆  is calculated by ijijij ννν ′−′′=∆  and represents the difference between formed and consumed number of 
moles for a reaction j. For non-equilibrium model, mass generation rates determination is fundamental for the species 
conservation of mass. Equations (1) to (4) are enough for one-species, frozen and equilibrium flows mathematical 
formulation; for non-equilibrium flow, however, associated to these four equations must be taken into account the 
species continuity equation: 
 

( ) ii wSYSu
dx
d

&    =ρ , (11) 

 
which corresponds to the conservation of mass for each species separately. 
 
2.2. Coolant flow 

 
Only four equations are needed for the one-dimensional study of coolant flow through the entire regenerative 

cooling system of a thrust chamber: the mass conservation equation, the momentum conservation equation, the energy 
conservation equation and a polynomial constitutive relation for density: 

 

 ( ) 0  =ccc Su
ds
d ρ , (12) 
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where: the index c corresponds to coolant properties; ρ, u, P and T  are four dependent variables, related to density, 
velocity, pressure and temperature (respectively); s is the length of the flow along the center of a channel (Fig. 1); Sc is 
the internal cross-sectional area of coolant channels; cF ′ , β and cq′  are related to the viscous forces, volumetric thermal 
expansion coefficient and the heat loss to the coolant channel walls, in this order; and 1ρ , 2ρ  and 3ρ  are constants 
related to the chosen coolant.  

 
2.3. Heat conduction through the wall 

 
As reaction gas products have high temperature values, heat is transferred from them to thrust chamber walls by 

convection and radiation mechanisms. This energy is then conducted through walls to the coolant and transmitted to it 
by convection. The whole process can be modelled by: 

 
wccwhwwhrh SqSqSqqq ′′=′′=′′+′′= )( , (16) 

 
where: q is the heat transfer rate through the wall; Swh is the internal wall area in contact with reaction gas products (Fig. 
2);  is the heat flux through the wall;  is the heat flux to the coolant; and Swc is the effective heat transfer area 
between the wall and the coolant.  

wq ′′ cq ′′

More details about the employed mathematical model can be found in Marchi et al. (2000; 2004). 
 

3. Numerical model 
 
The mathematical models for reaction gas products and coolant flows (assembly to the heat conduction through the 

wall) in the thrust chamber structure are discretized using finite volume method. The domain is divided into Nvol 
control volumes, in axial directions x and s, in which the differential equations are integrated. For reaction gas products, 
a co-located grid arrangement, appropriated for all speed flows is used (Marchi and Maliska, 1994), associated with a 
second-order discritization scheme (CDS), with deferred correction (Ferziger and Perić, 2001); similar treatment is 
given to coolant flow model, except for the appliance for all speed flows, once the coolant flow is always subsonic. The 
systems of algebraic equations obtained are solved by TDMA method (Ferziger and Perić, 2001). 

Pressure and velocity are coupled by SIMPLEC algorithm (Van Doormaal and Raithby, 1984), in order to convert 
the mass equation in a pressure (or better, in a pressure-correction) one. So, the mass conservation equation, Eq. (1) or 
Eq. (12), is used for determination of a pressure-correction ( 'P ), while velocity (u) is obtained from the momentum 
equation, Eq. (2) or Eq. (13), and the energy equation, Eq. (3) or Eq. (14), is taken for temperature (T) determination. 
Density (ρ) is gotten from the state equation, Eq. (4), or from Eq. (15). Equation (11) is also needed for non-equilibrium 
flow. It must be noted that velocity (u) is evaluated from very reduced values (near null values) until supersonic ones, 
and not only for supersonic values, as commonly found in literature (Barros et al., 1990). 

The iterative process for solving the reaction gas products mathematical model provided by Eqs. (1) to (4) or Eqs. 
(12) to (15) consists only on nine steps: 

 
1. Definition of data (temperature, pressure, density, velocity) in an instant of time t. 
2. Estimation of all variables in an instant t+∆t (time is used as a relaxation parameter). 
3. Definition of thermophysical properties (such as the constant-pressure specific heat, Darcy friction factor and heat 

transfer coefficients by convection). 
4. Coefficients calculation for the algebraic system (by discretization) of the momentum equation and solution of this 

system by TDMA for the velocity u. 
5. Coefficients calculation for the algebraic system (by discretization) of the energy equation and solution by TDMA 

for temperature T. 
6. Calculation of density ρ. 
7. Coefficients calculation for the algebraic system (by discretization) of the mass equation and solution by TDMA 

for pressure correction 'P . 
8. Correction of ρ, P and u with 'P . 
9. Return to item 2, until the achievement of the desired number of iterations. 
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Over this basic algorithm, some modifications are necessary for reaction gas products flow, depending on the 
adopted physical model. For equilibrium and non-equilibrium models, step 3 includes also the chemical composition 
determination for all the domain control volumes and, also here, the determination of thermoproperties must be done for 
every single control volume. Non-equilibrium chemical composition determination includes, also, the use of Eq. (10), 
for mass generation rate evaluation, and Eq. (11), in order to estimate the chemical composition, respecting the mass 
conservation law for each species separately. 

The adopted boundary conditions to reaction gas products flow include: definition of inlet temperature (T) and 
pressure (P) as functions of stagnation parameters (T0 and P0, in this order); the chemical mixture composition, given by 
mass fractions (Yi), is obtained from local data (temperature and pressure); and the entrance velocity (u) is obtained 
from a linear extrapolation from the values obtained for internal flow. About exit conditions, for supersonic flows in 
nozzles, no exit boundary conditions are required; for the implementation of a numerical model, however, exit 
boundary conditions are needed. Because of this, temperature (T), velocity (u), pressure (P) and mass fractions (Yi) are 
obtained by linear extrapolation from internal control volumes. 

For coolant flow, some other boundary conditions are employed, as follows: for channels entrance, both 
temperature and velocity are fixed (Tin and uin, in this order) and inlet pressure is obtained from linear extrapolation of 
values obtained for internal flow; for density, both inlet and outlet values are estimated by Eq. (15); exit pressure is 
defined as null and both, exit temperature and exit velocity, are obtained from linear extrapolation of values obtained 
for internal flow. 

The coupling between reaction gas products and coolant flows is made by the heat conduction through the thrust 
chamber wall, according to the procedures presented by Marchi et al. (2004), which consists on seven steps: 

 
1. First estimative of wall temperatures distribution, for the wall in contact with the reaction gas products. 
2. Solution of reaction gas products flow. 
3. Solution of coolant flow. 
4. Evaluation of heat transfer rate between the reaction gas products and the coolant. 
5. Evaluation of both wall temperatures: the temperature of the wall in contact with the reaction gas products and the 

wall in contact with the coolant. 
6. Evaluation of heat transfer rate error, which consists on the difference between the reaction gas products-to-wall 

heat transfer rate and the wall-to-coolant heat transfer. 
7. Return to item 2, until the achievement of the desired tolerance or the desired number of iterations. 

 
4. Definition of the problem 

 
The thrust chamber geometry used in this work is the same one presented by Marchi et al. (2000; 2004), which 

consists on a cylindrical section, called combustion chamber (with radius rin and length LC) assembled to a nozzle 
device, whose longitudinal section is defined by a cosine curve (with throat nozzle radius rg and length Ln). The radius 
r, for x > LC, is evaluated by the following equation: 
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where x corresponds to the position where the radius is evaluated. Despite the cylindrical section is called combustion 
chamber, it does not correspond to a real combustion chamber; the effects of fuel and oxidant injection, mixture and 
burning are not considered.  Figure 3 shows all geometrical parameters of the thrust chamber studied in this work. 
 

 
Figure 3. Geometrical parameters of the thrust chamber engine. 

 
About the cooling system, the number of channels (m) placed around thrust chamber structure. The parameters, 

which define the geometrically the channels (Fig. 2) are: the thickness (e) of thrust chamber internal wall; the thickness 



Proceedings of ENCIT 2006 -- ABCM, Curitiba, Brazil, Dec. 5-8, 2006, Paper CIT06-0353 
 
(t) of wall that separates two neighbour cooling channels; and the channels height (b). The average width of each 
channel ( a ) is obtained as a function of previous parameters by 

 

[ terber
mb

−+−++= 22 )()(a ]π
, (18) 

 
when m > 1. While the parameters b, e and t remain constant, a does not have the same behaviour, due to radius 
variations. 

Copper-made channels cover all the length of the thrust chamber engine, accompanying the variable radius of the 
engine. And, while the reaction gas products flows along the x-axis in a positive direction, the coolant flows in counter 
flow, namely, in s-axis negative direction. For all the studies presented in this work, the values used for geometrical 
parameters are: rg = 0.1 m; rin = 0.3 m; LC = 0.1 m; Ln = 0.4 m; m = 200; b = 5.0 mm; e = 2.0 mm; and t = 1.5 mm. 
Based on these data, the ratio between the height and the average width of each channel ( a/b ) varies between 0.62 and 
2.8; the engine internal wall area is ≈ 9.242x10-1 m2; the base channel area in contact with the coolant is ≈ 7.272x10-1 
m2 and the fins surface in contact with the coolant is ≈ 1.371 m2. Water is taken as coolant and its mass flow rate is 1 
kg/s in each channel, totalising 200 kg/s, with an inlet temperature of 300 K. Inside the combustion chamber, the 
stagnation temperature (T0) is taken as 3420.33 K, while the stagnation pressure value (P0) is 20 MPa and liquid oxygen 
and liquid hydrogen are injected at the stoichiometric composition (OF = 7.936682739). For isentropic analytical 
solution, the gas constant (R) is taken as 526.97 J/kgּK and the ratio between specific heats (γ) is 1.1956. 

The aim of numerical solutions is given by the evaluation of some parameters of interest, cited in the following: 
 

1. Nozzle discharge coefficient (Cd): defined as the ratio between numerical mass flux ( ) and the theoretical one 
( ), obtained from isentropic analytical solution: 

numm&

thm&
 

th

num

m
m

Cd &

&
= . (19) 

 
2. Non-dimensional momentum thrust (F*): defined by the ratio between numerical and theoretical thrusts (Fnum and 

Fth, in this order), given by 
 

th

num*
F

FF = , (20) 

 
where F corresponds to the thrust values and can be obtained by the following relation between mass flux ( m ) and 
exit velocity (uex): 

&

 
exumF ⋅= & . (21) 

 
3. Pressure (Pex), temperature (Tex), velocity (uex) and Mach’s number (Mex) for gas products, at the nozzle exit. 
4. Maximum wall temperature (Tmax): obtained by wall temperature distribution. 
5. Coolant pressure drop (∆P): evaluated from channels entrance to its exit. 
6. Exit coolant temperature (Tcool). 

 
5. Numerical results and discussion 

 
Four different physical models, including heat transfer effects, are studied in this work: a one-species gas with 

variable properties; a frozen gases mixture flow; an equilibrium gases mixture flow; and non-equilibrium gases mixture 
flow. All the analyses results were obtained employing a PC, with Pentium IV 3.4 GHz processor, 4 GB RAM,  
Windows XP. The results are then compared with those ones obtained by the same physical models (provided by both 
Mach1D 5.0 and CEA, this last one a numerical software provided by NASA), but without coolant flow effects 
(adiabatic walls). 

For all the studies, the simulations were made for 3 different grids, to allow the determination of apparent and 
effective convergence orders (Marchi and Silva, 2002). Numerical error estimates, also, based on GCI estimator 
(Roache, 1994), were taken for all the physical and chemical models. Some pieces of information about numerical 
errors and error estimators can be found in Tannehill et al. (1997), Marchi (2001), and Ferziger and Perić (2001). Error 
estimates are very important for evaluating if two different physical (or chemical) models have the same results or the 
differences can be assigned to numerical errors. The GCI estimator is evaluated by  
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where: ϕ1 and ϕ2 are, respectively, the numerical solutions for the refined (h1) and coarse (h2) grids; q is the grid 
refinement ratio ( 12 ); h is the grid spacing or distance between two successive grid points; and p is related to the 
asymptotic (pL) or apparent (pU) order (the lowest value between the two ones). Asymptotic error order depends on the 
chosen discretization model, while apparent error, for constant refinement ratio, is evaluated by 
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where ϕ3 corresponds to the numerical solution for a supercoarse grid. 

Although nine chemical schemes are available at RHG1D 3.0 software for frozen and equilibrium flows and 
another six schemes are implemented for non-equilibrium flow, only models 3 and 10 (with six and eight species, 
respectively) for frozen and equilibrium flows and models 31 and 32 (both with six species) for non-equilibrium flow 
are studied in this work. According to results obtained by Marchi et al. (2005) and Araki and Marchi (2006), six and 
eight-species models present good accuracy with CEA results; because of this, only six and eight-species models results 
are reported in this work. Tables 2, 3 and 4 present the results for the variables of interest, including numerical error 
estimates, for an 80-volumes grid. The reason for using such a grid is based on other studies (Marchi et al., 2004; Araki 
and Marchi, 2006), for which numerical error estimates are about the same magnitude of experimental error; besides, 
CPU time consumption for an 80-volumes grid is much lower than the one required for a 10240 control volumes, or 
even a 2560 one (Araki and Marchi, 2006). 

As can be seen from Table 2 results, heat transfer effects are not important for non-dimensional momentum thrust 
determination: there is no modification on values, when the simulations including or not such effects are compared. For 
nozzle discharge coefficient, there is a tiny variation on values, which can be bigger than the error estimates (like for 
frozen flow), however, which is no greater than 1%. Larger differences are observed (Tables 2 and 3) for local variables 
of interest, such as exit pressure, temperature and velocity. The heat transfer effects assembled to the chemical reactive 
flow provides a reduction on exit pressure, exit temperature and exit velocity values. This drop is about 400-750 Pa for 
exit pressure (which is equal, at maximum, to a reduction of 2.6%), 35-70 K for exit temperature (at maximum, a 4.5% 
reduction) and 15-35 m/s for exit velocity (at maximum, a 1.0% reduction). Such variations are motivated by the heat 
conduction to the coolant: once this energy is transferred, the temperature of the reaction gas mixture drops and, 
consequently, all the other thermophysical parameters are affected, including the chemical composition (for equilibrium 
and non-equilibrium models), as can be seen at Table 5.  

 
Table 2. Comparison for Cd, F* and Pex (80 control volumes). 

Results without heat transfer effects 
Model Cd [adim.] F* [adim.] Pex [Pa] 

Analytical (R1) 1.0 1.0 2.917342x104 
One-species, variable Properties (R2) 1.060 ± 3x10-3 1.004 ± 4x10-3 3.005x104 ± 4x101 

Frozen Flow – mod. 3, 4, 5 and 7 1.001 ± 3x10-3 1.000 ± 4x10-3 2.74x104 ± 1x102 
Frozen Flow – mod. 9 and 10 1.001 ± 3x10-3 1.000 ± 4x10-3 2.74x104 ± 1x102 

CEA (frozen flow) 1.000580 0.998992 2.7448x104 
Equilibrium Flow – mod. 3, 4, 5 and 7 0.98 ± 1x10-2 1.01 ± 1x10-2 3.63x104 ± 5x102 

Equilibrium Flow – mod. 9 and 10 0.98 ± 1x10-2 1.01 ± 1x10-2 3.63x104 ± 5x102 
CEA (local equilibrium flow) 0.977372 1.011553 3.6178x104 

Non-equilibrium Flow – mod. 31 1.008 ± 3x10-3 1.012 ± 5x10-3 3.175x104 ± 7x101 

Non-equilibrium Flow – mod. 32 1.007 ± 3x10-3 1.014 ± 5x10-3 3.254x104 ± 6x101 

Results taking into account heat transfer effects 

Model Cd [adim.] F* [adim.] Pex [Pa] 
One-species, variable Properties (R2) 1.070 ± 3x10-3 1.004 ± 4x10-3 2.942x104 ± 8x101 

Frozen Flow – mod. 3 1.011 ± 3x10-3 0.999 ± 4x10-3 2.67x104 ± 1x102 

Frozen Flow – mod. 10 1.011 ± 3x10-3 0.999 ± 4x10-3 2.67x104 ± 1x102 

Equilibrium Flow – mod. 3 0.98 ± 1x10-2 1.01 ± 1x10-2 3.59x104 ± 5x102 

Equilibrium Flow – mod. 10 0.98 ± 1x10-2 1.01 ± 1x10-2 3.59x104 ± 5x102 

Non-equilibrium Flow – mod. 31 1.012 ± 3x10-3 1.012 ± 5x10-3 3.10x104 ± 2x102 

Non-equilibrium Flow – mod. 32 1.011 ± 3x10-3 1.013 ± 3x10-3 3.18x104 ± 2x102 

(R1):  Rg = 526.97 J/kgּK;   (R2):  Rg ≈ 461.53 J/kgּK (equivalent to combustion gases mixture for the ideal model) 

 
Table 4 provides the numerical results for coolant properties (as well as for heat transfer parameters). As can be 

seen, numerical results are quite independent from the physical model choice; even for exit coolant temperature, for 
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which the results are different (based on numerical error estimates), the maximum difference among models is only 
0.54 K. Larger differences are found for the maximum heat flux (qmax) (from the reaction gas products to the coolant): it 
achieves 8.3x105 W/m2 (comparing the one-species gas and frozen flow models); the effect of such variation on the 
maximum wall temperature, however, is quite small: only 8.5 K (for the same physical models) and, if frozen and 
equilibrium results are compared, this difference is even smaller: 5.5 K. Based on these results and on CPU time 
consumption, which is presented at Table 6, for coolant and wall properties definition, the frozen flow model is a good 
choice (even for an initial analysis): its results are quite the same of the other physical models and its CPU time 
consumption is the lowest one (even smaller than the monogas with variable properties). 

 
Table 3. Comparison for Tex, uex and Mex (80 control volumes). 

Results without heat transfer effects 
Model Tex [K] uex [m/s] Mex [adim.] 

Analytical (R1) 1712.7409 3316.7150 3.1928346 
One-species, variable Properties (R2) 1800 ± 7 3142 ± 6 3.15 ± 1x10-2 

Frozen Flow – mod. 3, 4, 5 and 7 1606 ± 9 3312 ± 7 3.24 ± 1x10-2 
Frozen Flow – mod. 9 1606 ± 9 3312 ± 7 3.24 ± 1x10-2 

CEA (frozen flow) 1607.91 3311.4519 3.231 
Equilibrium Flow – mod. 3, 4, 5 and 7  2461.2 ± 3x10-1 3427 ± 2 2.911 ± 2x10-3 

Equilibrium Flow – mod. 9 and 10 2461.4 ± 3x10-1 3427 ± 2 2.911 ± 2x10-3 
CEA (local equilibrium flow) 2462.41 3432.7056 2.986 

Non-equilibrium Flow – mod. 31 1910 ± 1x101 3332 ± 6 3.05 ± 1x10-2 
Non-equilibrium Flow – mod. 32 1980 ± 1x101 3338 ± 6 3.02 ± 1x10-2 

Results taking into account heat transfer effects 
Model Tex [K] uex [m/s] Mex [adim.] 

One-species, variable Properties (R2) 1730 ± 7 3112 ± 6 3.18 ± 1x10-2 

Frozen Flow – mod. 3 1534 ± 9 3278 ± 7 3.27 ± 2x10-2 

Frozen Flow – mod. 10 1534 ± 9 3278 ± 7 3.27 ± 2x10-2 

Equilibrium Flow – mod. 3 2425.4 ± 8x10-1 3409 ± 2 2.922 ± 2x10-3 

Equilibrium Flow – mod. 10 2425.6 ± 8x10-1 3409 ± 2 2.922 ± 2x10-3 

Non-equilibrium Flow – mod. 31 1860 ± 1x101 3315 ± 6 3.08 ± 1x10-2 
Non-equilibrium Flow – mod. 32 1924 ± 9 3320 ± 2x101 3.05 ± 1x10-2 

(R1):  Rg = 526.97 J/kgּK;   (R2):  Rg ≈ 461.53 J/kgּK (equivalent to combustion gases mixture for the ideal model) 

 
Table 4. Comparison for ∆P, Tcool, qmax and Tmax with heat transfer effects (80 control volumes). 

Model ∆P [Pa] Tcool [K] qmax [W/m2] Tmax [K] 

One-species, variable Properties (R2) 8.4x105 ± 3x104 311.36 ± 2x10-2 3.197x107 ± 5x104 620.0 ± 3x10-1 

Frozen Flow – mod. 3 8.4x105 ± 3x104 311.6 ± 2x10-1 3.28x107 ± 1x105 628.5 ± 7x10-1 

Frozen Flow – mod. 10 8.4x105 ± 3x104 311.6 ± 2x10-1 3.28x107 ± 1x105 628.5 ± 7x10-1 

Equilibrium Flow – mod. 3 8.4x105 ± 3x104 311.9 ± 2x10-1 3.23x107 ± 4x105 623 ± 3 

Equilibrium Flow – mod. 10 8.4x105 ± 3x104 311.9 ± 2x10-1 3.23x107 ± 4x105 623 ± 3 

Non-equilibrium Flow – mod. 31 8.4x105 ± 3x104 311.40 ± 2x10-2 3.235x107 ± 9x104 624.0 ± 4x10-1 

Non-equilibrium Flow – mod 32 8.4x105 ± 3x104 311.46 ± 2x10-2 3.240x107 ± 9x104 624.5 ± 4x10-1 

 (R2):  Rg ≈ 461.53 J/kgּK (equivalent to combustion gases mixture for the ideal model) 
 

Table 5. Reaction gas products composition at nozzle engine exit (80 control volumes). 
Model H2O O2 H2 OH O H HO2 H2O2 O3 

3  0.78369 0.07754 0.01565 0.10276 0.01790 0.00247 --- --- --- 
10 0.78354 0.07743 0.01565 0.10272 0.01789 0.00247 0.00027 0.00004 --- 

Frozen Flow, without 
heat transfer effects 

CEA 0.77987 0.07515 0.01570 0.10900 0.01751 0.00246 0.00027 0.00004 <0.00001 
3 0.92742 0.03659 0.00606 0.02687 0.00259 0.00047 --- --- --- 

10 0.92736 0.03661 0.00606 0.02689 0.00260 0.00047 0.00001 9.79x10-7 --- 
Equilibrium Flow, 

without heat transfer 
effects CEA 0.92548 0.03579 0.00611 0.02956 0.00257 0.00047 0.00001 <0.00001 <0.00001 

31 0.81253 0.10023 0.01709 0.05351 0.01592 0.00072 --- --- --- Non-equilibrium Flow, 
without heat transfer 

effects 32 0.82375 0.09475 0.01600 0.05132 0.01349 0.00068 --- --- --- 

3 0.78369 0.07754 0.01565 0.10276 0.01790 0.00247 --- --- --- Frozen flow, taking into 
account heat transfer 

effects 10 0.78354 0.07743 0.01565 0.10272 0.01789 0.00247 0.00027 0.00004 --- 

3 0.93600 0.03279 0.00540 0.02339 0.00205 0.00038 --- --- --- Equilibrium flow, taking 
into account heat 
transfer effects 10 0.93595 0.03281 0.00540 0.02340 0.00205 0.00038 0.00001 <0.00001 --- 

31 0.81681 0.09883 0.01680 0.05189 0.01504 0.00062 --- --- --- Non-equilibrium flow, 
taking into account heat 

transfer effects 32 0.82832 0.09342 0.01570 0.04929 0.01269 0.00059 --- --- --- 
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Table 6. CPU time physical models; simulations including heat transfer effects (80 control volumes). 
Model Iterations for: 

Physical Chemical Reaction 
products flow 

Coolant 
flow 

Global 
iterations CPU time 

Monogas, variable 
properties --- 6,000 1,000 20 23.4 s 

3 5,000 1,000 20 10.6 s 
Frozen Flow 10 5,000 1,000 20 12.2 s 

3 15,000 1,000 20 1.79 h 
Equilibrium Flow 10 15,000 1,000 20 3.49 h 

31 5,000,000 1,000 5 1.06 day 
Non-Equilibrium Flow 32 4,000,000 1,000 5 20.0 h 

 
From Table 5, it can be noted that the reaction gas products compositions, for both equilibrium and non-equilibrium 

flows, taking into account heat transfer effects, are only a little different from those obtained for adiabatic walls. It is 
related to the small drop at the temperature profile through the entire nozzle engine, considering heat transfer effects, as 
can be seen at Fig. 4. The lower the temperature, the smaller the species dissociation effects; because of this, all the 
species mass fractions drop when the heat transfer effects are considered, but the H2O one. 

 

 
Figure 4. Temperature distribution of reaction gas products through the nozzle engine. 

 
Beside the CPU time consumption for physical and chemical models studied in this work, Table 6 provides the 

number of iterations for solving each problem (reaction gas products and coolant flows) separately and, also, the 
number of global iterations. These amounts of iterations were chosen in order to allow the convergence of each sub-
problem separately (reaction gas products and coolant flows), at each global iteration. The number of total global 
iterations was chosen in order to achieve the round-off error (except for non-equilibrium flow, for which a tolerance of 
10-5 was specified). This proceeding was necessary to minimize other types of numerical errors than discretization ones 
and, in this way, to guarantee that numerical errors are made, essentially, of discretization ones. 

While Fig. 4 presents the temperature distribution of reaction gas products through the nozzle engine, Fig. 5 
provides the wall temperature (in contact with reaction gas products) along the whole engine. Despite the differences on 
temperature values at thrust chamber entrance and exit, all the physical models have similar solutions for maximum 
wall temperature (actually, the difference at numerical results is smaller than 10K, as previously commented).  

Although frozen flow presents lower temperatures for reaction gas products than equilibrium flow ones, wall 
temperatures are, at least from thrust chamber entrance to nozzle throat, higher than those obtained for equilibrium flow 
studies. This phenomenon is explained by the higher values for convection heat transfer coefficient verified for frozen 
flow, which achieves, at maximum, 11,691 W/m2ּK at nozzle throat region (against 10,861 W/m2ּK for equilibrium 
flow model). Thus, even though the recombination reactions, which take place along all the thrust chamber length and 
forms H2O species, are exothermic and contribute to the higher reaction gas products temperatures, the higher values 
for convection heat transfer coefficient, verified for frozen flow model, overtake these recombination effects and its 
associated higher temperature, at least until nozzle throat region, where the highest wall temperatures are found. 
Otherwise, the difference between frozen flow and equilibrium flow reaction gas temperatures after the nozzle throat 
region becomes so expressive that the effects of the higher values for convection heat transfer coefficient (verified for 
frozen flow model) are overtaken by the higher equilibrium flow temperature values for reaction gas products. Because 
of this, the wall temperatures, from the nozzle throat to the thrust chamber exit, are higher for the equilibrium flow 
model. 
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Figure 5. Wall temperature distribution (in contact with reaction gas products) through the nozzle engine. 

 
6. Conclusion 

 
A software for one-dimensional chemical reactive flow with regenerative cooling was implemented, using 

FORTRAN 95 language and Visual Compaq 6.6.0 compiler. Four physical models were studied: a one-species flow 
(with variable properties); and the other three for reaction gas products (frozen, local equilibrium and non-equilibrium 
flows). For frozen and equilibrium models, nine different chemical reaction schemes were implemented, the same 
chemical reaction schemes discussed by Marchi et al. (2005), but only two were studied (a six and a eight-species 
models) and the results were compared to those ones obtained for adiabatic wall studies, including those ones from the 
NASA’s software CEA. For non-equilibrium, only six and eight-species reaction schemes were employed, totalising six 
models, comparing the results to frozen and local equilibrium ones. Unfortunately, because of time restrictions, only 
two from these six models were studied. 

Differently as usually found in literature, the energy equation has the temperature as unknown (and not the enthalpy 
nor the internal energy, as commonly used). The major advantage of such variation is about the temperature 
determination, which is done directly from the numerical model. Also, the velocity determination is done from the 
combustion chamber (where the velocity is almost null) to the nozzle exit (supersonic flow), covering all the velocity 
regimes in a real engine (subsonic, transonic and supersonic ones), and not only the supersonic flow, as commonly 
done. 

Assembling refrigeration effects to reaction gas products flow has only small influence on global parameters of 
interest: for nozzle discharge coefficient, there is only a tiny variation on values, which can be bigger than the error 
estimates (like for frozen flow), however, which is no greater than 1%; for non-dimensional momentum thrust, no 
appreciable variation on numerical results was verified. For local parameters of interest, otherwise, larger differences 
were observed, especially for exit temperature values, for which a drop between 35 and 70 K at exit temperature (at 
maximum, a 4.5% reduction, for frozen flow model) was verified. At exit velocity and exit pressure, such variations are 
smaller: only a 1.0% reduction for velocity (15-35 m/s) and a 2.6% reduction for pressure (about 400-750 Pa). The 
reaction gas products compositions, for both equilibrium and non-equilibrium flows, taking into account heat transfer 
effects, are only a little different from those obtained for adiabatic walls. 

Comparing the physical models results for coolant parameters of interest, it was observed only a small variation on 
coolant exit temperature: 0.54 K, while the pressure drop values are the same for all the models studied. For maximum 
heat flux (from the reaction gas products to the coolant), the difference more expressive: it achieves 8.3x105 W/m2 
(comparing the one-species gas and frozen flow models); the effect of such variation on the maximum wall temperature, 
however, is quite small: only 8.5 K (for the same physical models). 

Frozen flow model presents higher values for wall temperatures from thrust chamber entrance until its throat 
region, although equilibrium flow model shows greater reaction gas products temperatures. This phenomenon is 
consequence of the higher values for convection heat transfer coefficient verified for frozen flow model and, because of 
this, the highest value for maximum wall temperature was 628.5 K, for frozen flow model. From the nozzle throat 
region to the exit thrust chamber, the effects of the higher values for convection heat transfer coefficient are overtaken 
by those ones caused by the greater reaction gas products temperature, what explains the higher wall temperature values 
for equilibrium flow after the nozzle throat region. 

For all the studies, 80-volumes grids were employed, once they provide numerical error estimates at the same 
magnitude of experimental ones  (Marchi et al., 2004; Araki and Marchi, 2006). Comparing numerical results (for 
coolant and wall properties definition) and also CPU time requirements, the frozen flow model is a good choice (even 
for an initial analysis): its results are quite the same of the other physical models and its CPU time consumption is the 
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lowest one (even smaller than the monogas with variable properties, which demands at least 90% more time): it is at 
least more than 500 times faster than the equilibrium flow model and 5500 times faster the than non-equilibrium one. 
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Abstract. This work applies the  inverse analysis to an illumination design of a three-dimensional rectangular enclosure having non-
gray walls. The problem consists of finding the luminous fluxes input on the light source elements, located on the top of the 
enclosure, to satisfy a prescribed uniform luminous flux on the design surface, located on the bottom surface. All the enclosure 
surfaces emit and reflect diffusively, but the hemispheric spectral emissivities are wavelength dependent in the visible region of the 
spectrum. The illumination design is inherently an inverse problem, in which the design surface is subjected to two conditions while 
the light sources are left unconstrained. Such problems are know to be ill-conditioned, and requires regularization methods to deal 
with the system of equation. In addition, the dependence of the surfaces emissivity on the wavelength  lead to a system of non-linear 
equations. The ill-conditioned characteristics of the system of equations are tackled by the TSVD (Truncated Singular Value 
Decomposition) regularization method, while an iterative procedures is proposed to deal with the non-linearity of the equations. 
This work considers two design cases: one in which the light source elements cover the entire top surface; and one in which a 
reduced number of light sources are considered, a more practical solution. In both cases, the proposed inverse design is capable of 
providing a solution that satisfies the prescribed luminous flux on the design surface within average and maximum errors less than 
2,0 and 10%, respectively. 
 
Keywords. Inverse analysis, illumination design, non-gray surfaces, radiation exchanges, regularization methods 

 
1. Introduction 
 

A large variety of environmental control and industrial processes require the specification of the illumination level 
on a certain working area. Examples include plant growth as well as human and industrial activities. The designer must 
then specify the locations and power inputs of the light sources so that the required illumination flux is achieved. This 
problem usually involves a trial-and-error approach, in which the light sources are specified and calculations are run to 
verify if the required illumination is achieved. If not, another configuration is attempted, until the resulting illumination 
is satisfactory. This trial-and-error procedure may require many steps, since when an unsatisfactory result is obtained it 
is not clear which direction to take next, due to the complexity and non-linearity of the illumination relations. The 
illumination inverse design is an alternative procedure, from which the light sources configurations are directly found 
from the specified illumination flux.  

The methods for the design of artificial lighting of environments were first established at the beginning of the 20th 
century. The luminous flux on a given working area is not only dependent on the power of the light sources, but also on 
the absorbing and reflecting effect of the remaining surfaces of the enclosure. The methods allowed the calculation of 
light radiation exchanges as well as for the characterization of the light sources behavior. In addition, many studies have 
been carried out to provide recommending lighting for the many possible applications, from human and industrial 
activities to plants growth (Boast, 1953; Mark, 2000). In general, not only the intensity of light (luminous flux intensity) 
is specified, but its uniformity. 
 The first works to deal with the illumination design were presented by Harrison and Anderson (1916 and 1920), 
who proposed an experimental procedure, the lumen method, in which the luminous flux on a working plane was 
determined from a combination of a series of proposed assembling of punctual and continuous light sources. In the 
1940’s, Moon (1941) and Moon and Spencer (1946a, 1946b) proposed the interreflection method for the design of 
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three-dimensional rectangular enclosures having any aspect ratio and being formed by diffuse surfaces. The method 
presented the advantage of allowing the calculation of the brightness of a surface, accounting for the reflection of light.  
 The advances in the field thermal radiation in the past century led to many analytical and computational tools that 
can be readily applied to illumination analysis, since light itself and thermal radiation in the visible region of the 
spectrum are essentially the same phenomenon. The sole difference is that the thermal radiation flux must be converted 
into luminous flux, accounting for the photopic luminous efficacy of the human eye. Schneider and França (2004) 
presented the application of the inverse analysis to the illumination design of an enclosure in which an uniform 
luminous flux was imposed on a working surface of the enclosure, the design surface. The work showed that such 
surfaces were constrained by two boundary conditions: the specified luminous flux and the luminous emissive power, 
which is zero. In the analysis, the luminous power required on the light sources were found directly from the two 
conditions imposed on the design surfaces, without involving the trial-and-error solution of the conventional 
techniques. However, as typical of inverse analysis, the formulation resulted in an ill-conditioned system of equations, 
which requires special solution techniques, such as the regularization methods (Hansen, 1998). A comprehensive review 
of inverse design involving radiative exchanges in enclosures was presented in França et al. (2003). 

 This paper aims at extending the analysis presented in Schneider and França (2004) to include surfaces that are 
non-gray. In such a case, the system of equations is non-linear in addition to the ill-posed characteristics of the inverse 
problem. The objective is to find the luminous power on the light sources located on the top surfaces of a three-
dimensional enclosure that satisfy the specified uniform luminous flux on the design surface, located on the bottom of 
the enclosure. All the surfaces that form the enclosure are assumed to be diffuse. A zonal type formulation is applied for 
the discretization of the radiation exchanges. The ill-conditioned nature of the system is treated by means of the 
truncated singular value decomposition (TSVD). Results are presented for two cases: when the light sources cover the 
entire top surface; and when a reduced amount of light sources are considered, a more practical design proposition. 
 
2. Physical and mathematical modeling 
 
2.1 Luminous flux and thermal radiation 
 

Incandescent lamps are common sources of light. Their main component is a resistance that reach temperatures 
around 3000 K under the passage of electric current. At such temperatures, a considerable amount of thermal radiation 
is emitted in the visible region of the wavelength spectrum, 0.4 µm ≤ λ ≤ 0.7 µm. The luminous flux, in units of 
lumens/m2 or lux, can be related to the thermal radiation flux, in units of W/m2, by means of the following relation: 
 
 )()( wl qCVq λ=                         (1) 
 
where )(lq  and )(wq  correspond respectively to the luminous flux (lumens/m2) and to the thermal radiation flux (W/m2) 
for a specific wavelength λ, C is a conversion factor constant, equal to 683 lumens/W, and Vλ is the so called photopic 
spectral luminous efficacy of the human eye, which takes into account the human eye sensitivity to the thermal 
radiation comprehended in the visible region of the spectrum, and is obtained by the following curve fitting: 
 
 1 2 3 4exp( / ln( ))V c c c cλ = + λ + λ                    (2) 
 
where c1 = 9.77517×10-1, c2 = 1.31695×103, c3 = -1.00004×105, c4 = -1.7989×102, and λ is in nm. According to the 
above relation, the spectral luminous efficacy peaks with a value of 1.0 for a thermal radiation in the wavelength of 
0.555 µm, and then decay monotonically to zero as the lower and upper limits of the visible region, 0.4 µm and 0.7 µm, 
are approached. In general, a source of light is composed by radiation covering the entire range of the visible region. In 
such a case, Eq. (1) must be applied to each infinitesimal amount of the spectral energy and then be integrated in the 
visible spectrum. Such procedure will be demonstrated in the next section. 
 
2.2 Radiation Exchanges in an Enclosure 
  

Methods for the evaluation of radiation exchanges in an enclosure is well established in the literature (Siegel and 
Howell, 2002). To allow acceptable resolution in the variation of the radiative quantities, the surfaces are subdivided 
into sufficiently small elements, in which all thermal quantities can be assumed uniform. Next, the energy balance will 
be applied to each element j of the enclosure. The energy balance can take different forms as shown below: 
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In the above equations, )(

,
w
oqλ  is the spectral radiosity, in W/(m2µm), which takes into account both emission and 

reflection; )(
,
w
iqλ  is the spectral irradiation, in W/(m2µm), corresponding to all radiation that arrives on the surface 

element; )(
,
w
beλ  is the spectral blackbody emissive power, in W/(m2µm), which is given by Planck’s blackbody 

distribution; λε  is the spectral emissivity; and j kF −  is the view factor between surface elements j and k. In the above 
equations the superscript (w) was used to indicate thermal energy. In a next step, the above equations are converted into 
luminous quantities. To accomplish this, it should be first noted that the thermal energy flux (W/m2) in the wavelength λ 
centered in the interval dλ can be related to the spectral energy flux W/(m2µm) by: 
 
 λ= λ dqdq ww )()(                        (5) 
 
The corresponding luminous flux (lumens) in the wavelength λ centered in the interval dλ follows from Eq. (1): 
 
 λ=λ= λλλ dqdqCVdq lwl )()()(                     (6) 
 
where )(lqλ  is the spectral luminous flux, in lumens/(m2µm). Multiplying Eqs. (3) and (4) by λCV  leads to: 
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 The above relations present the luminous energy balance for a given spectral wavelength λ. The complete solution 
requires the integration of the above relation for the entire spectral region that contains the visible region, that is 0.4 µm 
≤ λ ≤ 0.7 µm. For gray surfaces, the spectral hemispherical emissivities j,λε  can be readily removed from the integral, 
and the integration can be performed by simply introducing the total luminous quantities (Schneider and França, 2004). 
For non-gray surfaces, the spectrum domain can be divided into bands ∆λ where the spectral hemispherical emissivities 

j,λε  for the surfaces can be approximated by a constant value, represented by j,λ∆ε . It follows that: 
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where )(lq λ∆  is given by integration of )(lqλ  over band ∆λ. Finally, the total luminous fluxes are obtained by the 
summation of the contribution of all bands, that is: 
  
 ∑

λ∆
λ∆= )(

,,
)(

,
l

jo
l

jo qq                        (11) 

 
 ∑

λ∆
λ∆= )(

,,
)(

,
l

ji
l
ji qq                        (12) 

 
 ∑

λ∆
λ∆= )(

,,
)(

,
l

jb
l

jb ee                        (13) 

 
where )(l

oq  is the outgoing luminous flux, in lumens/m2 or lux, which takes into account both emission and reflection; 
)(l

iq  is the incident luminous flux, in lumens/m2, the luminous energy that arrives from the light sources as well as from 
reflections from the side walls. 
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3. Problem definition 

 
Figure 1 presents a schematic view of a three-dimensional enclosure, which is formed by surfaces that are diffuse 

but non-gray. The design surface is located on the bottom of the enclosure; the light sources are located on the top 
surface. The remaining of the enclosure is formed by walls that do not emit but reflect incident light. The length, width 
and height of the enclosure are designated by L, W and H, respectively. As depicted in Fig. 2, the enclosure is divided 
into finite-size square elements, ∆x = ∆y = ∆z, in which the luminous energy balance will be applied. For designation of 
elements in the design surface, lamps and wall, indices jd,  jl and jw will be used throughout this analysis. 

 

Lh

Ld

H

Lateral View

Wh

Wd

Front View

design surface
light

source

 
 

Figure 1. Three-dimensional rectangular enclosure. 
 

 

x 

z 
y 

 
 

Figure 2. Division of the bottom and two side surfaces of the enclosure into finite size elements. 
  
 An uniform incident luminous flux, designated by )(l

specifiedq , is specified on the design surface. In addition, no light 

is emitted from the design surface, so 0)(
, =l
jdbe . Therefore, two conditions are imposed on the design surface elements. 

For the elements on the wall, one single conditions is known, 0)(
, =l
jwbe , since they do not emit light. On the other hand, 

no condition is known for the light source elements. The conditions on the light sources are to be found from the two 
specifications ( )()(

,
l

specified
l
jdi qq =  and 0)(

, =l
jdbe ) on the design surface.  

 The conventional solution techniques deal with problems where only one condition (either the incident luminous 
flux or the blackbody luminous power) is imposed on each surface element. This leads to a system of equations on the 
unknown outgoing luminous flux of each element. This system is typically well-behaved and can be solved by any 
standard matrix inversion technique. Once the system is solved for the outgoing luminous fluxes, the conservation 
equations can be again applied to find the unknown condition (the incident luminous flux or the blackbody luminous 
power) of each surface element. Since the knowledge of one condition is required on each surface element, the 
conventional technique can tackle the illumination design only through a trial-and-error solution, in which the power 
luminous flux is guessed on each light source, and the solution is run to verify if the imposed incident luminous flux on 
the design surface is attained. Due to the nature of the problem, one should expect to make a large number of guesses to 
obtain an approximate solution.  
 The inverse design is an alternative technique to tackle the above problem without relying on a trial-and-error 
solution. Note that for a design surface element jd, since 0)(

,, =λ∆
l

jdbe , the outgoing luminous flux in band ∆λ can be 
found directly from the specified incident luminous flux according to Eq. (9): 
 
 )(

,,,
)(

,, )1( l
jdijd

l
jdo qq λ∆λ∆λ∆ ε−=                     (14) 

 
Writing the above equation in dimensionless form, one obtains: 
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 jdijdjdo QQ ,,,,, )1( λ∆λ∆λ∆ ε−=                    (15) 
 
The dimensionless luminous flux is given by )(

,
)( / l

specifiedi
l qqQ = , so that 0.1, =jdiQ , where: 

 
 ∑

λ∆
λ∆= jdijdi QQ ,,,                       (16) 

 
Next, Eqs. (9) and (10) are combined and applied to each design surface element jd (with 0)(

,, =λ∆
l

jdbe ) and rearranged 

to form a system of equations for the dimensionless outgoing luminous flux on the light source elements jloQ ,,λ∆ : 
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λ∆

λ∆
λ∆− −

ε−
=

jw
jwojwjd

j

jdo

jl
jlojljd QF

Q
QF ,,

,

,,
,, )1(

               (17) 

 
Note that in the above equation, the first term on the right-hand side is known. The outgoing luminous fluxes on the 
wall elements, jwoQ ,,λ∆ , are unknown, so an additional relation is imposed by applying Eqs. (9) and (10) to these 

elements with the condition that 0)(
,, =λ∆

l
jwbe . It follows that: 

 

 









++ε−= ∑∑∑

−
λ∆−λ∆−λ∆−λ∆λ∆

´
',,',,,,,,, )1(

jwjw
jwojwjw

jl
jlojljw

jd
jdojdjwjwjwo QFQFQFQ        (18) 

 
The last term arises from the fact that, as seen in Fig. 1, two walls element jw and jw’ can “see” each other, in which 
case the view factor is not zero. Finally, the set of equations become complete arranging Eqs. (9) and (10) for each light 
source element jl: 
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where )(

,,,,, / l
specifiedijlbjlb qeE λ∆λ∆ =  is the dimensionless emissive luminous power of light source element jl in band ∆λ. 

 
4. Solution procedure 

 
 For the illumination inverse design of enclosure having non-gray surfaces, an important difficulty arises in that only 
the total incident luminous flux on the design surface is known, but not its value on each band ∆λ. To allow the 
application of the inverse design technique, the incident luminous in each band is first guessed by assuming that the 
same amount of luminous energy is distributed in each band ∆λ, that is: 
 

 
λ∆

λ∆ =
N
Q

Q jdi
jdi

,
,,                        (20) 

 
where λ∆N  is the number of bands.  
 At this point, the approach proposed in Schneider and França (2004) for the entire visible wavelength region can be 
applied for each band ∆λ. The outgoing luminous flux on the elements located on the walls are initially neglected in Eq. 
(17). Therefore, the unknowns in Eq. (17) are only the outgoing luminous fluxes on the light source elements, jloQ ,,λ∆ . 
Once Eq. (17) is written for each of the M elements that form the design surface, a system with M equations will be 
formed. The unknowns are the outgoing radiative heat fluxes on the N light source elements. Therefore, one aspect of 
the inverse design arises: the number of equations and the number of unknowns are not necessarily the same, unless M 
= N. In addition, since the problem corresponds to a discrete form of an integral equation of the first-kind, the system of 
equations is ill-conditioned, which require the application regularization methods, like the Tikhonov method, the 
conjugate gradient, the truncated singular value decomposition (TSVD), the modified TSVD, among others. In this 
solution, the TSVD method is chosen, as will be discussed later on. 

Although a system of equations can be assembled in such a way to include the equations for the elements on the 
walls, an aspect of interest in the aforementioned procedure is that the elements in the design surface, where two 
conditions are imposed, are directly linked to the light source elements, where no condition is imposed. Thus, the ill-
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posed part of the problem is separated from the remaining of the problem, allowing an isolated application of the 
appropriate methods of solution of ill-posed system of equations. 
 The solution is achieved by means of the following procedure. First, the outgoing luminous flux on each design 
surface element jd is computed by means of Eq. (15). The outgoing luminous flux on each wall element, jwoQ ,,λ∆ , is 
initially set equal to zero. Then, the system of equations formed by Eqs. (17) is solved for the outgoing radiative heat 
fluxes on the light sources, jloQ ,,λ∆ . Next, Eq. (18) is applied to each wall element jw to form a (well-conditioned) 
system of equations on the outgoing luminous flux on the wall elements, jwoQ ,,λ∆ . Once this system is solved, the 

newly computed jwoQ ,,λ∆  are inserted into the system of equations formed by Eqs. (17), and the procedure is repeated 
until convergence is achieved. Finally, with the converged values of the outgoing luminous fluxes, Eq. (19) is applied to 
solve for jlbE ,,λ∆ , the dimensionless emissive luminous power of the light source element jl in band ∆λ. 
 However, the above solution is valid only for the guessed distribution of the luminous incident flux on the design 
surface for each band ∆λ, as given by Eq. (20), but there is no guarantee that the distribution is correct. To improve the 
guess, the first step is to note that, for each light source element jl, N∆λ values of jlbE ,,λ∆  are obtained, one for each 

band ∆λ. Solving for the temperature associated with each band, the temperatures will not be necessarily the same, 
which is clearly not consistent, since a single temperature has to be associated with each light source element. To 
correct this result, the total emissive luminous power of each light source element jl is computed from: 
 
 ∑

λ∆
λ∆= jlbjlb EE ,,,                       (21) 

 
and a single temperature of the light source element can be computed by finding the temperature that will lead to the 
total emissive luminous power given by the summation of Eq. (21). This temperature will be an energy-based average 
of the temperatures obtained for each band ∆λ.  
 At this point of the solution, an average temperature for each light source is obtained. A forward solution can be run 
where the light sources temperatures is known and the condition of null emissive luminous power is imposed to the 
design surface and to the walls. The solution of this problem leads to the incident luminous flux on each design surface 
element for each band ∆λ, indicated by '

, jdiQ , so that the total incident luminous flux obtained by this procedure is: 
 
 ∑

λ∆
λ∆= '

,,
'
, jdijdi QQ                       (22) 

 
Note that '

, jdiQ  is not necessarily equal to the imposed value, equal to 1.0, since it resulted from the distribution 
guessed by Eq. (20). So a new distribution of incident luminous energy in the bands can be proposed so that: 
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= λ∆
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The procedure is repeated until the distribution of the incident luminous flux in the bands for each design surface 
element does not vary any more. 
 
4.1 Regularization of the system of equations 

 
 The procedure discussed above involves the solution of a system of linear equations on the outgoing luminous 
fluxes on the light sources, as formed by Eqs. (17), which can be represented by: 
 
 b(x)xA =⋅                               (24) 
 
where matrix A is formed by the view factors between the design surface and the light source elements, jljdF − ; vector 

x represents the unknown outgoing luminous fluxes on the light sources, jloQ ,,λ∆ ; and vector b contains the terms on 
the right-hand side of Eq. (17), which are dependent on x.  
 The system formed by Eqs. (17) is expected to present the characteristics of ill-posed problems. In general, the 
components of the exact solution vector x present steep oscillations between very large positive and negative numbers, 
and small perturbations cause a much amplified change in the solution. One solving an ill-posed problems should not 
aim at an exact solution, but rather to impose additional constraints to reduce the size (norm) of x, and achieve a smooth 
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solution. However, the greater the smoothness imposed on the solution is, the greater will be the residual. This is the 
basic idea behind any regularization method for the solution of ill-posed problems.  
 Among the regularization procedures, the truncated singular values decomposition (TSVD) is employed here. First, 
matrix A is decomposed into three matrices: 
 

 
TVWUA ⋅⋅=                          (25) 

 
where U and V are orthogonal matrices, and W is a diagonal matrix formed by the singular values wj. As a 
consequence, the solution vector x can be computed by: 
 

 
∑
= 
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=

N

j
j

j

kjk

w
ub

1
vx                         (26) 

 
where N stands for the number of unknowns (in this case, the number of light source elements). 
 In ill-posed problems, the singular values wj decay continuously to very small values. Since they appear in the 
denominator of Eq. (26), the components of x can present very large absolute numbers. However, the smaller the 
singular value wj is, the closer the corresponding vector vj is to the null-space of A. In other words, the terms related to 
the smaller singular values can be eliminated from Eq. (26) without introducing a large error into the solution. This is 
the main idea of the TSVD: only the terms related to the p-th largest singular values are kept in Eq. (26), instead of all N 
terms. The solution is the vector x with the smallest norm subjected to minimum deviation ⋅ −A x b .  
 Another aspect of the inverse solution concerns the number of unknowns and the number of equations. The number 
of equations equals the number of unknowns only when the number of light source elements and the number of design 
surface elements are the same. In general, this is not always verified, as in the example cases to be shown later in this 
work. An important feature of the TSVD method is that it can also be applied to the situation where the numbers of 
unknowns and equations are not the same, as will be shown in the results section. 
 
4.2 Verification of the solution 
  

Due to the need of regularizing the system of equations, an exact solution is not expected. The following procedure 
is used for the verification of the solution. After the inverse solution is run to convergence, a forward problem is solved 
where the dimensionless emissive luminous powers on the light source elements are known, from the inverse solution, 
and only the condition null emissive luminous power is imposed on the design surface and on the wall elements. The 
incident luminous flux on each element design surface jd is then calculated and compared to the specified heat flux by: 
 

 specified

jdispecified
jd Q

QQ ,−
=γ                        (27) 

 
where specifiedQ

 
is the specified dimensionless incident luminous flux, equal to 1.0, and jdiQ ,  is the incident luminous 

flux resulting from the emissive luminous powers on the light sources that were obtained from the inverse solution. 
Once jdγ  is calculated for each element jd in the design surface, the arithmetic average and the maximum errors avgγ  

and maxγ can be readily found. 
 
5. Results and discussion 
 
 The case considered in this work consists of a three-dimensional enclosure as shown in the schematic of Fig. 1. The 
aspect ratio of the enclosure is W/L = 0.8, and the dimensionless height is H/L = 0.2. The selection of the other 
dimensions of the enclosure will require a few considerations. First, the design surface ought not to cover the entire 
extension of the base, since the portions close to the corners would be mainly affected by the reflections from the side 
walls, not from the luminous radiation from the light source elements on the top surface. Therefore, the design surface 
dimensions are taken as Ld /L = 0.8 and Wd /L = 0.6. The locations of the light sources will be proposed later on.  
 For the design surface elements, the luminous emissive power is zero and the dimensionless incident luminous flux 
is 0.1, =jdiQ ; for the wall elements, the luminous emissive power is also zero; the light source elements are 
unconstrained. As an example case of the application of the methodology, the wavelength spectrum in the visible region 
is divided into three bands. The hemispherical emissivities and its dependence to the wavelength are shown in Fig. 3 for 
design, wall and light source elements. Considering that the light sources are formed by incandescent tungsten 
filaments, they can be modeled as gray surfaces having hemispherical emissivity εjl = 0.36. The problem is at this point 
completely defined unless for the location of the light source elements, which will be discussed next. 
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Figure 3. Spectral distribution of the hemispherical emissivity for the three types of surface elements. 
band b1 (0.40 µm < λ < 0.55 µm), band b2 (0.55 µm < λ < 0.59 µm), band b3 (0.59 µm < λ < 0.70 µm). 

 
5.1 Case 1: light sources covering the entire top surface 
 
 To illustrate the inverse design, it is first considered that the light source elements cover the entire top surface. 
Figure 4 shows the locations of both the light source elements (circular dots) and the design surface elements (shaded 
area). Due to symmetry, indicated by the dashed lines, only a quarter of the domain is solved: 0 ≤ x/L ≤ 0.5, 0 ≤ y/L ≤ 
0.4). One consequence of having the light sources covering the entire top surface is that the numbers of design surface 
and light source elements (indicated by M and N, respectively) are not the same. Selecting a grid size of ∆x/L = 1/30, 
one finds M = 108 and N = 180. Thus, the system of equations formed by Eq. (17) is composed by M = 108 equations 
and N = 180 unknowns. 
 

x

y

W/2

L/2

   
 

Figure 4. Locations of the design surface (shaded area) and light source elements (circular dots) in one quarter of  the 
bottom and top surfaces for case 1: light sources covering the entire top surface. Dashed lines indicate symmetry. 

 
The procedure presented in Section 4 is then applied to find the required net luminous flux and temperature of the 

light source elements. Figure 5 shows the singular values of matrix A, under the label Case 1. As typical of inverse 
design problems, the singular values wj decay steadily to values that are as small as 10-10. It should be noted that in the 
figure only the non-zero singular values are shown; for j > M = 108, all the singular values are zero. This indicates that 
the problem presents infinite exact solutions. To select the exact solution with the smallest norm, one needs only to 
apply the TSVD method to retain only the M first terms of the series of Eq. (26). In this case, it was observed that the 
components of vector x had very large absolute values, with alternating positive and negative signals, due the small 
singular values that arise in the denominator of the series terms. Since the components of vector x correspond to the 
outgoing luminous fluxes on the light sources, positive numbers, this exact solution has no physical meaning. However, 
the TSVD can be further explored to keep only the terms of the series corresponding to the p (< M) largest singular 
values. In this case, the obtained regularized solution will be no longer exact, but can present an acceptable behavior. 
 Figure 6 presents examples of regularized solutions for three different regularization parameters p = 12, 10 and 8. 
Solutions for p ≥ 13  presented negative values for the emissive luminous power on some of the light sources, which is 
not physically acceptable. Solutions for p = 11, 9 and 6 were also obtained, but are not presented here since they did not 
bring additional features to those shown in Fig. 6. As can be seen in all cases, all the solutions present an oscillatory 
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behavior that are in fact reminiscent of the steep oscillations of the smallest-norm exact solution (that is, for p = M = 
108). In general, the smaller the value p is, the smoother the solution will be, although at the expense of presenting a 
larger error. This can be verified in Table 1, which presents the maximum and average errors for different values of p, as 
defined in Section 4.2, as well the minimum singular value retained in the series of Eq. (26), min,jw . 
 
 

 
 

Fig. 5 – Singular values of matrix A: cases 1 and 2. 
  
 

 
(a) 

 

             
 

(b)               (c) 
Fig. 6 – Incident luminous flux distribution on the design surface for different regularization parameters p: (a) p = 12; 

(b) p = 10; (c) p = 8. Case 1. 
 

Table 1 – Minimum singular value and inverse solution errors for different regularization parameters p. 
p min,jw  γavg (%) γmax (%) 

12  1.1154×10-2 0.4353 2.1692 
10 1.7734×10-2 0.7173 3.2396 
8 3.3388×10-2 1.3182 5.5417 
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5.2 Case 2: reduced number of light sources 
  

The solutions obtained and discussed in the previous section illustrate the typical fact that the inverse design 
technique can lead to a number of approximate solutions, where the final selection can take into account the accuracy 
and practicality of the solutions. One aspect of the light source configuration of Fig. 4 is that a very large number of 
independent light sources are being required (that is, 4 × 180 = 720 elements for the entire enclosure), which is not 
practical. The designer will probably be much more interested on having a smaller amount of heat sources. For that 
matter, the previously selected solution (for p = 12) provide a hint towards this goal. Figure 7 illustrates a design where 
ten light sources are distributed on the entire top surface. Note that as expected the solution is symmetrical for each 
quarter of the domain. The locations of the light sources were  proposed to approximately coincide with the points of 
maximum luminous fluxes for the solution with p = 12. 

 

 
Fig. 7 – Required lamp filament temperature distribution on the top surface for the solution with p = 12. Case 1. 
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W/2
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Fig. 7 – Locations of the design surface (shaded area) and light source elements (circular dots) in one quarter of the 
bottom and top surfaces for case 2: reduced number of light sources. Dashed lines indicate symmetry. 

 
 Since the number of elements on the design remains the same, M = 108, and the number of light sources is N = 10, 
the problem is overspecified: the number of equations M is larger than that of unknowns. It is well known that such a 
problem can only be solved with some approximation. Figure 5 presents the singular values of matrix A for this case, 
under the label of Case 2. As seen, the ten singular values decay to a value in the order of 10-3. Keeping all the singular 
values in the series of Eq. (26) provides the smallest norm vector x that leads to the smallest norm bxA −⋅ . The 
solution for p = 4 is shown in Table 2, which indicates the net luminous flux ( jlijlojlr QQQ ,,, −= ) and the temperature 
on each element shown in Fig. 7. In the table, the location of the light sources are indicated by indices i and j to 
designate the position in x and y directions, respectively.  The luminous flux on the design surface is shown in Fig. 8. 
As seen the solution is within the interval -0.90 < jdiQ ,  < -1.10: the maximum and average error of the solution are 
9.9783 % and 2.9458 %. If an error less than 10.0 % is acceptable, then the proposed solution is acceptable. Otherwise a 
larger number of singular values should be considered, until the solution start generating negative emissive power for 
light sources. Note that better solutions can be also achieved by the choice of other locations of the light sources. 
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Fig. 8 – Dimensionless incident luminous flux on the design surface for the solution in case 2. 
 
 

Table 2 – Required dimensionless net luminous on the light source elements for case 2. 

jl i j jlrQ ,  Tjl (K) jl i j jlrQ ,  Tjl (K) 
1 2 2 12.8992 2978.17 6 8 8 35.7926 3378.41 
2 2 8 18.6702 3111.76 7 12 4 22.2477 3179.28 
3 4 4 26.7419 3253.13 8 12 10 17.0751 3078.80 
4 4 10 23.2914 3197.36 9 14 2 13.5647 2996.33 
5 8 2 23.2046 3195.99 10 14 8 14.0683 3009.22 

 
 
Figure 9 shows the amount of energy in each of the three bands shown in Fig. 3. The sum of the energy in each 

band leads to the total incident irradiation of Fig. 8. Incandescent light sources filaments with temperatures in the order 
of 3000 K (see Table 2) have a luminous efficiency of about 5%. In this temperature level, most of the thermal radiation 
is concentrated in the infrared region (λ > 0,70µm). Therefore, band b3 (0.59µm < λ < 0.70µm), located in the larger 
wavelength region of the visible light interval, and closer to infrared region, contributes with the greater amount of 
energy. It follows that the contribution of band b2 (0.55µm < λ < 0.59µm) is also more significant than band 1 (0.40µm 
< λ < 0.55µm), despite occupying a smaller region of the spectrum. 

 
 

 
Fig. 9 – Dimensionless incident luminous flux for each spectral band considered for the design surface. Case 2. 
 
 
All the above solutions involved a discretization of the spatial domain such that ∆x/L = 1/30, which proved to be 

sufficiently small to guarantee grid independence. It should be pointed that, for greater generality, all the results were 
presented in dimensionless form, but conversion dimensional terms should be straightforward. For instance, the 
luminous power (in lumens) on each light source element of Table 2 can be determined as 2)(

, )( xqQ l
specifiedjlr ∆⋅⋅ . 

Convergence with respect to the correction of the incident energy in the bands was achieved for all cases with four 
iterations, leading to a maximum variation of 10-6 between the results of the two last steps.  
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6. Conclusions 
 
 This work considered an inverse design problem of a non-gray enclosure in which the luminous fluxes on the light 
source elements were determined to satisfy the specified uniform incident luminous flux on the design surface. The 
numerical discretization of the problem led to an ill-conditioned system of non-linear equations. Ill-conditioned systems 
of equations require the application of regularization methods to recover physically acceptable solutions. In this work, it 
was employed the truncated singular valued decomposition (TSVD), which eliminates the linear combinations related 
to the smallest singular values of the system, keeping only the p largest ones. The non-linearity of the problem arose 
from the surfaces being non-gray, in which case the amount of energy in the spectral bands that cover the visible 
wavelength region is unknown. 
 The problem was formulated from the application of the luminous energy conservation in all the bands where the 
spectral emissivities could be assumed uniform. The example case consisted of three bands. The proposed procedure set 
a system of equations relating the design surface elements directly to the light source elements, calculating the outgoing 
luminous fluxes on the wall elements from the conditions of the previous iterative step. The unknown distribution of the 
incident energy on the design surface  in the spectral bands were initially guessed, and then the inverse solution was run 
to find an average temperature on the light sources, from which a new distribution of the incident energy were used as a 
new input, repeating the process until convergence was reached. In most cases, four steps were enough to assure 
convergence within a relative error of 10-6. 
 Two design cases were studied. In case 1, it was considered that the light source elements covered the entire top 
surface. The TSVD  method was applied to find the solution for different regularization parameters, resulting in a few 
solutions that were evaluated according to physical requirements and the error of the solution. In case 2, it was proposed 
an inverse design in which only ten light source elements were set on the top surface (case 2). Despite the problem 
becoming overspecified, it was possible to obtain a solution more practical than having light sources covering the entire 
top surface, and still presenting an average and a maximum error less than 2.0 % and 10.0 %, respectively. It would be 
very difficult to arrive at such a solution by a trial-and-error procedure of the conventional forward technique. 
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Resumo. Neste trabalho, verifica-se o erro numérico da solução de um problema de condução de calor e estima-se o erro de um 
problema termoelástico; ambos bidimensionais. As soluções numéricas são obtidas empregando-se o método de diferenças finitas 
com aproximações numéricas de segunda ordem de acurácia. São avaliados o erro (E) verdadeiro de discretização e sua estimativa 
(U) além das ordens efetiva e aparente.U é obtido com os estimadores de Richardson e GCI. São utilizadas malhas uniformes com 
até 1024x1024 elementos. Verificou-se que o estimador GCI é confiável e as ordens efetiva e aparente tendem à ordem assintótica, 
prevista a priori, quando o tamanho dos elementos tende a zero. 

 
Palavras-chave: diferenças finitas, GCI, extrapolação de Richardson, condução de calor, termoelasticidade. 
 
1. Introdução 

 
 Com relação às estimativas dos erros numéricos envolvidos nos resultados de simulações numéricas, atualmente 

os trabalhos encontrados na literatura podem ser classificados em quatro conjuntos: (1) nenhuma estimativa é realizada 
e a solução numérica é obtida sobre uma única malha; (2) nenhuma estimativa é realizada mas são apresentadas 
soluções numéricas obtidas sobre duas ou mais malhas, geralmente fazendo-se comparações gráficas de perfis de 
variáveis de campo nas diversas malhas; (3) são feitas estimativas mas com base em estimadores de erro pouco 
confiáveis ou inadequados, como o estimador delta (Roache, 1998); e (4) são feitas estimativas com base no estado-da-
arte, isto é, com os melhores estimadores de erro disponíveis, como o estimador GCI (Grid Convergence Index) 
(Roache, 1994). 

A magnitude aceitável para o erro numérico é função, entre outros fatores, da finalidade da solução numérica, dos 
recursos financeiros envolvidos, do tempo permitido ou disponível para realizar as simulações e dos recursos 
computacionais existentes. Sabendo-se que as soluções numéricas contêm erros, entre outros motivos, é importante 
estimá-los porque quando o erro é maior do que o aceitável compromete-se a confiabilidade do uso da solução 
numérica. 

Neste trabalho é resolvido um problema de condução de calor e um de termoelasticidade linear, ambos com o 
método de diferenças finitas, com malhas uniformes e aproximações numéricas de 2ª ordem de acurácia. O modelo 
numérico segue basicamente o de Demirdzic e Martinovic (1993), que empregaram o método de volumes finitos em 
problemas termoelásticos, entre outros. Porém, eles não fizeram estimativa do erro de discretização. Assim, os objetivos 
do presente trabalho são: (1) verificar (Roache, 1998) as soluções numéricas para o problema térmico cuja solução 
analítica é conhecida; (2) obter soluções numéricas altamente acuradas, com malhas de até 1024x1024 elementos; (3) 
utilizar os estimadores de Richardson e GCI para estimar o erro de discretização das variáveis de interesse; (4) avaliar o 
desempenho destes estimadores para o caso em que a solução analítica é conhecida; e (5) comprovar a ordem de 
acurácia das soluções numéricas. 

O trabalho está assim dividido: na seção 2 são apresentados os estimadores de erro; na seção 3 é definido o 
problema térmico, seu modelo numérico e apresentados os resultados; na seção 4, o mesmo para o problema 
termoelástico; e na seção 5, a conclusão do trabalho. 

 
2. Erro de discretização 
 

Erro numérico (E) é a diferença entre a solução analítica exata (Φ) de uma variável de interesse e a sua solução 
numérica (φ), isto é, (Marchi e Silva, 2002) 
 

φφ −Φ=)(E                                                                                                                                                   (1) 
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onde E é causado por quatro fontes de erros: truncamento, iteração, arredondamento e programação. Quando as outras 
fontes são inexistentes ou muito pequenas em relação aos erros de truncamento, E também pode ser denominado de erro 
de discretização. 

Em situações práticas, uma solução numérica é obtida porque a solução analítica é desconhecida. Por conseqüência, 
o valor verdadeiro do erro numérico também é desconhecido. Portanto, o erro numérico tem que ser estimado. Pelo 
número de citações e amplo uso que vem sendo feito dele, e segundo a experiência de um dos autores deste trabalho, o 
GCI (Grid Convergence Index) de Roache (1994) pode ser considerado o mais confiável dos estimadores atuais para 
erros de discretização. Segundo o GCI, o erro de discretização estimado (U) é dado por 
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φ1, φ2 e φ3 = soluções numéricas obtidas respectivamente com malhas fina (h1), grossa (h2) e supergrossa (h3), h = 
tamanho dos elementos da malha, isto é, a distância entre dois nós consecutivos, r = razão de refino de malha, Min = 
valor mínimo entre os argumentos, Fs = fator de segurança (três, neste trabalho), pL = ordem assintótica (Roache, 1998) 
do erro prevista para cada variável de interesse, pU = ordem aparente (De Vahl Davis, 1983; Marchi e Silva, 2002) do 
erro calculada para cada variável de interesse. 

A Eq. (2) resulta dos trabalhos de Roache (1994) e Marchi e Silva (2002). O cálculo da ordem p do erro, segundo a 
Eq. (3), aumenta a confiabilidade do erro estimado pela Eq. (2). Se pU ≤ 0 ou indefinido, a Eq. (2) não deve ser aplicada 
(Marchi, 2001). 

Teoricamente (Marchi, 2001), espera-se que pE e pU → pL para h → 0. Isto é, espera-se que as ordens práticas (pE e 
pU), que são calculadas com as soluções numéricas de cada variável de interesse, tendam à ordem teórica (pL), prevista a 
priori, quando o tamanho dos elementos da malha  (h) tende a zero.  

A ordem efetiva (pE) do erro verdadeiro é definida por (Marchi, 2001) 
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Conforme a Eq. (6), a ordem efetiva (pE) é função do erro verdadeiro da variável de interesse. Assim, para os problemas 
cuja solução analítica é conhecida, ela pode ser usada para verificar a posteriori se, à medida que h → 0, pE  → pL. 

O estimador de Richardson, baseado nas ordens assintótica (pL) e aparente (pU), é dado por 
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3. Condução de calor bidimensional 
 
3.1. Modelo matemático 

 
O problema da condução de calor bidimensional em regime permanente é governado pela equação de Laplace, isto 

é,  
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onde x e y são as direções coordenadas e T é a temperatura. As condições de contorno são do tipo Dirichlet e dadas por: 
T(x,0) = T(0,y) = T(1,y) = 0 e T(x,1) = sen(πx). 

As variáveis de interesse, isto é, as variáveis para as quais é obtida a solução numérica e verificado seu erro de 
discretização e suas ordens são: 
(a) Temperatura (T) em x = y = 3/4: variável dependente, primária, local, incógnita principal do problema que é obtida 

a partir da solução da Eq. (9), que é uma equação diferencial parcial (EDP), linear, de segunda ordem. Sua solução 
analítica é  
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(b) Taxa de transferência de calor (q): variável secundária, obtida a partir da seguinte definição 
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onde k = condutividade térmica do material (constante), W = espessura do material (constante). Para a Eq. (10), a 
solução analítica da Eq. (11) é 

 
)coth(2 πkWq −=                                                                                                                                                    (12) 

 
3.2. Modelo numérico 
 

O modelo numérico é caracterizado pelo uso do método de diferenças finitas, malhas uniformes e o método de 
Gauss-Seidel (Kreyszig, 1999) para resolver o sistema de equações. A linguagem de programação usada é C++ Builder 
6.0, com precisão dupla para todas as variáveis reais. Os dois termos da Eq. (9) foram aproximados com o esquema de 
diferença central (CDS) (Tannehill et al., 1997). O processo iterativo foi levado até ser atingido o erro de máquina para 
minimizar o erro de iteração e utilizou-se estimativa inicial nula. A variável taxa de transferência de calor (q) foi obtida 
com o esquema de diferença à montante de segunda ordem (UDS-2) (Tannehill et al., 1997). Considerando-se as 
aproximações numéricas acima, a ordem assintótica prevista para cada variável de interesse é pL = 2. 
 
3.3. Resultados 
 

Para obter as soluções numéricas deste trabalho foi utilizado um computador com processador Pentium 4, 2.8 GHz 
e 512 MB de memória RAM. Considerou-se k = 1 W/m.K e W = 1 m. As malhas utilizadas são uniformes com 2, 4, 8, 
... até 1024 elementos em cada direção. Para a malha mais refinada, o número de iterações para atingir o erro de 
máquina foi de ≈ 2,8x106, que resultou no tempo de CPU de quase três dias (71 horas).  

A Tab. 1 apresenta a solução analítica e numérica para as duas variáveis de interesse, para a malha 1024x1024 
elementos. Nesta malha, para as duas variáveis, o estimador GCI é confiável. Isto é, a solução analítica está contida no 
intervalo compreendido pela solução numérica (φ) ± UGCI.  

 
Tabela 1. Solução numérica com malha 1024 x 1024 do problema térmico. 
Variável Solução analítica (Φ) Solução numérica (φ) e seu UGCI 

T(3/4,3/4) [K] 0,32009852 0,32009872 ± 5,6x10-7 

q [W] −805,001 −804,997 ± 1,1x10-2 

 
Para as duas variáveis de interesse, a Fig. 1 apresenta o módulo do erro verdadeiro (E), e a sua estimativa (U) 

baseada nas Eqs. (2), (7) e (8). Percebe-se que o estimador GCI é confiável em qualquer malha, isto é, U/E ≥ 1. Além 
disso, E se reduz monotonicamente à medida que h → 0. 

A Fig. 2 apresenta as ordens assintótica (pL), efetiva (pE) e aparente (pU) do erro. Nota-se que pE e pU → pL 
monotonicamente à medida que h → 0. Para não comprometer a análise dos resultados, foram eliminados alguns pontos 
que, sabidamente, já sofrem efeito do erro de arredondamento; no caso em análise, isso ocorre em geral para h < 4x10-2. 
Todos os resultados de pE e pU , apresentados neste trabalho, foram obtidos com as Eqs. (4) e (6) com razão de refino (r) 
igual a 2. 
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Figura 1. Condução de calor: módulo do erro (E) e de sua estimativa (U). 
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Figura 2. Condução de calor: ordens assintótica (pL), efetiva (pE) e aparente (pU) do erro. 

 
 
4. Termoelasticidade bidimensional 
 
4.1. Modelo matemático 
 

O problema termoelástico linear, bidimensional, em regime permanente é governado pelas seguintes equações 
(Timoshenko e Goodier, 1970): 

 
2 2
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1

Cµ
µ
µ

+
=

−
, µ = razão de Poisson, x e y = direções coordenadas, T = temperatura, β = coeficiente de expansão 

térmica, e u e v = deslocamentos nas direções x e y. As condições de contorno são do tipo Dirichlet e dadas por u e v = 0 
em todos os quatro contornos. A parte térmica do problema é governada pela Eq. (9). 

As variáveis de interesse são: 
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(a) Deslocamento na direção x (u) em x = y = 3/4: variável dependente, primária, local, incógnita principal do 
problema que é obtida a partir da solução das Eqs. (13) e (14), que é um sistema de equações diferenciais parciais, 
acopladas, de segunda ordem. 

(b) Força na direção x no contorno direito (FX): variável secundária, obtida a partir da seguinte definição 
 

( )∫ ==
1

0 ,1 dyWF yxXX σ                                                                                                                                               (15) 

 
onde a tensão normal σx é dada por 
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com E = módulo de Young e TO = temperatura de referência, nula.  

 
4.2. Modelo numérico 
 

O modelo numérico é caracterizado pelo uso do método de diferenças finitas e malhas uniformes. O método de 
Gauss-Seidel (Kreyszig, 1999) é usado para resolver os três sistemas de equações originados da discretização das Eqs. 
(9), (13) e (14). A linguagem de programação usada é C++ Builder 6.0, com precisão dupla para todas as variáveis 
reais. Os termos das equações foram aproximados com o esquema de diferença central (CDS) (Tannehill et al., 1997). 
O processo iterativo foi levado até ser atingido o erro de máquina para minimizar o erro de iteração e utilizou-se 
estimativa inicial nula para as três variáveis primitivas: T, u e v. A variável força na direção x no contorno direito (FX) 
foi obtida com o esquema UDS-2, de segunda ordem (Tannehill et al., 1997). Considerando-se as aproximações 
numéricas acima, a ordem assintótica prevista para cada variável de interesse é pL = 2. 
 
4.3. Resultados 

 
As soluções numéricas foram obtidas para β = 16x10-6 K-1, E = 109  N/m, W = 1 m e µ = 0,32. As malhas utilizadas 

são uniformes com 2, 4, 8, ... até 512 elementos em cada direção. Para a malha mais refinada, o número de iterações 
para atingir o erro de máquina foi de ≈ 6,4x105 que resultou no tempo de CPU de quase 18 horas. A Tab. 2 apresenta a 
solução numérica das duas variáveis de interesse, para a malha 512x512 elementos.  

 
Tabela 2. Solução numérica com malha 512 x 512 do problema termoelástico. 

Variável Solução numérica (φ) e seu UGCI 
u(3/4,3/4) [m] 5,24863x10-7 ± 3,5x10-11 

FX [N] −404877 ± 50 

 
Para as duas variáveis de interesse, a Fig. 3 apresenta a estimativa do erro de discretização (U) baseada nas Eqs. (2), 

(7) e (8). A Fig. 4 apresenta as ordens assintótica (pL) e aparente (pU) do erro. Nota-se que pU → pL monotonicamente à 
medida que h → 0. 
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Figura 3. Termoelasticidade: módulo da estimativa do erro (U). 
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Figura 4. Termoelasticidade: ordens assintótica (pL) e aparente (pU) do erro. 

 
 
5. Conclusão 
 

Para o problema de condução de calor, cuja solução analítica é conhecida, verificou-se que: 
• À medida que a malha é refinada, os valores das ordens efetiva (pE) e aparente (pU) tendem monotonicamente ao 

valor (2) teórico da ordem assintótica (pL) para as variáveis de interesse. 
• A estimativa do erro (UGCI) é confiável em todos os pontos em que se comparou U com E, isto é, a solução analítica 

está contida no intervalo compreendido pela solução numérica (φ) ± UGCI. 
Para o problema termoelástico, cuja solução analítica não é conhecida, verificou-se que à medida que a malha é 

refinada, os valores de pU tendem monotonicamente ao valor (2) teórico de pL para as variáveis de interesse. 
Apresentou-se a solução numérica obtida com a malha 512x512 e a estimativa (U) do seu erro de discretização. 
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NUMERICAL SOLUTION OF THERMOELASTIC PROBLEM 
WITH DISCRETIZATION ERROR ESTIMATION 
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Abstract. The main objective of this work is verify the error of numerical solution of a thermoelastic problem in two-dimensions. It 
is used the finite difference method with numerical approaches of second order. The true error (E) of dicretization and its estimative 
(U) are evaluated. It is used the Richardson and GCI estimators. It were used uniform grids with 2 up to 1024 elements in each 
direction. It was verified that the GCI estimator supplies reliable uncertainty. The value of the effective and apparent orders 
approaches the asymptotic order monotonically as h → 0. 

 
Keywords: finite difference, GCI, Richardson extrapolation, heat conduction, thermoelasticity. 
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Abstract. The mathematical modeling and numerical simulation of real problems in engineering has a fundamental importance. 
However, the search for accurate and viable solutions constitutes in a great challenge. 
The goal of this paper is to present the Immersed Boundary methodology for modeling and simulating flows over complex three-
dimensional geometries, and also characterize the generation of wingtip vortices. This methodology is being developed in the 
Laboratory of Heat and Mass Transfer and Fluid Dynamics (LTCM). 
The Immersed Boundary method uses two independent domains in the solution of the flows over complex geometries: An Eulerian 
domain, which is discretized using Finite Volume Method over a non-uniform mesh to integrate the Navier-Stokes equations, and a 
second-order approximation for time and space derivatives. The Lagrangian domain is represented by a superficial unstructured 
mesh, composed by triangles. 
The in-house parallel code runs on a Beowulf-class cluster, a viable and reliable alternative to solve problems that demand very 
large computational resources. Three-dimensional flow over airfoils NACA-0012 were simulated aiming to accurately study wingtip 
vortices. The results present a good agreement with literature, and it is possible to understand the generation and development of 
the vortices. 
 
Keywords. Immersed Boundary Method, Virtual Physical Model, complex geometries, wingtip vortices. 

 
1. Introduction  
 

When an aircraft wing generates lift, it also produces horizontal, tornado-like vortices that create a potential wake-
vortex hazard problem for other aircraft trailing. The powerful, high-velocity airflows contained in the wake behind the 
generating aircraft are long-lived, invisible, and a serious threat to aircraft encountering the system, especially small 
aviation aircraft. Thus the understanding of such phenomenon is fundamental.  

In present work the Immersed Boundary method is used to simulate the conditions of generation and decay of those 
wingtip vortices. An in-house parallel code running on a Beowulf-class cluster is used. 

In the Immersed Boundary (IB) methods, the presence of a solid or a gaseous interface inside a flow can be 
simulated by adding a source term into the Navier-Stokes equations, acting as a fluid body force. The way that this 
force is evaluated differentiates the methodologies among them. Furthermore, an important characteristic presented by 
the Immersed Boundary methodologies is that the immersed obstacle can be represented by a Lagrangian mesh while 
the flow domain can be discretized by an Eulerian grid such as Cartesian or cylindrical. There are, also, an interpolation 
function that promotes the information transfer from one domain to another. This domain independence allows one to 
promote the immersed body a displacement and/or a deformation relative to the flow grid. 

The development of the Immersed Boundary method was credited to Charles Peskin and his collaborators, aiming 
to simulate the blood flow through cardiac valves. Accordingly to Peskin's work (Peskin, 1977), the source of the 
additional force term was due to the elastic boundary deformation rate, in which their constitutive points were tied by 
elastic membranes 

More recently, Lima e Silva (Lima e Silva et al, 2003) proposed a model that evaluates the force field by the 
momentum equation based on a three points scheme, similar to Mohd-Yusof's (Mohd-Yusof's,1997) work, but using 
more simplified interpolation schemes that requires less computing resources. Since the model employs momentum 
equation and model the no-slip condition on the geometry wall in an indirect manner, the model has been called Virtual 
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Physical Model (VPM) (Lima e Silva et al, 2003). This current work proposal is to present an extension to three-
dimensional domains of the VPM (Campregher, 2005) and apply it to the flow around a NACA- 0012 airfoil. 
 
2. Mathematical and numerical modeling 
 

The Immersed Boundary method uses two distinct domains to evaluate a flow over a complex geometry. An 
Eulerian domain is used to describe the behavior of the mean flow and covers the entire flow domain. For its turn, the 
Lagrangian domain is used to represent the interface fluid/fluid or fluid/solid. 

This is one of the great advantage attributed to Immersed Boundary methods since it is possible to simulate flow 
around complex geometries using a more simplified Eulerian formulation for the fluid and a Lagrangian more versatile 
and simple grid for the interface fluid/solid. The coupling between Eulerian and the Lagrangian domains is done by  
Virtual Physical Model (Lima e Silva et al 2003). 

In this work, Cartesian meshes were used to discretize the flow domain, configuring a simple and easy 
implementation, and at low computational cost. The following describes both domains in more details. 

 
2.1. The Eulerian Domain 
 

The domain was discretized by Finite Volume method over a structured non-uniform mesh. The flow is considered 
incompressible and isothermal. The integral form of the Navier-Stokes for such assumptions becomes: 

 

���� ΩΩ
Ω+⋅∇Γ=⋅+Ω

∂
∂

dqdSndSnvd
t SS φφρφρφ ,        (1) 

 

where φ is a property being transported, φq  is the term of generation or destruction of φ , and φΓ is the diffusivity of 
φ . 

The time derivative was approximated by a second-order three-time level (Ferziger & Peric, 2002), and the spatial 
derivatives by the Central-Difference Scheme. 

The pressure-velocity coupling was done by the SIMPLEC method (Van Doormal e Raithby, 1984), with no 
relaxation in the velocity components equation. A co-located arrangement of variables was employed, and the Rhie-
Chow (Rhie-Chow, 1983) interpolation method was used to avoid numerical oscillation due to pressure checkerboard 
fields. 

The linear system originated from the velocity components discretization was solved by the SOR method. The SIP 
algorithm was used to solve the linear system generated by the discretization of the pressure correction equation. 

The time and space integration of equation (1) over an elementary volume, shown in figure (1), after some 
mathematical arrangements leads to the following equation : 
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The first term of the left-hand side of the equation (2) represents the discretization of the transient term by the 
three-time level scheme (Muzaferija and Peric, 1997). This scheme is a second order accurate in time. 
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Figure 1: Elementary control volume, with variable φ placed on centroid. 
 
2.2. The Lagrangian domain 
 

The Lagrangian approach for analyzing the movement of a particle constitutes of placing a system of coordinates at 
the particle and follow it individually. In other words, the system of coordinates moves through the flow following the 
particle. Thus, at each time step the particle keeps its own system of coordinates relatively to a global system of 
coordinates. 

In the Virtual Physical model the geometry to be simulated is characterized by a Lagrangian set of points (see. Fig. 
(2)). This methodology permits to take advantage of the Lagrangian approximations like the ability to simulate moving 
bodies by just applying translation operations to the set of points. 

 

 
 

Figure 2: The surface of an airfoil NACA-0012 characterized by Lagrangian points. 
 
The main characteristic of Immersed Boundary method is to simulate the presence of a fluid/solid or fluid/fluid 

interface inside a flow by adding a source term of force f
�

 to the Navier-Stokes equations. In Fig. (3) an arbitrary 

Lagrangian point k  is shown with coordinates kx
�

, as well as an elementary volume of fluid with coordinates x
�

. The 

evaluation of f
�

 differentiates the IB methods among them.  
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Figure 3: Schematic drawing of an arbitrary point k  over a surface, placed on kx
�

, and a element of fluid positioned 
in x
�

 
 
In the Virtual Physical Model, the Lagrangian force is obtained from a balance of momentum over a particle k , 

placed at kx
�

. This particle also has properties pressure kp  and velocity kV
�

. Thus, the force can be evaluated as: 
 

( ) ( ) kkkk
k

k pVVV
t
V

F ∇+∇−⋅∇+
∂

∂=
�����

�

�

2µρρ
           (3) 

 
The Eq. (3) can be interpreted as the necessary force so that a particle of fluid immediately adjacent to the 

Lagrangian point k  reaches the velocity of this point, imposing a non-slip condition between the fluid and the 
immersed body. 

Each term of the Eq. (3) has a particular meaning. The first term (the transient term) is responsible by the 

acceleration force ( accF
�

). The other terms, of spatial derivatives, are known as the advective term, the diffusive term 

and the pressure gradient term, respectively. These terms are responsible for inertial forces ( inertF
�

), viscous forces 

( viscF
�

), and pressure forces ( pressF
�

). More details about this model and about each term evaluation can be found in Lima 
e Silva et al (Lima e Silva et al, 2003), and Campregher (2005). 

The properties of the flow in the Eulerian mesh have to be interpolated to the Lagrangian mesh to calculate the 
Lagrangian forces. Once evaluated, the Lagrangian forces must be transferred back to the Eulerian domain. The 
connection  between Lagrangian and Eulerian domains is promoted by the force distribution procedure.  

 
2.2.1. The Virtual Physical Model 

 
The discretization of Eq (3) is done by constructing a three-dimensional reference axis, with origin placed at the 

point k , as can be seen in the Fig (4). A Lagrangian polynomial is then used to obtain the space derivatives along each 
coordinate direction. Let m be a number of points employed to construct a polynomial interpolation of order m-1. Thus, 
the value of a property φ  along i direction, at any point p, is given by: 
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where, 
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Substituting the m points, according to the stencil on Fig (4), the φ  property value along the x axis (where k , 1k  

and 2k  points lay) can obtained as: 
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Deriving Eq (6) to x direction one has: 
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and the second derivative results: 
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From the equations above, it is possible to obtain every spatial derivative needed in Eq (3), just substituting the 

point p and the aimed variable φ . 
 

 
 

Figure 4: Position of the Lagrangian point kx
�

 
 

A detailed view of a triangular element can be obtained in the Fig (5). The element sides are formed by line 

segments 1S , 2S , and 3S , between the vertex points 1P , 2P and 3P . Thus, one has 121 PPS = , 232 PPS =  and 

133 PPS = . 

The kA∆  is the triangular element surface area, which can be evaluated as: 
 

( )( )( )321 SSSSSSSAk −−−=∆             (9) 
 

where ( )( )32121 SSSS ++= . The kS∆ is the average length of the triangle sides. It worth noting that each of those 
geometric properties are associated to a Lagrangian point k. 
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Figure 5: Detailed view of a triangular element 
 

2.2.2. The distribution procedure 
 

The Lagrangian force term F
�

, calculated at a Lagrangian point (denoted by kΩ ) is then distributed to Eulerian 
domain by means of the Dirac Delta Function. In a N-dimensional this function is defined as: 
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Applying the Eq. (10) for a volume V of the Lagrangian domain, 
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The δ  function has the following property: 
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where Ω∈V .This function acts as the core of a transformed integral (centered in kx
�

), which promotes the transposition 
between the Lagrangian and Eulerian domains (Griffith and Peskin, 2005). 

In the Virtual Physical Model for three-dimensional domains, the Lagrangian force field (Fi,k) is distributed over the 
Eulerian mesh using Eq (13). 

 

� ∆∆= kkikii SADFf , .           (13) 

 

The distribution function iD  is evaluated as: 
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where the ϕ  function is defined as: 
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The Distribution function is divided by a volume unit, that cancel out by multiplying for a characteristic area ( kA∆ ) 

and for a characteristic length ( kS∆ ). Thus, it remains the force density that is integrated over the volume Ω . 

The interface solid/fluid is managed by an indicator function iI , built from: 
 

ii GI ∇=∇2 ,             (17) 
 

where the G function is defined as: 
 

� ∆= kkii AnDG
�

,            (18) 

 

and the kn
�

 is the normal vector on the Lagrangian point k. 
After the discretization of the Eq. (17), the algebraic equation system is evaluated by the MSI algorithm (Schneider 

and Zedan, 1981), a variation of the SIP procedure. By analyzing the Eq. (18), one can see that if the geometry is 
inserted into a non-uniform grid region, the interfacial region may become deformed, i.e., the geometry shell shape 
would be misrepresented. 

Briefly describing, the force field evaluation procedure in the Virtual Physical Model can be stated as: 
(1) With the flow field solved, the velocity components and the pressure are transferred, using the interpolation 

function given by Eq. (18), to the nearest Lagrangian points (k, k1...k6) depicted in Fig. (4); 

(2) Once having kiu , and kip , , evaluates kiF , by Eq. (3); 
(3) Calculates the force field components, due to each Lagrangian point k, via Eq. (13); 
(4) Advances in time; 
(5) The force field are inserted into the source-term of Eq. (1); 
(6) A new flow field is obtained and the procedure re-starts. 
 

3. Parallel Programming Approach  
 
One of the greatest problems involving complex physical problems simulations is the computational resources 

available. Thus, an in-house Beowulf cluster turns out to be very a viable solution due to its comparatively low cost 
when comparing to the supercomputers. Moreover, such clusters have good scalability, that is, it is possible to increase 
the cluster resource by adding more processors anytime. The cheaper assembly is ensured by employing on-the-shelf 
hardware and, mainly, due to the open source software, freely downloaded from internet. 

Any group of ordinary machines connected by a local network may be enough to constitute a Beowulf cluster. This 
work ran on a homogeneous cluster of five machines with the following configurations: master node has an Intel® 
865PERL mother-board, a Pentium4® 2.8GHz processor, with 1548 MB DDR RAM, 80 GB IDE hard drive, and a 
Radeon® 9200 128MB DDR AGP8x video card. The slave nodes have the same configuration, except by the video 
card, which is a Geforce® 64MB AGP4x. The postprocessing tasks are done by master node. All machines are 
connected by a Gigabit network via 3COM® 16 port switch.  

The software uses for data interchange among processors the MPI (Message Passage Interface) library, more 
specifically a MPICH (MPI CHameleon). The MPI was chosen, mainly, due to its better performance on clusters of 
homogeneous machines. Furthermore, the MPI library has more than 120 functions permitting to write very efficient 
codes and, also, it is constantly updated by the MPI community. 

The computational domain was split in 3 sub-domains with the Lagrangian mesh entirely in one of them, since it is 
not parallelized yet. Furthermore, as described above, it is imperative to use uniform spacing grids within and over the 
immersed geometry region. The other regions of the Eulerian domain was discretized in a non-uniform mesh to save 
computational resources. The way the problem was partitioned can be seen in fig. (6). 
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Figure 6: Eulerian sub-domains used in the simulations. 
 

4. Results and discussion  
 

Craft (Craft et al, 2006) studied the formation and decay of wingtip vortices based on experimental results obtained 
by Chow (Chow et al, 1997). Those papers were used to qualitatively validate the present work. 

The numerical Eulerian mesh used for every simulation is detailed in the Fig (7). The numerical domain has 
dimensions length (X) = 0.88m, width (Y) = 0.68 m and height (Z) = 0.336 m. Such domain was discretized by, 
148x268x76 grids in X, Y and Z axis, respectively.  

The NACA 0012 airfoil is represented by a triangular element mesh, as seen in Fig. (8), composed by 15446 nodes 
and 30888 elements. Again, the Immersed Boundary methodology requires only the discretization of the surface that 

represents the fluid/solid interface, i.e. the body shell. The airfoil is centered at ( ccc zyx ,, ) = (0.28, 0.34, 0.165) m, 
having a chord c=0.04m and a width of 4c. For every simulation the attack angle α = 10º and the Reynolds number, 
based on chord, is Re = 10000. 

The boundary condition for velocity components on the Eulerian domain side walls were set as free-slip conditions, 

the inflow at x=0 m had a flat profile with values of IUu =  (inlet velocity), smwv /0== . The outflow was set of 
Neumann conditions. 

 

 
 

Figure 7: Eulerian and Lagrangian domain. 
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Figure 8: Airfoil discretized using a triangular elements mesh. 
 

Computations are here reported as the flow over a NACA 0012 airfoil with a square wing tip. The generation and 
the evolution on time of the trailing vortices are well shown for a low Reynolds number (Re = 10000). 

In Figs (9a-h) it is possible to see the formation and evolution of the streamlines over the NACA 0012 airfoil of Fig 
(8). Since the overall flow pattern is symmetric at this flow regime, only one side of the airfoil is shown. 

 

 
(a)      (b) 

 
(c)      (d) 
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(e)      (f) 

 
(g) (h) 

Figure 9: Evolution of streamlines over an NACA 0012 airfoil on times: (a) t=0.01s, (b) t=0.1s (c) t=0.5s (d) 
t=1.0s (e) t=1.5s (f) t=3.0s (g) t=5.0s (h) t=10.0s. 

 
The value of the L2 norm was about 10-3, which is acceptable, once that the code has a second order in time-space 

accuracy. 
Figure (10) shows three perpendicular planes to the airfoil. It’s notable the influence of the tip of wing on the flow. 

We see that the flow is symmetric, and at the airfoil middle a Kelvin-Helmholtz like instability is formed and it is being 
transported. Figure (11) and Fig (12), show the top view and the back view of Fig (10). At Fig (12) the helicoidal 
wingtip vortices are clearly shown.  

 

 
 

Figure 10: Perpendicular planes at t=10.0s. 
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Figure 11: Top view of Fig. 10 
 

 
 

Figure 12: Back view of Fig 10. 
 

In Figs (13a-f), the vorticity field is shown over six transversal cuts. It’s possible to see the formation and evolution 
of the vertical structures over the NACA 0012 airfoil. 

 

 
(a)               (b) 

 
(c)               (d) 
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(e) (f) 

 
Figure 13: Evolution of the vorticity field behind the airfoil in t=10s at positions: (a) x=0.3m, (b) x=0.34m (c) 

x=0.4m (d) x=0.45m (e) x=0.5m (f) x=0.6m  
 

In Fig (13) it is possible to note that the main structure that remains in the flow are the vortices generated by the tip 
of the airfoil. From this result, it can be said that those structures are really matter of concern, when studying large 
aircrafts. 
 
5. Conclusion  
 

In this work, which represents an extension of Campregher's work (Campregher, 2005), the authors intended to 
present more applications to Virtual Physical Method. The flow around a single airfoil NACA 0012 at Re = 10000 was 
chosen as a test case to identify and characterize the generation and the decay of wingtip vortices. It was done 
successfully. 

The Immersed Boundary Method have shown great capability in dealing with complexes geometries and/or 
moving bodies, once the Eulerian mesh is a Cartesian mesh, very simple to be created, and there are no further 
difficulties in generating the Lagrangian mesh, which is a advantage if compared with other methodologies of studying 
Fluid-Structure Interaction. 

The results present a good agreement with literature (Chow et al, 1994 and Craft et al, 2006), and also, it is 
possible to understand the generation and development of the vortices. Although, further investigation about the 
influence of the width of the airfoil in the flow, as well as development for high Reynolds number have to be done.  
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¥af2g7f���u�q�z-hj_
]�g3m¢fHd-f�m�d-h�z'z'f�]th1]B�a_
drz-h1^Hh�z���§�g�z-d'f2qy`Ãx�ue]�^�z'h1_a]tx�_ad-`wuek#q�§
z-hj_
]9�:�7oefD�
_ad'z'h#^Phjz��@hj]�z'o�f�grb�qa]vm�h1g'f�|ehjd-f�^Pz'h1_a]9��|efH]e_az'f�|Ziv�

ω
�eh#gH¦

ω =
∂u

∂y
−
∂v

∂x
.

�r³2�

qa]�|Zz'oef�grz'd-f�qa`Ãx�ue]�^Pz'h1_a]
ψ
h1g?|=fP¼�]�f�|;gru�^6oCz-o�q�z2¦

u =
∂ψ

∂y
,

��±a�

qa]�|

v =
∂ψ

∂x

��µ
�

�7o�fD�a_ad'z'h#^Phjz��cz'd6qy]�grb+_ad'z¢f2��u�q�z-hj_
]�^�qy]�i�fD_
i=z-qahj]ef2|�i��Zqybebek1�vhj]�~cqpd-_yz6q�z'h1_a]�qykU_yx z'oefD`c_a`cf�]
z-ue`Éf2��u�q�z-hj_
]Zh#gH¦

∂ω

∂t
= −u

∂ω

∂x
− v

∂ω

∂y
+

1

Re

(

∂2ω

∂x2
+
∂2ω

∂y2

)

.
�¯Ê��

�7o�f�^P_a]�z-hj]vuehjz��5f���u�qyz'h1_a]Zh1g�¦

∂u

∂x
+
∂v

∂y
= 0.

��Ëa�

ÌSgrh1]e~cz-oef¬|=fH¼�]ehjz'h1_a]�g3_yx:g�z-d'f2qy`Éx�ue]�^�z-hj_
]�Í/�vgH�D��±a��qa]�|0�¯µ
�3qy]�|�qabebek1��h1]e~cz-oefH`<hj];z-oef��
_ad'z'h#^Phjz��Z|=fH¼�]ehjz'h1_a]�Í/�+�
�r³2�7qp�%_ah#g'g'_a]e§�z��vb+f�f2��u�q�z-hj_
]Cx�_
d7z'oef

ψ
^Hqa]Zi+f�|=f�d'h1�af2|G¦

∂2ψ

∂x2
+
∂2ψ

∂y2
= ω.

��Î
�

Í,�
u�q�z'h1_a]�gD��±a�P�V�¯µ����V�¯Ê��7qa]�|���Î
�¢m¢fHd-f�g'_ak1�af2|C]vue`cf�d'h#^Hqakjk1�@iv�@z'oef�g-^6oef�`pf2g�|=f�g-^Pd-h1i�f2|Zi+fHk1_�mD�
�7o�f�gr_
kju=z-hj_
]Zm7qag¢`@qyd6^6oef2|Ch1]�z'h1`pf�q
^H^H_ad6|=hj]�~�z'_cz-oef�x�_ak1k1_�m�hj]e~cgrz'fHb�gH¦

³a�7\�`cb�_�grf�h1]ehjz'h#qykV^H_a]�|=hjz'h1_a]�g¢x�_ad
u
�
v
�
ω
qy]�|

ψ
^P_
`cb�q�z-hjiek1f�m�h�z-o;f�qa^6o�_yz-oefHd2´

±=� � qyk#^Pu�k1qyz'f�z'oefD�
_ad'z'h#^Phjz��cx�d'_
`Ãz'o�fD�a_ad'z'h#^Phjz��cz'd6qy]�grb+_ad'z�f���u�q�z-hj_
]$�¯Ê��P�=x�_ad7z-hj`cf
t+ dt

´
µe� � qyk#^Pu�k1qyz'f

ψ
x�d'_
`Ãz'o�fD�W_
h1g-g'_a]Cf2��u�q�z-hj_
]$��Î
��´

±
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Ê�� � qyk#^Pu�k1qyz'f
v
�af�kj_=^Hh�z��cx�d-_a`ÑÍ/�+�3�¯µ
�P´

Ë=� � qyk#^Pu�k1qyz'f
u
�af�kj_=^Phjz��@x�d-_a`ÒÍ,���3��±a�P´

Îe� � qyk#^Pu�k1qyz'f�z'oefD�
_ad'z'h#^Phjz��@~af�]efHd6q�z-hj_
]Zq�z�z-oef�m¢qakjkUx�_
d7z'oefD]�fHmÂ�afHk1_=^Phjz��C|=h#g�z-d'h1ieu=z-hj_
]9´
Ó �7d-fPz'u�d']Zz'_cz-oefDgrf2^P_a]�|Zgrz'f�b�u�]
z-hjk9z'oef�|=f2grh1d-f�|Zhj]�z'f�~ad6q�z-hj_
]5z'h1`cfDh1g3d'f2qa^6oef2|G�

Ô ·`ð º/é�¯�´�Þ¯[X±pî°ß�¯�êBâ4µV³

�7o�f�z'h1`pf¬|=fHd-hj��qyz'h1�af�g3hj]�z'o�f��a_
drz-h1^Hh�z��@z-d-qa]�g'b�_
drz3f2�
u�q�z'h1_a]�g7m,f�d'f�|=h#g-^Pd-fPz'h1»Hf2|�m�h�z-oBq@^Pk#qag-grh#^Hqak
4th

_
d-|=f�d3«�ue]e~
fP§
·�uezrz-q�h1]�z'fH~
d-qyz'h1_a]tg-^6oef�`pfc�ef�d'»�hj~
fHd�qy]�|t�%fHd-h1^a�:³�¿
¿ Ó �D�7oef@g'b�q�z-h1qak�|=fHd-hj��qyz'h1�af�gSm¢fHd-fp^�qyk#^Puek#q�z-f�|Bu�grh1]e~;q

2nd
_ad6|=fHd

¼�]eh�z-f@|=h�¸UfHd-fH]�^Pfcg'^6oef�`cf�g����7oefc�a_ad'z'h#^Phjz��;uebU|eq�z-hj]e~;q�z�z'o�fpm7qyk1k���x�_
dDqyk1kWi+_au�]�|eqyd-h1f�gSieu=z�z'oefpuebeb+fHdDi+_au�]�|eqyd-�a�Um7qag
|e_a]efDu�g'h1]e~pz'oef�x�_
d'`¬uek1q�¦

ωwall =
−85ψwall + 108ψwall±1 − 27ψwall±2 + 4ψwall±3

18(∆)2
� Ó �

�7o�fD�a_ad'z'h#^Phjz��5q�z�z-oefDuebeb+fHd�i+_au�]�|eqyd-�5m7qag�^�qyk#^Puek#q�z-f�|Zi��U¦

ωjmax =
11ujmax − 18ujmax−1 + 9ujmax−2 − 2ujmax−3

6∆y

��À
�

\�]0z-oefCb�d'f2grf�]
z¬m,_
d'¥U� g'hj¤0|=hj¸UfHd-fH]�zw�%_ah#g'g'_a]>g'_ak1�af�d�gru�ied'_
u=z'h1]ef2g�m¢fHd-f@fH��qyk1u�q�z-f�|G���7oef�|=fPz6qyh1k1gw_yx�f�q
^6o0_a]efCqad'f
~
hj�
fH]�i�f�kj_�mD�

Ô · X ·ZÕ�µ)ÞËÝÝBµ6²�¹$µ)îÄï)¯�´�Ý

�7o�f@�W_
h1g-g'_a]0gr_
kj�
fHd6g?z-f�grz'f2|�h1]0z'o�f5^Pued-d'f�]�z�m¢_ad-¥tqad'f@^Pk#qag-g'h�¼�f2|�q
g�h�z-fHd6q�z-hj�
fp`cfHz'oe_=|eg��Z�7oef5qakj~
fHied6qyh#^pgr�=grz'fH`@g
z-o�q�z?qad'h#g'f3x�d-_a`Ãz-oefD|=h1g-^Pd-fPz-hj»2q�z-hj_
]Zqyd-f�grb�qad-g'f�qy]�|�^Hqa]Ci+f��
fHd-�@k1qad'~
fp��|=fHb+fH]�|=hj]�~p_
]Cz-oef�]vue`wi+fHd�_ax b+_ah1]
z6g7hj]�i+_yz'o
|ehjd-f�^Pz'h1_a]�g6���5�7oef�d'fHx�_ad-f¬hjz'f�d-qyz'h1�afc`cfPz-oe_=|egDqyd-fc`p_
d'fcfH�@^Hhjf�]�zDqa]�|0|=fH`@qa]�|Bx¯qadDkjf2g'gDgrz'_
d-qa~af¬z'o�qa]}|=hjd-f�^PzD`pfHz'oe_=|eg��
�7o�fD`pfHz'oe_=|eg3hj`cbek1fH`cfH]�z-f�|;^Hqa]Zi+f�^Pk#qag-grhj¼�f2|Zq
gH¦

Ô · X · X ·CÖI±pÝBÞ¯[�Þ êB¯X´�±-êBÞ ï6¯8é�¯�êâ/µV³/Ý

�7o�f�g'f@`pfHz'oe_=|egwm,f�d'fc�
fHd-�Bb�_
beuek#qyd�h1]0z'o�f5Îa²e× g��C�7oef@¼�d6grz�h�z-fHd6q�z'h1�afc`cfPz-oe_=|egDx�_
dwg'_ak1��h1]e~;k#qyd-~afckjh1]ef2qydwg'�=g�z-fH`
m¢fHd-f5i�q
grf2|$_a]}d-fHk#q�¤eq�z-hj_
]$_ax7z'oefC^H_v_ad6|=hj]�q�z'f2gH�;©¢fH~
hj]e]�hj]e~tm�h�z-o>q�~ah1�af�]0qabebed-_*¤=hj`@q�z-f5gr_
kjuez'h1_a]9� z'oef���`c_=|=hjx��$z'oef
^H_a`cb+_a]ef�]
z6g3_axWz-oef¬qabebed-_*¤=hj`@q�z-hj_
]9�=_a]�f�_ad?q@x�fHmØq�z�qcz'h1`cfwqy]�|;h1]tq@^HfHd'z-qyh1]�_ad6|=f�d��eu�]
z-hjk%^P_
]v�afHd-~af�]�^Pf�h#g?d-f�q
^6oef�|G�
ª ]�fC_yx7z-oefC`@qyh1]s|=hj�5^Puekjz'h1f�g¬m�hjz'o}z-oef�g'fC`cfPz-oe_=|eg¬h1g�¼�]�|=h1]e~�qa]>_abez'h1`cqak/d-fHk#q�¤eq�z-hj_
]$x¯qa^�z-_adwx�_adw~
fH]ef�d-qak:`@q�z-d'h#^Pf2gH�
Á?_�m,f��af�dSm�oef�]�^H_a`wi�hj]ef2|Bm�hjz'o$`c_ad-f¬fH�@^Hhjf�]�z�`cfPz-oe_=|egSz'oef��t^Hqa]ti+f@�
u�h�z-fpg'u�^H^Hf�g-g�x�u�k��wÙB_ad-fH_��af�d���z'oef�d'f@qad'fpgr_
`pf
qabebek1h1^�q�z-hj_
]�qad'f2qag¢m�oefHd-f���qyd-h1qyz'h1_a]�g¢_yxWz'o�f�g'f�`cfHz'oe_=|eg3qad'fDgrz'h1kjk �
u�h�z-f�b+_ab�uek1qad�°�f2g'g'fHk1h1]e~���±a²a²e³
�

Ô · X · È ·CÚ�´*ÛVîÄµLïªÝº Ü�ÝHÝ�±e[:¯#é�¯�êâ/µV³4Ý

�7o�f�gr�=grz'fH`Òz'_ci�f�g'_ak1�af2|C^�qy]�i�fDm�d-h�z'z'f�];q
g
Ax = b

�em�oef�d'f
A
h1g3qpk#qyd-~af�qy]�|�g'b�qyd6grf�`@q�z-d'hj¤G�%�7o�f�g'f�z'f�^6o�]eh1��uef2g

qad'fZi�qag'f�|0_
]>bed-_y¹�f2^�z'h1_a]}b�d'_=^Pf2g'g'f�g��%i�_az'o>_
drz-oe_a~
_a]�qak/qy]�|}_aiek1h#�
u�fa�%_a]�z'_$·�d'�vk1_���g'uei�g'b�qa^Hfa�%m�oeh#^6osqyd-fCg'uei�g'b�qa^Hf�g
g'b�qa]e]ef�|Bi��;�
f�^�z-_ad6g3_ax�z'oefwx�_ad-`

p(A)v
�Gm�oef�d'f

p
h#gSq5b�_
kj�v]e_
`ph#qyk��?\�]$gro�_ad'z���z'oef2grfwz'f�^6o�]eh1��uef2gSqabebed-_*¤=hj`@q�z-f

A−1biv�
p(A)v

�7m�oef�d'f
p
h#g@qÄÞ�~a_v_=|VÞCb�_
kj�v]e_
`ch1qak ¨ qaq
|G�7±a²a²
µe���7oef�g'f;`pfHz'oe_=|egCqyd-f�m�h#|=f�kj��u�grf2|si+f�^�qyu�g'f�z'oef�hjdCd-qyz'f

_ax7^H_a]v�af�d'~
fH]�^Hfw^Hqa]�i+f@f�grz'h1`@q�z-f�|G�c�7oef5q�z'z'd6qa^Pz'h1�afH]�f�g-g?_ax/z'o�_
g'fp`cfHz'oe_=|eg��9x�_
d�k#qyd-~afcg'b�qyd6grfcg'�vgrz'f�`@gH�9h#g�z'o�q�z�z'oef��
d-fPx�f�d'f�]�^Pf

A
_a]ek1�5z-oed'_
ue~aoZz'o�f�`wuekjz'h1bek1h1^�q�z-hj_
]�iv�;qc�af2^�z'_
d��,�7oefD~ad6qa|=h1fH]�z���_
d?grz'fHf�b�f2g�z�|=f�g-^Pf�]
z��7qy]�|Zz-oefw^P_
]�¹�ue~�q�z'f

~
d-q
|=h1fH]�z�`pfHz'oe_=|eg?^Hqy]�i+f�qybebek1h1f�|Cz'_cz'o�f�gr_
kju=z-hj_
]Z_ax
Ax = b

_a]ek1�5m�oef�]
A
h#g�g'��`c`cfPz-d'h#^�qy]�|�b+_
g'h�z-hj�
fD|=fP¼�]�h�z-fa�

Ô · X · Ô · ß�º/î êBÞ¯ß)´�ÞÄ³ªé�¯�êâ/µV³4Ý

�7o�f¢^H_a]v�af�d'~
fH]�^Hf�_yx�·�d-��k1_��U× g gru�i�grb�qa^Pf,`cfPz'o�_v|�gVx�_
dWg'_ak1�vhj]�~?gr�=grz'f�`cgWqyd-h#grh1]e~�x�d-_a`Ø|=h#g-^Pd-fPz'h1»Hf2|Db�qadrz-h1qak�|=hj¸UfHd-fH]�z'h#qyk
f2��u�q�z-hj_
]�g7z'f�]�|eg3z'_5g'kj_�mÇ|=_�m�]�^P_
]�grh#|=f�d-qaiekj�Zqag7z-oef�g'f�gr�=grz'f�`cg3i�f2^P_a`cfDk#qyd-~af�d��:\�]B^H_a]�z'd6qagrz7z'oefw`wuekjz'h1~ad-h1|�`cfPz-oe_=|eg
qad'f
��hj]�z'o�fH_ad-�a��h1]�|=f�b�f�]�|=f�]
z@_ax�z'oef;`cf�g'o�g'hj»�fa� ª ]ef;grh1~a]�h�¼�^�qy]�zp|eh�¸UfHd-fH]�^HfZm�hjz'osz'oef;·�d-��k1_��0gruei�grb�q
^Pf�qybebed-_
q
^6o
h#gSz'o�qyz�`¬uekjz'h1~ad-h1|�`cfHz'oe_=|eg�m¢fHd-fwh1]eh�z-h1qakjk1�B|=f2grh1~a]ef2|Bg'b�f2^Phj¼�^Hqakjk1��x�_ad�z'oefcg'_ak1u=z'h1_a]B_ax:z'o�fp|=h#g-^Pd-fPz'h1»Hf2|�fHk1k1hjb=z-h1^¬��qyd'z'h#qyk
�Shj¸+f�d'f�]
z-h1qak7Í/��u�q�z-hj_
]�gH�$�7oef�`wuekjz'h1~ad-h1|0`cfHz'oe_=|egpm¢fHd-f5k1qyz'f�d¬fH¤�z-fH]�|ef�|0z-_t]e_
]ekjh1]ef2qyd¬g'�=g�z-fH`@g��:qy]�|}_az'oef�dwz��vb+fC_ax
f2��u�q�z-hj_
]�gH�3�7o�f¬|=h#g'^H_��af�d'�5_ax�`wuekjz'h1~ad-h1|B`pfHz'oe_=|egS©¢d-qa]�|vz��W³�¿ ÓaÓ h#g3z-oefw`c_
grzSg'hj~
]ehj¼�^Hqa]
z�|=fH�
fHk1_abe`cfH]�z3h1]B]vue`cfHd-h1^�qyk
qa]�qyk1�=grh#gWhj]pz-oef�k1q
g�z:µ
²?�
f�qyd6g��yqy]�|¬h1g%o�q*��h1]e~�q�g�z-d'_
]e~Sh1`cb�qa^Pz:_a] � _a`cbeu=z6q�z-hj_
]�qyk=�Wkju�h1|c�S��]�qy`ch1^�g�� � �%���%°�f2g'g'fHk1h1]e~��
±a²a²�³a�S�àd-fH�vhjf�mÇ_yx:z-oefpqabebek1h1^�q�z-hj_
]�_yx/`¬uek�z-hj~
d'h#|�h1] � �%�áh1g�g'oe_�m,f2|;iv��°$f�g-g'fHk1hj]e~��9±y²a²�³a���7oefw`@qyh1]�q
|=��qy]�z-qa~afD_ax
z-oef�g'f�`cfPz-oe_=|egSh1g3z'oef�hjdS�afHd-�@x¯q
g�z�^P_a]v�
fHd-~afH]�^Pf�d-qyz'fa��oe_�m¢fH�af�d7z'oef��Z`@q*�Zd'f2�
u�hjd-fDhj`cbek1fH`cf�]
z6q�z-hj_
]�g�z-o�q�zSqad'f�g'b+f�^Phj¼�^
z-_�z-oef?beov�=g'h1^�qyk�b�d'_
iekjf�`áqyz,o�qa]�|G���7oed-fHf3`¬uekjz'h1~ad-h1|c`cfPz-oe_=|eg,m,f�d'f�z-f�grz'f2|5qy]�|pz-oefHh1d¢`cqahj]Z|=h�¸UfHd-fH]�^Pf�g,qyd-f�z'o�fSg'_ak1�afHd

µ
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u�grf2|�hj]tf�qa^6o;~
d'h#|G�3���uek1kW�?bebed-_*¤vh1`@q�z-hj_
] ¨ ^6oefH`cfC���=� ¨ �?m¢q
g3qa|e_ab=z-f�|G�Uqy]�|�q
V
^P�=^Hkjf�m�hjz'o

4
`pf2gro�f�g3m¢fHd-fDu�g'f�|

h1]�qyk1kGz'o�fD`pfHz'oe_=|eg�|ef�g-^Pd-hji+f�|�i+fHk1kj_�mD�
�7o�fHd-f�qyd-f�`@qa]��C`wuekjz'h1~ad-h1|�`cfPz-oe_=|eg�z-o�q�z?g'_ak1�af�f�kjk1hjbez'h#^Dbed-_aiek1fH`@gD�¯©¢d-hj~
~
g��G³�¿
À Ó ´�®�u�b=z-qB�H�7�yâjã1�W³�¿a¿ Ó ´ ¨ b�h�z6qyk1fHd-h��

±a²a²
²e´�ä+o�qa]e~��V³�¿a¿
Îe´�ä+o�qa]e~��V³�¿a¿ Ó �P�:Á3_�m¢fH�af�d���z-oef�`wu�k�z-hj~
d'h#|�h1|=f2qc^Hqy]�qak1g'_ci�fwqabebek1hjf2|Zz'_@]e_
]ekjh1]ef2qyd�bed-_aiek1fH`@g��/�7oef
q
|=_abez'f�|Zqyk1~a_
d'hjz'oe`nh1]5z-oeh1g7m¢_ad-¥ph1g,z'o�f��=� ¨ qabebek1hjf2|5h1]�q

V
^H�=^Pk1f?m�hjz'o

4
`cf�g'oef�g�� ¨ z'åei+fH]�qy]�|C� d'_azrz'f�]vi�f�d'~���³2¿aÀe³*���

�7o�fD�W_
h1g-g'_a]�f���u�q�z-hj_
]9�=Í/�+�3�¯Î��¢^Hqy];i+fDm�d'hjzrz-fH]�hj]�z-oef�x�_ad-`;¦

∇
2f = st,

��¿
�

m�o�fHd-f
∇2

h1gDz'oefC¾ qybek#qa^Hh1qa]�_
b�f�d-qyz'_
d��
f
h#g�z'o�f5ue]e¥v]e_�m�]}g'_ak1u=z'h1_a]9�%qy]�|

st
h1gDz'oefCg'_au�d-^Hf¬z-fHd-`;���7oeh#gDf2�
u�q�z'h1_a]0h#g

g'_ak1�af2|Ch1];f�q
^6oC~ad-h#|G�=u�g'hj]e~5qa]Zhjz'f�d-qyz'h1�af�bed-_v^Hf�|=u�d'f
�
�7o�f�`wuekjz'h1~ad-h#|�g'^6oef�`cf�m,_
d'¥=g7h1]�z'o�fDx�_ak1kj_�m�h1]e~@m7q*�a��z-qy¥vh1]e~

h
qag7z-oef¬|=h#grz-qy]�^Pf�i+fPz�m¢fHf�];z�m,_5^H_a]�g'f�^Hu=z'h1�afDb+_ah1]�z-g

h1]�z'oef�¼�]ef�grz3`cf�g'o9�
2
h�z-fHd6q�z-hj_
]�g¢h1g�b+fHd'x�_ad-`cf�|Zhj]�z-oeh1g3`pf2gro0�

h
��¦

∇2fh = sth.
�r³�²
�

�7o�fDd'f2grh#|=u�qak+h#g3^�qyk#^Puek#q�z-f�|Z]efP¤vz7x�d'_
`æ�
resh

��¦

resh = sth −∇2fh.
�r³a³2�

� _@|=fP¼�]ef�z'oefD��qad'h#qyiek1f�g¢h1]�z'oefD]efH¤vz3~ad-h1|$�¯^H_
qyd6g'fHd����vq¬_
b�f�d-qyz'h1_a];^Hqakjk1f�|Zd'f2g�z-d'h#^�z-hj_
]Zh#g7u�g'f�|G¦

f i
h ⇒ f0

2h (SI),
��³*±a�

resi
h ⇒ res02h (FW ),

��³2µ
�
m�o�fHd-f

SI
grz-qy]�|eg%x�_ad ¨ z'd6qyh1~ao�z�\�]�¹�f�^Pz'h1_a]5qy]�|

FW
g�z6qy]�|�gWx�_ad/��uekjk�°�f�hj~
o�z��%Ù�_ad-f�|=fPz6qyh1k1g�_ax�z-oef�d-f�grz'd-h1^Pz'h1_a]p_ab+fHd6q�z'h1_a]

^�qy];i+f�x�_aue]�|Zh1]��/d'f2g'g��H�7�yâjã1�V³2¿a¿ Ó �
�7o�fH]9�=z-oef�g'_aued6^PfSz'f�d'`Éx�_ad7z'o�f�grf2^P_a]�|5`cf�g'o;h1g�^�qyk#^Puek#q�z-f�|G¦

st2h = res02h + ∇
2f0

2h.
�r³HÊ��

Á?fHd-fDqy~
qahj]
2
h�z-fHd6q�z-hj_
]�g7qyd-f�|e_a]ef�h1]Zz-oeh#g�`cf�g'o$�

2h
�P¦

∇2f2h = st2h.
�r³2Ëa�

�3x�z'f�d�z'o�qyz��=z-oefDd-f�g'h1|=u�qykUh1g?^Hqyk#^Pu�k1qyz'f�|Cx�d-_a`��
res2h

��¦

res2h = st2h −∇2f2h,
�r³�Î
�

qa]�|Zz'oeh#g�bed-_=^Pf2|=ued-fSh#g�d-fHb+f�q�z-f�|Zue]�z'h1kGz'o�f�^P_
qad-g'f�grz,`cf2gro}�
8h
�¢h#g7d'f2qa^6oef2|G�vm�oefHd-f

40
hjz'fHd6q�z-hj_
]�g�qyd-f�b�f�drx�_
d'`cf�|9¦

∇
2f8h = st8h.

�r³ Ó �
�7o�fDm¢q*�@i�q
^6¥@z'_pz-oef�¼�]ef2g�z3`cf�g'o;g�z6qyd'z-g7m�hjz'o�z'oef�^�qyk#^Puek#q�z-hj_
]Z_axVz-oef�^P_
d'd-f�^Pz'h1_a]C_
]Cz-oef�^P_�qyd6grf2g�z7`cf�g'o9¦

corr8h = f i
8h − f0

8h.
�r³�À
�

�7o�h1g�^H_ad-d'f2^�z'h1_a]Zh1g3hj]�z'f�d'b+_ak#q�z-f�|G�=u�grh1]e~@qpieh�§�k1hj]ef2qyd�h1]�z'fHd-b+_ak#q�z'h1_a]Cz'_cz-oefD~ad-h1|
8h

z-_¬z-oefD]efH¤�z3~
d'h#|
4h
¦

corr8h ⇒ corr4h.
�r³�¿
�

�3x�z'f�d�z'o�qyz��=z-oef�x�ue]�^Pz'h1_a];h#g�^P_ad-d-f�^�z-f�|G�=u�grh1]e~c]efHmÅ��qyk1uef�g�¦

f4h = f i
4h + corr4h.

��±y²
�
ª ]�f�g'h1]e~ak1f�h�z-fHd6q�z'h1_a]�h#g�b�f�drx�_
d'`cf2|Ch1]Cz-oeh#g�`cf�g'o0�

4h
��¦

∇
2f4h = st4h,

��±=³2�
�7o�fH]{z'oef�^H_ad-d'f2^�z'h1_a]shj]�z'oeh#g@`cf�g'o{h1gcqyk#g'_$^�qyk#^Puek#q�z-f�|G�¢qy]�|sz'oeh#gcbed-_=^Pf�|eued'f�h#gcd'f�b�f2q�z'f2|>ue]�z-hjk�z-oef�¼�]ef2g�z@`cf�g'o�h#g
d-f�q
^6oef�|9¦

∇2fh = sth.
��±a±a�

�7o�f�]�u�`wi+fHd:_ax
V
^P�=^Hkjf2g�u�g'f�|wz'_D_aiez-qyh1]pz'oef3g'_ak1u=z-hj_
]¬_ax�z-oef3�%_ah#g'g'_a]¬f���u�qyz'h1_a]@|=fHb+fH]�|eg�_a]pz-oef�]vue`wi+fHd:_ax�b+_ah1]�z-g

h1]�z'oefD`cf2gro�qy]�|C_
]Cz-oefD`chj]eh1`wu�`Ñd-f�g'h1|eu�qykGqyk1k1_�m,f2|5_a];hjz��:�Wh1~aued-fc³�h1k1kju�grz'd6q�z-f�g¢z-oef�qyi+_��af�`wuekjz'h1~ad-h#|Cbed-_=^Pf2|=ued-fa�
�7o�d'f�f�|eh�¸UfHd-fH]�z3hjz'fHd6q�z-hj�
f�g-^6oef�`pf2g7m,f�d'f�u�g'f�|Zm�hjz'o�z'oefD`¬uekjz'h1~ad-h1|Z`cfPz'o�_v|;qa]�|;qyd-f�|=f2g'^Hd'h1i+f�|�i�f�kj_�mD�

Ê
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restriction

restriction

restriction correction

correction

correction

mesh 1

mesh 2

mesh 3

mesh 4

2 it

2 it

40 it

1 it

1 it

2 it 1 it

�Whj~
ued-f¬³
¦
V
� �=^Hkjf
�

•
Ù�uekjz'h1~ad-h#|Cm�hjz'o�¾ ¨�ª «á���=� ¨ §�¾ ¨�ª «?�
�7oeh#gw`cfHz'oe_=|}u�g'f�g¬qt¾Vhj]ef ¨ u�^�^Pf�g-g'hj�
f ª �afHd'§�«�fHk#q�¤eq�z-hj_
]{��¾ ¨�ª «S��qag�z'oef�hjz'fHd6q�z-hj�
f@bed-_v^Hf�|=u�d'f5h1]>f2qa^6o}`cf�g'o9�
¨ b+f�^Hh1qakWqyzrz'f�]�z'h1_a]Bg'oe_auek#|�i+fw~
hj�
fH];z'_Cz'oef¬d'f�k1qy¤eq�z'h1_a]�x¯q
^�z'_
d?u�g'f�|Bhj]�z-oeh#g?bed-_=^Pf2|=ued-fa��qC��qyk1uef�i+fPz�m¢fHfH]

1
qy]�|

2
^Hqa]Zi+fDu�g'f�|�m�oef�]Zz-oef�`cfPz-oe_=|�~a_vf�g¢x�d-_a`Ãz-oefD¼�]�f�z'_cz'o�f�^P_
qad-g'f�~ad-h1|Zieu=z3z-oeh#g7x¯qa^Pz'_ad�`¬u�grz3i�f

1
m�oef�]Zz-oef

`cfPz-oe_=|B~a_vf2g�x�d-_a`ç^P_�qyd6grf�z-_5z'o�fw¼�]�fw~ad-h#|G�U_yz'o�fHd-m�h1g'fDz'o�f¬g'`p_v_az'oeh1]e~C_ax�z'oefpoeh1~ao�x�d-f���uef�]�^Ph1f�g��+`cqahj]th1|=f2q5_ax
z'o�h1g3g-^6oef�`pf
�e|=_vf�g7]e_az3m,_
d'¥U�

•
Ù�uekjz'h1~ad-h#|Cm�hjz'o � _a]y¹�ue~
qyz'f�®�d-q
|=h1fH]�z��¯�=� ¨ § � ®D�
�7oeh#g�`pfHz'oe_=|tu�grf2g3z-oef � _a]�¹�ue~�q�z-fp®�d6qa|=h1fH]�zp� � ®D�3hjz'f�d-qyz'h1�af¬bed'_=^Hf�|=ued-f�h1]tf2qa^6oB`cf�g'o9�D�7oef¬`cqahj]$qa|=��qa]
z6qy~
f
h#g¢z'o�qyz3]e_@d'f�k1qy¤eq�z'h1_a]5x¯qa^�z-_ad�h#g�]ef�f�|=f2|Ch1]�z'oeh#g3g-^6oefH`cfa�

•
Ù�uekjz'h1~ad-h#|Cm�hjz'o�¾ ¨�ª «Âqa]�| � ®É���=� ¨ §�`ch�¤��
¨ f��afHd6qyk z'f2g�z6g�m,f�d'f¬b�f�drx�_
d'`cf�|t^6o�qy]e~
hj]�~5z'o�fphjz'f�d-qyz'h1�af¬bed'_=^Hf�|=ued-f�g?hj]�z'o�f¬`¬uek�z-hj~
d'h#|tg-^6oef�`pf
���7oefpi�f2g�z � �/Ì
z'h1`cfBd-f�g'uek�z6g@m¢fHd-f�_ai=z6qyh1]ef�|{m�oef�]è¾9h1]ef ¨ u�^�^Pf2g'g'hj�
f ª �afHd'§�«�fHk#q�¤eq�z-hj_
]Å��¾ ¨�ª «?�@m¢q
g@qa|=_
b=z'f2|�h1]�z'o�f

3
¼�d6g�z

`cf�g'oef�g�qa]�|;q � _a]�¹�ue~�q�z-fD®�d6qa|ehjf�]
z�� � ®D�¢m¢q
g,u�grf2|Zh1]�z'oef�^H_
qad-g'f�grz,`cf�g'o9�

é ·Zê`¯LÝº/î êBÝ

�7o�h1g�g'f�^�z-hj_
]�h#g�|=h1��h#|=f2|th1]tz�m¢_��Uz-oefp¼�d6g�z�_a]efcg'oe_�m�]Bz-oef@^P_a`cb�qad'h#g'_a]B_ax:z'oefc�%_ah#g-gr_
]tgr_
kj�
fHd6g3x�_
dDqZg'hj`cbek1fpz'f2g�z
^�qag'fa´vqy]�|pz-oef?g'f�^H_a]�|cb�qadrz¢groe_�m3g�z'oef3d-f�g'uekjz-g/_yx9qw±�|=h1`cfH]�g'hj_
]�qyk�hj]�^P_a`cbed-f�g-g'hjiek1f7l�_�mÄg'hj`¬uek1qyz'h1_a]cm�oef�d'f�z-oef3�%_ah#g-gr_
]
g'_ak1�af�d-g/m,f�d'fSfH��qyk1u�qyz'f�|9�W�7oef�d-f�g'uek�z6g/m¢fHd-f?_
i=z-qahj]�f�|@u�g'h1]e~¬�¢z-kj_
]C�?ÙB�ëÎaÊ¬µ�±y²a²vìè^H_a`cbeu=z-fHd6gH�%�7oef�bed-_v^Hf�g-grh1]e~Dz-hj`cf
_
i=z-qahj]�f�|�hj];f2qa^6oZg'h1`wuek#q�z-hj_
]Zh#g3g'oe_�m�]Ch1]�grf2^P_a]�|egH�

é · X ·ZÕ�µ)ÞËÝÝBµ6²¨¯víæº/±-êÞËµ)²Ä[X±pÝ¯

\�]�h�z-h1qakjk1�a��z-oef7fP�5^Ph1fH]�^P�D_yx+f�q
^6owgr_
kj�
fHdWh1g z-f�grz'f�|wx�_adWz-oef7�W_
h1g-g'_a]wf2��u�q�z-hj_
]C�¯Î��Vm�o�fHd-f/z-oef7`ph1]eh1`wue`àqy]�|¬`@q�¤=hj`¬ue`
��qakjuef2g�_yx

x
qy]�|

y
m,f�d'f

0
qa]�|

1
�+d-f�g'b+f�^�z-hj�
fHk1�a�D�7oefci+_aue]�|�qyd-�;^H_a]�|eh�z-hj_
]�gSqa]�|�z-oefcgr_
ued-^Hf�z-fHd-`ºx�_ad�z'oeh#gSz'f2g�zD^Hq
grf

qad'f�~
hj�
fH]�i��U¦

¾9fHx�z3i�_
ue]�|eqad'�
⇒ ψ(0, y) = sin(y)«�h1~ao�z3i�_
ue]�|eqad'�
⇒ ψ(1, y) = cos(1)sin(y)¾9_�m¢fHd7i�_
ue]�|eqad'�
⇒ ψ(x, 0) = 0.0Ì3b�b�f�d3i�_
ue]�|eqad'�
⇒ ψ(x, 1) = cos(x)sin(1)¨ _
ued6^Pf�z'f�d'`
⇒ ω(x, y) = −2cos(x)sin(y)

ª i�grf�d'�vh1]e~;z'oef�d-f�g'uek�z6g�h1]��Wqyi9��³a��qy]�|>^P_
`pb�qyd-hj]e~Bz'oefZ� ¨�ª «D��¾ ¨�ª «Ãqy]�| � ®ç`pfHz'oe_=|eg���_a]�fC^Hqa]>]e_yz-f5z-o�q�z
z-oef � ®É`cfPz'o�_v|0h#g�x¯q
g�z-fHd�z'o�qy]$z'oefC_yz'o�fHdD� ¨�ª «Ãqa]�|$¾ ¨�ª «á`cfPz-oe_=|egDm�oef�]}m,fco�q*�
fcq;k#qyd-~afc]vue`¬i�f�dD_yx7b�_
hj]�z-g��
� _
`cb�qyd-hj]�~Bz'o�fZd-f�g'uekjz-g¬_ai=z6qyh1]ef�|}iv�$z'o�fZ`¬uek�z-hj~
d'h#|}`cfPz-oe_=|eg���z'oef;�=� ¨ §�Ù�\�î<`cfPz-oe_=|>h#gwz-oefZx¯qagrz'fHdph1]�qyk1`c_
grzpqakjk
^�qag'f�g��3�7oefw�=� ¨ § � ®á`cfHz'oe_=|�h#g�z-oef¬g'kj_�m¢f�grz3`cfPz-oe_=|G�Um�oefH]B^H_a`cb�qyd-h1]e~@m�h�z-o�z'o�fw_yz-oefHdS`wuekjz'h1~ad-h#|;`pfHz'oe_=|eg��+ieu=zSh#g
x¯q
g�z-fHd/z'o�qa]¬z-oef3� ¨�ª «D�
¾ ¨�ª «Äqy]�| � ®Å`cfPz-oe_=|eg:h1]cz'oef?`p_�g�z/z'f�grz'f2|@^Hq
grf2gH�W�7oef3d-f�g'uek�z:_
i=z-qahj]�f�|pm�h�z-o@z'o�f3`wuekjz'h1~ad-h#|
`cfHz'oe_=|Zm�h�z-o � ®Øgr_
kj�
fHd7|=fH`@qy]�|eg7qp^H_a]�grz'd-u�^Pz'h1_a]5_axWqp^P_a`cbek1fP¤Cg'�=g�z-fH`Ãh1]Zf2qa^6oZ`pf2groV�eqy]�|5z'oeh#g�^Hqau�grf2g,qa]Zh1]�^Hd'f2qag'f
h1];bed-_v^Hf�g-grh1]e~¬z'h1`cfa�

Ë
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�Wqyi�kjfc³a¦ � �/Ìëz'h1`pf5��grf2^P_
]�|eg6�:x�_
d7z'f2g�z?^�qag'fa�
ß�¯LÝBâ � ¨�ª « ¾ ¨�ª « � ® �=� ¨ §�¾ ¨�ª « �=� ¨ § � ® �=� ¨ §�Ù�\�î
65 × 65 0.02299 0.04999 0.04799 0.02599 0.03499 0.02599
65× 129 0.14497 0.52791 0.17597 0.05598 0.16397 0.05598
65× 257 1.06381 4.38333 0.85687 0.11700 0.89385 0.11596
65× 513 9.60253 38.0681 4.19140 0.25 1.23681 0.24218
129× 65 0.14597 0.10198 0.17497 0.05698 0.15797 0.05499
129× 129 0.48791 1.03584 0.51791 0.12197 0.20797 0.12098
129× 257 2.68560 8.86767 2.32775 0.25891 1.01672 0.25195
129× 513 20.2465 75.6035 9.66210 0.54199 11.7773 0.52441
257× 65 1.06584 0.20295 0.86486 0.24996 0.86788 0.24295
257× 129 2.61560 2.08966 2.48657 0.28198 1.25488 0.27795
257× 257 8.88867 18.0651 6.02392 0.58789 1.24169 0.57812
257× 513 45.0468 146.985 21.5058 1.22851 18.1875 1.18359
513× 65 8.41259 0.40405 4.58837 1.97070 1.32690 1.91577
513× 129 18.3930 4.27832 8.84277 1.14892 7.58691 1.14794
513× 257 43.5468 35.9785 19.8515 1.99609 8.56445 1.22656
513× 513 139.898 291.054 43.7070 4.12500 5.38281 2.49609

é · È ·`ð ±XïVÞÄ¯�´2ï�¹Vêµ�ð)¯LÝ�¯víæº/±-êÞËµ)²�[:±zÝ¯LÝ

\�]Ä_
d-|efHd@z-_>�af�d'hjx��>z-oeftfH�@^Hhjf�]�^P�{_yx�z-oefB�%_ah#g'g'_a]Äg'ueied-_au=z-hj]�ftgr_
kj�
fHd6gchj]èq}z'd6qy]�g'hjf�]�zCgrh1`wuek#q�z-hj_
]9��`@qy]v� � �%¾
]vue`¬i�f�d-g7m¢fHd-f�hj`cb+_
g'f�|G�:�7o�f�g'h1`wuek#q�z-hj_
]�g7m,f�d'fDgrz'_
beb�f2|Cm�o�fH]9¦

ωn+1

i,j − ωn
i,j ≤ 1 × 10−5.

��±yµ
�
�7o�h1gD^Hd'hjz'f�d'h#qCm7qag�h1`cb�_�grf2|�h1]0qyk1k�b�_
hj]�z5�

i, j
�S_yx,z'oef5|e_a`@qyh1]9�c�7oef � �/Ìáz'h1`cf�g�z'_;_
i=z-qahj]�z'oeh#gD^Pd-hjz'fHd-h#qZqad'fcgro�_�m�]

i+fHk1k1_�mD��x�_
d?f�q
^6o��%_ah#g'g'_a]Bg'ueied-_au=z-hj]�fwgr_
kj�
fHd6gH���7oefw~ad6qybeoeh#^Hg?qyd-f�bek1_yzrz-f�|�h1]Bk1_a~@¤;k1_a~Cg-^Hqakjf2gH��m�h�z-o � �%¾>]vue`wi+fHdShj]
z-oef�¤�|ehjd-f�^Pz'h1_a];qy]�| � �/ÌÇz-hj`cfDh1]Zz-oefD�C|=h1d-f�^�z-hj_
]9���7oef � �%¾0]vue`wi+fHd6g�qyd-fSb�kj_azrz'f2|�hj]�qpd'f��af�d-g'f�qy¤=h1g7|=h1d'f2^�z-hj_
]9�

�Wh1~aued-fp±5groe_�m3g3z'oefpd-f�g'uek�z6g3_
i=z-qahj]ef2|;x�_ad�q5`cf2groB_ax/Î
Ëp¤BÎ�Ë@b+_ah1]
z6gH���7oef�g'fwd-f�g'uekjz-gSu�g'hj]e~��=� ¨ §�Ù�\�îáqy]�|B�=� ¨ §
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Abstract.  The parallel rotor-stator computation capabilities of Fine Turbo and CFX-TASCflow CFD commercial codes have been 

investigated within the frame of the European ESPRIT project HPNURSA. Unsteady computations have been performed for simple 

test cases, where flow conditions are known, the numerical results indicate that the unsteady rotor-stator interaction model is capable 

of accurately reproduce the features of the incompressible flow encountered in hydraulic turbomachines. It is also shown that R-S 

computations are very demanding in mesh refinement if small scales flow structures must cross the R-S interface. Finally, the 

behaviour of an industrial pump-turbine, by VA Tech Hydro, is investigated using CFX-TASCflow. The unsteady computation 

results were validated by LDV and PIV measurements, showing that unsteady R-S computations could reproduce the experimental 

flow features for nominal and off-design operation conditions for this pump-turbine. 
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1 Introduction 

 

Accurate numerical prediction of the flow field of a pump-turbine can allow the design of more compact and silent 

turbomachine, with an increased operation range, specially for pumping mode, where part load instability are common. 

Many authors indicate that rotor stator interaction is paramount for pumping systems at off-design conditions, e.g. 

Eisele K et al. (1998), Kaupert (1996 and 1997). Recently, different authors analysed the unsteady rotor-stator 

interaction. For instance, an experimental and numerical analysis of the runner-diffuser interaction in a centrifugal 

pump has been performed using LDV and PIV by Ciocan et al. (1998 and 2000) and Dong et al. (1997). Other 

experimental analysis of flow between impeller and bladed diffuser using LDV technique or pressure transducer are 

presented in Toussaint et al (1998) and Ubaldi et al. (1996). 

All these works show the unsteady nature of the rotor stator flow in pump systems, therefore, it is of prime 

importance to investigate the capability of the rotor-stator interaction models recently implemented in leading CFD 

commercial codes to represent unsteady phenomena. It is also important to study the numerical characteristics of these 

codes and its suitability for designing industrial turbomachines. 

The following sections show an investigation of rotor-stator computation capabilities of Fine Turbo and CFX-

TASCflow CFD commercial codes, developed respectively by NUMECA international and AEA Technology. This is 

done by two test cases, where flow conditions are known. Then, CFX-TASCflow code is applied for analysing the 

nominal and off-design behaviour of an industrial pump-turbine designed by VA Tech Hydro. The results for the pump-

turbine flow computations are presented and validated by experimental measurements by PIV and LDV techniques. 

All the numerical results shown in this work were obtained in the frame of the European ESPRIT project 

HPNURSA - “High Performance Numerical and Unsteady Rotor Stator Analysis”. 

 

2. Rotor Stator Interaction Models 

 

Both codes use a sliding surface approach for modelling the rotor-stator interaction, where all interaction occurs 

over a revolution surface that separates the rotating and non-rotating domain, see Fig. (1). There are three models that 

differ in the way flow field information is passed across the sliding surface. The first one is the mixing plane model 

(referenced here as mean stage model), where flow field variables are integrated over tangential direction, so only 

steady interaction is possible. The second one is the quasi-steady model (referenced here as frozen rotor model), where 

the appropriated frame changes for vector variables is performed, but rotor-stator relative position is not updated at each 

time-step. Finely, the unsteady model that accounts for frame and relative position changes and is the only that can be 

expected to fully reproduce the features of the real rotor-stator flow. 

More details of the implementation of these models for CFX-TASCflow can be found in Kuntz (2000). 
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Figure 1. Sliding surface for rotor-stator computations of VA Tech pump-turbine. 

 

3. Rotor-stator models validation - Steady perturbation Test Case 

 

The main objectives of the academic test cases is to control the quality of the Rotor-Stator interfaces implemented 

in the different CFD codes and to define its numerical limits to ensure a correct transfer of physical quantities through 

the interface for simplified geometries and flows, but still representative of typical flow in turbomachines. 

Two steady state test cases have been defined. For these geometries, the perturbation of a uniform flow field is 

only generated on one side of the interface and gives rise to a steady perturbation in the corresponding static or rotating 

frame. This steady flow perturbation must be unchanged after and before the interface. We analysed a blade wake 

crossing the rotor-stator interface and also the upstream pressure perturbation before a blade. A typical axial and radial 

turbo machines geometries have been defined to analyse the numerical flow behaviour in these two classical 

turbomachine configurations, as found in Henry P. (1992). For these two test cases the numerical unsteady rotor-stator 

flow will be compared to the steady flow obtained by non rotor-stator computation, with the same geometry and mesh. 

As the computations for axial and radial test cases present qualitatively the same behaviour and lead to the same 

conclusions, only results for the axial configuration will be presented. 

Six different meshes have been built using ICEM mesh generator or IGG+AUTOGRID, as summarised in 

Table (1), for ensuring the quality of the numerical results. Some typical meshes are presented on Fig. (2). 

 

Table 1 Meshes for axial rotor-stator test case 

Mesh Name Number of Nodes  

RS-1 131175 

Axial-Fix  (direct or flow aligned) 112791 

BIG (flow aligned) 221375 

BIG2 (flow aligned) 288015 

BIG3 (flow aligned) 238098 

 

 
           A) Axial-directed. 

 
             B) Flow aligned mesh 

 

Figure 2. Meshes for steady state test case. 
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The computations have been performed on a WINDOWS NT computer (Pentium III, 1GHz, 512 M Ram). For a 

mesh size of about 240’000 nodes, the CPU time per iteration is 0.95 ms, then 2 to 3 CPU days are necessary to obtain 

convergence if 5 iterations per time step are performed. 

Typical results for rotor-stator computations showed the desired continuity and conservation properties of the 

rotor-stator interface models. But it has been shown that continuity is strongly dependant of mesh refinement in both 

sides of the R-S interface. For large-scale flow structures, like the one seen in Fig. (3), as for potential effects shown in 

Fig. (4), the continuity is assured for every rotor stator relative position. For small scale structures, the continuity is only 

assured for rotor-stator relative positions where mesh is refined enough for capturing the flow structure in both side of 

the R-S interface, as seen in Fig. (5a), where the refined zones are aligned and the wake starts to cross the R-S interface, 

on the other hand, for another time step, shown in Fig. (5b), the refined zones are non aligned and the trailing edge 

wake cannot traverse the R-S interface. 

 

 
 

Figure 3. Large vortex crossing the R-S interfaces.(Fine Turbo computation) 

 

 
 

Figure 4. Upstream pressure perturbation crossing the R-S interface. (Fine Turbo computation) 

 

(A) (B) 

 

Figure 5. Velocity magnitude field at 2 time steps. (Fine Turbo computation) 

(A) The wake crosses R-S through the refined mesh in both sides. (B) The wake is diffused by coarse mesh. 
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It is important to note that the limitation with continuity across the R-S interface for small scale flow structures is 

a pure mesh refinement effect and is not related to the R-S interaction models implemented in the commercial codes, as 

this same limitation can be found in non R-S computations as well, but for unsteady computations, the relative R-S 

position changes at each time step, then the only way to assure good spatial discretization is to have a fine mesh all over 

the angular extension of the rotating domain. This fact makes very resource intensive when one is interested to catch 

small-scale structures, because good refinement should be achieved for every R-S relative position. One possible 

solution is to apply mesh-adapting techniques as the relative position changes. 

 

4. Rotor-stator models validation - Unsteady perturbation test case 

 

An unsteady test case in a rotating frame has also been defined. The unsteadiness corresponds to periodic vortex 

shedding generated by a square section body in an uniform axial flow field, as can be seen in Fig. (6), with flow 

parameters based on a classical vortex shedding setup, for witch experiments and multiple CFD solution are available. 

The simulation is done in 60 deg. channel periodicity; the square side is 0.1m, the Reynolds number is 22000 and the 

Strouhal number is 0.132. This test case allows verifying possible influence of the rotor-stator interface on unsteady 

behaviour of the flow, in particular the vortex shedding frequency and the vortices advection.  

 

 
Figure 6. Mesh for the unsteady test case. 

 

The goal of this test is not to reproduce the experimental unsteady features of the flow, as it does not depends on 

rotor-stator interaction model, but only investigate if the computed unsteady flow field changes as a result of the 

introduction of the R-S interface. Fig. (7) and Fig. (8) show respectively the instantaneous velocity field for a 

computation with and without rotor-stator interface, comparing both cases, one can see that the shape and continuity of 

the vortex structures shaded past the square body is achieved by R-S computation. The shading frequency was exactly 

the same in both cases as it is driven by the flow conditions around the square body; witch is located entirely in the 

stator domain and is not influenced by the introduction of the R-S interface. 

 

 
 

Figure 7. Flow field for unsteady non R-S computation. (CFX-TASCflow computation). 
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Figure 8. Flow field for unsteady R-S computation. (CFX-TASCflow computation). 

 

The results obtained for steady and unsteady test cases by both Fine Turbo and CFX-TASCflow show that the 

rotor-stator interaction models implemented in these codes are equivalent to the limits of these tests. Furthermore, 

considering the results of both test cases together, it was shown that the rotor-stator models implemented are fully 

conservative and capable of reproducing the typical flow conditions encountered in the rotor-stator interaction zone of a 

hydraulic turbomachine. 

 

5. Pump-turbine analysis 

 

The Francis type pump-turbine studied has specific speed Nq=66, with 5 runner blades and 22 guide-vanes, as can 

be seen in Fig. (9). The computations for the pump-turbine were all performed for pumping mode operation, for which 

this turbomachine displays strong instability behaviour at part-load operation at a guide-vane opening of 18deg., as 

shown in Fig. (10). 

 

 
 

Figure 9. Pump-Turbine geometry. 
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Figure 10. Pumping characteristic curves. 

 

The aim of this study is to show that rotor-stator interaction models implemented in the commercial CFD codes 

can predict all the complex 3D unsteady turbulent flow features encountered in off-design operation of an industrial 

pump-turbine, allowing a better understanding of the behaviour of such a turbomachine. To achieve this goal, a 

numerical simulation campaign, as well as experimental flow field measurements with Particle Image Velocimetry and 

Laser Doppler Velocimetry techniques were performed over four different operating points, comprising full discharge, 

nominal and part-load operation. 

 

6. Numerical simulations 
 

For computational resources limitation reasons, all the computations for the pump-turbine were performed using 

CFX-TASCflow CFD software, which is a structured finite volume solver for the incompressible Reynolds averaged 

Navier-Stokes model, along with the standard k-� model for turbulence closure. 

The original geometry has not exact periodicity, as we have 5 runner channels and 22 stator channels. A different 

stator configuration was used for unsteady computation, corresponding to a 22 stator channels, allowing the use of 

periodicity condition for 1 runner channel and 4 stator channels, reducing greatly the computational resources needed. 

The final domain configuration for unsteady computations can be seen in Fig. (11). 

The boundary conditions for the computations are of steady state type, as summarised in Table (2), so the 

unsteadiness is generated only by rotor-stator interaction. 
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Figure 11. Pump- turbine computation domain. 

 

Four meshes refinements were tested for ensure the non-sensitivity to meshes effects, their names and respective 

number of nodes is shown in Table (3). 

 

Table 2 Boundary conditions for the Navier-Stokes computations. 
Boundary condition Information supplied 

Inlet Flow rate and direction 

Turbulence intensity and length scale 

Outlet Average static pressure 

Solid walls Non slip / Log law. 

 

Table 3 Meshes configuration. 
R-S Model Grid Configuration Number of Nodes 

Mean Stage 1 runner channel + 1 stator channel 230 886 

Frozen Rotor 1 runner channel + 5 stator channels 356 901 

Unsteady  1 runner channel + 4 stator channels 1 019 364 

 

For steady state applications, a suitable time step size is Ω/5.0 , where Ω  is the rotational frequency of the 

computation.  For transient simulation, the time scale of the transient effects has to be estimated. Alternatively, it can be 

expressed by the number of time steps necessary to cover one runner blade passage, which should be not bigger than the 

number of grid cells in tangential direction over the rotor-stator sliding surface, for achieving a good relationship 

between spatial and time resolution. This results in the following time step expression: 

 

stepblades NN
t

12

Ω
=∆

π
, 

 

where bladesN  is the number of blades of the machine and stepN the number of time steps per blade passage 

 

7. Flow analysis 

 

First it is presented some results for the different operating points in order to assert the flow field change as the 

flow rate – Q - reduces. The Fig. (12) shows the contours of the pressure coefficient over the blade of the runner four 

operating points, at the middle of the channel in spanwise (hub to shroud) direction. One can see increasing chocks 

effects on the leading edge as the flow rate reduces. 
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A) Q=0.83Qn. 

 
B) Q=0.9Qn 

 
C) Q=Qn. 

 
D) Q=1.17Qn. 

Figure 12. Pressure coefficient at 50% of span. 

 

On Fig. (13) it can be seen that the hydraulic losses over blade to blade surfaces in the runner is concentrated in 

the shroud side for the operating point Q=0.83Qn. This leads to non-adapted flow angles entering the stator domain 

near the shroud surface. 

Blade Pressure Contours [Q = 0.833Qn, 50% Span] Blade Pressure Contours [Q = 0.917Qn, 50% Span]

Blade Pressure Contours [Q = Qn, 50% Span] Blade Pressure Contours [Q = 1.167Qn, 50% Span]
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A) 10% of span. 

 
B) 90% of span. 

Figure 13. Hydraulic losses for Q=0.83Qn. 

 

Another interesting result is seen in Fig. (14). The prediction of the viscous force over the guide vane is strongly 

influenced by the rotor stator interaction model, as for the mean stage model (Fig. 14A), the direction of the flow 

entering the stator domain is given by its �-integrated value over the rotor-stator sliding surface. This mean flow 

orientation can greatly differs form the instantaneous flow for a given rotor-stator relative position (Fig. 14B) even for 

the nominal operating point. 

 

 
A) Mean stage model. 

 
B) Unsteady model. 

Figure 14. Viscous force over the suction side of the guide blade, coloured by |V| [m/s].  

The instantaneous absolute speed colour map displayed on Fig. (15) shows that the flow field in the stator zone is 

highly non-uniform, with noticeable changes from one channel to another. For both operating points Q=1.17Qn (Fig. 

15A) and Q=Qn (Fig. 15B) it can be seen that, for a given R-S relative position, the flow around the leading edge of the 

guide vanes has good or bad incidence according to the channel considered; it can be seen as well that there is a low 

speed zone close to the trailing edge of the stay-vanes, show a tendency of flow detachment. These flow non-

uniformities are more important for off-design operation conditions (Fig. 15A) when compared to the nominal 

operation point (Fig. 15B). 
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A) 

Q=1.17Qn. B) 

Q=Qn. 

 

Figure 15. Absolute speed on the stator at mid-span [m/s]. 

 

An experimental measurements campaign has been carried-out, using PIV and LDV techniques in order to obtain 

the instantaneous flow field in the rotor stator interaction zone, allowing a better understanding of the flow features in 

this zone, as well as validating the numerical computations. All the details of the experimental work are described in 

Ciocan (1998). 

The raw results of the experimental campaign have been treated in order to represent them into the same post-

processing software used to analyse the numerical results, this approach allowed a direct comparison and validation of 

the unsteady numerical computations. 

A direct comparison of the instantaneous PIV flow field near the leading edge of the guide vanes, for two adjacent 

stator channels, shown in Fig. (16) A and B, to the results of the Fig. (15B) indicates that the unsteady rotor stator 

computation was able to accurately predict the flow behaviour at the rotor stator interaction zone, as the magnitude of 

the measured flow velocity and its distribution over the stator channels matches very closely the numerical predictions. 

A further indication of the good accuracy of the computations can be seen at Fig. (17), where the LDV measured (Fig. 

17 A) and computed (Fig. 17 B) velocity vector fields near the leading edge of the guide vanes agree very closely both, 

in magnitude and direction. 

 

 
A) Channel 1. 

 
B) Channel 2. 

 

Figure 16. Instantaneous PIV velocity magnitude near guide vane leading edge - 50% span; Q=Qn. 
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A) Measured by LDV. 

 
B) Unsteady computation. 

 

Figure 17. Instantaneous velocity vectors - 50% span ; Q=Qn. 

 

The prediction of the flow features in unstable operation zone is of great importance for pump-turbine design. The 

experimental measurements of the flow field in the rotor-stator interaction zone shown no signs of rotating stall nor 

runner inlet pre-rotation for the part-load operating points considered in this study. The unstable operating zone is 

characterised by a strongly non uniform velocity profile, for both spanwise and tangential direction, at the outlet of the 

runner, as a result, for the VA Tech Pump-turbine, the hub side of the stator channel is dominated by a large flow 

detachment at the suction side of the guide-vanes, that occupies the entire tangential extension of the channel, 

originating important energy losses that could explain the drop in pump efficiency. This behaviour could be accurately 

predicted by the unsteady computation, as it can be seen in Fig. (18), comparing the LDV instantaneous flow field (Fig. 

18A) with the corresponding numerical simulation. It should be noted that the recirculating zone predicted by numerical 

simulation does not occupies the entire tangential extension of the stator channel, this could be due to the larger cross 

sectional area of the stator channel, as it counts only 20 guide-vanes instead 22 for the original geometry. It suggests 

that the exact dynamic behaviour of the flow in the unstable operating zone could only be reproduced if the entire 360 

deg. domain is computed. 

 

 
A) Measured by PIV. 

B) Unsteady computation. 

 

Figure 18. Instantaneous velocity field near trailing edge of guide vanes at 10% span – Q=0.83Qn. 

 

8. Conclusions  
 

A detailed study of the rotor stator capabilities implemented into Fine Turbo and CFX-TASCflow CFD codes has 

been performed. According to the steady and unsteady test cases, it was shown that the unsteady rotor stator interface 

models implemented in both codes are capable to accurately represent the different flow features that are founded in the 

frame of uncompressible turbomachines. All rotor-stator interaction effects: potential, viscous or pure advective ones 

can be expected to be reproduced by the unsteady R-S model. 
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It was demonstrated that the sliding surface approach adopted by both commercial codes is very demanding in 

terms of mesh and time step sizes, leading to computation set-ups with several millions of nodes, even for simple 

geometries, in order to be able to capture small scale effects, like viscous wakes. In other hand, if the main flow 

phenomena are large scale ones, like the velocity field non uniformities in the runner outlet of the pump-turbine, this 

approach can be used for accurately simulate the flow field with reasonable meshes sizes. 

The analysis of the pump-turbine behaviour showed that the flow field leaving the runner is highly non-uniform, 

both in hub to shroud direction and over the tangential direction at the outlet of the runner, even for operating 

conditions close to the nominal point. As a result, for off-design operating points, the flow entering one channel of the 

stator is strongly influenced by the rotor stator relative position, and even for an given channel, one can find well 

adapted flow over the leading edge of the guide vane near the shroud surface and bad adapted flow near the hub 

surface. This behaviour of the flow field in the rotor-stator zone leads to a complex flow pattern into the stator channels, 

which cannot be reproduced accurately by steady state rotor-stator interaction models. The unsteady computations 

showed good accuracy, when compared to experimental results, displaying qualitatively the same flow features found 

by the measurements and indicating the way the instability of machine is induced. In spite of that fact, the exact 

behaviour of the machine could not be predicted in the instability zone, this limitation can be linked to geometry 

modification applied to the stator domain (20 channels instead of 22) and the use of the periodicity boundary 

conditions. If one were interested on predicting the exact unstable behaviour of the machine, a full 360 deg. 

Computations would be necessary. 
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Resumo: Atualmente, o Laboratório de Transferência de Calor e Massa e Dinâmica dos Fluidos - LTMC/FEMEC/UFU possui 
diversos trabalhos para simulações e análise computacional da dinâmica dos fluidos, porém com etapas providas por softwares 
proprietários, tornando onerosa a utilização de tais soluções. Além disso, a ferramenta atualmente funcional existente, que efetua tais 
cálculos, foi desenvolvida na linguagem Fortran, desprovida de uma interface gráfica, além de não permitir uma visualização prévia 
das geometrias a serem trabalhadas, o que dificulta o manuseio da mesma. Dessa forma, no presente trabalho pretende-se 
desenvolver uma ferramenta para a construção de geometrias e a geração de suas malhas de elementos finitos triangulares 
superficiais, utilizando-se de softwares livres, para posterior importação em códigos computacionais dedicados a análise 
computacional da dinâmica dos fluidos, através do método de fronteira imersa. Dentre as ferramentas analisadas para a modelagem 
da geometria e geração da malha, optou-se pela utilização do Gmsh, por ser esse um software livre, portável para as plataformas 
Linux e Windows, intuitivo e de fácil aprendizado. Já dentre as ferramentas analisadas para o desenvolvimento da Interface gráfica, 
optou-se pela QT, por ser uma aplicação compreensiva para desenvolvimento de framework em C++. Isto inclui uma biblioteca de 
classes e ferramentas para o desenvolvimento e migração de plataforma, além de ser também portável para Windows e Linux. O 
trabalho apresentará algumas soluções de geometrias / malhas geradas no Gmsh, e a preparação dessas soluções para a utilização do 
método de fronteira imersa na análise computacional da dinâmica dos fluidos em geometrias como esferas, 
cilindros,aerofolios,buscando-se utilizar os softwares para trabalhar com formas mais complexas como aeronaves e automoveis. 
 
Palavras chave: fronteira imersa, geração de malhas, software livre 
 
1. INTRODUÇÃO 
 

Atualmente, o Laboratório de Transferência de Calor e Massa e Dinâmica dos Fluidos - LTMC/FEMEC/UFU 
possui diversas ferramentas para simulações e análise computacional da dinâmica dos fluidos. No entanto, para efetuar 
tais simulações são necessários softwares proprietários (requerem resgistro) o que dificulta o desenvolvimento de 
aplicações acadêmicas devido ao custo dos mesmos.  

Além disto,  a ferramenta de mecânica dos fluidos encontrada no LTCM, não oferece uma interface amigável de 
forma a facilitar o manuseio da aplicação. Para tal, será utilisado técnicas de programação visando criar uma interface 
gráfica (GUI, Graphical User Interface), que é uma ferramenta de interação entre usuário e sistema computacional 
baseada em símbolos visuais, como ícones, menus e janelas. Seguindo esta linha de desenvolvimento, pode-se oferecer 
uma ferramenta simples para resolver problemas acadêmicos com entradas paramétricas e capacidade avançada de 
visualização. Com isso pode-se delimitar  visualmente as etapas de pré e pós-processamento, gerando arquivos de saída 
que possam ser usados com os códigos existente no LTCM, possibilitando maior facilidade de uso. 
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Juntamente com o problema de interação computacional, outro grande desafio em engenharia é a solução numérica 
da ação de forças sobre corpos imersos em escoamentos, com suas possíveis deformações e deslocamentos, para tal 
problema uma solução viável pode ser obtida através da modelagem matemática. 

Evidentemente, é notório o crescimento dos recursos computacionais, viabilizando a realização de simulações 
numéricas cada vez mais aperfeiçoadas de escoamentos em domínios de topologia diversas. Em geometrias complexas, 
a escolha apropriada da malha computacional depende da metodologia de discretização do domínio contínuo. Desta 
forma, um algoritmo desenvolvido, por exemplo, para lidar com malhas curvilíneas ortogonais, não é capaz de lidar 
com malhas não-ortogonais. Assim, procura-se lidar com o problema, empregando malhas que se ajustam à sua 
topologia, quer seja acompanhando a superfície do corpo a ser estudado, quer seja se adaptando melhor ao escoamento, 
melhorando a qualidade da solução.  

Escoamentos ao redor de geometrias complexas ainda apresentam sérias dificuldades em serem resolvidos, pois as 
geometrias apresentam problemas na geração da malha computacional, que nem sempre são triviais, e são propensa a 
inserir severos erros nos balanços entre seus nós elementares. Isto acontece quando se procura ajustar a malha 
computacional ao objeto de estudo e ao domínio, nas discretizações.  

Nos casos de discretizações em blocos, o acoplamento entre os diversos domínios, se mal construído, pode implicar 
em sérias inconsistências físicas. A discretização de domínios tridimensionais exige grande capacidade de 
armazenamento e processamento de dados que, se somados aos freqüentes refinamentos locais das malhas, torna os 
cálculos muito caros. 

Uma metodologia alternativa para se resolver escoamentos sobre geometrias complexas e móveis vem sendo 
desenvolvida no LTCM. Trata-se da metodologia de Fronteira Imersa (Imersed Boundary - IB). Neste método, a 
presença de uma interface fluido-sólido, ou mesmo uma interface fluido-fluido, pode ser simulada pela adição de um 
termo de força (que alguns autores denominam como termo forçante) às equações do movimento do fluido. Dessa 
forma, o escoamento reconhece a presença de um objeto imerso, por exemplo, apenas pela ação de um "campo de 
força". A forma como este campo de força é calculado diferencia a metodologia empregada atualmente . Cabe salientar 
que tais forças são formadas a partir de efeitos diversos, agindo ao mesmo tempo no fluido, em decorrência de 
cisalhamentos e deformações, variações na quantidade de movimento e gradientes de pressão. Silva(2002), 
Campregher(2005) 

O uso da metodologia IB requer uma malha cartesiana para a solução do escoamento, independentemente da 
complexidade e da mobilidade da fronteira imersa. No entanto, requer-se a construção de uma malha superficial para a 
interface fluido-sólido. Empregando-se uma malha triangular para a discretização desta interface, torna-se possível 
aproveitar as facilidades associadas a este tipo de malha, para a geração de geometrias complexas.  

Para tanto, no presente trabalho optou-se por utilizar o software livre Gmsh como ferramenta geradora desta malha, 
devido a facilidade de criar geometrias complexas em formatos padrões como o STL. Além disso mostrar-se-á que 
geometrias geradas com essa ferramenta apresentam resultados compatíveis com outras geometrias geradas por 
softwares proprietários de renome, apresentando algumas soluções de geometrias/malhas geradas no Gmsh. 

Dentre as ferramentas analisadas para o desenvolvimento da Interface gráfica, optou-se pelo QT, por ser uma 
aplicação compatível para desenvolvimento de framework em C++. Isto inclui uma biblioteca de classes e ferramentas 
para o desenvolvimento e migração de plataforma, além de ser também portável para Windows e Linux. 

2. GMSH 
 
Gmsh é um gerador automático de malhas (primariamente de Delaunay) tridimensionais em elementos finitos com 

facilidades de pré e pós-processamento. Ele foi desenvolvido para oferecer uma ferramenta simples para resolver 
problemas acadêmicos com entradas paramétricas e capacidade avançada de visualização. Uma de suas principais 
características é a facilidade em respeitar a regularidade na geração de malhas adaptativas em linhas, superfícies e 
volumes, agrupando estas estruturas uma malha única. 

Gmsh está construído com base em quatro módulos, dentre os quais, os de interesse para este projeto são: geometria 
e malha (módulos utilizados na construção de malhas de geometrias). Todas essas instruções são prescritas utilizando-
se de interface gráfica de usuário (GUI) ou em arquivos de dados ASCII usando a própria linguagem script do Gmsh. 
Ações interativas geram bits de linguagens em arquivos de saída e vice-versa, o que torna possível automatizar todo 
tratamento, utilizando loops, quanto as chamadas de sistemas externos e condicionais. 

Geometrias são criadas pela definição sucessiva de pontos, linhas orientadas, superfícies orientadas e volumes, 
compondo grupos de entidades geométricas que podem ser definidas, baseando-se nestas entidades geométricas. A 
linguagem script do Gmsh permite que toda entidade geométrica seja totalmente parametrizada. 

Malha de elementos finitos viabiliza a construção de um dado subconjunto de espaços tridimensionais por 
elementos de várias formas geométricas elementares (linhas, triângulos, quadrados, tetraedros, prismas, hexaedros, e 
pirâmides), arranjados de tal forma que se duas destas formas se interceptam, eles formam uma face, uma borda ou um 
nó. A geração de malha segue a mesma performance da criação de geometria: define-se as coordenadas de cada ponto 
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no eixo cartesiano; os pontos são usados para definir linhas existente entre eles; limitada pelas linhas, define-se uma 
superfícies, então, através das superfícies pode-se definir uma geometria complexa para se gerar a malha e também os 
volumes.  

Solver externos podem ser inter-relacionados com Gmsh, através do Unix ou sockets TCP/IP, o que permite 
encaminhar facilmente cálculos externos para coletar e aproveitar resultados de simulação dentro do módulo de pós-
processamento do Gmsh. 

3. Fatores de qualificação do Gmsh como gerador de malha: 
 
• Descrição simples e rápida de geometrias, graças a funções de usuário definidas: loops, funções condicionais e 

bibliotecas; 
• Parametrização de geometrias. A linguagem script do Gmsh faz com que todos os comandos e seus 

argumentos dependam de cálculos prévios; 
• Gera com simplicidade 1D, 2D e 3D; 
• Gmsh oferece vários mecanismos para controlar o tamanho dos elementos na malha final: através de 

interpolação de comprimento característico de pontos geométricos; 
• Cria exportações simples de geometrias e malhas; 
• Interação com solver externo. Gmsh oferece interfaces C, C++, Perl, Python, e outras linguagens que podem 

ser facilmente adicionadas; 
• Visualização de resultados computacionais de grande variedade; 
• Exporta plotagem em diferentes formatos: Látex, PNG, JPEG, STL; 
• Gera animações complexas; 
• Executável em várias plataformas (Windows, Mac e Unix); 
• É gratuito. 

4. Linguagens de programação 
  

Como a principal preocupação, em achar um gerador de malha que acatasse as características necessárias para 
resolver os problemas físicos, foi resolvida, a primitiva agora é valer-se de uma ferramenta de programação capaz de 
dar suporte a ferramenta geradora de malha escolhida, para que se possa desenvolver uma ferramenta capaz de efetuar 
os cálculos necessários para problemas de interação fluido-estrutura. 

Para tanto, é necessário ressalvar que, para desenvolver uma interface de uso amigável e de boa aparência, os 
melhores tipos de linguagem de programação, são aquelas que trabalham com desenvolvimento de aplicações visuais de 
interface com o usuário. Para isso, tal ferramenta deve se valer de uma Biblioteca de componentes visuais (VCL – 
Visual Component Library) consistindo de objetos reutilizáveis, incluindo objetos padrões de interface com o usuário, 
gerenciamento de dados, gráficos e multimídia, gerenciamento de arquivos e quadros de dialogo padrão.  

Como a interface gráfica terá que ser baseada na plataforma Linux(plataforma base do cluster utilizado no LTCM), 
pode-se descartar facilmente a linguagem Delphi, que apesar de se enquadrar perfeitamente nas características acima 
citadas, esta ferramenta está disponível somente para Windows, além de não ser uma ferramenta gratuita. Com isso, 
uma opção que seria plausível é o Kylix, que é um Delphi criado para plataforma Linux, porém, seus direitos autorais 
são de poderio da Borland, o mesmo proprietário do Delphi, sendo assim, Kylix é ferramenta que onera custos. 

Na busca por ferramentas visuais que tenham como plataforma o sistema operacional Linux, encontrou-se uma 
ferramentas que apresenta uma relevância muito importante, tanto quanto o próprio Kylix.  O Qt foi escolhido para ser 
utilizado, por ser uma aplicação compreensiva para desenvolvimento de framework em C++. Isto inclui uma biblioteca 
de classes e ferramentas para o desenvolvimento e migração de plataformas, além de possuir uma ferramenta gráfica 
chamada QtDesigner que é uma poderosa construtora de layouts e forms com características GUI, a qual está hábil ao 
desenvolvimento rápido de interfaces de usuários com alta performance com visual nativo e suportado em várias 
plataformas(Windows, Linux/Unix, Mac OS X). 

 

Fig. 4.1- Escalabilidade de plataformas para QT 
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5. Resultados 

.1 Geometrias geradas:  esfera, cilindro, trem de pouso, aeronave 

a Fig. 5.1, geradas com bastante agilidade se 
mparado ao uso de pacotes comerciais. Levando-se em conta que para atividades acadêmicas esses tipos de 

geo

 

5
 

Com o Gmsh pôde-se obter geometrias simples como mostrado n
co

metrias podem ser utilizadas facilmente para realizar simulações.  
 

   
 

Fig 5.1 – Geometrias simples geradas no Gmsh 

Em se tratando de geometrias m 5.3, a tarefa de gerá-las no Gmsh 
torna-se um pouco mais complicada, por exigir maior destreza e habilidade em criação de figuras 3D. Apesar de ser 
uma

 
ais complexas como mostrado na Fig. 5.2 e Fig. 

 tarefa mais difícil, não é impossível de ser efetuada, porém necessita-se de uma quantidade maior de tempo para 
obter exito.  

 

 
 

Fig. 5.2 Malha de um avião gerada com Gmsh 
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Fig. 5.3 – Malha de um trem de pouso gerada com Gmsh 
 

6. Validando as malhas geradas pelo Gmsh 
 
Para analisar a topologia do escoamento iremos utilizar de alguns parâmetros, efetuando comparações dos 

resultados ao utilizar o Gmsh para gerar uma esfera e resultados utilizando pacotes comerciais para a mesma geometria. 
Um importante parâmetro que pode ser empregado é o critério Q, Eq. 6.1 (Jeong e Hussain, 1995), definido da forma:  

 

[ ] 0
2
1 22 >−Ω= SQ         (6.1) 

 
, onde S e Ω, são as componentes simétrica e assimétrica do gradiente de u, portanto Q representa o balanço local entre 
a taxa de deformação e a vorticidade, ou seja, a norma Euclidiana para a qual o tensor vorticidade supera o tensor 
deformação (Haller, 2005), definidos respectivamente como: 
 

( )[ ]Tvv ∇−∇=Ω
2
1

        (6.2) 

 

( )[ ]TvvS ∇+∇=
2
1

        (6.3) 

 
Portanto o critério Q é uma das várias ferramentas usadas para analisar as propriedades das estruturas turbilhonares. 

Sua principal vantagem é mostrar as estruturas que adquirem mais peso devido ao efeito rotacional, permitindo 
visualizar as regiões do escoamento com fortes deformações do fluido. 

O parâmetro adimensional número de Reynolds (Re), Eq. 6.4, foi empregado para caracterizar o regime de 
escoamento do fluido sobre a esfera. O Re foi definido baseado no diâmetro D da esfera na forma: 

 

µ
ρ DU

D
∞=Re          (6.4) 

 
onde U∞ é a velocidade da corrente livre, ρ e µ são a massa específica e a viscosidade dinâmica do fluido, 
respectivamente. 
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Fig. 6.1 - Detalhe dos vórtices sobre a esfera a Re = 1.000 evidenciado pelo critério Q. 
 
A visualização da Fig. 6.1 a cima foi realizada com o isovalor do critério Q = 10 para uma esfera gerada pelo 

Gmsh, sendo esta com elementos da malha quase todos de mesmo tamanho, já a Fig. 6.2 abaixo, foi retirada de 
Campregher(2005) e gerada com uma malha de elementos triangulares isósceles. 

O coeficiente de arrasto é definido abaixo, Eq. 6.5: 
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=

∞ 42
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F
C x

D πρ        (6.5) 

 

 
 

Fig. 6.2 - Detalhe dos vórtices sobre a esfera a Re = 1.000 evidenciado pelo critério Q. 
 

sendo Fx a força de arrasto, agindo sobre o corpo imerso (no caso, a esfera), obtida no presente trabalho a partir do 
Modelo Físico Virtual. É interessante salientar que seu valor é uma resposta direta da metodologia de fronteira imersa, 
não sendo necessário nenhum procedimento adicional para a avaliação da força de arrasto. Esta é uma forma totalmente 
diferente de se avaliar a força de arrasto (ou de sustentação) em um corpo, pois, nas metodologias tradicionais, é 
necessário obtê-la de forma indireta como, por exemplo, a partir da distribuição de pressão e de tensões cisalhantes na 
superfície do corpo. 
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Fig. 6.3- Resultados para o coeficiente de arrasto  a Re = 1000 
 

A partir da Fig.6.3 acima, pôde-se perceber que os resultados para o coeficiente de arrasto são bastante satisfatórios 
para o número de Reynolds simulado, tanto para o pacote comercial quanto para o Gmsh. 

Outros parâmetros igualmente importantes, obtidos de maneira semelhante ao coeficiente de arrasto, são o 
coeficiente de sustentação (lift coefficient – CL)  e o coeficiente lateral (side coefficient – CS) avaliados, 
respectivamente, como Eq. 6.6 e Eq. 6.7: 
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onde Fy e Fz são a somatório das forças que atuam sobre a esfera nas direções y e z, respectivamente. 

Nas Figuras 6.4 e 6.5, respectivamente, pode-se visualizar os resultados de CL e CS para Re = 1.000, indicando o 
comportamento aleatório da emissão de estruturas turbilhonares à jusante da esfera. 

 Ele permite visualizar as regiões do escoamento onde se encontram fortes tadas de deformação do fluido. 
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Fig. 6.4 - Coeficiente de sustentação (CL) para Re = 1000 
 
Avaliando estatísticamente, os valores para o coeficiente de sustentação gerada pelos dois softwares geradores de 

malha são em média compatíveis, porém para o coeficiente lateral podemos notar maiores variações devido ao mesmo 
ser mais sensível ao tipo de malha gerada, uma vez que o Gmsh não consegue gerar uma malha feita com elementos 
completamente iguais (triângulos isósceles), havendo nesta malha algumas pequenas variações de tamanho dos 
triângulos. Contudo podemos verificar que nos cálculos realizados, os valores médios tendem a convergir para um valor 
semelhante, validando o resultado para esfera gerada pelo Gmsh. 

Um outro parâmetro importante a ser calculado sobre a geometria é o L2,  que é definida aqui como a raiz quadrada 
da norma da diferença entre a velocidade do fluido sobre a interface fluido/sólido e da velocidade desta interface (que 
no caso da esfera estacionária tem valor nulo). Este parâmetro tem por finalidade garantir a condição de não 
deslizamento sobre a interface, através do campo de força calculado. Como esperado, L2 deve tender a zero à medida 
que o tempo evoluir, visto que a velocidade do fluido sobre a interface tende ao valor da velocidade da interface. Na 
Fig. 6.6  mostra-se a evolução temporal do parâmetro L2, para o escoamento sobre a esfera onde o número de Reynolds 
é igual a 1000. 

A pequena diferença existente entre o L2 produzido pela esfera feita com o pacote comercial, e o L2 produzido pela 
esfera feita no Gmsh, é devido ao fato de que esta última esfera possui aproximadamente duzentos pontos a mais que a 
do pacote comercial, represntando assim uma área superficial um pouco maior que a outra esfera, portanto a velocidade 
do fluido sobre a interface fluido/sólido é maior na esfera do Gmsh do que na do software proprietário , o que justifica 
tal diferença.  
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Fig. 6.5 - Coeficiente lateral (CS) para Re = 1000 
 

 

 
 

Fig. 6.6 - Evolução temporal do parâmetro L2 para Re = 1000 

7. Pontos para futuras otimizações de uma interface para CFD  
 

A atual ferramenta disponível no LTCM, além de ser desenvolvida em fortran, é uma ferramenta executável sobre 
plataforma Linux. Tal característica, faz com que o usuário final da ferramenta tenha que ser hábil com o sistema 
operacional em questão, para que possa simular qualquer caso com o código disponível. 

O objetivo de se criar uma interface gráfica de usuário (GUI), tem como finalidade facilitar o uso da ferramenta 
para efetuar simulações, de forma que o usuário final possa interagir com o software intuitivamente. 

Atualmente com o código do LTCM, levando-se em consideração a fase de pré-processamento, o usuário deve 
efetuar uma conexão com o cluster (local onde o código está armazenado e será executado em paralelo), feito isso, é 
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necessário conhecer a estrutura de diretórios do código para localizar os arquivos os quais devem ser editados. Para 
editar os arquivos deve-se fazer uso de uma ferramenta de edição de arquivo, através do comando “vi” do Linux,  por 
exemplo. 

Todas as condições de contorno são configuradas manualmente em um arquivo texto, sendo que algumas das 
condições não precisam ser modificadas, por tanto não existe a necessidade de que o usuário tenha permissão para isso, 
muito menos para visualizar o arquivo inteiro. 

Além de visualizar um arquivo ao qual não se tem a necessidade de alterar todos os seus  parâmetros, como feito 
com o arquivo de condições de contorno, no atual código, o usuário faz alterações no arquivo do código principal do 
programa. Tal tipo de operação, é de grande periculosidade, pois o usuário, caso não conheça bem o código do 
programa, pode fazer modificações de forma a inutilizar o código. 

Algumas modificações no arquivo do código principal, têm como função, mostrar o local (pasta de arquivos) ao 
qual o programa irá buscar informações para poder executar seus cálculos. Uma solução viável para isso, pode ser dada 
ao inserir uma variável global no programa principal a ser configurada pelo usuário, de modo que o mesmo só indique 
os caminhos onde irá buscar e salvar informações apenas uma vez, e que essa informação seja enviada ao código 
principal sem que o usuário tenha contato com o código.  

Outro problema a ser modificado na atual estrutura é o arquivo de configuração que faz referência aos dados 
iniciais a serem lidos e ao local de gravação dos resultados, além de ser um arquivo extenso, o usuário ainda tem que 
localizar por exemplo, o local ao qual deve acrescentar o nome da malha e o local onde ira gravar as sondas. 
Semelhante ao problema com o arquivo do código principal, a solução a ser tomada seria a mesma, ou seja, uma janela 
para indicar os arquivos em questão, porém, ao modificar tanto o arquivo de dados a serem lidos quanto o programa 
principal o código deve ser recompilado para que se faça valer as modificações. 

Para finalizar as modificações a serem feitas a fim de se criar uma interface gráfica, existe a necessidade de criar 
um campo na interface para determinar quais máquinas irão executar o calculo da simulação, e é claro um botão de 
comando para inicializar a execução do código, com as informações do número de máquinas e o arquivo com o nome 
das máquinas. 

Como diferencial para o código existente, há uma necessidade de se criar um pacote na interface responsável por 
pós processamento, a fim de mostrar a quantificação dos resultados, de forma que a ferramenta possa se tornar o 
mínimo usual para fins acadêmicos. 

De acordo com comparações feitas entre interfaces gráficas de softwares proprietários, optou-se por utilizar um 
padrão semelhante a um pacote comercial conhecido, já que o mesmo possui um formato organizacional de fácil 
manuseio,  de forma a oferecer facilidade para que o usuário trabalhe com o mesmo, sendo assim teremos uma interface 
a qual se possa visualizar a malha da geometria a ser simulada, um campo para configurar as condições de contorno 
mostrado na Fig. 7.1 abaixo e outro para visualização de resultados como mostrado na Fig. 7.2. 

 

 
 

Fig. 7.1 – Interface com campo de visualização da geometria e condições de contorno 
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Fig. 7.2 – Exemplo de visualização de resultados 
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Abstract: Now, the Laboratory of Transfer of Heat and Mass and Dynamics of the Fluids - LTMC/FEMEC/UFU 
possesses several works for simulations and analysis computational of the dynamics of the fluids, however with stages 
provided by software proprietors, turning onerous the use of such solutions. Besides, the tool now functional existent, 
that it makes such calculations, it was developed in the language Fortran, without a graphic interface, besides not 
allowing a visualization foresaw of the geometries to be worked, what hinders the handling of the same. In that way, in 
the present work it intends to develop a tool for the construction of geometries and the generation of their meshes of 
triangular finite elements superficial, being used of free softwares, for subsequent import in codes dedicated the 
analysis computacional of the dynamics of the fluids, through the border method immersed. Among the tools analyzed 
for the modelling of the geometry and generation of the mesh, she opted for the use of Gmsh, for being that a free 
software, functional for the platforms linux and windows, intuitive and of easy learning. Already among the tools 
analyzed for the development of the graphic Interface, she opted for QT, for being an understanding application for 
framework development in C++. This includes a library of classes and tools for the development and platform 
migration, besides being also functional for Windows and Linux. The work in geometries as spheres, cylinders, airfoils, 
being looked for to use the softwares to work with more complex forms as aircrafts and automobiles.   
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Abstract. The present work can be conceived as a first step in the direction of constructing an aeroacoustic solver. Such 

development in Computational Aeroacoustics (CAA) is not achieved before a complete understanding of the physics involved in 

acoustic problems. Thus a brief technical background in CAA is presented in order to introduce the numerical activities performed 

herein. The one-dimensional wave equation has been discretized with optimized high order finite difference schemes taking into 

consideration usual conditions of consistency, stability and convergence. These schemes are known as DRP (Dispersion-Relation-

Preserving). To advance the solution in time, high order Runge-Kutta schemes are applied. In order to validate the numerical 

scheme, initial disturbance functions are used, which are propagated in a 1D mesh. The advantages and limitations for the 

numerical schemes are deeply discussed shedding light to the relevant parameters which are necessary to achieve a good 

aeroacoustic simulation. The numerical results generated in this work are compared with the exact analytical solutions showing a 

good agreement. 

 

Keywords. Aeroacoustics, wave-equation, finite difference, numerical schemes, aerodynamic noise 

 

1. Introduction 
 

Computational aeroacoustics (CAA) has made impressive progress along the last decades. Most of this advance has 

been driven by car aerodynamics and essentially aircraft designs for low noise. From the dawn of Sir James Lighthill 

work in 1952 up to recent days, aeroacoustic has evolved in terms of acquired knowledge about physical phenomena 

and development of tools for academic and industrial applications. Indeed, it cannot be neglected that many classes of 

acoustic problems were completely understood and solved by analytical and numerical approaches so far. Also, it is 

important to emphasize that these acoustic problems are essentially canonical cases involving wave propagation in very 

simple domains. With the need for industrial application of CAA in the last decade, numerical efforts have been 

specially concentrated in the creation of tools aimed to predict the generation and propagation of aerodynamic sound. 

The following discussion has been addressed by some authors in the literature and consists of an important key 

about separating classical computational fluid dynamics (CFD) of the recent CAA. In essence, it is important to keep in 

mind that classical CFD simulations cannot handle acoustic phenomena.  

Differently from a classic computational fluid dynamics (CFD) analysis, there are other important physical and 

numerical issues related to computational aeroacoustics. From the physical standpoint, it is largely known that sound is 

most generated by transitional and turbulent flow phenomena like separation and shearing, vortex shedding, 

impingement and shocks. In all these cases there are a wide range of length and time scales associated. In the flow field 

these length and time scales are quite different from those ones existing in the acoustic field. Figure 1 illustrates the 

length and time scales difference between fluid mechanic and acoustic. Kolmogorov’s scales (δ) of turbulence are much 

smaller than the wavelength (λ) of the generated sound waves which by it’s turn is smaller than the characteristic fluid 

dynamic length or the largest eddy in the flow field (L). 

 
 

Figure 1. Disparity between the flow field and acoustic scales. 
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It’s important to remember that for aerodynamics or fluid mechanic problems, flow disturbances, generally, tend to 

decay very fast away from a body or their source of generation. That is, any flow disturbance suffers the effects of 

dispersion and dissipation along the flow field. On the other hand, acoustic waves are non-dispersive and non-

dissipative and consequently decay very slowly in the acoustic field, traveling for long distances until reaching any 

observer. From the numerical standpoint, such physical implications listed above drive numerical requirements like 

dealing with different length scales in different parts of the computational domain. Yet, numerical schemes used to 

evaluate time and space-derivatives should be of low dispersion and dissipation error in order to guarantee long wave 

propagations. Another limiter is the computation domain that is inevitably finite in size. Thus, acoustic waves being 

propagated decay very slowly and actually reach the boundaries of the computation domain. To avoid the reflection of 

outgoing sound waves back into the computation domain and contamination of the solution, radiation and outflow 

boundary conditions must be imposed at the artificial exterior boundaries to assist the waves to exit smoothly. And 

finally, still considering a finite domain, the wave propagation needs to be performed outside of the computational 

domain to reach an observed that is often far away from the sound source generation. The discretization of such big 

domain is completely out of question and so, numerical propagation methodologies should deal with this problem. 

According to Tam (2005), the need for highly accurate numerical methods was recognized from the earliest stages 

in the development of Computational Aeroacoustics (CAA) since the classical computational fluid dynamics could not 

deal with long-time integration with minimal dissipation and dispersion in order to guarantee the propagation of sound 

waves in the far-field. 

As a summary presented by Tam (2004) to simulate an aeroacoustic phenomenon or problem computationally, the 

numerical algorithm must consist of several basic elements which are listed below: 

 

(1) A time marching computation scheme; 

 

(2) A suitably designed computation grid; 

 

(3) An artificial selective damping algorithm or filtering procedure if the marching scheme has no built-in 

artificial selective damping; 

 

(4) A set of radiation/outflow numerical treatments for use at the boundaries of the computation domain. 

 

Along the years, different methodologies have been created and applied to build aeroacoustic numerical codes. It 

started with the use of higher order schemes by believing that they were more suitable than lower-order schemes in 

terms of stability. For acoustic calculations, however, the stability consideration alone is not sufficient, since Runge-

Kutta schemes retail both dissipation and dispersion errors. The numerical solutions need to be also time accurate to 

resolve the wave propagations. Time integration has then been optimized with the same aim in view, especially using 

Runge–Kutta (RK) algorithms – Berland (2005).  

By reviewing the literature and seeking for low-dissipative, low-dispersive and large spectral bandwidth numerical 

algorithms it can be found relevant works in aeroacoustics. For instance, Tam & Webb (1993b) exploited the DRP 

(Dispersion-Relation-Preserving) schemes, Lele (1992) developed compact finite differences, and recently 

Bogey & Bailly (2004) built up explicit finite differences and selective filters accurate for waves down to four points 

per wavelength.  

Other numerical works as of Roeck et al (2004), Tam (2004), have presented high-order finite difference schemes 

for computational aeroacoustics. However, when dealing with space and time derivatives discretization, special 

attention should be given to DRP schemes which in essence possess the same dispersion relations as the original partial 

differential equations. As presented by Tam & Webb (1993a) the central idea of this approach is that a time marching 

high order finite difference scheme can faithfully reproduce the three types of waves, namely the acoustic, vorticity, and 

entropy waves, of the linearized Euler equations. Nevertheless, this is only true if the dispersion relations of the finite 

difference scheme are the same as those of the partial differential equations. In terms of numerical results, the DRP 

schemes tend to be more suitable for wave solutions. The complete description of these schemes can be found in the 

work of Tam & Webb (1993b). However, it is important to emphasize that the main focus of the work presented herein 

is given to the exploration of DRP (Dispersion-Relation-Preserving) spatial schemes. 

In general, the present work can be divided in two objectives. The first one is to provide a general overview about 

computational aeroacoustic requirements through the discussion of some relevant associated issues and by presenting 

recommended references to those ones that are initiating researches in this area. The second objective is to present the 

validation of time and spatial discretization of the wave equation by using different schemes and focusing on the use of 

DRP schemes. To accomplish this task, numerical simulations for the propagation of a pulse or disturbance are 

conducted. The solution is compared with analytical results showing a good agreement. Finally, the advantages and 

limitations for the numerical schemes are deeply discussed shedding light to the relevant parameters which are 

necessary to achieve a good aeroacoustic simulation. 
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2. Numerical Schemes 
 

This section is aimed to provide a general guidance about numerical schemes that can be used for aeroacoustic 

simulations. The focus will be given to DRP schemes for spatial discretization and Runge-Kutta time integration 

methods which will be summarized and presented hereafter. 

Standard central differences schemes are presented in Roeck et al (2004), in which a spatial derivative of a function 

in a grid point is approximated by a weighted summation of the function values in the neighboring grid points. For a 7-

point (ST7) and 9-point (ST9) stencil, a 6th and an 8th order accurate scheme, respectively, is obtained.  

With the same approach of improving the dissipation and dispersion characteristics, other works were proposed 

(e.g. Bogey et al. (2002), Hu et al. (1996) and Lele (1992)). The importance of dispersion relations of the finite 

difference schemes have been emphasized in these works with good results in terms of wave propagation and 

robustness of the computation. 

In this context, the low-dispersion and low-dissipation numerical schemes also known as DRP (Dispersion-relation-

preserving) presented by Tam & Webb (1993b) seems to be one of the most suitable for aeroacoustic problems. 

Tam (1993b, 2004) has discussed the numerical issues related to these schemes.  

Regarding temporal discretization the most common methods are the Runge-Kutta schemes. These methods have 

been evolved following the same idea of DRP schemes, where dispersion and dissipation of the scheme are minimized 

in the Fourier space over a large range of frequencies for linear operators, as presented by Hu et al. (1996) and 

Bogey and Bailly (2003). 

In the following section, a brief description of these schemes is presented and discussed. The numerical 

implementation was concentrated in the DRP 7-point, DRP 15-point schemes of Tam & Webb (1993b) and 

Tam (2004), respectively, and the 9-point optimized central difference scheme of Bogey et al. (2002). For time 

integration two Runge-Kutta schemes were selected based on independent criteria of low-storage (Williamson (1980)) 

and low-dispersion/dissipation (Hu et al (1996)). 

In summary, the understanding and numerical implementation of these schemes could be considered an initial step 

in order to build an aeroacoustic solver which is the main goal for work future. 

 

2.1. Spatial Discretization 
 

The description of optimized spatial discretization for the Dispersion-Relation-Preserving (DRP) schemes is given 

in the work of Tam & Webb (1993b) as follows: 

Consider the approximation of the first derivative xf ∂∂ / - Equation (1) at the lth node of a uniform grid. Suppose 

M values of f to the right and N values of f to the left of this point are used to form the finite difference approximation – 

Figure 2. 

 

 
Figure 2. Uniform grid representation. 
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The usual procedure is to expand the right-hand side of (1) in Taylor series of x∆  and then determine the 

coefficients ja  by equating coefficients of the same powers of x∆ . Finite difference schemes constructed in this way 

will be referred to as the standard schemes. In the DRP schemes the coefficients ja  are found in a different way. It is 

proposed that they be determined by requiring the Fourier transform of the finite difference scheme on the right of (1) to 

be a close approximation of that of the partial derivative on the left. 

The finite difference equation (1) is a special case of the following equation in which x is a continuous variable: 
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(1) can be recovered from (2) by setting xlx ∆= . The Fourier transform and its inverse of a function are related 

by 
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The Fourier transform of the left and right sides of (2) are: 
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by comparing the two sides of (5) it is clear that the quantity 
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is effectively the wave number of the Fourier transform of the finite difference scheme (2) or (1); x∆α  is a 

periodic function of x∆α  with period π2 . To assure that the Fourier transform of the finite difference scheme is a 

good approximation of that of the partial derivative over the range of wave numbers of interest (waves with wave length 

longer than four x∆  or 2/πα <∆x  it is required that ja  be chosen to minimize the integrated error E defined: 
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The conditions that E is a minimum are 

 

0=
∂

∂

ja

E
, j=-N to M; (9) 

 

(9) provides a system of linear algebraic equations by which the coefficients ja can be easily determined. 

More details about DRP schemes can be found in Tam & Webb (1993b). 

The coefficients of the 7-point and 15-point DRP schemes used in this work are: 

 

7-point scheme:     15-point scheme: 
 

a0 = 0      a0 = 0  

 

a1 = -a1 =    0.77088238051822552   a1 = -a1 = 0.91942501110343045059277722885 

 

a2 = -a2 = -0.166705904414580469   a2 = -a2 = -0.35582959926835268755667642401 

 

a3 = -a3 =    0.02084314277031176   a3 = -a3 = 0.15251501608406492469104928679 

 

     a4 = -a4 = -0.059463040829715772666828596899 

 

     a5 = -a5 = 0.019010752709508298659849167988 

 

     a6 = -a6 = -0.0043808649297336481851137000907 

 

     a7 = -a7 = 0.00053896121868623384659692955878 
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Artificial Selective Damping: 

 
To obtain a high-quality numerical solution, it is necessary to eliminate the short wavelength spurious numerical 

waves. The origin of these spurious waves is related to grid-to-grid oscillations and a way to eliminate or reduce such 

instabilities is introducing artificial selective damping terms in the finite difference equations. Tam & Webb (1993b) 

used tailored damping terms specifically for eliminating only the short waves without affecting the physical long waves.  

Additional information about this approach can also be found in Roeck et al (2004) and Bogey and Bailly (2004). 

The present work considers both the effect of the artificial selective damping as described in Tam & Webb (1993b) and 

no use of selective damping. The artificial selective damping has been applied only for the DRP scheme. The 

coefficients for the damping function are given as follows: 

 

c0 = 0.3276986608  

 

c1 = -c1 = -0.235718815 

 

c2 = -c2 = 0.0861506696 

 

c3 = -c3 = -0.0142811847 

 

2.2. Time Integration 
 

Runge-Kutta algorithms are largely used in fluid dynamics applications because stability over a wide range of 

frequencies. Many of these algorithms were optimized for low-storage requirements in order to make easier the 

numerical computation on systems that are very large. A good reference in this area is the work of Williamson (1980) 

where low-storage schemes up to fourth order were evaluated without losing stability and accuracy. 

According to Hu et al. (1996) for computing acoustic waves, only the stability consideration is not sufficient, since 

the Runge-Kutta schemes also entail both dissipation and dispersion errors. Many works go to the direction of 

optimizing Runge-Kutta schemes for low dispersion and dissipation properties. This is the case of works from 

Hu et al. (1996) and Bogey and Bailly (2004). 

In order to present a summary of the approach done herein, let the time evolution equation be written as follows: 
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in which U represents the vector containing the solution values at the spatial mesh points and the operator F contains 

the discretization of the spatial derivatives. For simplicity, it’s assumed that F does not depend on t explicitly. An 

explicit low storage p-stage Runge-Kutta scheme advances the solution from time level nt  to ttn ∆+  as: 
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The standard p-stage Runge-Kutta schemes of pth-order (for a linear operator F) can be obtained with Taylor Series 

expansion of )( ttu n ∆+ . The coefficients jα  should be chosen to obey several conditions as maximum order of 

accuracy. Like the spatial integration, presented in section 2.1, the coefficients jα  can also be chosen to minimize the 

dispersion and dissipation errors.  

More details about the determination of these coefficients can be found in Hu et al. (1996), Roeck (2004) and 

Berland et al. (2005). In this paper, the low-storage and low-dispersion/dissipation properties are evaluated through the 

implementation of the following Runge-Kutta schemes: 

 

• 3
rd

 order low-storage Runge-Kutta scheme – Williamson (1980) – RK3W 

 

• 5 stages low-dissipation and low-dispersion 2
nd

 order Runge-Kutta scheme – Hu et al (1996) – LLDRK5 

 

• 5 stages 2
nd

 order optimized Runge-Kutta scheme – Bogey and Bailly (2002) – RKO5 
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The coefficients jα for the schemes of Hu et al (1996) and Bogey and Bailly (2002) are written in Table 1. 

 

Table 1 - αj for RK5 and RK6 

 

 α1 α2 α3 α4 α5 α6 

LLDRK5 0.197707993 0.237179241 0.333116 0.5 1 - 

RKO5 0.181575486 0.238260222 0.330500707 0.5 1 - 

 

3. Validation problem 
 

To validate the scheme properties, two initial value problem of a one-dimensional convective wave equation are 

considered.  

The mathematical problem consists in finding the solution for the wave equation: 

 

0=
∂

∂
+

∂

∂

x

u

t

u
 (12) 

 

with an initial disturbance )(xfu =  at time 0=t . The solution consists of the initial disturbance propagating to 

the right in an one-dimensional mesh. The propagation of this disturbance posses a dimensionless speed equal to 1 

( )( txfu −= ). 

The initial disturbance functions )(xf  used in this work are described below: 

 

(1) Box-car function:  
 

0=t , )]50()50([5.0)( −−+= xHxHxf  (13) 

 

The factor 0.5 defines the amplitude of the step function and 50 is the haft width of the box-car. The fourier 

transformation of this function contains high frequency components and these must be damped in order to avoid 

spurious high-frequency waves. For this reason, this function is a good way to evaluate the effect of artificial damping. 

 

(2) Gaussian function: 
 

0=t , 
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According to Roeck (2004) the Gaussian function is used to evaluate the general dispersion and dissipation 

properties and the stability ranges of the scheme. The Fourier transformation of a Gaussian pulse is also a Gaussian 

pulse with a maximum at 0=∆xk . The initial disturbance will therefore be mainly situated in the long wave range and 

artificial damping is not necessary and will not be added to the numerical scheme. 

The variables of equation (12) are made dimensionless with x∆  as length scale and 0/ cx∆  as the time scale. The 

computational domains have a dimensionless length of 700 x∆  for the Gaussian and Box-car functions. 

Figure 3 presents the analytical solution for the functions (1) and (2) at the initial time ( 0=t ).  

 
Figure 3. Analytical solution for the functions (1) and (2) at the initial time ( 0=t ). 
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All the calculations were done with a grid spacing x∆  equal to unity and a time step t∆  equal to 0.1. The stability 

requirements were satisfied with a CFL ( t∆ / x∆ ) of 0.1. 

In this work it’s not applied any kind of boundary conditions. The simulations were evaluated for a dimensionless 

time of 400. At this time, the initial disturbance reaches the dimensionless position of 400. Taking this into account, no 

specific boundary conditions have been added since spurious reflections of the initial disturbance at the boundaries are 

negligible if the disturbance has not reached the boundary yet. 

 

4. Results 
 

4.1 Initial Disturbance Function - Box-car Function 
 

Figure 4 shows the computed results of the seven-point DRP scheme with different Runge-Kutta time integration 

methods. For these results damping was not used. For comparison purposes, the analytical solution is plotted against the 

numerical results. 

The presence of spurious waves is evident in the computed solution. These spurious waves are generated by the 

discontinuities of the initial condition and due to grid-to-grid oscillations. The Runge-Kutta schemes were quite stable 

for all simulations and it’s possible to say that all the numerical error was introduced by the spatial discretization. 

 

 

 
Figure 4. Comparison between the computed and the analytical solutions of the one-dimensional wave equation for the 

Box-car initial disturbance 

 

The effect of the artificial selective damping terms in the wave equation can be clearly seen in Figure 5. Almost all 

the spurious oscillations were damped out. To obtain these results a damping constant of 0.3 was used. This value was 

selected based on the work of Roeck (2004). A larger value of this constant adds more damping into the scheme making 

the spurious waves smaller.  

Even with the artificial selective damping it can be seen some overshoot in the left corner of the discontinuity. This 

overshoot is completely removed by increasing the value of the damping constant to 0.9 – Figure 6. However, the 

corners of the step have been smeared.  
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Figure 5. Effect of the damping function in the propagation of the Box-car function (damping constant of 0.3) 

 

 
Figure 6. Effect of the damping function in the propagation of the Box-car function (damping constant of 0.9) 

 

Contrary to the work of Roeck (2004), the increase of the damping constant over 0.7 did not bring any instability to 

the numerical scheme and the solution shown in Figure 6 could be obtained. 

Figure 7 and 8 shows the numerical results for the propagation of the box-car function with the 15-point DRP 

scheme and the 9-point optimized central difference scheme of Bogey et al. (2002) associated with different Runge-

Kutta schemes. For both schemes no artificial selective damping was applied. Even without damping, it’s possible to 

see that the spatial discretization with more points perform better than the DRP 7-point scheme for the waves behind the 

pulse. However, at the discontinuity there is more overshoot. 

 



Proceedings of ENCIT 2006 -- ABCM, Curitiba, Brazil, Dec. 5-8, 2006 – Paper CIT06-0481 
 

 

 
Figure 7. Propagation of Box-car function with 15-point DRP scheme – no artificial selective damping. 

 

 

 
Figure 8. Propagation of Box-car function with 9-point optimized central-difference scheme – no artificial selective 

damping. 
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4.2 Initial Disturbance Function - Gaussian 
 

Figure 9 shows the computed results of the seven-point DRP scheme with different Runge-Kutta time integration 

methods for the propagation of the Gaussian disturbance. In spite of the good agreement with the analytical solution 

some dispersed waves can be seen behind the pulse. These waves are originated by high-frequency components that are 

propagating at a lower wavespeed. It was expected that the low dispersion of the DRP scheme could diminish the 

amplitude of these trailing waves. However they are still present for the 7-point DRP scheme. It is important to 

emphasize again that the time integration schemes are almost not contributing to the numerical error since the stability 

range was satisfied with the Courant number. The main error is then introduced by the spatial difference scheme. 

 

 

 

 
Figure 9. Propagation of Gaussian function with 7-point DRP scheme – no artificial selective damping. 

 

 

The same calculations were done by increasing the stencil of the spatial discretization for 15 points using DRP 

schemes and for 9 points using an optimized central difference scheme - Figure 10 and 11 respectively. The increase in 

the number of points for the spatial discretization and the better dispersion properties of these schemes led to very good 

agreement for the pulse propagation when compared to the analytical solution. Practically, all the trailing waves were 

removed and the pulse was propagated correctly with the constant wave speed. 

Both 15-point (DRP) and 9-point (STO9) schemes had a better performance when compared to the 7-point (DRP) 

scheme. However, these schemes are computationally more expensive due to a stencil with more points.  
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Figure 10. Propagation of Gaussian function with 15-point DRP scheme – no artificial selective damping. 

 

 

 
Figure 11. Propagation of Gaussian function with 9-point optimized central-difference scheme – no artificial selective 

damping. 
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5. Conclusions 
 

The present work provided an overview of different spatial and temporal schemes that can be used for aeroacoustics 

calculation. Since, spatial and temporal discretization schemes with low-dispersion and low-dissipation properties have 

shown good performance in wave propagation problems it was investigated the DRP schemes and Runge-Kutta time 

integration methods which such properties. The DRP schemes with 7-point, 15-point and an optimized 9-point central 

difference scheme were evaluated for spatial discretization in the solution of a one-dimensional wave equation 

considering different initial disturbance propagation. To advance the solution in time, three different Runge-Kutta 

schemes were evaluated. 

In general, the DRP schemes showed a good performance for wave propagation mainly due to the low dissipation 

and low dispersion properties. The 15-point DRP scheme was much more efficient than the 7-point, however the 

computational time increased. Also, the optimized 9-point central difference scheme presented good performance and it 

was better than the 7-point DRP scheme. The use of artificial selective damping was important to propagate the Box-car 

function correctly and to eliminate the spurious waves present in the solution. By increasing the damping constant, it 

was possible to reach a reasonable solution, but still with some smearing of the discontinuity.  

Regarding the Runge-Kutta schemes, it’s possible to say that over the range of stability, all the three schemes 

performed very well no bringing dispersion and dissipation to the solution. However, it’s important to keep in mind that 

the schemes LDDRK5 and RKO5 are computationally more time consuming since at each stage evaluations of the 

spatial derivative need to be performed. 

As a final recommendation of this work, the combination of the 9-point central difference (STO9) and the 15-point 

(DRP) scheme with the Runge-Kutta RKO5 is a good approach to initiate aeroacoustic computations.  
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Resumen. La creciente demanda observada recientemente en el uso de turbinas a gas ha motivado el estudio 
numérico de sus principales componentes de forma de obtener un mejor entendimiento de los fenómenos físicos 
involucrados. En el presente trabajo, técnicas de generación numérica de mallas son aplicadas en geometrías 
axisimétricas similares a las de las cámaras de combustión de turbinas a gas del tipo tubular. Un cuerpo esférico es 
ubicado a lo largo  del eje de simetría de la cámara, de forma de permitir el estudio del efecto del inyector de 
combustible. Efectos de inyección de aire secundario son también considerados. Para esta geometría irregular, 
técnicas de generación numérica de mallas y transformación de coordenadas fueron aplicadas para el mapeamento 
del dominio físico utilizado y la solución de las ecuaciones de las variables de interés. Para el presente estudio, el 
escurrimiento fue considerado incompresible, laminar, y con propiedades termo físicas constantes. El campo de 
velocidades fue obtenido a través de la formulación Vorticidad–Función Corriente. Las ecuaciones de conservación 
de energía y especies son resueltas utilizando potenciales de Shvab-Zel’dovich. Los resultados permiten la 
determinación de la posición y forma de la llama, y la calibración de los parámetros de las mallas generadas. 
 
Palabras Claves: Cámara de Combustión, Escurrimiento Reactivo, Generación de Mallas, Vorticidad-Función 
Corriente, Shvab-Zel’dovich. 
 

 
1. Introducción 

 
El proceso de combustión es uno de los procesos químicos más importantes, debido a que el desarrollo de la 

civilización actual está basado en el consumo de energía, generalmente proporcionada por el proceso de quema de 
combustibles. De hecho el proceso de combustión se encuentra aplicado a una gran cantidad de situaciones, como por 
ejemplo en la generación de calor en calderas para la producción de vapor, y principalmente para la producción de 
potencia en un eje o empuje. Estos se refieren a los motores de los vehículos de transporte y a los motores de las plantas 
termoeléctricas en general. En cuanto a los motores de combustión interna, tenemos a los motores alternativos y las 
turbinas de gas. Los motores alternativos tienen su campo de aplicación principalmente dirigido a la industria 
automotriz, en cuanto que las turbinas de gas, fueron desarrolladas inicialmente en el campo de la aeronáutica, y 
últimamente aplicadas al sector industrial. El tratamiento de la combustión requiere sólidas bases de Termodinámica, 
Mecánica de Fluidos, Transferencia de Calor en todos sus mecanismos, Transferencia de Masa y Cinética Química. La 
mayor dificultad es que en la mayoría de las situaciones prácticas el escurrimiento es altamente turbulento y confinado a 
geometrías complejas. Con relación a la complejidad geométrica, como la de las cámaras de combustión de turbinas de 
gas, diversos trabajos han sido realizados para abarcar esta dificultad (Mare et al., 2004; Selle et al., 2004 y Jurgen et 
al., 2001) a través de la utilización de Softwares comerciales usando mallas estructuradas, no estructuradas, con 
inyectores del tipo torbellinador (swirl) o de cuerpo estabilizador (bluff-body). Estos inyectores tienen como principal 
objetivo mantener la estabilidad de la llama a través de la creación de una zona de recirculación inducida por este 
dispositivo (Menom et al., 2001 y Saravanamutto et al., 2001).  

En el presente estudio, se propone una geometría que procura una semejanza a las cámaras de combustión de 
turbinas de gas del tipo tubular, usando un inyector del tipo cuerpo estabilizador, cuya geometría utilizada para el 
presente estudio fue esférica, como se muestra en la Fig. 1. El presente trabajo modela combustión en régimen laminar, 
en condiciones de convección forzada y con propiedades termo físicas constantes. 
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2. Modelage Matematico 
 
2.1 Generación de Mallas 
 

La técnica de generación numérica de mallas de Thompson (Özisik, 1994) fue adoptada. Entretanto, el esquema 
iterativo de Hilgenstock (Hofmann, 1992) fue adoptado para el control de las líneas de las mallas a través de las 
funciones de control de malla, P(ξ,η) y Q(ξ,η). El método de Hilgenstock establece como condiciones a satisfacer, el 
espaciamiento de las líneas de la malla adyacente al contorno, y el ángulo de intersección de las líneas de la malla que 
llegan a este contorno. La condición de ortogonalidad es siempre deseada. 

 

L2

Rin
RoutRmax = 1resf

L3

z

r

L1

r = r(z)

 
 

Figura 1. Geometría de la Cámara de Combustión a Modelar. 
 
La malla es generada en el sistema de coordenadas cartesiano (x,y) a partir de un sistema de coordenadas 

computacional (ξ,η) ya conocido(Özisik, 1994 y Hofmann, 1992), a partir de las siguientes ecuaciones 
 

( ) ( )
2 2 2

2 2
2 22 , , 0x x x x xJ P J Qα β γ ξ η ξ η

η ξ ξ ηξ η
∂ ∂ ∂ ∂ ∂

− + + + =
∂ ∂ ∂ ∂∂ ∂

         (1) 

 

( ) ( )
2 2 2

2 2
2 22 , , 0y y y y yJ P J Qα β γ ξ η ξ η

η ξ ξ ηξ η
∂ ∂ ∂ ∂ ∂

− + + + =
∂ ∂ ∂ ∂∂ ∂

         (2) 

 
donde α, β y γ son los coeficientes geométricos, dados por 2 2x yη ηα = + , x x y yη ξ η ξβ = +  y 2 2x yξ ξγ = + . Entretanto, 
J es el Jacobiano de la transformación de coordenadas, expreso por J x y x yξ η η ξ= − , y ,  ,   e x x y yη ξ η ξ  son las métricas 
de la transformación inversa (Özisik, 1994 y Hofmann, 1992). Las funciones de control de malla, P(ξ,η) y Q(ξ,η), de 
acuerdo al esquema iterativo de Hilgenstock, son evaluadas a partir de 

 
1n n nP P P+ = + ∆  1n n nQ Q Q+ = + ∆             (3) 

 
donde ∆Pn y ∆Qn son las correcciones necesarias para obtener los valores de P(ξ,η) y Q(ξ,η) que proporcionen los 
valores necesarios para satisfacer las condiciones de espaciamiento y ortogonalidad en los contornos de la malla. El 
símbolo n indica el nivel de iteración. Los valores de ∆Pn y ∆Qn son determinados de acuerdo con el mapeamento 
adoptado, pues los valores de P(ξ,η) tienen influencia en las líneas coordenadas ξ, y los valores de Q(ξ,η) en las líneas 
coordenadas η, como observado en la Fig. 2. El mapeamento adoptado es presentado en la Fig. 3. De la Figura 3 se 
observa que la malla es generada para toda la geometría, sin hacer uso de su simetría. La técnica de mapeamento es 
conocida como Técnica de Ventana (Özisik, 1994 y Hofmann, 1992). 

 

(c) (d)(a) (b)

η

ξ  
 

Figura 2. Efectos de P(ξ,η) y Q(ξ,η) en las líneas coordenadas de la malla. (a) y (b) Q(ξ,η) = 0 y P(ξ,η) > 0 y 
P(ξ,η) < 0, (c) y (d) P(ξ,η) = 0 y Q(ξ,η) > 0  y Q(ξ,η) < 0.  
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Figura 3. Mapeamento adoptado. 
 
De acuerdo con el mapeamento adoptado, haciendo referencias a las Figs. 2 y 3, el control del espaciamiento para el 

contorno sur del dominio computacional, (Fig. 3), será a través de los valores de Q(ξ,η). En cuanto que el control del 
ángulo de intersección de las líneas coordenadas que llegan al contorno norte y sur del dominio computacional, será a 
través de P(ξ,η). Control de espaciamiento al contorno norte, correspondiente a la superficie de la esfera, no es 
realizado debido a que el mapeamento adoptado concentra puntos por defecto en esta superficie. Por lo tanto, las 
correcciones para obtener el espaciamiento deseado y el ángulo de intersección deseado, para Ecs. (3), son expresas por 

 
*

1
*tan

n
n s sQ

s
−  ∆ − ∆

∆ = +  ∆ 
  

*
1

*tan
n

nP α α
α

−  −
∆ = +  

 
         (4) 

 
donde ∆s* y α∗, son el espaciamiento, y el ángulo de intersección deseado, respectivamente. Entretanto ∆sn y αn son los 
valores reales de estas variables, las cuales son calculadas a través de la formula de distancia entre puntos (∆sn), y del 
producto escalar de vectores a través de la función arco coseno (αn) (Hofmann, 1992). Luego de obtener los valores de 
P(ξ,η) y Q(ξ,η) en los contornos, los valores en el dominio deben ser calculados. Hilgenstock (Hofmann, 1992) 
propone funciones de extrapolación para obtener los valores de P(ξ,η) y Q(ξ,η) para los puntos internos del dominio 
expresadas por 

 
( ) ( ) ( ) ( ) ( ) ( ) ( )max max max, ,1 exp 1 1 , exp 1 1P P a P bξ η ξ η η ξ η η η= − − − + − − −              (5) 

 
( ) ( ) ( ) ( ) ( ) ( ) ( )max max max, ,1 exp 1 1 , exp 1 1Q Q c Q dξ η ξ η η ξ η η η= − − − + − − −              (6) 

 
donde a, b, c y d son los coeficientes de decaimiento para los valores de P(ξ,η) y Q(ξ,η), en los contornos, que tienen 
por objetivo controlar la distribución de los puntos en el interior del dominio. Un coeficiente de decaimiento variable, 
expresado por Ec. (7), es aplicado para controlar el espaciamiento de los puntos internos de la malla 

 

( ) 1 1,  1c cη η η= ≤ < , ( )
( )

1
1 2

1

 
,  

 
f c

c
f

η η η η
η η

= ≤ <
−

, ( )
( )

1
2

2 1

 
,  

 
f c

c
f

η η η
η η

= ≥
−

            (7) 

 
donde c1 es o valor del coeficiente de decaimiento en el contorno sur, y tiene el valor máximo. Luego f es un factor de 
ponderación, y η1 y η2 son las coordenadas donde se aplica la variación del coeficiente. En la sección de resultados será 
observado el efecto de esta aproximación. 
 
2.2. Solución del Escurrimiento Reactivo 

 
La solución de las variables de flujo es realizada por medio de la formulación Vorticidad-Función Corriente, a fin 

de evitar el tratamiento numérico de la presión. La Figura 4 presenta la geometría de la cámara de combustión a 
simular, y las entradas y la salida de masa, a partir de las cuales se definen las condiciones de contorno del problema. El 
perfil parabólico mostrado en la Fig. 4, en la sección de salida, indica la aplicación de la condición de contorno de flujo 
difusivo nulo de las variables en la dirección axial. La ecuación de Vorticidad, Ec. (8) y la ecuación de Poisson para 
función corriente, Ec. (9) son presentadas en la forma adimensional en coordenadas cilíndricas axisimetricas. La 
vorticidad y la función corriente están relacionadas con el vector de velocidad de acuerdo a las ecuaciones expresadas 
en la Ec. (10). El procedimiento de obtención de estas ecuaciones, junto con la transformación de las condiciones de 
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contorno, puede ser visto en (Anderson, 1997; Roache. 1982, y, Pacheco, 2005). La solución del fenómeno reactivo es 
realizada a través de la formulación de Shvab-Zel’dovich. Esta formulación considera la solución de las variables que 
definen el fenómeno de combustión a través de una única variable escalar, denominada potencial de acoplamiento, o 
escalar conservado, φsz, considerando la hipótesis de llama fina y de número de Lewis unitario. La solución de este 
escalar, Ec. (11), permite la obtención de las fracciones másicas de combustible, oxidante, y del campo de temperatura, 
a través de relaciones lineales donde estas variables están acopladas (Pacheco, 2005, y Kuo,1986). La condición de 
contorno para la corriente de oxidante es 0szφ = , y para la corriente de combustible es 1szφ = . Para los contornos 
sólidos, la condición de impermeabilidad es aplicada. 
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Figura 4. Parámetros del Modelo 
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El número de Prandtl para la mezcla es fijado a 0,7 (Lienhard, 2003). Como el número de Peclet es dependiente del 

número de Reynolds, Ec. (12), se tiene que el problema se torna dependiente únicamente del número de Reynolds. El 
método numérico empleado es el Método de Diferencias Finitas, con el uso de diferencias centradas de segunda orden 
para todas las derivadas espaciales, y Crank-Nicolson para la integración temporal. 
 
3. Resultados 

 
3.1. Malla 
 

La Figura 5 presenta una ligera modificación realizada en los cantos del dominio físico, puntos A, H, G, F, de la 
Fig. 3. En la Figura 5.(a) se observa que las líneas de la malla poseen derivadas discontinuas. Eso dificulta el cálculo 
natural de las variables, lo que implica un tratamiento especial en la línea coordenada que llega al canto. La solución 
adoptada consiste en aproximar ese canto por una curva, como mostrado en la Fig. 5.(b), de esta forma las derivadas son 
continuas, y permiten que la solución de las variables de interés sea normal. La Figura 6 presenta la calidad de los 
elementos de la malla en la superficie de la esfera y del cilindro. Las Figuras 7.(a)-(b) presentan el efecto de la 
distribución de puntos en la región posterior de la esfera, a través de las ecuaciones mostradas en (3)-(7). La Figura 7.(a) 
presenta la malla obtenida con la aplicación de un coeficiente de decaimiento constante y la Fig. 7.(b) presenta la malla 
obtenida a través de la aplicación de las relaciones mostradas en las Ecs. (7), donde se observa un cambio considerable 
en la distribución de los puntos internos en la región comprendida entre la esfera y la salida. 
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Figura 5: Aproximación de los cantos suaves (a) arista recta, (b) arista curva. 
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Figura 6. Detalle de la ortogonalidad de los elementos de malla en los contornos, y el grado de distorsión, 0,4esfr = . 
(a) Superficie de la esfera, (b) superficie del cilindro. 
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Figura 7. Malla de 141x66 nodos, 0, 4esfr = . (a) Coeficiente de decaimiento c constante, a = b = 25, c = 35 
 (b) Coeficiente de decaimiento variable, a = b = 25, c1 = 35,  f = 1,5,η1 = 0,3ηmax, η2 = 0,75ηmax, ηmax = 66 

 
3.2. ANÁLISIS DE CONVERGENCIA DE MALLA 
 

La Tabla 1 presenta las condiciones de contorno fijadas, y los flujos másicos de operación expresados en términos 
del caudal volumétrico. El flujo másico sobre las cuales fueron realizadas las simulaciones numéricas, no guarda 
relación a las condiciones de operación de turbinas a gas. Esto puede ser observado en la Tab. 1, a través de la relación 
Qp/Qf  y QT/Qf, que es la relación de flujo másico de aire primario sobre combustible, y aire total sobre combustible, 
respectivamente. En condiciones reales, estas relaciones son del orden de 15 y 60 respectivamente.  
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El análisis de convergencia de malla de los resultados numéricos es realizado en forma gráfica a través de secciones 
representativas del dominio, debido a la irregularidad de la malla para evaluar los valores de las variables en puntos de 
referencia fijos. Las secciones analizadas fueron escogidas por ser las secciones donde se esperan los mayores 
gradientes. Los números de Reynolds simulados fueron Re = 1, 50, 100, 250, 500 y 750 para resf = 0,2 y 0,4. El análisis 
de convergencia de malla fue realizado para tres mallas: una malla gruesa de (71x66) nodos, media de (106x86) nodos, 
y fina de (141x101) nodos. 

 
Tabla 1. Condiciones de contorno. 

 
resf U0 Qpr Usec z1 z2 Qsec Ujato θ0  Qf Qp/Qf QT/Qf 

0,2 1 0, 393 1,35 1,25 1,55 1,131 2 1 0,1155 3,40 13,2 

0,4 1 0, 393 1,35 1,25 1,55 1,131 2 1 0,4621 0,85 3,30 

 
El caso presentado a continuación resulto ser el más crítico. Esto es, el caso 750Re =  para 0, 4esfr = . La Figura 9 

presenta los perfiles de vorticidad y función corriente obtenida con las tres mallas en la sección 1z = . Se observa la 
concordancia cualitativa de los perfiles mostrando la evolución de una solución convergente para ambas variables a 
medida que la malla se refina. La diferencia relativa máxima observada en los resultados de vorticidad, para las mallas 
más refinadas es de 15% en 0,4r = , entretanto que la malla gruesa (71x66) con la malla media presentan diferencias de 
100%. En 0,74r = , la diferencia relativa resulta prohibitiva de aplicar, pues los valores de vorticidad, para la malla fina 
(141x101), se encuentran próximos de cero. La diferencia absoluta es de 0.1 entre las mallas más refinadas, y de 3 para 
las mallas media (106x86) y gruesa (71x66). La función corriente presenta una diferencia relativa de 3% para las mallas 
mas refinadas, y de 50% para mallas gruesa y media en 0,55r = . 

La Figura 10 presenta los resultados de las mallas simuladas para vorticidad y función corriente en la sección 
1, 4z = , donde se encuentra la entrada del aire secundario. Para vorticidad, se observa que para 0,6r >  los resultados 

de las tres mallas presentan grandes desvíos. La concordancia cualitativa de los resultados de las mallas más refinadas 
se ve comprometida por el comportamiento anómalo en 0,8r = . Evaluando cuantitativamente la diferencia relativa, en 
los puntos donde se observa la mayor diferencia, se tiene que en 0,65r =  las mallas más refinadas presentan un 8% de 
diferencia relativa, en cuanto que en 0,8r =  la diferencia relativa es de 150%. Entretanto, los resultados de mallas 
gruesa y media presentan un 25% y 180% en 0,65r =  y 0,8r = , respectivamente. Por otro lado, la significativa 
diferencia presentada en la vorticidad no afecta seriamente a los resultados de función corriente, presentando una 
diferencia relativa de 8% en 0,5r =  para las mallas más refinadas. La significativa diferencia en la vorticidad es 
atribuida a la calidad de los elementos de la malla, presentando una elevada distorsión en sus elementos, como también 
a la discretización de los términos convectivos de la ecuación de vorticidad. El comportamiento anómalo observado en 
los resultados de vorticidad, es típico de soluciones con presencia de dispersión numérica, atribuida al hecho que el 
esquema de Diferencias Centradas fue aplicado a la discretización de los términos convectivos. Por lo tanto, se aplica 
un esquema de alta orden que considera la dirección del vector velocidad como el esquema QUICK con corrección 
atrasada de Hayase (Versteeg y Malalasekere, 1995), utilizando la malla fina, para luego comparar los resultados de este 
esquema QUICK con el resultado de Diferencias Centradas (DC) en esta malla. De esta forma se cuantifica el efecto de 
los esquemas de discretización en los términos convectivos. La Figura 11 muestra como la aplicación del esquema 
QUICK atenúa fuertemente las oscilaciones numéricas, además de confirmar que los resultados de la función corriente 
presentan una evidente concordancia para ambos esquemas de discretización. Por lo tanto, se confirma que los 
resultados de función corriente son satisfactoriamente concordantes, y como consecuencia, la obtención del vector de 
velocidad resulta satisfactoria. 

Para la sección 2z =  (Fig. 12), los resultados de vorticidad y función corriente obtenidos con las mallas simuladas 
presentan mejores comportamientos que aquellos observados para el caso mostrado en la Fig. 10. Por lo tanto, la 
intensidad de los gradientes en esta región son menores, pues los resultados de las mallas simuladas, para vorticidad y 
función corriente, en esta sección presentan concordancia cualitativa para las tres mallas simuladas, siendo que las que 
muestran los menores desvíos son los resultados de las mallas más refinadas. La mayor diferencia relativa de los 
resultados de vorticidad entre las mallas más refinadas es de 4% en 0,65r =  y para la función corriente de 1% en 

0,7r = . 
En lo que se refiere al comportamiento de la variable escalar, la Figura 13 presenta el perfil del potencial de 

acoplamiento en 1, 4z = , 2z =  y 4z = . En 1, 4z =  se observa el intenso gradiente de esta variable, debido a que la 
salida de combustible se ubica en esta posición. La concordancia cualitativa de las mallas refinadas indica que esta 
variable esta bien resuelta. La evaluación de la diferencia relativa en 0, 4r =  indica un 8% de diferencia relativa, 
debido al intenso gradiente observado. Entretanto, en 2z =  los gradientes son menos intensos, y la solución de la 
variable escalar es convergente para las tres mallas, dentro de la precisión de los gráficos. Por último, en 4z =  el 
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comportamiento de la malla más grosera presenta una oscilación numérica, con valores no físicos, φsz < 0, en 0, 46r = , 
atribuido al hecho de que la malla en la sección de salida del dominio físico tiene elementos de tamaño más groseros. 
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Figura 9. Vorticidad (a) y Función Corriente (b), en z = 1, Re = 750, 0,4esfr = . 

 

r

ω

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
-10

-8

-6

-4

-2

0

2

4

6

8

10
ω (141x101)
ω (106x86)
ω (71x66)

 r

ψ

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
-0.15

-0.1

-0.05

0

0.05

0.1

0.15

ψ (141x101)
ψ (106x86)
ψ (71x66)

 
(a) (b) 

 
Figura 10. Vorticidad (a) y Función Corriente (b), en z = 1,4, Re = 750, 0,4esfr = . 
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Figura 11. Vorticidad (a) y Función Corriente (b), Caso Figura 10, Malla Fina, QUICK-DC. 

 
Finalmente, la Fig. 14 presenta un resultado global y local para 0, 4esfr = , 750Re = , a fin de mostrar el potencial 

de la herramienta numérica desarrollada en el presente trabajo. El resultado global presenta la solución del Potencial de 
Acoplamiento, φsz, Fig. 14.(a), en conjunto con los vectores de velocidad en secciones representativas del dominio, para 
mostrar la evolución del campo de velocidades a lo largo del dominio. Entretanto, la Fig. 14.(b) presenta las líneas de 
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corriente en la región de mayor interés, denominada de región primaria, que es la región donde interactúan las 
corrientes de aire primario, aire secundario y el chorro de combustible. 
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Figura 12. Vorticidad (a) y Función Corriente (b), en 2z = , Re = 750, 0, 4esfr = . 
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Figura 13. Escalar Conservado, en (a) 1, 4z = , (b) 2z = , y (c) 4z = , Re = 750, 0, 4esfr = . 
 

4. Conclusiones 
 

Fue realizado un estudio numérico del escurrimiento de fluido en una geometría axisimétrica con una superficie 
cilíndrica irregular, que procura una semejanza con las cámaras de combustión de turbinas a gas del tipo tubular, y que 
tiene como finalidad la simulación de este dispositivo. La primera aproximación consistió en resolver las ecuaciones de 
conservación de cantidad de movimiento, conservación de energía y especies, a través de la formulación Vorticidad-
Función Corriente, y la formulación de Shvab-Zel’dovich. A fin de confirmar la potencialidad de la malla generada, un 
análisis de convergencia de malla fue realizado. Fueron simuladas tres mallas de (71x66) nodos, (106x86) nodos y 
(141x101) nodos, denominadas malla gruesa, media y fina. El análisis de convergencia de malla para los campos de 
función corriente y el potencial de acoplamiento presentaron soluciones satisfactorias para las mallas más refinadas, en 
cuanto que la malla gruesa mostró resultados no físicos para el escalar conservado en la región de salida. Entretanto, la 
vorticidad se comporta como la variable de convergencia más pobre, en particular para la sección  1, 4z = . En el resto 
de las secciones analizadas los resultados de vorticidad obtenidos con las mallas más refinadas fueron satisfactorios, 
mostrando la tendencia de una solución convergente. Las diferencias en 1, 4z = , son atribuidas a la calidad de los 
elementos de malla, presentando una elevada distorsión en sus elementos, y principalmente a la entrada del aire 
secundario, la cual impone un fuerte efecto convectivo, y como consecuencia, soluciones con dispersión numérica 
fueron encontradas. La aplicación del esquema QUICK atenúa fuertemente las oscilaciones numéricas observadas 
cuando diferencias centradas fueron aplicadas a los términos convectivos de la ecuación de vorticidad. Sin embargo, los 
resultados de función corriente, para ambos esquemas de discretización, utilizando la malla fina, presentan una solución 
satisfactoriamente convergente. De esta forma, la obtención del campo de velocidades a través del campo de función 
corriente es bien sucedida, y esto es confirmado con la solución satisfactoriamente convergente, dentro de la precisión 
de los gráficos, de la variable escalar que define el fenómeno reactivo. 

 



Proceedings of ENCIT 2006 -- ABCM, Curitiba, Brazil, Dec. 5-8, 2006, Paper CIT06-0529 
 

 
9

 

(a) 

 

(b) 

 
Figura 14: (a) Potencial de Acoplamiento y (b) Líneas de Corriente, Re = 750, 0,4esfr = . 
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Abstract. The increasing interest recently observed in the use of gas turbines has motivated the numerical study of its 
principal components in order to obtain a better understanding of physical phenomena involved. In the present work, 
numerical grid generation techniques are applied in axisymetrical geometries similar to can-type combustor of gas 
turbine. A spherical bluff-body is positioned to deliver of axis symmetry of combustor, of way to allow the studying 
effect of the fuel injector. Effects of secondary air injection are considered also. For this irregular geometry, 
techniques of numerical grid generation and coordinate transformation are applied for the mapping of physical 
dominion and the solution the equations of interest variables. For the present study, the flow field was considered 
incompressible, laminar, and with constant thermophysical properties. The flow field was obtained through the 
Stream Function-Vorticity formulation. The solution of the conservation equations for energy, and chemical species is 
accomplished through of Shvab-Zel’dovich potentials. Result of model allows the determination the position and 
shape of flame, and calibration of parameters of grid generated. 
 
Keywords: Gas Turbine Combustor, Grid Generation, Stream Function-Vorticity, Shvab-Zel’dovich. 
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Abstract. Meshfree �uid �ow simulation has achieved large popularity in the last years. Meshfree Galerkin
Methods and Smooth Particle Hydrodynamics are typical examples of meshfree techniques, whose ability to handle
complex problems has motivated the CFD community. In this work we present a new meshfree approach that
uses moving least square (MLS) to discretize the model equations. A mesh is only employed to manage the
neighborhood relationship of points spread within the domain, avoiding thus the problem of keeping a good quality
mesh. This strategy was implemented in the integrated simulation system, called UmFlow-2D, whose purpose is
to simulate incompressible �uid �ow on unstructed mesh. The system is divided in three modules: modeling,
simulation and visualization modules. The simulation module implements the Navier-Stokes equation, which are
discretized by a Generalized Finite Di�erence Method. In particular convective terms are discretized by a semi-
lagrangean technique. A projection method is employed to uncouple the velocity componentes and pressure. Results
of numerical simulations proving the e�ectiveness of our approach in two-dimensional �uid �ow simulations are
presented and discussed.

keywords: Numerical simulation. Generalized �nite di�erence method. Unstructed mesh. Meshfree Discretiza-
tion.

1. Introduction

The need for new techniques for the solution of problems where the classical numerical methods fail or are
prohibitively expensive has motivated the development of new approaches, such as meshfree methods. Aiming
at avoiding di�culties as the generation of good quality meshes and mesh distortions in large deformation
problems, the meshfree methods try to construct approximation functions in terms of a set of nodes.

The literature has presented a set of di�erent meshfree methods, according to computational modeling, the
meshfree methods may be put into two di�erent classes, [Li and Liu, 2004] those that approximate the strong
form of a partial di�erential equation (PDE), this techniques, in general, discretize the PDE by a collocation te-
chnique. Examples of such methods are generalized �nite di�erence method (GFDM) [Liszka and Orkisz, 1980]
and smoothed particle hydrodynamics (SPH) [Monaghan, 1988] . The methods in the second class, i.e., ser-
ving as approximations of the weak from of a PDE, are often Galerkin weak formulations (meshfree Galerkin
methods). Examples of such an approach are element-free Galerkin method (EFGM) [Belytschko, 1994], di�use
element method (DEM)[Nayroles et al., 1992], reproducing kernel particle methods (RKPM)[Liu et al., 1995],
and partition of unit method (PUM) [Melenk and Babuska, 1996].

In this work we present a new meshfree method that approximates the strong form of a PDE. Our approach
estimates the derivatives involved in a PDE from a polynomial approximation conducted in each discretized
node. Di�erent from GFDMmethods, which use the classical Taylor series expansion to calculate the polynomial
from which the derivatives are extracted, our strategy adopts a more �exible scheme to compute the polynomial
approximation, namely the moving least square (MLS)[Levin, 1998]. The moving least square presents some
advantages over Taylor series expansion. For example, the weight assignment, usually employed to control the

1



Proceedings of the ENCIT 2006, ABCM, Curitiba � PR, Brazil � Paper CIT06-0568

contribution of neighbor nodes to the polynomial approximation, can be accomplished in a more straight way
by MLS. Furthermore, MLS can be combined with partition of unity in order to tackling the problem of the
number of neighbor nodes properly. In order to show the e�ectiveness of the proposed technique, we present an
integrated simulation system, called UmFlow-2D, wich aims at simulating two-dimensional incompressible �uid
�ow using unstructed mesh. The system is divided in three modules: modeling, simulation and visualization
modules. The modeler module is used to de�ne a �uid, boundary conditions, and others simulation's datas.
The simulation module implements the Navier-Stokes equation and boundary bonditions. The visualization
module is a system that permit the visualization of result and implements several visualization method.

In this paper we presents the simulation module. This module implements the Navier-Stokes equation in a
computacional code. The governing equations are discretized by a generalized �nite di�erence method with the
convective terms discretized by a semi-Lagrangian scheme. A projection method is employed to uncouple the
velocity componentes and pressure. The strategy employed to solve the Poisson's equation generated from our
discretization strategy is another novelty of this work. The details of such a modeling is also presented.

The work is organized as follows: Section 2 presents the least square discretization method proposed in this
work. A description of how to employ such a discretization method in Navie-Stokes equations is discussed in
section 3. The scheme adopted to de�ne the boundary conditions is presented in section 3.1. Section 4 presents
some results obtained from the proposed approach. Conclusions and future work are in section 5.

2. Least Square Approximation

In this section we present some basic de�nitions and notation employed in the remaining of the text and the
Least Square Approximation.

2.1. Computional Node Arrangement

Let V = {v1, v2, . . . , vn} be a set of discrete nodes representing a domain D ⊂ R2. For each node vi ∈ V we
de�ne the local coordinate system of vi by writing any point r = (x, y) ∈ D as r̄i = r − ri, where ri = (xi, yi)
are the coordinates of vi. We denote by r̄k,i = rk − ri the coordinates of a node vk ∈ V written in the local
coordinate system of vi.

Let Si ⊂ V be a non-empty subset of nodes, Si is a star of vi, if the two conditions bellow are satis�ed:

1. if ‖r̄s,i‖ ≤ ‖r̄k,i‖, ∀vk ∈ V, k 6= s then vs ∈ Si

2. if vs is in the convex hull of S then vs ∈ Si

The local minimum length of a star Si is de�ned as:

hi = min
vs∈Si

‖r̄s,i‖ (1)

Notice that the local minimum length is the same for all stars of vi. From the de�nition of local minimum
length we can de�ne the global minimum length with respect to V :

h = min
vi∈V

hi (2)

in another words, the global minimum length h is the shortest distance of the nodes representing D.

2.2. Least Square Approximation

Let vi ∈ V be a node in the domain D and Si be a star of vi. Suppose that f : D → R is a real function
de�ned in D. We aim at approximating f in a neighborhood of vi by a function f̄ of the form:

f̄i(r̄) = f(ri) + Wi(r̄) (3)

where Wi is a polynomial of degree d that can be written as:

Wi(r̄) =
N∑

j=1

cjP
(j). (4)

The terms P (j) in Eq. (4) forms a basis of monomial {x, y, x2, xy, y2, . . .}, which can be numbered as in Fig.
( 1). Notice that the constant monomial is not considered, as the polynomial will be employed to approximate
derivatives, thus the constant term can be neglected.
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Monomial Basis
monomial Degree
P (1) = x 1
P (2) = y 1
P (3) = x2 2
P (4) = xy 2
P (5) = y2 2
P (6) = x3 3
P (7) = x2y 3
P (8) = xy2 3
P (9) = y3 3 degree1 degree2 degree3

P (2) P (4)

P (5)

P (9)

P (8)

P (7)

P (6)P (3)P (1)

Figure 1: Monomial basis and numbering scheme.

Given the values of f in each node vk ∈ Si, we can compute the coe�cients cj of Wi by solving the linear
system Ac = B:




a11 · · · a1N

...
aN1 · · · aNN







c1

...
cN


 =




b1

...
bN


 (5)

where the elements aij of the matrix A and the elements bi of vector b are given by:

aij =
∑

vk∈Si

P (i)(r̄k)P (j)(r̄k)wk; i, j = 1, . . . , N (6)

bi =
∑

vk∈Si

(f(rk)− f(ri))P (i)(r̄k)wk (7)

As can be seen from Eq. (6) and (7), using the MLS we are assigning weights wk for the node vk ∈ Si.
Such weights can depend on the distance between vk and vi or they can be a Gaussian in vi. It is important to
point out that the rank of A depends on the number of elements in Si. For example, for a quadratic polynomial
approximation there will be needed at least �ve nodes in Si. The higher the degree of Wi the more nodes are
needed.

Once the coe�cients cj have been computed, the derivatives of f can be approximated in vi by the derivatives
of f̄i. Furthermore, if f̄i is a quadratic polynomial then the second order derivatives are given directly from the
coe�cients cj , i.e.,

∂2f̄i

∂x̄2
=

∂2Wi

∂x̄2
= 2c3

∂2f̄i

∂x̄∂ȳ
=

∂2Wi

∂x̄∂ȳ
= c4 (8)

∂2f̄i

∂ȳ2
=

∂2Wi

∂ȳ2
= 2c5

It can be shown that the discretization strategy presented above is consistent if the nodes in Si are distributed
properly. Details about this theoretical result can be found in Peña's master dissertation [Peña, ]. In order
to verify the e�ectiveness of the scheme above in numerical simulations, we apply the proposed strategy in an
incompressible �uid �ow simulation problem. How to conduct the discretization of the Navier-Stokes equations
from our approach is the subject of the next section.

3. Discretizing Navier-Stokes Equations

Although the discretization technique presented in the last section has been developed for meshfree domain
decompositions, we prefer using a mesh to make the access to the neighborhood of a node easier. To this end, the
set of nodes representing a domain D has been input in a Delaunay mesh generator. It is not di�cult to show
that Delaunay meshes guarantee the �rst condition of the de�nition of a star. Without any post-processing a
Delaunay mesh satisfy the second condition in almost every node. Steiner points can be inserted if it is strongly
necessary to respect condition 2 of the de�nition of a star.
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Pressure discretization will also be making use of the mesh, as we are storing the pressure on the triangular
cells. It is worth mentioning that the velocity �eld is stored on the nodes as in Fig (2). Such a scheme has been
adopted in order to make velocity and pressure decoupling easier.

u, v

p

u, v

u, v

Figure 2: Computational cell.

Consider the Navier-Stokes and continuity equations:

Du
Dt

= −∇p +
1

Re
∇2u+

1
Fr2

g, (9)

∇ · u = 0 . (10)
where u is the velocity and p is the pressure of the �uid, Re is the Reynolds number and Fr is the Froude
number.

The material derivative Du
Dt is discretized by the semi-Lagrangian method:

Du
Dt

=
u(x, t + δt)− u(x− δx, t)

δt
. (11)

where δx = uδt.
Using the fractionary step method (projection method), we obtain the set of equations:

ũ(x, t + δt)− u(x− δx, t)
δt

=
1

Re
∇2u+

1
Fr2

g, (12)

u(x, t + δt)− ũ(x, t + δt)
δt

= −∇pn+1, (13)

∇2pn+1 =
1
δt
∇ · ũ(x, t + δt), (14)

From the above equations, the velocity and pressure �elds can be computed, for each time step, as follows:

1. Intermediate velocity

ũ = u(x− δx, t) + δt

(
1

Re
∇2u+

1
Fr2

g
)

(15)

2. Intermediate pressure

∇2pn+1 =
1
δt
∇ · ũ, (16)

using the following boundary conditions

• Homogeneous Neumann condition for rigid contours, given by

∂pn+1

∂n
= 0.

This condition is used also on the in�ows.
• Homogeneous Dirichlet condition for out�ow, i.e., pn+1 = 0.

4
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3. New velocity

un+1 = ũ− δt∇p (17)

The term u(x − δx, t) in Eq. (15) is computed by linear interpolation of the velocity u on the nodes vi, vj

and vk closest to x− δx. The Laplacian term ∇2u is computed from a least square approximation as described
in (9).

After estimating ũ, we must solve Poisson's equation (16). In fact, this is the hardest step of the scheme.
Using a quadratic polynomial for the least square approximation, a 5× 5 linear system is obtained:




a11 · · · a15

...
a51 · · · a55







c1

...
c5


 =




b1

...
b5


 (18)

where the elements aij and bi are given by Eq. (6) and Eq. (7) respectively.
Using Gaussian elimination we can re-write the system (18) as:




â11 · · · â15

. . .
â55







c1

...
c5


 =




b̂1

...
b̂5


 . (19)

By backward substitution one can obtain the coe�cients c5 and c3 that are involved in the discretization of
∇2p, and they can be written as:

c3 =
∑

vk∈Si

αkp(rk) + αip(ri) (20)

c5 =
∑

vk∈Si

βkp(rk) + βip(ri) (21)

where αk and βk are constants obtained from the Gaussian elimination process.
In that way, the Poisson matrix is sparse and non-symmetric. In our implementation we employ the bi-

conjugate gradient method [Saad, 2003] to solve the resulting linear system.
Once p has been calculated, moving least square can be employed to approximate ∇p, making it possible to

solve Eq. (17).

3.1. Boundary Conditions

The boundary conditions employed in our discretization scheme have been discussed. In fact, we must handle
three di�erent types of boundary: rigid contours, in�ow and out�ow.

For rigid contours two di�erent boundary conditions have been implemented in our code: no slip and free
slip. In the �rst case the velocity is set to zero in all nodes de�ning the rigid contours. The free slip condition
imposes that the velocity in the normal direction be zero and the derivative of the tangential velocity with
respect to the normal direction is also zero.

On the in�ows, the velocity is given in the normal direction, being zero in the tangential direction.
On the out�ows, the derivative of the normal component of the velocity with respect to the normal direction

is zero and the derivative of the tangential velocity with respect to the normal direction is also zero.
The boundary conditions for pressure is introducted for each triangular element at contour an "imaginary"

triangular element, increasing a neighborhood in the cell of approach of the derivatives as in Fig. (3).

• Homogeneous Neumann condition for rigid contours, given by

p(n+1)(rf )− p(n+1)(r0)
dist(rf → r0)

= 0.

The value of p in the triangular element imaginary is equal to the value of p in the triangular element of
contour.

bi =
∑

vk∈C0

(p(n+1)(rk)− p(n+1)(r0))P (j)
k ωk (22)

5
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����

{{

Figure 3: Boundary condition for pressure.

The independent term bi is not modi�ed.

• Homogeneous Dirichlet condition for out�ow, i.e.,

p = 0.

In this case the value of p in the element imaginary is

p(rf ) = −p(ri).

and the independent term is modi�ed

bi =
∑

vk∈C0

(p(n+1)(rk)− p(n+1)(r0))P (j)
k ωk

Getting 2p0P
i
f where P i

f is the monomial i of the triangular element imaginary.

4. Results

In order to illustrate the e�ectiveness of our discretization technique, we present two examples of simulations.
The �rst example shows the classical �uid �ow simulation in a channel. The second example aims at illustrating
the behavior of our approach in a �ow over a circular cylinder.

4.1. Flow in a Channel

The well known Hagen-Poiseuille �ow has been chosen to validate our numerical method, as an analytical
solution is available. This simulation consists of a �ow between two parallel plates, as illustrated in Fig. ( 4).

L

Figure 4: Hagen-Poiseuille �ow.

The analytical solution for Hagen-Poiseuille �ow, which can be found in Batchelor [Batchelor, 1970], is given
by:

u(y) = − 1
2µ

∂p

∂x
(yL− y2), (23)

where µ is the viscosity and the velocity u is a function of the distance y to the wall. Considering L to be the
width of the channel, the pressure gradient can be written as:

∂p

∂x
= −12

µQ

L3
, (24)
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where Q is de�ned by:

Q =
∫ L

0

u(y)dy. (25)

Considering u(y) = U on the in�ow, where U is the reference velocity, and choosing L = U = 1, the
analytical solution is:

u(y) = −6y(y − 1), (26)
Three di�erent meshes have been employed to show the convergence of our method: a course mesh with

193 cells (M1), an intermediate mesh containing 728 cells (M2), and a re�ned mesh with 2853 cells (M3). The
parameters of the simulation have been set as: domain: 3m×1m; Viscosity: 0.10Ns/m2; Density: 0.10Kg/m3;
Reynolds: Re = 1; Froude: Fr = 0.319275. Figure ( 5) shows the intermediate mesh and Fig. ( 6) presents a
qualitative map of the velocity in x.

Figure 5: Intermediate mesh with 728 cells.

Figure 6: Velocity �eld in x direction.

Figure ( 7) shows a comparison between the analytical and numerical solution on a line in the middle of the
channel.

One can observe that in the re�ned mesh it is di�cult to distinguish the analytical from the numerical
solution.

4.2. Flow over a circular cylinder

We �nish this section with an example illustrating the simulation of bidimensional around a circular cylinder.
For numbers of Reynolds in the band 40 < Re < 1000, the draining around the cylinder cause the detachment
of vortices, being this laminar until Re = 300.

The boundary conditions were imposed in such a way that the �ow was from the bottom up toward the top
of the domain. A Newman boundary condition was used on the lateral boundaries. A constant velocity pro�le
U was speci�ed at the domain entrance.

7
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Figure 7: Comparing analytical and numerical results.
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Figure 8: Computacional domain and boundary condition for �uid around a cylinder.

The simulation was in a �xed mesh with elements and h = 0.1, shown in the Fig. (9). The used Reynolds
of number was Re = 100, su�cient for the detachment of vortices. The Fig. (10) - (13) shows the vorticity of
�uid in some time di�erent.

Figure 9: Mesh used in simulation around a cylinder.

Notice from Fig. (10) - (13) vorticity of �uid is in accordance with what we expected.
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Figure 10: Vorticity �eld, t = 10s.

Figure 11: Vorticity �eld, t = 20s.

Figure 12: Vorticity �eld, t = 30s.

5. Conclusions and Future Work

In this work we present a new discretization technique that makes use of least square approximation to
estimate derivatives. Such an approach has turned out to be very robust in �uid �ow simulation, being thus
a new alternative for handling these kind of problems. The strategy adopted to build the Poisson's matrix by
Gaussian decomposition of the least square matrix is another contribution of this work.

The results of applying the proposed approach in the well known Hagen-Poiseuille �ow and in a �uid �ow
simulation are very consistent, con�rming thus the e�ectiveness of our method.

Although this new methodology has been developed envisioning a complete meshfree discretization scheme,
we make use of a triangular mesh to improve the access to nodes neighborhood. In order to get rid of the
mesh we are developing a set of data structures devoted to access neighborhood of nodes. A new scheme for
discretizing the pressure on the nodes has also been investigated.

Another aspect we are considering is to employ high order semi-Lagrangian schemes, making it possible to
deal with higher Reynolds number.

9
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Figure 13: Vorticity �eld, t = 33s.
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Abstract. The understanding of adsorption mechanisms of compounds utilized in many medications and prescription drugs 
represents an important step for the development of different separation processes of such substances. The adsorption  kinetic study 
of such chemical compounds through the application of new models permits a better comprehension of the evolved mechanisms, 
leading to the estimation of important parameters that will be incorporated in the equipment design. In this work a kinetic model of 
irreversible adsorption is implemented, which is dependent on both solute and site concentrations. It showed to be very effective 
correlating the simulated results with the adsorption experiments of salicylic acid through three adsorbents in different temperature 
conditions. The application of an inverse problem approach, with the minimization of the squared residues cost function, was 
successful in determining the kinetic parameters. The increase in the kinetic constants obtained with the temperature increase was 
followed by a reduction in the adsorption capacity of the adsorbents. Thermodynamic parameters were also estimated, leading to 
the comprehension about the equilibrium states of the adsorption systems considered.  
 
Keywords. Kinetic modeling, Inverse Problem, Salicylic acid, Thermodynamic Analysis 

 
1. Introduction  
 

The comprehension about the adsorption mechanisms of chemical compounds utilized in medicines is an important 
step for the development and improvement of several adsorption processes evolved with such substances, such as 
separation, purification, decontamination of wastewaters etc. 

The agitated batch process of adsorption is an important method used for equilibrium parameters estimation, which 
are applied in the processes modeling such as chromatography and simulated moving bed (SMB) separation. The 
hydrodynamic aspects of these processes become the kinetic modeling an interesting tool for the process modeling in 
obtaining parameters that will be incorporated in the equipment design. 

The application of an inverse problem methodology for chromatographic systems is a new promising area since the 
solution of inverse problems has several relevant applications in the engineering field (Vasconcellos et al., 2003). Other 
results can be found in Vasconcellos et al. (2002a, 2002b), Lugon et al. (2001), Denisov (2000), Felinger at al., (2003), 
and Folly et al. (2005).  In the work of Vasconcellos et al. (2003) the inverse problem formulation with the 
minimization of a cost function of squared residues was applied in the mass transfer parameters estimation of protein 
adsorption (Bovine serum albumin-BSA). The optimization method utilized is the same applied by Folly et al. (2005), 
the Levenberg-Marquardt. The method in both applications was successful in determining the parameters of non-linear 
equations.  

Some contributions in the application of adsorption kinetic models for the liquid phase can be encountered through 
the following publications: Thomas (1944), Chase (1984), Sarkar and Chattoraj (1993), Hamadi et al. (2001, 2004), 
Otero et al.(2004), Gulen et al.(2005) and Aroguz (2006). An important contribution comes from the work of Chase 
(1984), which implemented semi-analytical expressions to model the adsorption phenomenon in agitated tanks and 
chromatographic columns. He considered the kinetic concepts to model the adsorption process as a reversible system 
with an overall rate of second-order. In a general point of view, the above publications, with exception of the Chase 
model (Chase, 1984), use simplified or empiric expressions for the kinetic models. The advantage of utilizing the 
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concepts of kinetic theory to develop new models is that the stoichiometric and order, related to the compounds in the 
adsorption system considered, can be varied and analyzed independently, leading to a better comprehension of the 
evolved kinetic phenomenology. 

In this work an implemented kinetic model of adsorption is applied in the modeling of salicylic acid adsorption 
onto three different adsorbents, an activated carbon (F400) and two polymeric resins (F206 and F207), in three different 
temperature conditions. The model adjustment through the experimental data is done with the application of an inverse 
problem approach that minimize the square residues of a cost function. 
 
2. Formulation of the kinetic model with inverse approach 
 

The agitated adsorption techniques to measure adsorption parameters are modeled with the following expression for 
batch processes: 
 

1 j
j

dn
r

V dt
=         (1) 

 
in which r j , that corresponds to the adsorption rate of component j, is proportional to the variation in the moles number 
of solute j. The tank volume (V) is assumed constant. 

The adsorption stoichiometry considered is represented in Fig. 1. It is related to an irreversible adsorption kinetic 
with a kinetic constant ki. This adsorption mechanism depends both on the solute concentration (liquid phase) and the 
active surface concentration (site concentration in solid phase). 
 

 
 

Figure 1. Representation of the adsorption mechanism. 
 

The adsorption mechanism of Fig. 1 considers the adsorption of 1(one) mol of solute A in 1(one) mol of active site 
(s). The kinetic modeling, in terms of consumption rate of solute j (r j), is written in the following form. 

 
( ) .n m

j i j sr k C C− =         (2) 

 
Where ki , Cj  and Cs  represent the kinetic constant, the concentration of solute j in the liquid phase and the 
concentration of sites of adsorption in the solid phase, respectively. For a first order elementary adsorption, the 
exponents n and m are equal to 1, which corresponds to an overall rate of second order. The irreversible adsorption is an 
adequate hypothesis, since in some experimental studies the desorption procedures are necessary to return the original 
adsorbent properties without solute traces (Pereira (1999), Silva (2000)). This is done with elution and washing steps.   

With the considerations just described, Eq. (2) can be solved analytically through the expression (1), applying a 
balance in the moles number of active sites of adsorption, i.e. 

 

.t s A sC C C= +         (3) 

 
in which Ct  corresponds to the maximum concentration of adsorption sites, that is the sum through the concentration of 
vacant sites (Cs ) and occupied sites by solute A (CAs ). Another important balance is related to the concentration of 
solute A. In the balance of solute A, the initial concentration in the solution (CA0) corresponds to the sum of the final 
solute concentration in the solution (CA ) and the adsorbed solute concentration in the solid phase (CAs ), i.e. 

 

0 .A A A sC C C= +         (4) 

 
The Combination of Eqs.(1-4) leads to. 

 

( )
A

i
A A

dC
k dt

C a C
= −

+∫ ∫         (5) 

 
in which 

0t Aa C C= − . Performing the integrations in Eq. (5) results. 

 

ln . .A
i

A

C
a k t c

a C

 
= − + + 

        (6) 
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We obtain the final expression of the irreversible adsorption kinetic model of overall order of 2 (IKM2) using the 
following contour conditions. 

0

.

0 A A eq A

t s t A s

C C C C
t t

C C C C

= =
= ⇒ 〈  ,   = ∞ ⇒ 〈 

= =
        (7) 

 
The balance of the solute (Eq. 4) in the above conditions (Eq. 7) leads to the following form in the equilibrium. 

 

0A t eqC C C= +         (8) 

 
The equations below (Eq. 9) present the final expressions for the concentration of solute A, with Ct , CA0  and ki  in the 
time domain. 

. .0 ia k tAA

A A

CC
e

a C a C
− 

=  + + 
 or 0

. .
0 0
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( ) i

A
A a k t

A A

a C
C

a C e C−=
+ −

        (9) 

 
Note that the implemented IKM2 expression comes from the moles balance following the moles relation shown in 

Fig. 1, which can be calculated independently of the volume of each phase. The parameter a in the IKM2 (Eq. 9) can be 
substituted by the term –Ceq, becoming the model dependent on the liquid phase parameters. 

The correlations with the kinetic model implemented in this work (IKM2) were obtained through the experimental 
data of Otero et al. (2004). The correlation results from the kinetic model applied by Otero et al. (2004) were also 
analyzed for comparison purposes. 

In order to obtain estimates for the unknown parameters we formulate the inverse problem implicitly, as an 
optimization problem in which we look for the minimum value of the cost function. The last one is given by the 
summation of the squared residues between experimental (Cexp) and calculated (Ccal) values of the solute concentration. 

 

2
exp

1

( )
i i

N

cal
i

Q C C
=

= −∑       (10) 

 
3. Results and discussion 
 

The simulation results of IKM2 model are compared and correlated to three different adsorbent materials used in 
the adsorption of salicylic acid (Otero et al., 2004).  

The simulation results were obtained assuming an equilibrium concentration (Ceq) that corresponds to the final 
concentration of the solute in the solution. The equilibrium concentration is an important parameter in the adsorption 
process once it determines the concentration of adsorption sites (solid phase concentration) from a moles balance with 
the initial concentration of the solute (see Eq. 8). In all simulations were considered an implicit error in the equilibrium 
concentration (Ceq). The Ceq was varied in the range between –10 to 10% of its original value. It led to optimized 
simulation results with better fit between the model and the experimental data. This was confirmed by significant 
reductions in the cost function of squared residues (Q).  

The Figs. (2-4) present the correlation results between the IKM2 model and the experimental data from Otero et al. 
(2004). As can be observed from the Figs. (2-4), the IKM2 model showed high fit correlating the experimental points of 
all adsorbents in all temperature conditions. 
 

 
 

Figure 2. Correlation between the IKM2 model (lines) and the experimental adsorption data (points) of salicylic acid 
onto the F400 adsorbent. 
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The IKM2 model was highly satisfactory correlating the experimental data both in the initial period of time and in 

long times. It provided better correlation results, according to best fits, than those obtained by Otero et al., 2004, which 
applied a linear driving force (LDF) model for the adsorption kinetic. 

 An interesting characteristic of the implemented model (IKM2) is the very small computational effort in obtaining 
the simulation results. It is related to the analytical form of the mathematical expression (Eq. 9). Besides the good 
agreement with the real experimental data, the kinetic model described (IKM2) requires only two parameters (CA0 and 
Ct or Ceq) to obtain the rate kinetic constants (ki). 
 

 
 

Figure 3. Correlation between the IKM2 model (lines) and the experimental adsorption data (points) of salicylic acid 
onto the F206 adsorbent. 

 

 
 

Figure 4. Correlation between the IKM2 model (lines) and the experimental adsorption data (points) of salicylic acid 
onto the F207 adsorbent. 

 
The Table 1 presents the kinetic constants of adsorption estimated from the IKM2 model. As can be seen from the 

Table 1, there is an increase in the kinetic constants with the increase in the temperature. This increase in the kinetic 
constant is accompanist by a reduction in the adsorption capacity of the adsorbent, as can be verified from the Figs. (2-
4). The estimated kinetic constants from the polymeric adsorbents (F206 and F207) were greater than those from the 
activated carbon (F400), although the last one presented the high adsorption capacity (vide Fig. 2). 

For the processes design, the optimization between retention capacity and adsorption rate (proportional to the 
kinetic constants) must be carried out to reach the desire temperature for the maximum production with the minimum 
time for the processing. 
 

Table 1. Estimated kinetic constants of adsorption for each adsorbent. 
 

 Kinetic constants of adsorption (mL/mg.min)*103 

Temp. (K) F400 F206 F207 
293 K 1.578 6.278 8.052 
310 K 4.877 14.148 11.993 
333 K 12.194 52.642 41.394 
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Fig. 5 presents the behavior and the minimum of the cost function (Q) by varying the kinetic constant (ki) for three 

different values of equilibrium concentration (Ceq). These results correspond to the adsorption experiments through the 
adsorbent F400 in the temperature of 333 K. The cases studied correspond to the Ceq values of 76 mg/L, 83.1 mg/L and 
79.2 mg/L. The first and second one correspond to the values obtained by Otero et al. (2004), from the Langmuir model 
correlation and the equilibrium kinetic experiments, respectively. The last one was obtained from the optimization 
procedure of Ceq (varied in the range of -10 to 10 % of its original). As can be seen, the minimum cost function 
presented smooth profiles that led to absolute minimums in some determined kinetic constants values. The optimized 
condition (Ceq = 79.2 mg/L) showed the great absolute minimum.  The Ceq cases from the Langmuir isotherm and the 
equilibrium kinetic experiments presented the high residue value if compared to the optimized condition. The last 
procedure can leads to erroneous estimation of parameters. 

The results of the Fig. 5 showed that an improvement in the model correlation with experimental data can be 
obtained, what is related to the reduction in the cost function. It was reached optimizing the equilibrium concentration 
in a pre-determined range of error. 
 

 
 

Figure 5. Cost function residues (Q) of three equilibrium concentration values varying the kinetic constants. 
 

The estimated kinetic constants (Table 1) were applied into the Ahrrenius equation (Eq. 11), making possible the 
determination of the adsorption activation energies for the adsorbents studied. 
 

..
aE

R T
ik A e

−
=       (11) 

 
where A, Ea and T represents the frequency factor (min-1), The activation energy (J/mol) and the temperature (K), 
respectively, utilizing the constant R equals to 8.314 J/mol.K. The application of the logarithmic in both equation sides 
becomes the Ahrrenius equation linear. The results are plotted in the Fig. 6. The activation energy comes from the 
angular term of the straight equation. 
 
 

 
 

Figure 6. Linear form of the Ahrrenius equation for the determination of the adsorption activation energy. 
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Other thermodynamics parameters were determined through the expression of the free energy of Gibbs ( ∆G), 
 

.G H T S∆ = ∆ − ∆       (12) 
 

in which ∆H, ∆S and T correspond to the variation of enthalpy and entropy and the temperature, respectively. The free 
energy of Gibbs, in the standard state (∆G0), is represented by the Eq. (13). 

  

. . ( )o
cG RT Ln K∆ = −       (13) 

 
The term Kc represents the equilibrium constant. It is obtained through the ratio of the solid phase and the liquid 

phase concentration in the equilibrium (Aroguz, 2006). The Eqs. (12) and (13) combined lead to the linear form of the 
Eq. (14).  

 

( )
.

o o

c

H S
Ln K

RT R

   ∆ ∆= − +   
   

      (14) 

 
The parameters ∆S0 and ∆H0 were obtained, respectively, from the linear and angular coefficient of the Eq. (14). 

The thermodynamics parameters, from Eqs. (11) and (14) are presented in the Table 2. 
 

Table 2. Estimated kinetic constants of adsorption for each adsorbent.. 
 

 F400 F206 F207 
Ea(KJ/mol) 41.55 14.6 43.31 

∆H0 (KJ/mol) -9.75 -21.31 -17.34 
∆S0 (J/mol) -40.44 -77.9 -65.24 

 

Analyzing the data of Table 2 can be verified values of activation energies that correspond to mechanisms of 
physisorption (Aroguz, 2006). These values are in the high limit of physisorption, in which after it there is the 
chemisorption domain. The negative variation of enthalpy and entropy is related to the adsorption that is exothermic 
and to the decrease in the system disorder, respectively. An increase in the temperature leads to a decrease in the 
equilibrium constant, as the adsorption process is exothermic. This is verified from the Figs 2-4, in which the retention 
capacity decrease with the increase in the temperature. So, the adsorption is not spontaneous with the increase in the 
temperature. 
 

4. Conclusions 
 

The analytical kinetic model of adsorption implemented (IKM2) has proved to be satisfactory due to a number of 
aspects. Firstly, it provided better agreements with experimental data when compared to other kinetic models, such as 
the kinetic model of linear driving force (Otero et al., 2004). Other relevant aspects are related to the necessity of a 
small number of parameters in the model and the straightforward procedure obtaining the solution. It turned out to be 
very useful when associated to the square residues inverse modeling. 

The consideration of an acceptable error domain for the equilibrium concentration (Ceq) provided good results by 
reductions in the residues cost function, which led to a better experimental correlation with an increase in the accuracy 
of the parameters estimated. In the procedures evolved with the correlation of experimental equilibrium data with 
isotherm models, such as Langmuir model, a special treatment must be considered since implicit errors can lead to 
erroneous estimation of parameters. 

The simulated results indicated an increase in the kinetic parameters (ki) with an increase in the temperature for all 
the adsorbents studied. The increase in the kinetic constants or adsorption velocity was followed by a reduction in the 
retention capacity of the solid phase. It was confirmed by the thermodynamic parameters obtained. 

The observed decrease in the capacity of adsorbent with the increase in the temperature must be analyzed and 
optimized in terms of adsorption velocity (related to the kinetic constants) as the last one decrease the time for the 
processing. 
 
5. Acknowledgement 
 

The authors acknowledgment the financial support provided by CNPq (Conselho Nacional de Desenvolvimento 
Científico e Regional), FAPERJ (Fundação Carlos Chagas Filho de Amparo à Pesquisa do Estado do Rio de Janeiro) 
and FAPESP (Fundação de Amparo à Pesquisa do Estado de São Paulo). 



Proceedings of ENCIT 2006 -- ABCM, Curitiba, Brazil, Dec. 5-8, 2006 – Paper CIT06-0643 
 

 
6. References 
 
Aroguz, A.Z., 2006, “Kinetics and Thermodynamics of Adsorption of Azinphosmethyl from Aqueous Solution onto 

Pyrolyzed (at 600º C) Ocean Peat Moss (Sphagnum sp.)”, Journal of Hazardous Materials. (In press) 
 
Chase, H.A., 1984, “Prediction of the Performance of Preparative Affinity Chromatography”, J. Chromatography, Vol. 

297, pp. 179-202. 
 
Denisov, A.M., 2000, “Inverse Problems of Absorption Dynamics, Proc. Minisymposium on Inverse Problems in 

Medicine”, Engineering and Geophysics-Proc. XXIII Brazilian Congress on Applied and Computational 
Mathematics, ,Santos- Brazil, pp. 24-32. (Invited Lecture) 

 
Felinger, A., Zhou, D., Guiochon, G., 2003, “Determination of the Single Component and Competitive Adsorption 

Isotherms of the 1-Indanol Enantiomers by Inverse Method”, Journal of Chromatography A, Vol. 1005, pp. 35-49. 
 
Folly, F.M., Silva Neto, A.J., Santana, C.C., 2005, “An Inverse Mass Transfer Problem for the Characterization of 

Simulated Moving Bed Adsorption Columns”, Proceedings 5th Intern. Conf. on Inverse Problems in Eng, 
Cambridge, UK, 11-15th July.. 

 
Gulen, J., Aroguz, A.Z., Dalgin, D., 2005, “Adsorption Kinetics of Azinphosmethyl from Aqueous Solution onto 

Pyrolyzed Horseshoe Sea Crab Shell from the Atlantic Ocean”, Bioresource Technology, Vol. 96, pp. 1169-1174. 
 
Hamadi, N.K., Chen, X.D., Farid, M.M., Lu, M.G.Q., 2001, “Adsorption Kinetics for the Removal of Chromium(VI) 

from Aqueous Solution by Adsorbents Derived from Used Tires and Sawdust”, Chemical Engineering Journal, Vol. 
84, pp. 95-105. 

 
Hamadi, N.K., Swaminathan, S., Chen, X.D., 2004, “Adsorption of Paraquat Dichloride From Aqueous Solution by 

Activated Carbon Derived from Used Tires”, Journal of Hazardous Materials B, Vol. 112, pp. 133-141. 
 
Lugon Jr, J., Silva Nrto, A.J., Santana, C.C., 2001, “An Inverse Mass Transfer Problem in Gas-Liquid Adsorption in 

Columns of Bubble and Foam”, Inverse Problems in Engineering Symposium, College Station, Texas, EUA. 
 
Otero, M., Grande, C.A., Rodrigues, A.E., 2004, “Adsorption of Salicylic Acid onto Polymeric Adsorbents and 

Activated Charcoal”, Reactive and Functional Polymers, Vol. 60, pp. 203-213. 
 
Pereira, J.A.M., 1999, “Adsorption of β-Galactosidase from Scopulariopsis sp in Ion Exchange Resin with Purification 

and Scaling-up objective”, D.Sc. Thesis, Universidade Estadual de Campinas, São Paulo, Brazil. (In Portuguese) 
 
Sarkar, D., Chattoraj, D.K., 1993, “Activation Parameters for Kinetics of Protein Adsorption at Silica-Water Interface”, 

Journal of Colloid and Interface Science, Vol. 157, pp. 219-226. 
 
Silva, F.R.C., 2000, “Study of Inulinases Adsorption in Columns with Ion Exchange Resin: Experimental Parameters 

and Modeling”, D.Sc. Thesis, Universidade Estadual de Campinas, São Paulo, Brazil. (In Portuguese) 
 
Thomas, H., 1944, “Heterogeneous Ion Exchange in Flowing System”, J. Am. Chem. Soc., Vol. 66, pp. 1664-1668. 
 
Vasconcellos, J.F.V., Silva Neto, A.J., Soeiro, F.J.P., Santana, C.C., 2002a, “Parameter Estimation in Adsorption 

Columns with a Stochastic Global Method”, Proc.  4th Internat. Conf. on Inverse Problems. Rio de Janeiro, Brazil. 
 
Vasconcellos, J.F.V., Silva Neto, A.J.,  Santana, C.C., 2002b, “An Inverse Mass Transfer Problem of Parameter 

Estimation in Adsorption Columns”, Proc.  5th World Congress on Computational Mechanics. Vienna, Austria. 
 
Vasconcellos, J.F.V., Silva Neto, A.J.,  Santana, C.C., 2003 “An Inverse Mass Transfer Problem in Solid-Liquid 

Adsorption Systems”, Inverse Problems in Eng., Vol. 11, No. 5, pp. 391-408. 



Proceedings of the 11th Brazilian Congress of Thermal Sciences and Engineering -- ENCIT 2006 
Braz. Soc. of Mechanical Sciences and Engineering -- ABCM, Curitiba, Brazil,- Dec. 5-8, 2006 
 

Paper CIT06-0648 
 

THERMALLY DEVELOPING NON-NEWTONIAN LAMINAR FLOW IN 
ECCENTRIC ANNULAR DUCTS 
 
Evaldiney Ribeiro Monteiro 
Mining Engineering Department, CSSPA, Universidade Federal do Pará, UFPA 
Campus II, Folha 17, Quadra 04, Lote Especial, 68505-080, Marabá, PA, Brazil 
monteiro@ufpa.br 
 
Emanuel Negrão Macêdo 
João Nazareno Nonato Quaresma 
Chemical and Food Engineering Department, CT, Universidade Federal do Pará, UFPA 
Campus Universitário do Guamá, 66075-110, Belém, PA, Brazil 
quaresma@ufpa.br 
 
Renato Machado Cotta 
Mechanical Engineering Department – POLI/COPPE, Universidade Federal do Rio de Janeiro, UFRJ 
Cx. Postal 68503 – Cidade Universitária, 21945-970, Rio de Janeiro, RJ, Brazil 
cotta@mecanica.coppe.ufrj.br 
 
Abstract. Thermally developing laminar flow in eccentric annular ducts involving non-Newtonian power-law fluids is analyzed by 
using the Generalized Integral Transform Technique (GITT) to solve the associated energy equation. The mathematical formulation 
is constructed based on the cylindrical coordinates system in such a way that the solid surfaces are described in terms of internal 
and external radii as functions of the angular coordinate, thus avoiding discontinuities in the boundary conditions. This thermal 
problem is here analyzed under the boundary condition of prescribed wall temperature. Numerical results for the temperature field 
and Nusselt numbers were produced for different values of the governing parameters, i.e., eccentricity and aspect ratio along the 
thermal entry region, which were critically compared with previously reported ones, in order to illustrate the usefulness of the 
employed integral transform approach with automatic error control. 
 
Keywords. Eccentric annular ducts, Thermally developing flow, Power-law fluids, Integral transforms. 

 
1. Introduction 
 

The study of thermally developing flow in eccentric annular ducts is important mainly due to its frequent 
appearance in several industrial applications, such as in heat exchange devices including the most common double-pipe 
configuration. In this type of equipment, due to imperfections and tolerances in the manufacturing steps, the eccentricity 
eventually caused, may or not be important. However, there are few typical applications where this effect is more 
pronounced and produced on purpose. Oil and gas drilling wells, polymer and plastic extrusion processes and nuclear 
reactors are some of the situations that reflect the importance of eccentricity in annular passages. In addition, when 
dealing with purely viscous non-Newtonian fluids, the essential heat and fluid flow analysis is much less available in 
the open literature, while commonly required in different industries, namely, chemical, food processing and 
pharmaceutical. There, the power-law model can adequately describe the rheology of a wide variety of fluids. 

The literature survey brings up several works that dealt with thermally developing or fully developed flow in this 
geometric configuration, such as the pioneering works of Piercy et al. (1933), Stevenson (1949), Snyder and Goldstein 
(1965) and Jonsson and Sparrow (1965), which concentrated their analyses in the fluid flow, while Cheng and Hwang 
(1968), Trombetta (1971) and Suzuki et al. (1991) analyzed the heat transfer problem under different sets of boundary 
conditions. Details of such earlier works can be found in the compilation of Shah and London (1978). These studies 
have regained interest in the more recent works of Manglik and Fang (1995), Fang et al. (1999), Manglik and Fang 
(2002) and Escudier et al. (2002) in which the effects of eccentricity and duct rotation were investigated for the flow 
and heat transfer of non-Newtonian fluids. Escudier et al. (2002), in addition, recently offered an excellent literature 
review for flow and heat transfer in eccentric annular ducts involving Newtonian and non-Newtonian fluids. 

With the advance of a structured hybrid analytical-numerical approach for convection-diffusion problems along the 
last two decades, named the Generalized Integral Transform Technique (GITT), Cotta (1993) & Cotta (1994), including 
the solution of elliptic diffusion-type problems defined within irregular domains (Aparecido et al., 1989), it was 
possible to apply this analysis to fully developed laminar flow within ducts of various shapes, such as trapezoidal, 
triangular, and hexagonal ducts (Aparecido and Cotta, 1987; Aparecido et al., 1989; Aparecido and Cotta, 1990; 
Barbuto and Cotta, 1997). Fully developed laminar flow and heat transfer of non-Newtonian fluids inside irregular 
ducts of different geometric configurations was also treated (Chaves et al., 2001a; 2001b; 2004, Monteiro et al., 2004), 
again through extension of the GITT approach, yielding accurate numerical results for quantities of practical interest 
such as the Fanning friction factor and Nusselt numbers, within a wide range of the governing parameters. 

The present study is aimed at applying the so-called Generalized Integral Transform Technique (GITT) to solve the 
energy equation for thermally developing laminar flow of power-law fluids inside eccentric annular ducts subjected to 
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constant temperatures either at the inner or outer duct walls. The cylindrical coordinates system is used in the 
mathematical formulation, so that the solid surfaces are described in the form of internal and external radii as functions 
of the angular coordinate, and thus avoiding more involved formulation in other coordinates systems and cumbersome 
domain transformation approaches. An analysis of convergence of the eigenfunction expansion is performed and a set 
of benchmark results is established for quantities of practical interest, such as dimensionless average temperature and 
local Nusselt numbers, within a wide range of the dimensionless axial coordinate, different power-law indices, aspect 
ratios and dimensionless eccentricities. Comparisons are then critically performed with previously reported results from 
direct numerical approaches along both, fully developed and thermally developing regions. 
 
 
2. Analysis 
 

Thermally developing flow of a non-Newtonian fluid inside eccentric annular ducts is considered according to Fig. 
(1). The non-Newtonian viscosity expression η = Kγn-1 is described according to the Ostwald-de Waele model or power 
law model (Bird et al., 1987), where K is the fluid consistency index (given in N.sn/m2), n is the power-law index 
(dimensionless) and γ is the rate-of-deformation tensor. The power-law fluid classification is (according to the n value): 
pseudoplastic (n < 1), Newtonian (n = 1 and K = µ) and dilatant fluids (n > 1). This rheological model was employed to 
obtain the fully developed velocity profile in eccentric annular ducts in a previous work by Monteiro et al. (2004), 
which is used as input for the present thermal problem formulation. In addition, the duct walls are subjected to different 
situations of prescribed temperature. Therefore, the dimensionless energy equation for constant properties flow, 
neglecting axial conduction and viscous dissipation, is written as: 
 

 
2

1 22 2

T 1 T 1 TW(R,θ) R ,   in   Z 0,  R (θ) R R (θ), 0 θ π 
Z R R R R θ

∂ ∂ ∂ ∂⎛ ⎞= + > < <⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠
< <

≤

 (1a) 

 
with inlet and boundary conditions given, respectively, as follows: 
 
  (1b) 1 2T(R,θ,0) 0,       R (θ) R R (θ),      0 θ π= ≤ ≤ ≤
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∂ ∂
= = >

∂ ∂
 (1g,h) 

 
where ∂/∂n represents the normal derivative to the channel wall surface, in the sense leaving the medium. 
 

         
(a)           (b) 
 

Figure 1 - Geometry and coordinates system for thermally developing flow in eccentric annular ducts: (a) prescribed 
temperature at the inner wall; (b) prescribed temperature at the outer wall. 
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The following dimensionless groups were employed in Eqs. (1) above: 
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The main dimensionless groups in Eqs. (2) above are: R2(θ) (dimensionless function that describes the outer 

surface), γ (aspect ratio), ε (dimensionless eccentricity), Pe (Péclet number), Re (Reynolds number) and Pr (Prandtl 
number). Dh is the hydraulic diameter defined as Dh = 2ro(1 – γ). 

In order to homogenize Eqs. (1c) and (1f), and thus improve the computational performance, a filter is defined as: 
 
 T(R,θ,Z) 1 Φ(R,θ,Z)= +  (3) 
 

After introducing Eq. (3) into Eqs. (1), the following problem for the potential Φ(R,θ,Z) results: 
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The dimensionless velocity profile is given from the solution of the flow equations by the application of the GITT 

approach itself, for a non-Newtonian power-law fluid flowing within eccentric annular ducts, as an infinite series in the 
form (Monteiro et al., 2004): 
 

 
2

1

R (θ)

i Z
Z,i Z,ii

ii 1 R (θ)

(R,θ)V (R,θ)1W(R,θ) (R,θ)V (θ), V (θ) d
L (θ) R

∞

=

Ψ
= Ψ =∑ ∫ R  (5a,b) 

 2 2
i i i i

12

1

R (θ) R θ)i 1(R,θ) sin λ (θ) ln , λ (θ) , L ( ) ln , i 1,
R 2 R θ)R (θ)ln

R (θ)

⎡ ⎤⎧ ⎫ π⎡ ⎤Ψ = = θ = =⎨ ⎬ ⎢ ⎥⎢ ⎥ ⎡ ⎤⎣ ⎦⎩ ⎭ ⎣ ⎦
⎢ ⎥
⎣ ⎦

(
2,3,...

(
 (5c-e) 

 
In Eqs. (5), the quantities Z,iV (θ)  represent the transformed potentials for the velocity field, which were 

numerically obtained through appropriate subroutines such as DBVPFD from the IMSL Library (1991), with local error 
control. 

Due to the non-separable nature of the velocity profile given in Eq. (4a) and consequently, of the related eigenvalue 
problem needed to solve the energy equation through well-known analytical methods such as the classical integral 
transform technique (Mikhailov and Ösizik, 1984), an exact solution of problem (4) is not possible. On the other hand, 
with the advances on the so-called GITT approach for the hybrid analytical-numerical solution of this class of non-
transformable problem, it is possible to avoid these difficulties as now demonstrated (Aparecido and Cotta, 1992; Cotta, 
1993, Chaves et al., 2002). For this purpose, in order to alleviate the difficulties related to the eigenvalue problem and 
to progress with the application of the generalized integral transform technique, the following auxiliary eigenvalue 
problems are chosen: 
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R-direction: 
 

 2i
i i 1 22

Γ (R,θ)1 1R µ (θ) Γ (R,θ) 0,   R (θ) R(θ) R (θ)
R R R R

∂∂ ⎡ ⎤ + = <⎢ ⎥∂ ∂⎣ ⎦
<  (6a) 

 
[ ] [ ]

[ ] [ ]

i 2
i 1

i 1
i 2

Γ R (θ),θ
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R
Γ R (θ),θ

0, Γ R (θ),θ 0,    Case 1B
R

⎫∂
= = ⎪⎪∂

⎬
∂ ⎪= = ⎪∂ ⎭

 (6b-e) 

 

θ-direction: 
 

 
2

2
2

d (θ)
(θ) 0,   0 θ π

dθ
ϕ

+ β ϕ = < <  (7a) 

 d (0) d (π)
0, 0

dθ dθ
ϕ ϕ

= =  (7b,c) 
 

which are readily solved to yield eigenfunctions and eigenvalues, as follows:  
 

 

2
i i

2
i i

R (θ)
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R
,     (θ) cos( θ)

R (θ)
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⎧ ⎫⎡ ⎤ ⎪Γ = θ⎨ ⎬⎢ ⎥ ⎪⎣ ⎦⎩ ⎭ ⎭

 (8a-c) 

 i
2

1

(2i 1) 1µ (θ) ,    i 1,2,3...,   1,    1,2,3...
2 R (θ)ln

R (θ)

− π
= = β = −

⎡ ⎤
⎢ ⎥
⎣ ⎦

=  (8d,e) 

 

Also, the eigenfunctions above enjoy the following orthogonality properties: 
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 m

0

0,       m
( ) ( )d
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π
≠⎧

ϕ θ ϕ θ θ = ⎨ =⎩∫ ,   2

0

, 1
N ( )d

, 1
2

π π =⎧⎪= ϕ θ θ = ⎨π >⎪⎩
∫  (9c,d) 

 

Eigenvalue problems (6) and (7) allow the development of the following integral transform pair: 
 

 
2

1

R (θ)π

i
i

i0 R (θ)

(R,θ) (θ) (R,θ,Z)
 (Z) dRdθ

R M (θ)N
Γ ϕ Φ

Φ = ∫ ∫ ,           transform (10a) 

 i
i=1 =1

(R,θ,Z)= (R,θ) (θ) (Z)
∞ ∞

Φ Γ ϕ∑∑ iΦ ,                      inverse (10b) 

 

The next step in the GITT approach is the integral transformation process itself, when all independent variables are 
eliminated from the partial differential formulation but one, in this case the dimensionless axial coordinate. To obtain 
the resulting system of ordinary differential equations for the transformed potentials i (Z)Φ , the partial differential 
equation (4a) is multiplied by Γi(R,θ)ϕ (θ)/R, integrated over the domains [R1(θ),R2(θ)] in the R-direction and [0,π] in 
the θ-direction, and the inverse formula, Eq. (10b), is employed in place of the filtered temperature distribution 
Φ(R,θ,Z), resulting in the following transformed ordinary differential system: 
 

 jm
ij m ij m jm

j 1 m 1 j 1 m 1

d (Z)
F G (Z)     

dZ

∞ ∞ ∞ ∞

= = = =

Φ
+ Φ =∑∑ ∑∑ 0, Z 0> ;   j = 1, 2,...   m = 1, 2,... (11a) 

 
 i (0) hΦ = i  (11b) 
 
where, 
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  (11i) 
0,     Case 1A

p
1,     Case 1B

⎧
= ⎨

⎩
 

In Eq. (11a) each summation is associated with the eigenfunction expansion in a corresponding spatial coordinate, 
for computational purposes, the series solution given by Eq. (10b) is, in general, truncated to a finite number of terms in 
the summation, in order to compute the potential Φ(R,θ,Z). The solution convergence is verified by comparing the 
values for the potential obtained with the truncated series for different numbers of retained terms. The coupled system 
of ordinary differential equations (11a) is solved by efficient numerical algorithms for initial value problems, such as in 
subroutine DIVPAG from the IMSL package (1991), with high accuracy and automatic control along the solution 
procedure. Then, after the transformed potentials are numerically obtained, quantities of practical interest are 
determined from the analytical inverse formula (10b), such as the dimensionless average temperature 
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 av i i
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= =

= + Φ
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where At(γ) is the cross-section area of the annular passage and, 
 

 
2

1

R (θ)π

i i k Z,k
k 1 0 R (θ)

I R (R,θ) (R,θ) (θ)V (θ)dRdθ
∞

=
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The local Nusselt number can be calculated by making use of the temperature gradients at the walls integrated over 
the perimeter, or utilizing the axial gradient of the average temperature, 
 

 w

π

R (θ)0h
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T dθ
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or, 
 

 
av

1
av

dT
1 (1 γ) dZNu (Z)
4 γ 1-T

+
=     (Case 1A)                 

av

2
av

dT
(1 γ) dZNu (Z)

4 1-T
+

=       (Case 1B) (13c,d) 

 
3. Results and discussion 
 

Numerical results for thermally developing laminar flow of power-law fluids inside eccentric annular ducts were 
obtained by codes developed in the FORTRAN 90 programming language. The system given by Eqs. (11) was handled 
through the subroutine DIVPAG from the IMSL Library (1991) with a user-prescribed subroutine relative error target 
of 10-8. These codes were implemented on a PENTIUM – IV 1.3 GHz microcomputer and the complete solution was 
computed with NT ≤ 400 in the expansions. The results are presented in terms of dimensionless average temperatures 
and local Nusselt numbers along the dimensionless axial coordinate, within the range Z = 10-3 to 1, for different values 
of power-law indices, dimensionless eccentricity and aspect ratios. 

Table (1) illustrates the convergence behavior of the present approach in terms of the local Nusselt number in the 
thermal entry region (i. e., Z = 10-3, 10-1 and 1) for different power-law indices and dimensionless eccentricity, ε = 0. It 
is observed an excellent convergence behavior, with practically three converged digits for all positions considered. 



Proceedings of ENCIT 2006 -- ABCM, Curitiba, Brazil, Dec. 5-8, 2006 – Paper CIT06-0648 
 
Table 1. Convergence of the local Nusselt number for an eccentric annular duct with dimensionless eccentricity ε = 0. 

Nu(Z)
Case 1A Case 1B γ NT n = 0.5 n = 1.0 n = 1.5 n = 0.5 n = 1.0 n = 1.5

Z = 0.001
25 36.190 33.814 32.954 10.201 9.9638 9.8819
100 43.855 34.798 32.183 17.433 17.077 16.946
255 40.141 33.676 31.832 23.077 22.450 22.2120.2 

400 40.371 33.715 31.792 26.489 25.416 25.009
25 23.043 22.344 22.035 13.365 13.073 12.969
100 34.203 31.453 30.180 22.846 22.215 21.958
255 32.835 29.008 27.519 28.115 26.762 26.1960.5 

400 31.464 28.436 27.239 29.091 27.010 26.171
25 18.830 18.346 18.149 15.794 15.429 15.291
100 30.150 28.544 27.825 26.404 25.417 24.995
255 31.800 27.837 27.460 30.357 28.206 27.3050.8 

400 29.931 27.051 25.973 29.532 26.854 25.825
Z = 0.1

25 10.714 10.022 9.8155 5.7154 5.5408 5.4891
100 10.610 9.9157 9.7023 5.7034 5.4887 5.4225
255 10.625 9.9290 9.7149 5.6843 5.4736 5.40880.2 

400 10.619 9.9244 9.7107 5.6798 5.4702 5.4058
25 7.5796 7.2741 7.1247 6.0831 5.8550 5.7676
100 7.5289 7.2443 7.1025 5.9938 5.7682 5.6832
255 7.5334 7.2479 7.1055 5.9876 5.7638 5.67940.5 

400 7.5311 7.2462 7.1041 5.9856 5.7623 5.6781
25 6.8205 6.5377 6.4088 6.3728 6.1141 6.0043
100 6.7671 6.5101 6.3928 6.3005 6.0623 5.9627
255 6.7678 6.5105 6.3935 4.7106 6.0607 5.96150.8 

400 6.7661 6.5097 6.3924 6.2964 6.0596 5.9605
Z = 1

25 8.3698 8.1313 8.0802 4.2288 4.1945 4.2089
100 8.3681 8.1297 8.0788 4.2287 4.1944 4.2087
255 8.3681 8.1296 8.0787 4.2287 4.1944 4.20870.2 

400 8.3681 8.1296 8.0783 4.2287 4.1944 4.2087
25 5.7702 5.7385 5.7101 4.4536 4.4296 4.4292
100 5.7696 5.7381 5.7099 4.2562 4.4293 4.4293
255 5.7696 5.7381 5.7106 4.4535 4.4293 4.42930.5 

400 5.7696 5.7381 5.7100 4.4534 4.4293 4.4293
25 5.1098 5.0822 5.0641 4.7098 4.6850 4.6760
100 5.1095 5.0821 5.0640 4.7097 4.6848 4.6760
255 5.1095 5.0820 5.0640 4.7090 4.6850 4.67600.8 

400 5.1095 5.0820 5.0640 4.7097 4.6850 4.6760
 

Table (2) shows a comparison of the asymptotic Nusselt numbers for the case 1A against those of Manglik and 
Fang (2002). It can be noticed an excellent agreement among the results furnishing a direct validation of the 
computational code developed in the present work. 
 

Table 2. Comparison of the asymptotic Nusselt number for an eccentric annular duct for the case 1A. 
Nu 

n = 0.5 n = 1 n = 1.5 
γ ε Present Manglik and 

Fang (2002) Present Manglik and 
Fang (2002) Present Manglik and 

Fang (2002) 
0 8.3681 8.1093 8.1296 8.0651 8.0783 8.0151

0.2 6.5178 6.5244 6.4796 6.4861 6.4509 6.45740.2 
0.6 3.9721 3.9761 3.9875 3.9915 3.9812 4.0012
0 5.7696 5.7621 5.7385 5.7316 5.7100 5.7040

0.2 3.5630 3.5666 3.7349 3.7386 3.8073 3.82640.5 
0.6 2.0318 2.0338 2.1018 2.1039 2.1396 2.1504
0 5.1095 5.1051 5.0820 5.0785 5.0640 5.0604

0.2 2.5675 2.5701 2.8312 2.8369 2.9296 2.94430.8 
0.6 1.2897 1.2923 1.4173 1.4216 1.4725 1.4874
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Figure (2) presents the evolution of the dimensionless average temperature along the thermal entry region for a 
Newtonian fluid with a dimensionless eccentricity ε = 0 and different aspect ratios. One can see that the aspect ratio 
causes an opposite behavior on this evolution; while for the case 1A the fully developed region is reached more rapidly 
for higher aspect ratios, for the case 1B this region is reached faster for lower values of this parameter. This can be 
explained by the effect of the adopted thermal boundary conditions and to a decrease in the annular gap; for the case 1A 
the insulated wall is the outer surface, so that the inner surface is subjected to higher heat fluxes but at lower aspect 
ratios, the average velocity is also lower, this way the heat exchange is less intensified and it is increased as the aspect 
ratio increases; while the opposite is observed for the case 1B. 
 

 
Figure 2. Evolution of the dimensionless average temperature along the thermal entry region. 

 
Figure (3) presents the effect of the power-law index on the temperature field as a function of the normalized radial 

coordinate, for the two cases of thermal boundary conditions analyzed at the angular positions θ = 0o and 180o, and 
considering fixed values of axial position, aspect ratio and dimensionless eccentricity (Z = 1, γ = 0.2 and ε = 0.6). It is 
verified that for the case 1A the power-law index does not affect the temperature field for both angular positions. This 
can be explained by the fact of satisfying the energy equation leading to a compensation evidenced by flatten 
temperature distributions, once the heat transfer process is limited by the nearest adiabatic wall. For the second case 
(case 1B), the power-law index slightly affects the temperature profile, for lower values of the normalized axial 
coordinate at θ = 180o, due to an increase of the surface area near the adiabatic wall. 
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Figure 3. Effect of the power-law index on the temperature field for an eccentric annular duct. 
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Similarly, Fig. (4) brings the effect of the dimensionless eccentricity on the temperature field as a function of the 
normalized radial coordinate. It is noted that an increase of this parameter results in an increase of the stagnation zone; 
as a result it higher temperature gradients are experienced in this region. For the case where the adiabatic wall is far 
from this zone, the temperature gradient is lower, this way resulting in higher peaks of temperature for lower 
dimensionless eccentricities. 
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Figure 4. Effect of the dimensionless eccentricity on the temperature field for an eccentric annular duct. 

 
Finally, Fig. (5) now considers the effect of the aspect ratio. It is evidenced that an increase of the aspect ratio 

results in higher peaks of temperature, as a direct consequence of a decrease on the annular gap width, so that higher 
temperature gradients are experienced mainly at the stagnation zones. 
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Figure 5. Effect of the aspect ratio on the temperature field for an eccentric annular duct. 

 
 
4. Conclusions 
 

The present study was intended to further demonstrate the usefulness of the Generalized Integral Transform 
Technique (GITT) as a benchmarking and covalidation tool in the simulation of convection-diffusion problems, while 
the codes created with this approach were found to be relatively cost-effective, within the range of truncations orders 
considered. Numerical results for convection heat transfer in eccentric annular ducts were tabulated and graphically 
presented providing a reliable source of benchmark for the local Nusselt numbers and dimensionless average 
temperature. 
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Abstract. The Generalized Integral Transform Technique (GITT) is employed in the hybrid solution of the energy equation to 
describe the behavior of a rectangular fin undergoing non-Fourier heat conduction. The employment of the GITT approach in the 
hyperbolic heat conduction equation leads to a coupled system of second order ordinary differential equations in time. The resulting 
system is then numerically solved by Gear`s method for stiff problems, available in the subroutine DIVPAG from the IMSL Library. 
Numerical results for the temperature field are computed for different values of the governing parameters and dimensionless 
thermal relaxation times, which are then compared with results previously reported in the literature for special cases. 
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1. Introduction 
 

Non-Fourier hyperbolic models have been proposed to investigate conduction heat transfer phenomenon in a few 
special applications, such as in some situations related to combustion engines, pulsating laser heating, rapidly 
contacting surfaces in electronic devices and heat transfer in nanosystems. For these situations, the classical model 
based on the Fourier law is not adequate to describe the physical mechanism of heat conduction, in which the speed of 
propagation of thermal waves is infinite, this way leading to a non-realistic notion of energy diffusion. The 
technological advances in the micro- and nano-fabrication fields, including the construction of micro heat exchange 
devices, has contributed to the appearance of investigations towards the evaluation of performance and efficiency of 
fins, when heat propagates in extremely short time intervals with a finite speed of propagation. In order to take into 
account the effect of finite speed thermal transfers, Cattaneo (1958) and Vernotte (1958) independently modified the 
Fourier model to include a relaxation time that reflects the temporary delay of the thermal wave. In their models, the 
Fourier law is a particular case when the relaxation time is zero, and thus an infinite speed of thermal wave propagation 
is achieved, as foreseen by this classical theory. 

Many researchers have devoted attention to heat transfer in fast processes along the years. More recently, Tsai et al. 
(2005) analyzed the non-Fourier effect on the thermal behavior of spherical media (hollow and bi-layered composite 
spheres) subjected to suddenly changes of the surface temperature. These authors focused their analysis in using the 
Laplace transform in conjunction with the Riemann-sum approximation method to solve the related energy equation 
and to investigate the influence of parameters such as relaxation time, temperature and diffusivities ratio. Quaresma et 
al. (2001), Cruz et al. (2001) and Macêdo et al. (2005) solved the hyperbolic heat conduction problem for a slab 
subjected to various prescribed heat flux forms at one of the boundaries. Different methodologies were employed to 
solve the hyperbolic heat conduction equation, respectively, Laplace Transforms with numerical inversion (Quaresma et 
al., 2001), Finite Volume Method with Gear Approach (Cruz et al., 2001) and the Generalized Integral Transform 
Technique (Macêdo et al., 2005). Numerical results for the temperature field were presented in order to analyze the 
influence of the governing parameters (relaxation times and Biot numbers) on this physical problem. In dealing with 
heat flow in fins, Lin (1998) studied the effect of the relaxation time on the performance of a convective fin of constant 
cross-sectional area subjected to periodic thermal conditions, by employing a hybrid scheme involving the Laplace 
transform and the finite volume method. 

In this context, the main objective of the present work is to develop a hybrid numerical-analytical solution based on 
the Generalized Integral Transform Technique (GITT) (Cotta, 1993; Cotta, 1994; Cotta& Mikhailov, 1997; Cotta & 
Mikhailov, 2006) to analyze the non-Fourier thermal response of a fin of constant cross-sectional area, such as the one 
studied by Lin (1998). The employment of the GITT approach to solve the related hyperbolic partial differential 
equation produces a fast and efficient solution, with a considerable analytical involvement, but presenting some 
advantages when compared to purely numerical schemes. The characteristic of automatic global error control inherent 
to this technique allows for the computation of benchmark results as well. In this case, the integral transformation of the 
hyperbolic partial differential equation yields an infinite system of coupled ordinary differential equations of second 
order, which is then solved through well-established routines appropriate for handling initial value problems with stiff 
characteristics, such as the DIVPAG routine from the IMSL Library (1991). Numerical results are then produced for the 
temperature field within representative ranges of the governing parameters, and critically compared with those 
previously presented in the literature. 
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2. Analysis 
 

One-dimensional hyperbolic heat conduction in a fin of constant cross-sectional area is considered, initially at the 
uniform temperature Ti, assuming constant thermophysical properties k and α, and no internal heat generation. The fin 
tip is maintained insulated, while its larger surfaces are exchanging heat by convection with a fluid kept at a constant 
temperature, T∞ and uniform heat transfer coefficient, h. The fin base is subjected to a periodic temperature variation in 
the form: 
 

 b b b i ˆT (t) T (T T )Acos( t)= + − ω , t > 0 (1) 
 

where bT  is the average fin base temperature, A is the dimensionless amplitude of base temperature difference 
oscillation and  is the frequency of base temperature oscillation. The heat transfer by radiation is neglected and the 
heat transfer coefficient, h, is varying with the spatial coordinate as: 

ω̂

 

 0h(x) h H(x / L)=  (2) 
 

where h0 is a reference heat transfer coefficient, which is taken as h0 = bk/(2L2) and H is a function only of the spatial 
coordinate. 
 

x

L

w

bTb

T , h(x)

L >> b

x

L

w
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T , h(x)

L >> b

T∞, 

 
 

Figure 1. Schematic representation of the fin geometry. 
 

The one-dimensional energy equation for the fin shown in Fig. (1) is written in the following form: 
 

 
"

p
T(x, t) q (x, t) h(x)c 2 [T

t x b
(x, t) T ]∞

∂ ∂
ρ = − − −

∂ ∂
 (3) 

 

For the phenomenon involving finite speed of propagation of the thermal waves, the classical Fourier model must 
be modified. Therefore, Cattaneo (1958) and Vernotte (1958) independently derived a model of heat flow in the form: 
 

 
"

"
r

q (x, t) T(x, t)q (x, t) k
t x

∂ ∂
τ + = −

∂ ∂
 (4) 

 

where τr is the relaxation time of the material in which the heat conduction process is occurring. Combining Eq. (3) 
with Eq. (4), it then results the partial differential equation that governs the hyperbolic heat conduction in a convective 
fin, as: 
 

 
2 2

p r p r2 2
[T(x, t) T ]T(x, t) T(x, t) h(x) T(x, t) h(x)c c 2 k 2 [T(x, t

t b t bt x
∞

∞
∂ −∂ ∂ ∂

ρ τ + ρ + τ = − −
∂ ∂∂ ∂

) T ]  (5) 
 

Equation (5) describes the heat propagation in a convective fin with speed ν = (α/τr)1/2. Equation (5) is then written 
in dimensionless form as: 
 

 
2 2

e2 2
( , ) ( , ) ( , )[1 H( )] H( ) ( , ) H( )∂ θ η ξ ∂θ η ξ ∂ θ η ξ

β + + β η = − η θ η ξ + η
∂ξ∂ξ ∂η

θ  (6a) 

 

subjected to the following initial and boundary conditions: 
 

 ( ,0) 0θ η = ;   ( ,0) 0,    0 1∂θ η
= ≤ η ≤

∂ξ
 (6b,c) 

 (0, ) 1 A cos( )θ ξ = + ωξ ;   (1, ) 0,    0∂θ ξ
= ξ >

∂η
 (6d,e) 
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The following dimensionless groups were employed in obtaining Eqs. (6): 
 

 2 2 2
r i b i eˆx / L;    t/L ;   /L ;    L / ;   ( , ) [T(x, t) T ] /[T T ];    [T T ] /[T T ]∞η = ξ = α β = ατ ω = ω α θ η ξ = − − θ = − −i b i  (7) 

 

Equations (6) constitute a non-homogeneous problem, which have to be filtered in order to obtain a better 
computational performance in the integral transform method. For this purpose, the dimensionless temperature θ(η,ξ) is 
written in a separated form as follows: 
 

 f h( , ) ( ; ) ( , )θ η ξ = θ η ξ + θ η ξ  (8) 
 

Introducing Eq. (8) into Eqs. (6), one obtains the following equations for calculating the filtered potential θf(η,ξ): 
 

 
2

f
e2

( ; )
H( ) 0

∂ θ η ξ
+ η θ =

∂η
 (9a) 

 f (0; ) 1 A cos( ),    0θ ξ = + ωξ ξ >  (9b) 

 f (1; )
0,    0

∂θ ξ
= ξ >

∂η
 (9c) 

 

Equation (9a) is readily integrated to yield 
 

 
1

f e
0 '

( ; ) 1 A cos( ) H( ")d "d '
η

η

θ η ξ = + ωξ + θ η η η∫ ∫  (9d) 

 

For the particular case where H(η) = eη (the functional form adopted in the illustration of results), Eq. (9d) becomes 
 

 f e( ; ) 1 A cos( ) (1 e e )ηθ η ξ = + ωξ + θ + η −  (9e) 
 

Then, the partial differential equation for the filtered potential θh(η,ξ) is obtained as 
 

 
2 2 2

h h h f f
h f2 2 2

( , ) ( , ) ( , ) ( ; ) ( ; )
[1 H( )] H( ) ( , ) [1 H( )] H( ) ( ; )

⎡ ⎤∂ θ η ξ ∂θ η ξ ∂ θ η ξ ∂ θ η ξ ∂θ η ξ
β + + β η = − η θ η ξ − β + + β η + η θ η ξ⎢ ⎥

∂ξ ∂ξ∂ξ ∂η ∂ξ⎢ ⎥⎣ ⎦
 

  (10a) 
 h f e( ,0) ( ;0) [1 A (1 e e )],    0 1ηθ η = −θ η = − + + θ + η − ≤ η ≤  (10b) 

 h f( ,0) ( ;0)
0,    0 1

∂θ η ∂θ η
= − = ≤ η

∂ξ ∂ξ
≤  (10c) 

 h (0, ) 0,    0θ ξ = ξ >  (10d) 

 h (1, )
0,    0

∂θ ξ
= ξ >

∂η
 (10e) 

 
2.1. Solution methodology 
 

The next step is to find a solution for the potential θh(η,ξ), and for this purpose we follow the ideas in the GITT 
(Cotta, 1993; Cotta, 1994; Cotta & Mikhailov, 1997; Cotta & Mikhailov, 2006), first by selecting an appropriate 
auxiliary eigenvalue problem, which shall provide the basis for the eigenfunction expansion. Therefore, the following 
simple eigenvalue problem is here proposed: 
 

 
2

2i
i i2

d ( ) ( ) 0
d
ψ η + µ ψ η =
η

,   in   0 1< η <  (11a) 

 i(0) 0ψ = ;   id (1) 0
d
ψ =

η
 (11b,c) 

 
 

Equations (11) can be analytically solved to yield, respectively, the eigenfunctions and eigenvalues as 
 

 i i( ) sin( )ψ η = µ η ;   i (2i 1) / 2µ = − π ,   i = 1,2,3,... (12a,b) 
 

It can be shown that the eigenfunctions ψi(η) present the following orthogonality property: 
 

 
1

i j
i0

0,       i j
( ) ( )d

N ,     i j
≠⎧

ψ η ψ η η = ⎨ =⎩∫  (12c,d) 
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where Ni is the normalization integral. Also, we define i( )ψ η  as being the normalized eigenfunctions. Ni and i( )ψ η  are 
computed respectively as 
 

 ;   
1

2
i i

0

N ( )d 1/= ψ η η =∫ 2 i i i( ) ( ) / N= ψ ηψ η  (12e,f) 

 
Equations (11) and (12) together with the above properties allow the definition of the integral transform pair for the 

potential θh(η,ξ) as: 
 

 
1

h,i i h
0

( ) ( ) ( , )dθ ξ = ψ η θ η ξ η∫ ,         transform (13a) 

 h i
i 1

( , ) ( ) ( )
∞

=

θ h,iη ξ = ψ η θ ξ∑ ,         inverse (13b) 

 
To obtain the resulting system of differential equations for the transformed potentials h,i( )θ ξ , the partial differential 

equation (10a) is multiplied by i( )ψ η , integrated over the domain [0,1] in the η-direction, and the inverse formula, Eq. 
(13b), is employed in place of the potential θh(η,ξ), resulting in the following transformed ordinary differential system: 
 

 
2

h, jh,i
ij ij h, j i2

j 1 j 1

d ( )d ( )
A B ( )

dd

∞ ∞

= =

θ ξθ ξ
+ + θ g ( )ξ = ξ

ξξ ∑ ∑ ,   i = 1,2,3,... (14a) 

 
The same operation can be performed over the initial conditions given by Eqs. (10b,c), to furnish 

 

 h,i i(0) fθ = ;   h,id (0)
0

d
θ

=
ξ

 (14b,c) 
 

where the coefficients in Eqs. (14) are defined as follows: 
 

1

ij ij i j
0

1A H( ) ( ) ( )d= δ + η ψ η ψ η η
β ∫ ; 

1
2

ij ij i i j
0

1B H( ) ( ) ( )d
⎡ ⎤
⎢ ⎥= δ µ + η ψ η ψ η η

β ⎢ ⎥⎣ ⎦
∫ ; i i,1 i,2g ( ) g cos( ) g sin( ) gi,3ξ = ωξ + ωξ +   (15a-c) 

1
2

i,1 i

0

g A ( )[ H( ) / ]d= ψ η ω − η β η∫ ; 
1

i,2 i

0

g A ( )[1/ H( )]d= ω ψ η β + η η∫ ; 
1

i,3 i e

0

g (1/ ) H( ) ( )[1 (1 e e )]dη= − β η ψ η + θ + η − η∫  (15d-f) 

 
1

i i e

0

f ( )[1 A (1 e e )]dη= − ψ η + + θ + η − η∫ ;   ij
0,    i j
1,     i j

≠⎧
δ = ⎨ =⎩

 (15g,h) 

 
The coefficients may be analytically obtained through symbolic manipulation platforms such as the Mathematica 

system (Wolfram, 1999). Equations (14) form an infinite linear initial value problem, which has to be truncated in a 
sufficiently high order N, in order to compute the transformed potentials, h,i( )θ ξ , to within an user prescribed accuracy 
target. For the solution of such a system, due to its expected stiff characteristics, specialized subroutines have to be 
employed, such as the subroutine DIVPAG from the IMSL Library (1991). This subroutine provides the important 
feature of automatic controlling the relative error over the solution of the ordinary differential equations system, 
allowing the user to establish error targets for the transformed potentials. Once this system is solved for the transformed 
potentials, the inverse formula, Eq. (13b), is recalled to provide the potential θh(η,ξ), which is added to the filtering 
potential θf(η;ξ), given by Eq. (9e), to furnish the complete temperature field. 

In the realm of applications, one might be interested in approximate analytical solutions of the problem here 
proposed. In order to obtain a fully analytical solution for the system (14), we might recall the so-called lowest order 
solution of Eqs. (14) (Cotta, 1993), which accounts only for the diagonal terms in the coupling coefficients matrices 
above. In this way the system becomes decoupled and is rewritten as: 
 

 
2

hl,i hl,i
ii ii hl,i i2

d ( ) d ( )
A B ( )

dd
θ ξ θ ξ

+ + θ g ( )ξ = ξ
ξξ

,   i = 1,2,3,... (16a) 

 hl,i i(0) fθ = ;   hl,id (0)
0

d
θ

=
ξ

 (16b,c) 
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In order to express the analytical solution of system (16), one considers three different situations, namely: 
 

- Case 1: : 2
ii iiA 4B>

 

 
iiA

2hl,i 1 2 3 4 5( ) e [C cosh(arg ) C sinh(arg )] C cos( ) C sin( ) C
− ξ

θ ξ = ξ + ξ + ωξ + ωξ +  (17a) 

 1 i 3 5C f (C C )= − +  (17b) 

 
ii

i 3 5
2

A [f (C C )] C
2C

arg

− + − ω
=

4
 (17c) 

- Case 2: : 2
ii iiA 4B<

 

 
iiA

2hl,i 1 2 3 4 5( ) e [C cos(arg ) C sin(arg )] C cos( ) C sin( ) C
− ξ

θ ξ = ξ + ξ + ωξ + ωξ +  (18a) 

 1 i 3 5C f (C C )= − +  (18b) 

 
ii

i 3 5
2

A [f (C C )] C
2C

arg

− + − ω
=

4
 (18c) 

- Case 3: : 2
ii iiA 4B=

 

 
iiA

2hl,i 1 2 3 4 5( ) e [C C ] C cos( ) C sin( ) C
− ξ

θ ξ = + ξ + ωξ + ωξ +  (19a) 

 1 i 3 5C f (C C )= − +  (19b) 

 ii
2 i 3 5

AC [f (C C )]
2 4C= − + − ω  (19c) 

 
where, 
 

 2
ii ii

1arg A 4B
2

= −  (20a) 

 
2

ii i,1 ii i,2
3 2 2 2 2

ii ii

(B )g A g
C

(B ) A
− ω − ω

=
− ω + ω

 (20b) 

 
2

ii i,1 ii i,2
4 2 2 2 2

ii ii

A g (B )g
C

(B ) A
ω + − ω

=
− ω + ω

 (20c) 

 i,3
5

ii

g
C

B
=  (20d) 

 
The solutions for each case given by Eqs. (17) to (20) are introduced into the inverse formula (13b), so that the 

solution for the potential θh(η,ξ) is then completed. The potential θf(η;ξ), given by Eq. (9e), is then added to the three 
respective cases above to furnish the approximate analytical temperature field. 
 
3. Results and discussion 
 

Numerical results for the temperature field were obtained from a code developed in the FORTRAN 90/95 
programming language. The complete solution was computed using up to five hundred terms (N ≤ 500) in the 
eigenfunction expansion, and all the results were obtained with A = 0.5, θe = 0.1 and taking H(η) = eη, as well as 
different values of the governing parameters β and ω. 

Tables (1) to (4) show the convergence behavior of the temperature distribution along the fin length with different 
dimensionless relaxation times, and fixed values of dimensionless frequency of base temperature oscillation and 
dimensionless time. The columns represent the lowest-order solution for the temperature field, with different truncation 
orders, N, which demonstrate an excellent convergence rate even for N = 50 terms for dimensionless relaxation times β 
= 0 and β = 0.1, as seen in Tables (1) and (2). For higher values of the dimensionless relaxation time, as shown in 
Tables (3) and (4), the solution yields slower convergence rates evidenced by numerical oscillations, and as a 
consequence, the complete convergence is reached only with higher truncation orders. 
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Table 1. Convergence behavior of the temperature field along the fin length for a fixed dimensionless time and β = 0. 
η/Ν 50 100 200 300 400 500

0.45 0.90153 0.90153 0.90153 0.90153 0.90153 0.90153
0.50 0.85589 0.85589 0.85589 0.85589 0.85589 0.85589
0.55 0.81340 0.81340 0.81340 0.81340 0.81340 0.81340
0.60 0.77423 0.77423 0.77423 0.77423 0.77423 0.77423
0.65 0.73858 0.73858 0.73858 0.73858 0.73858 0.73858
0.70 0.70667 0.70667 0.70667 0.70667 0.70667 0.70667
0.75 0.67875 0.67875 0.67875 0.67875 0.67875 0.67875
0.80 0.65511 0.65511 0.65511 0.65511 0.65511 0.65511
0.85 0.63605 0.63605 0.63605 0.63605 0.63605 0.63605
0.90 0.62194 0.62194 0.62194 0.62194 0.62194 0.62194

β = 0, ω = 1, ξ = 0.5

 
 
Table 2. Convergence behavior of the temperature field along the fin length for a fixed dimensionless time and β = 0.1. 

η/N 50 100 200 300 400 500

0.45 0.91154 0.91401 0.91032 0.91186 0.91128 0.91129
0.50 0.86540 0.86656 0.86720 0.86745 0.86759 0.86768
0.55 0.82715 0.82777 0.82677 0.82718 0.82703 0.82702
0.60 0.79093 0.78923 0.78956 0.78969 0.78976 0.78981
0.65 0.75591 0.75642 0.75578 0.75604 0.75594 0.75594
0.70 0.72491 0.72536 0.72560 0.72569 0.72574 0.72578
0.75 0.69941 0.69974 0.69923 0.69944 0.69936 0.69936
0.80 0.67777 0.67671 0.67692 0.67700 0.67704 0.67707
0.85 0.65906 0.65940 0.65894 0.65913 0.65906 0.65906
0.90 0.64509 0.64544 0.64562 0.64570 0.64574 0.64576

β = 0.1, ω = 1, ξ = 0.5

 
 

Table 3. Convergence behavior of the temperature field along the fin length for a fixed dimensionless time and β = 1. 
η/N 50 100 200 300 400 500

0.45 0.85316 0.87114 0.84997 0.86179 0.85351 0.85990
0.50 0.42152 0.41924 0.41810 0.41772 0.41753 0.41741
0.55 0.03323 0.01332 0.03815 0.02430 0.03400 0.02652
0.60 0.00451 0.03127 0.02680 0.02531 0.02457 0.02412
0.65 0.01418 0.00811 0.01775 0.01239 0.01614 0.01325
0.70 0.01710 0.01192 0.00933 0.00847 0.00803 0.00777
0.75 0 0 0 0 0 0
0.80 0 0 0 0 0 0
0.85 0 0 0 0 0 0
0.90 0 0 0 0 0 0

β = 1, ω = 1, ξ = 0.5

 
 

Table4. Convergence behavior of the temperature field along the fin length for a fixed dimensionless time and β = 5. 
η/N 50 100 200 300 400 500

0.15 1.09470 1.11360 1.11190 1.10550 1.10930 1.11040
0.20 1.06010 0.97408 1.00490 1.00630 0.99611 0.98812
0.25 -0.03309 -0.00131 -0.00178 0.02307 0.00957 0.00476
0.30 0.03372 0.01623 0.00584 0.00589 0.00989 0.01286
0.35 0.01637 0.00600 0.00686 0.01290 0.00947 0.00835
0.40 -0.00292 0.01214 0.00681 0.00681 0.00880 0.01029
0.45 0.00536 0.00572 0.00633 0.01015 0.00797 0.00726
0.50 0.01590 0.00940 0.00556 0.00555 0.00698 0.00805
0.55 0.00766 0.00410 0.00458 0.00753 0.00585 0.00530
0.60 -0.00235 0.00654 0.00341 0.00340 0.00456 0.00543

β = 5.0, ω = 1, ξ = 0.5
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Figure (2) analyzes the influence of the dimensionless relaxation time on the temperature field along the fin length. 
Also in this figure is offered a comparison with the results of Lin (1998). The governing parameters utilized were  
ω = 1.0, ξ = 0.5 and β = 0, 0.1, 1 and 5. As can be seen from this figure, for lower values of dimensionless relaxation 
time, the thermal wave propagates very fast, as a result of the speed of propagation approaching infinity, on the other 
hand, for higher values of β, the thermal wave does not reach the fin tip, and extinguishes at approximately η = 0.55 for 
β = 1.0, and at η = 0.24 for β = 5.0. This figure also illustrates the good agreement between the present results with 
those of Lin (1998). 
 
 

 
Figure 2. Temperature distribution along the fin length for different dimensionless relaxation times: ω = 1.0 and ξ = 0.5. 
 

Figure (3) shows the temperature distribution along the fin length with different dimensionless frequencies of base 
temperature oscillation, ω. Once again, it is offered a comparison of the present results with those of Lin (1998), which 
shows a good agreement. This figure makes it evident that even increasing the parameter ω, the thermal wave remains 
extinguished at η = 0.55 for β = 1.0, i.e., the dimensionless frequency of base temperature oscillation does not affect the 
extent of the non-Fourier effect along the fin length. The good agreement between the present results with those of Lin 
(1998) demonstrates that the lowest-order solution can give reasonable estimates of the hyperbolic conduction effects 
caused by the non-Fourier model, offering a straightforward analytical solution representation of this complex 
formulation. 

Figure (4) investigates the effect of the dimensionless relaxation time on the temperature field at the fin tip while 
varying the dimensionless time. This figure demonstrates that for lower values of β, the fin tip temperature rapidly 
increases, as expected, because these values of β agree with the classical Fourier model, in which the thermal waves are 
propagated with a infinite speed. For higher values of dimensionless relaxation time, the fin tip is not immediately 
excited by the application of the thermal pulse. It is observed that the temperature gradually increases after a short time 
period, and the phase shift that appears among the curves is influenced by the dimensionless relaxation time, once the 
heat flow does not begin right afterwards, there is an interval of time between the application of the temperature 
gradient and the heat flow, which is exactly the period of storage of energy. Also, the comparison with the results of Lin 
(1998) again reconfirms the good agreement, although one may observe deviations, especially for higher values of β. 
However, for most practical purposes, the lowest-order solution can be employed as a good approximation of the 
hyperbolic heat conduction behavior. 



Proceedings of ENCIT 2006 -- ABCM, Curitiba, Brazil, Dec. 5-8, 2006, Paper CIT06-0654 
 

 
Figure 3. Temperature distribution along the fin length for different dimensionless frequencies of base temperature 

oscillation: β = 1.0 and ξ = 0.5. 
 

 
Figure 4. Temperature evolution at the fin tip for different dimensionless relaxation times (ω = 1.0). 
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4. Conclusions 
 

Hyperbolic heat conduction for a convective fin of constant cross-section area, submitted to periodic thermal 
conditions, has been analyzed using the Generalized Integral Transform Technique (GITT). A lowest-order solution 
was obtained in analytic form, offering approximate results for the fin temperature distribution for the investigated 
ranges of the governing parameters. It could be verified that the non-Fourier effect is significant for short times in the 
rectangular fin analysis, during the initial transient, when the thermal wave fronts are observed. 
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Abstract. The Generalized Integral Transform Technique (GITT) is employed in the solution of the continuity and momentum 
equations in hydrodynamically developing laminar flow inside circular ducts. The streamfunction formulation is adopted to 
automatically satisfy the continuity equation and to eliminate the pressure field, thus providing improved computational 
performance. A novel eigenvalue problem in this eigenfunction expansion approach is considered, thus eliminating the difficulties 
associated with the singularity at the channel centerline. Results for the velocity field and for the product of the friction factor-
Reynolds number are computed along the entrance region for different governing parameters, which are tabulated for reference 
purposes and graphically presented as functions of the dimensionless axial coordinate. Critical comparisons with previous results 
in the literature are also performed, in order to validate the numerical code here developed and to provide a set of benchmark 
results. 
 
Keywords. Developing flow, circular tubes, integral transforms, friction factor, laminar flow. 

 
1. Introduction 
 

Laminar flow within pipes is found in several engineering applications, and has therefore been studied in different 
geometric configurations and operational conditions. The most usual geometry utilized in pipelines is the circular tube, 
which has been extensively analyzed in laminar flow conditions by many researchers (Shah and London, 1978). In such 
studies, the aim has been the determination of the velocity field, and as a consequence parameters of practical interest 
such as pressure drop and friction factors, both in the entrance and fully developed regions. These computations are 
generally difficult to accomplish by analytical approaches in light of the nonlinearity of the momentum equations, either 
in the full Navier-Stokes equations formulation or as the simpler boundary layer equations. In this context, purely 
numerical schemes have been employed to solve the equations for the classical problem in developing laminar flow in 
circular tubes (Hornbeck, 1964; Liu, 1974). 

In the search for a solution with automatically controlled accuracy, the Generalized Integral Transform Technique 
(GITT) (Cotta, 1993; Cotta, 1994; Cotta, 1998; Santos et al., 2001; Cotta and Mikhailov, 2006) with its automatic 
global error control capability is a reliable path for obtaining benchmark results, allowing for a more definitive critical 
evaluation of previously published numerical results of this classical problem. The GITT has already been utilized to 
find a hybrid analytical-numerical solution for laminar flow development inside parallel-plates channels (Carvalho et 
al., 1993; Machado and Cotta, 1995; Pérez Guerrero and Cotta, 1995; Figueira da Silva et al., 1996; Figueira da Silva et 
al., 1999), by using both the primitive variables and streamfunction-only formulations, in either the Navier-Stokes or 
boundary layer formulations. The application of the GITT under the streamfunction formulation, leads to the solution of 
an eigenvalue problem of fourth order, inherent to the analytical treatment of the biharmonic equation, which is readily 
solved in analytic form (Cotta, 1993, Perez Guerrero and Cotta, 1995). The same solution methodology has been 
employed in the solution of developing flow within annular channels (Pereira et al, 1998; Pereira et al., 2000), by 
handling the associated biharmonic-type eigenvalue problem in the cylindrical coordinates system. 

Until now, however, the use of this hybrid approach in conjunction with the streamfunction formulation for the 
flow development in circular tubes was not yet possible, due to the need of finding an appropriate fourth order 
eigenvalue problem in the cylindrical coordinates system, which would alleviate the singularities of the Bessel 
functions at the duct centerline. This difficulty is here circumvented by adopting a recently introduced eigenvalue 
problem (Fedele et al., 2005) which accounts for the singularities at the central radial position. The present work is thus 
aimed at utilizing the ideas in the generalized integral transform technique to construct a hybrid analytical-numerical 
solution for the flow development in circular tubes, and to accurately compute the velocity field along the entrance and 
fully developed regions, as well as the product of friction factor-Reynolds number. Critical comparisons with other 
previously published works are also performed in order to assess the consistency of the available numerical results. 
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2. Analysis 
 

Laminar flow of a Newtonian fluid inside a circular tube is considered as shown in Fig. (1). The continuity and 
incompressible steady two-dimensional Navier-Stokes equations in cylindrical coordinates are used to model the flow 
inside this circular geometry. The longitudinal velocity component vz is assumed to be known at the channel entrance, 
and the inlet flow is assumed to be parallel (vr = 0). Fully developed flow conditions are attained at a sufficiently large 
channel length, recovering the parabolic flow structure. Therefore, the governing equations, in the region 0 < r < 1 and  
z > 0, are written in dimensionless form as: 

 r z(rv ) v1 0
r r z
∂ ∂

+ =
∂ ∂

 (1) 

 
2

r r r
r z r 2

v v vp 2 1v v (r v )
r z r Re r r r z

⎡ ⎤∂ ∂ ∂∂ ∂ ∂⎛ ⎞+ = − + +⎢ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠⎣ ⎦
⎥  (2) 

 
2

z z z z
r z 2

v v v vp 2 1v v r
r z z Re r r r z

⎡∂ ∂ ∂ ∂∂ ∂ ⎛ ⎞+ = − + +⎢ ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠⎣ ⎦

⎤
⎥  (3) 

 
Equations (1) to (3) are subjected to the following inlet and boundary conditions: 

 
 zv (r, 0) 1= ;   rv (r, 0) 0=  (4,5) 
 
 ;   2

zv (r, ) 4q (1 r )∞ = − rv (r, ) 0∞ =  (6,7) 
 

 rv (0, z) 0= ;   zv (0, z)
0

r
∂

=
∂

 (8,9) 

 
 zv (1, z) 0= ;   rv (1, z) 0=  (10,11) 
 

The dimensionless groups employed in the equations above are defined as 

 
  (12) * * * * * 2

w w z z 0 r r 0 0 0 wr r /r ;   z z /r ;   v  = v /u ;   v  = v /u ;   p = p / u ;   Re 2u r /= = ρ = ν
 

r

z
vz = 1,vr = 0

vz = 0,vr = 0

vz = 0,vr = 0

vz = 4q (1-r2)

vr = 0

r

z
vz = 1,vr = 0

vz = 0,vr = 0

vz = 0,vr = 0

vz = 4q (1-r2)

vr = 0

   

rwrw

 
 

Figure 1. Geometry and coordinates system for developing flow in circular duct. 
 

Now, expressing Eqs. (1) to (11) in the streamfunction-only formulation in order to automatically satisfy the 
continuity equation and to eliminate the pressure field, the flow modeling is represented by: 
 

 2 2 21 2 1 2(E ) (E ) (E ) (E )
r z r r r r z Re
∂ψ ∂ ∂ψ ∂⎡ ⎤ψ − ψ − ψ = ψ⎢ ⎥∂ ∂ ∂ ∂⎣ ⎦

4  (13) 

 
where the operators E2 and E4 are defined as 
 

 
2 2

2
2 2

1E
r rr z

∂ ∂ ∂
= − +

∂∂ ∂
;   

4 3 2 3 4
4 2 2

4 3 2 2 3 2 2 2

2 3 3 2E E (E ) 2
r r rr r r r r r z r z

4

4z
∂ ∂ ∂ ∂ ∂ ∂ ∂

= = − + − − + +
∂∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

 (14,15) 
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The streamfunction is defined in terms of the dimensionless velocity components in the longitudinal (r) and 
transversal (z) directions, respectively, as 
 

 r
(r, z)1v (r, z)

r z
∂ψ

=
∂

;    z
(r, z)1v (r, z)

r r
∂ψ

= −
∂

 (16,17) 

 
Equation (l3) requires the specification of eight boundary conditions expressed in terms of the streamfunction. At 

the duct walls, no-slip and impermeability conditions are written as: 
 

 1
(0, z)

C
r

ψ
= ;   1 (0, z) 0

r r r
∂ ∂ψ⎡ ⎤ =⎢ ⎥∂ ∂⎣ ⎦

 (18,19) 

 2(1, z) Cψ = ;   
(1, z)

0
r

∂ψ
=

∂
 (20,21) 

 1
(r, 0) rC
r 2

ψ
= − ;   

(r, 0)
0

z
∂ψ

=
∂

 (22,23) 

 
3

1
(r, ) r rC 4q

r 2 4
⎛ ⎞ψ ∞

= − −⎜ ⎟
⎝ ⎠

;   
(r, )

0
z

∂ψ ∞
=

∂
 (24,25) 

 
 

C1 and C2 are constants that specify the streamfunction values at the channel centerline and wall. The constant q 
warrants the global mass conservation. Such constants are related by using the boundary conditions above, to yield 

 
 

 2 1C C 1/ 2= − ;   1q C C2= −  (26,27) 
 
 

One may arbitrarily specify  C1 = 0, so that C2 = _ 1/2 and q = 1/2. 
Equation (13) and boundary conditions (18) to (25) complete the problem formulation in terms of the 

streamfunction only. Following the ideas in the generalized integral transform technique (Cotta, 1993; Cotta, 1994; 
Cotta, 1998; Santos et al., 2001; Cotta and Mikhailov, 2006), for improved computational performance, it is convenient 
to define a filter that reproduces the fully developed flow solution in order to homogenize the boundary conditions in 
the r direction, which later will be the coordinate chosen for the specification of the eigenvalue problem. Therefore, the 
filter is written as 
 

 (r, z) (r) (r, z)∞ψ = ψ + φ ;   
2

2 r(r) r 1
2∞

⎛ ⎞
ψ = −⎜

⎝ ⎠
⎟  (28,29) 

 

where the filter ψ∞(r) ≡ ψ(∞,r) represents the streamfunction in the fully developed region and φ(r,z) is now the filtered 
potential to be solved for. The resulting problem formulation is then given by: 
 
 

 2 2 2 2d1 2 1 1 2(E ) (E ) (E ) (E ) (E )
r z r r r dr z r r z Re

∞ψ∂φ ∂ ∂ ∂φ ∂⎡ ⎤φ − φ − φ − φ = φ⎢ ⎥∂ ∂ ∂ ∂ ∂⎣ ⎦
4  (30) 

 (0, z) 0
r
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= ;   1 (0, z) 0

r r r
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 (31,32) 

 (1, z) 0φ = ;   (1, z) 0
r

∂φ
=

∂
 (33,34) 

 ( )2(r,0) r 1 r
r 2

φ
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z
∂φ

=
∂

 (35,36) 

 (r, ) 0
r

φ ∞
= ;   (r, ) 0

z
∂φ ∞

=
∂

 (37,38) 
 

The present contribution is aimed at solving only the boundary layer equations. Therefore, within the range of 
validity of the boundary layer hypothesis, the momentum equation given by Eq. (30) and related boundary conditions 
become: 
 

 
3 2 3 2 3 2 4 3 2

3 2 2 2 2 4 3 2 2 3

1 3 3 1 1 1 1 2 2 3 3
r z r r r r r r z r dr r r z Re r rr r r r z r z r r r r r
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− + − − − − = − + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜∂ ∂ ∂ ∂ ∂ ∂ ∂∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝

⎞
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 (39) 
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 (0, z) 0
r

φ
= ;   1 (0, z) 0

r r r
∂ ∂φ⎡ ⎤ =⎢ ⎥∂ ∂⎣ ⎦

 (40,41) 

 (1, z) 0φ = ;   (1, z) 0
r

∂φ
=

∂
 (42,43) 

 ( 2(r,0) r 1 r
r 2

φ
= − )  (44) 

 
2.1. Solution methodology 
 

In applying the GITT approach in the solution of the PDE system given by Eqs. (39) to (44), due to the 
homogeneous characteristics of the boundary conditions in the r direction, it is more appropriate to choose this direction 
for the process of integral transformation. Therefore, the auxiliary eigenvalue problem is taken as (Fedele et al., 2005) 
 
  (45)  2 2

i i iX (r) X (r)= −λ
 

 iX (0)
0

r
= ;   idX (0)d 1 0

dr r dr
⎡ ⎤ =⎢ ⎥⎣ ⎦

 (46,47) 

 iX (1) 0= ;   idX (1)
0

dr
=  (48,49) 

 

where, 
 

 
2

2

d 1 d d 1 dr
dr r dr r drdr
⎛ ⎞= = −⎜ ⎟
⎝ ⎠

;   
4 3 2

 2
4 3 2 2 3

d 2 d 3 d 3 d( )
r ddr dr r dr r

= = − + −
r

 (50,51) 

 
 

Problem (45) is analytically solved, to furnish: 
 

 

 2 1 i
i

1 i

r J ( r)
X (r) r

J ( )
λ

= −
λ

 (52) 

 

where the eigenvalues λi’s are computed from the following transcendental equation: 
 
 

 2 iJ ( ) 0, i 1, 2,3,...λ = =  (53) 
 

The eigenfunctions satisfy the following orthogonality property: 
 

 
1 1

ji
i j

i0 0

dX 0, i jdX dr drX ( X )
N , i jdr dr r r

≠⎧
= − = ⎨ =⎩∫ ∫  (54) 

 
 

The normalization integral Ni is then computed from: 
 

 

 
1 2 2

i
i

0

dX1N dr
r dr 2

iλ⎛ ⎞= ⎜ ⎟
⎝ ⎠∫ =  (55) 

 
 

The eigenvalue problem defined by Eqs. (45) to (49) allow for the definition of the following integral transform 
pair: 
 

 
1

i i
i 0

1(z) (r, z)( X ) dr
N r

φ = − φ∫ ,      transform (56) 

 i i
i 1

(r, z) X (r) (z)
∞

=

φ = φ∑ ,      inverse (57) 

 
The next step is thus to accomplish the integral transformation of the original partial differential system given by 

Eqs. (39) to (44). For this purpose, Eqs. (39) and the inlet condition (44) are multiplied by [Xi(r)/r], and after that, 
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integrated over the domain [0,1] in r, and the inverse formula given by Eq. (57) is employed, resulting in the following 
coupled ordinary differential system for the calculation of the transformed potentials i (z)φ : 
 

 j 2
ij i i

j 1

d (z) 2D (
dz Re

∞

=

φ
= λ φ∑ z) ,    i=1,2,… (58) 

 
1

2 i
i

i 0

dX1(0) (1 2r ) dr
N dr

φ = −∫  (59) 

 
where, 
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∑  (60) 
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0

3X X 3X X X XX
A X X X X

r rr r

⎛ ⎞′′ ′ ′ ′
′′′ ′′ ′⎜= − + − +

⎜ ⎟
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∫ dr⎟  (61) 

 
1

ji
ij j2

0

XX d
B X

r drr
∞

⎛ ⎞′ ψ′′⎜ ⎟= −
⎜ ⎟
⎝ ⎠

∫ dr  (62) 

 
In order to numerically handle the ODE system given by Eqs. (58) to (62), through the subroutine DIVPAG from 

the IMSL Library (1991), it is necessary to truncate the infinite series in a sufficiently high number of terms so as to 
guarantee the requested relative error in obtaining the original potentials. This subroutine solves initial value problems 
with stiff characteristics, and provides the important feature of automatically controlling the relative error in the 
solution of the ordinary differential equations system, allowing the user to establish error targets for the transformed 
potentials. 

Once the transformed potentials are available, the velocity field is obtained from the definition of the 
streamfunction given by Eqs. (16) and (17), after introducing the inverse formula (57), to yield: 
 

 i i
r

i 1

X (r) d (z)
v (r, z)

r dz

∞

=

φ
=∑ ;   

'
2 i

z
i 1

X (r)
v (r, z) 2(1 r ) (z)

r

∞

=

= − − φ∑ i  (63,64) 

 
In the realm of applications, one is concerned with quantities of practical interest such as the product of the 

Fanning friction factor-Reynolds number, fRe. The friction factor is defined as: 
 

2
w 0f ( u /= τ ρ 2)  (65) 

 
with the introduction of the inverse formula for the velocity field given by Eq. (64), it then results 
 

i
i

i 1

dX (1)d 1fRe 16 4 (z)
dr r dr

∞

=

⎡ ⎤= + φ⎢ ⎥⎣ ⎦∑  (66) 

 
3. Results and discussion 
 

Numerical results for the velocity profiles and the product of the Fanning friction factor-Reynolds number were 
produced along the entrance region of a circular tube. The computational code was developed in FORTRAN 90/95 
programming language and implemented on a PENTIUM-IV 1.3 GHz computer. First, the numerical code was 
validated against those results presented by Hornbeck (1964), Liu (1974), Shah and London (1978), and Nascimento et 
al. (2006). The routine DIVPAG from the IMSL Library (1991) was used to numerically handle the truncated version of 
the system of ordinary differential equations (Eqs. (58) to (62)), with a relative error target of 10-8 prescribed by the 
user, for the transformed potentials. These results were produced with different truncation orders (N = 10, 20, 40, 60, 80 
and 100) and for Re = 2000, but it should be noted that the dimensionless axial coordinate X+ = z/(2Re) makes the 
results independent of the Reynolds number for the boundary layer formulation. 

Figure (2) and Table (1) show the convergence behavior of the longitudinal velocity component at the centerline of 
the circular tube, as well as its comparison with the results presented in Hornbeck (1964), Liu (1974), Shah and London 
(1978) and Nascimento et al. (2006), demonstrating a good agreement, which provides a direct validation of the 
numerical code here developed. From inspection of Figure (2), a monotonic convergence behavior for the longitudinal 
velocity component at the centerline of the circular tube is observed. 
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Figure 2. Development of the longitudinal velocity component vz at the centerline of the duct. 

 
 
 

Results for the product of the Fanning friction factor-Reynolds number are shown in Fig. (3) as a function of the 
dimensionless axial positions, X+. It can be observed that the product fRe diminishes until the fully developed region is 
reached, in which this parameter assumes a constant value. Also, it should be recalled that the product fRe presents 
higher values in the entrance region of the circular tube due to higher velocity gradients experimented by the fluid in 
this region, and for this reason convergence of the eigenfunction expansions is slower within the entrance. Also, a 
comparison with the results of Nascimento et al. (2006) is performed, showing an excellent agreement. This previous 
contribution with the GITT implemented a hybrid solution for the same boundary layer formulation, but under primitive 
variables mathematical description, which leads to different auxiliary eigenvalue problems, and thus different 
convergence behavior patterns. 
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Figure 3. Product fRe along the entrance region of a circular tube. 
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Finally, Figure (4) illustrates the development of the longitudinal velocity component, as a function of the 
transversal coordinate R, at specific dimensionless axial positions X+. From this figure it can be noticed that the velocity 
profile evolutes from flatter shapes in axial positions near the tube entrance, to parabolic forms in positions far from the 
entrance, where a fully developed region is attained.  

 
 

Table 1. Convergence behavior and comparison of the longitudinal velocity component vz at the duct centerline. 
 

X+ N = 10 N = 20 N = 40 N = 60 N = 80 N = 100 Shah and 
London (1978) 

Nascimento et al. 
(2006) 

0.0002116 1.108 1.088 1.093 1.094 1.094 1.094 1.100 1.113 
0.0004232 1.116 1.129 1.131 1.131 1.131 1.132 1.138 1.136 
0.0005000 1.127 1.138 1.141 1.142 1.142 1.142 1.150 1.145 
0.0006349 1.147 1.157 1.159 1.159 1.159 1.160 1.166 1.160 
0.0008467 1.174 1.181 1.182 1.183 1.183 1.183 1.190 1.181 
0.0010580 1.197 1.201 1.203 1.203 1.203 1.203 1.210 1.200 
0.0012500 1.214 1.218 1.219 1.220 1.220 1.220 1.227 1.215 
0.0019000 1.263 1.266 1.268 1.268 1.268 1.268 1.273 1.262 
0.0025000 1.301 1.304 1.305 1.305 1.306 1.306 1.313 1.298 
0.0027470 1.315 1.318 1.319 1.319 1.320 1.320 1.324 1.312 
0.0035930 1.359 1.361 1.363 1.363 1.363 1.363 1.367 1.354 
0.0037500 1.366 1.369 1.370 1.370 1.370 1.371 1.378 1.362 
0.0044400 1.397 1.400 1.401 1.401 1.401 1.402 1.405 1.392 
0.0050000 1.421 1.423 1.424 1.425 1.425 1.425 1.433 1.415 
0.0052880 1.433 1.435 1.436 1.436 1.436 1.436 1.439 1.427 
0.0075000 1.512 1.514 1.515 1.515 1.516 1.516 1.524 1.505 
0.0086580 1.549 1.551 1.552 1.552 1.552 1.552 1.553 1.541 
0.0100000 1.588 1.590 1.591 1.591 1.591 1.591 1.598 1.579 
0.0120400 1.641 1.643 1.644 1.644 1.644 1.644 1.644 1.631 
0.0125000 1.652 1.654 1.655 1.655 1.655 1.655 1.660 1.642 
0.0154300 1.715 1.717 1.717 1.717 1.718 1.718 1.718 1.704 
0.0175000 1.753 1.754 1.755 1.755 1.755 1.755 1.756 1.740 
0.0188200 1.774 1.775 1.776 1.776 1.776 1.776 1.776 1.761 
0.0222100 1.821 1.822 1.822 1.822 1.822 1.822 1.822 1.806 
0.0225000 1.824 1.825 1.825 1.826 1.826 1.826 1.824 1.809 
0.0300000 1.894 1.894 1.895 1.895 1.895 1.895 1.892 1.875 
0.0356900 1.927 1.928 1.928 1.928 1.928 1.928 1.928 1.906 
0.0400000 1.945 1.945 1.946 1.946 1.946 1.946 1.943 1.923 
0.0492400 1.970 1.970 1.970 1.970 1.970 1.970 1.971 1.946 
0.0500000 1.971 1.972 1.972 1.972 1.972 1.972 1.970 1.947 
0.0625000 1.987 1.987 1.987 1.987 1.987 1.987 1.986 1.961 
0.0628100 1.988 1.988 1.988 1.988 1.988 1.988 1.989 1.961 
0.0763400 1.995 1.995 1.995 1.995 1.995 1.995 1.996 1.969 
0.0899300 1.998 1.998 1.998 1.998 1.998 1.998 1.999 1.972 
0.1000000 1.999 1.999 1.999 1.999 1.999 1.999 2.000 2.000 

1.0000 2.000 2.000 2.000 2.000 2.000 2.000 2.000 2.000 
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Figure 4. Development of the longitudinal velocity component profile along the tube length. 

 

4. Conclusions 
 

Numerical results for the velocity field and product Fanning friction factor-Reynolds number were produced by 
using the GITT approach in the solution of the continuity and momentum equations for the flow of Newtonian fluids 
within circular tubes. The adoption of a recently described eigenvalue problem in the cylindrical coordinates system 
made possible the application of a streamfunction formulation in such a geometry. The excellent agreement of the 
present results with previously reported ones demonstrates the consistency of this approach for benchmarking such 
class of problems. The approach presented, in addition, opens up new perspectives in the hybrid numerical-analytical 
solution of nonlinear heat and fluid flow problems in non-cartesian coordinates systems. 
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Abstract. This paper presents the application of the Finite Element Method on the numerical simulations of hydroelectric power 
plant reservoir filling, focusing on two-dimensional mesh generation. The problem of the heterogeneity of the data sets in 
hydrodynamic simulations, which differ in precision, type, structure, among other factors, is addressed. The methodology employed 
in the 2D mesh generation is shown, as well as its relation to the construction of the 3D terrain models. Four different available 
representations of the terrain are presented, with methods of conversion from one representation to another. The mesh triangulation 
is made from a set of Cartesian points, using Delaunay triangulation. The present methodology is part of a larger project, based on 
the object oriented programming paradigm, which has been an effective improvement in this kind of software development. 
 
Keywords: mesh generation, finite element, object-oriented programming, hydrodynamic simulations. 
 
1. Introduction: 
  

The filling process of a hydroelectric power plant reservoir can cause several problems, such as under water 
biomass decomposition, which may compromise the quality of all the water affected by the reservoir. In order to avoid 
such consequences, a precise analysis is necessary, and studies based on numerical methods are a powerful tool that 
allows a reliable prediction analysis. This is an important issue given that water supply and water quality is an 
increasing problem that sooner or later we will have to face. 

Many projects of energy generation for hydroelectric power plants have been elaborated and concluded. As the 
number of such projects increases a larger body of scientific studies on the ambient and socio-economic impacts is 
necessary. Especially in Brazil, where the hydrographic conditions are an advantage for the explotation of hydroelectric 
reservoirs, the area covered by them is very extensive, and so the problems they bring. We can minimize these problems 
by obtaining information that provides a more consistent forecast capability of the consequences of a hydrographic 
basin flooding. A useful tool to gather forecast information about the consequent ambient impacts is the numerical 
simulation. 

The main contribution of this work is a 2D mesh generation procedure for the application on numerical simulation 
of the hydrodynamic phenomena present in a hydroelectric reservoir. The presented system of mesh generation is part 
of a larger project of studies and simulations on the ambient impacts related to the flooding of a certain region for 
hydroelectric power plant construction. There are other similar works on hydrodynamic simulations, which make use of 
two-dimensional meshes, such as FESWMS (Finite Element Surface Water Modeling System). The difference to the 
method we are presenting is that, although the focus of this paper is grid assembling for applications on 2DH modeling 
for shallow water problems, the generation of 2D mesh is also employed on three-dimensional mesh generation, for 3D 
fluid flow problems, which is one of the simulation models of this project. 

The simulations results are obtained basically from the solution of the momentum conservation equations for x and 
y directions and the continuity equation, utilizing the Finite Element Method (FEM) for the mathematical modeling. 
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One of the input data is the terrain information, and this project has among its objectives to give a major flexibility on 
the terrain representation options, offering conversion techniques. Objects and methods related to ground representation 
belong to the Terrain module, which prepares the data for the mesh generation, in the Finite Elements Mesh (FEMesh) 
module. 

This structure is part of the software engineering environment of this work, and it is based on the object oriented 
concept. MATLAB was chosen for the development work because it is a high-level language directed to mathematical 
applications that provides all the features of a traditional programming language, including OOP. 

 
2. Simulation environment 
 

The simulation environment is composed of several modules that encapsulate specific tasks in the simulation 
process. A brief explanation over each module is shown below.  
 
2.1. Terrain 
  
Here the terrain data sets are handled. This is where the user defines the domain of simulation. 
 
2.2. FEMesh2d  
 
This module is responsible for 2D and 3D mesh assembling. 
 
2.3. ShapePhyto 
  
The vegetation map of the terrain in study is manipulated in this module, as well as the phyto-physiognomy data.  
 
2.4. Decay  
 
This module is responsible for the biomass decay calculations. It quantifies the organic mass transferred to the water, 
which impacts on the chemical elements percentages present in the reservoir water. 
 
2.5. Simulator 
  
In this module all the information handled in the other modules is collected for the simulation itself. This module also 
has a strong coupling with the Decay module: on one hand, the Decay provides biomass quantities present in the water 
for the transport equations in the Simulator module, and, on the other hand, the decay coefficients are function of 
transport parameters, like temperature, pressure, oxygen concentration etc. 
 The focus of this paper is the Terrain and FEMesh modules. 

The modules can be accessed using a high level script language, based on MATLAB, which gives great power and 
flexibility to the user. Alternatively, the user can employ a simple Graphic User Interface (GUI) to perform common 
tasks. Figure 1 shows a simplified scheme of the whole system of simulation, where the data flux between the modules 
is represented by the arrows.  

 

 
 
Figure 1. Data flux between the system’s modules. 
 

The FEMesh generator module is closely related to the terrain modeling module. In fact, the triangular mesh is 
built using topological data provided by the Terrain module. The terrain can be represented by a set of points (named 
CloudTerrain), a cartesian mesh of points (RasterTerrain), a set of level-curves (ShapeTerrain), or a triangular mesh 
(MeshTerrain). The mesh triangulation is made from the CloudTerrain representation, using Delaunay triangulation. 
After this stage, the mesh can be improved employing a refining algorithm, and information regarding boundary 

Terrain FEMesh 
 

Simulator 

Shape Phyto Decay 
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conditions is included in the data structure, to prepare for the application of the mesh in the Finite Elements Method, in 
the Numerical Simulations Module. 
 
3. Governing equations 
 

In this work the two-dimensional mesh generation is analyzed for the case of shallow water hydrodynamic 
simulations. In this kind of problem it is convenient to consider hydrostatic pressure, integrated on the vertical direction 
(z axis, in a cartesian coordinates system), and average velocities only in the horizontal plane (x and y directions), which 
is the 2DH modeling method. 

The governing equations for the hydrodynamic circulation were described by Rosman (2001), in which the 2DH 
technique is employed to solve the kind of problem this work is focused on. More details about 2DH hydrodynamic 
modeling can be found in this reference. Here, the main results will be briefly presented.  

For each time step the 2DH simulator determines the vertically averaged velocity, on the x and y directions, 
U(x,y,t) and V(x,y,t) respectively, and the elevations on the free surface, z=�(x,y,t). The three necessary equations to 
determine three unknowns of hydrodynamic circulation in 2DH flow, integrated on the vertical direction, �, U and V, 
are represented below: 

 
2DH equation of momentum conservation for a flow integrated on the vertical, on the x direction: 
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Where H is the distance from the bottom to the surface at each point, and 0ρ  is the water density. 
2DH equation of momentum conservation for a flow integrated on the vertical, on the y direction: 
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Continuity equation integrated along the vertical direction: 
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The terms of equation (1) can be explained as follows: 
 

→
∂

∂
t

U
 represents the local acceleration of the flow, at a given position, or, in other words, the temporal variation rate 

of the 2DH momentum flux per mass unit. In permanent flows, this term is zero. 
 

→
∂
∂+

∂
∂

y
U

V
x
U

U  represents the advective acceleration of the flow, on a given instant. These terms represents the 

spatial variation rate of the 2DH momentum flux on the x direction per mass unit. In uniform flows, these terms are 
zero. 
 

→
∂
∂−

x
g

ζ
 represents the resultant hydrostatic pressure on the x direction (pressure gradient). Due to the water surface 

declivity on the x direction, as indicated by the negative sign, the flow tends to move from places where the water level 
is higher to places where the water level is lower. 
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ρ  represents the resultant of the 2DH turbulent dynamic tensions in the flow. For 

example, these terms are caused by horizontal vortices in recirculation zones. 
 

→Vsenθφ2  represents the coriolis force. This term is present because the referential is moving with the Earth surface. 
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 represents the wind tension on the free surface per mass unit. If the wind is on the same direction of the 

flow, this term will speed up the flow; otherwise, if the wind is on the opposite direction, it will slow down the flow. 
 

( )→− B
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1
 represents the friction tension on the bottom of the flow per mass unit. As indicated by the negative 

sign, this term always tends to deaccelerate the flow. It is always opposite to the flow. 
 
Evidently, the meaning of the similar terms in the equation (2), of the momentum conservation on the y direction is 
analogous. 
 
For the 2DH continuity equation (3), we have:  
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 represents the variation of the water column height (�+h) in time as result of the 
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 The water source is given only by affluents, where the boundary conditions are prescribed velocity. The points of 
outflow are treated with prescribed height � boundary conditions, and on the reservoir margins the velocity is equal to 
zero. The water source due to precipitations is accounted for in the affluents inflow velocities. 

The solution technique chosen is the Finite Element Method with Galerkin variational formulation. The 
method is applied on a mesh of Delaunay triangles, with the domain represented by mini-elements – pressure on the 
vertices and velocity on the vertices and centroid. For the convective term, the semi-lagrangian formulation was used, 
and the projection method was chosen to decouple the velocity and pressure calculations. 
 The discretization produces two algebraic linear equation systems in each time iteration. To solve these systems, 
the preconditioned conjugated gradient method is employed, using an incomplete Cholesky preconditioner. 
 
4. Terrain module 
 

This is the module that deals with the terrain topological data, which can be manipulated by four alternative 
basic representations (Raster Terrain, Cloud Terrain, Shape Terrain and Mesh Terrain representations). The Terrain 
module has a class which is responsible for each representation type, described as follows: 

 

 
 

Figure 2. Terrain module classes. 
 

4.1. RasterTerrain 
 
The terrain is represented by a set of cartesian coordinates (x,y,z), where each one is a surface point of the terrain. The 
representation is based on structured quadrilateral grids. It can be constructed, for instance, using a disordered set of 

ShapeTerrain CloudTerrain 

Terrain 

MeshTerrain RasterTerrain 
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points, defining the intervals between each coordinate, and interpolating the z values. This class handles Digital Terrain 
Model (DTM) and Digital Elevation Model (DEM) raster files, and converts MeshTerrain models to RasterTerrain. 
 
4.2. ShapeTerrain 
 
This class represents terrain models by a set of level curves. It handles Shapefile struct files. Figures 7 and 8 show a top 
view visualization of a Shape Terrain. Visualizations can be also performed employing different perspective views. 
 
4.3. CloudTerrain 
 
The terrain is represented by a “cloud” of disordered cartesian points, with position given by x, y and z coordinates. This 
class converts RasterTerrain and ShapeTerrain into CloudTerrain. 
 
4.4. MeshTerrain 
 
The terrain is represented by a two-dimensional triangular mesh, obtained by a Delaunay triangulation algorithm 
(Shojaee, 2006; Hao,1997). Figure 9 shows a Mesh Terrain representation. The triangular grid can be generated on the 
terrain from a set of disordered cartesian points. It converts CloudTerrain into MeshTerrain. 
  
Figure 3 shows the relation between the constructor classes of the terrain models and the FEMesh2D class, which 
belongs to the FEMesh module. 
 

 
 
Figure 3. Package diagram showing the relation between Terrain classes and FEMesh2D class. 
 

The availability of four possible terrain representations is a way of increasing the user’s flexibility in the data input 
for the simulation. However, the basic terrain type used by the simulation is the MeshTerrain, because it is this the 
terrain model employed by the FEMesh module to generate the mesh that will be used by the Simulator module. In fact, 
the class that builds 2D meshes is the MeshTerrain. 

 
5. FEMesh module 
 

This is the module that creates the data structures required for the Finite Element Mesh representation. This 
module includes three basic classes, as shown in figure 4, described as follows: 

 

 
 

Figure 4. FEMesh module classes. 
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5.1. FEMesh1d 
 
Represents 1d FEM Meshes. It can be employed for 1d simulations, or to collect information on 1d geometric features, 
such as reservoir boundaries in 2d simulations. 
 
5.2. FEMesh2d 
 
Represents 2d FEM Meshes. It can be employed for 2d simulations, or to collect information on 2d geometric features, 
such as reservoir boundaries in 3d simulations. 
 
5.3. FEMesh3d 
 
Represents 3d FEM Meshes. It can be employed for 3d simulations. 
 

6. Mesh generation process 
 

The mesh utilized for the terrain representation is a mesh of triangular elements. A justification for this choice is 
the fact that triangular grid models allow a more reliable representation of the superficial distribution in regions with 
regions of large altitude gradients. According to Trisiripisal (2003), since each triangular patch contains redundancy in 
information, it can be used to indicate the characteristics of a region. This advantage is very useful in computer vision 
and pattern recognition applications to describe the information present in the image. 

Another advantage of using triangular meshes is a large reduction in data for processing, and this is very useful in 
many applications. For example, instead of transforming the entire data, only the representative vertex data in the 
triangular mesh is required in the calculation. This can significantly speed-up the computation. Delaunay triangulation 
is a good technique, from the point of view of its approximation properties in combination with finite elements, because 
it maximizes the minimum angle compared to any other triangulation of the same set of points. 

 
6.1. Delaunay triangulation 
 

In a few words, given a set of data points, the Delaunay triangulation is a set of lines connecting each point to its 
natural neighbors. The Delaunay triangulation is related to the Voronoi diagram – the circle circumscribed about a 
Delaunay triangle has its center at the vertex of a Voronoi polygon. A Voronoi polygon about point P is the region that 
is closer to this point, or as close to, than to any other point. The Voronoi or Dirichlet tessellation is made up from these 
Voronoi polygons and the Delaunay triangulation is the dual of the Dirichlet tessellation. The next figure shows a set of 
Delaunay triangles and Voronoi polygons, both made up from a set of disordered points. 
 

 
Figure 5. Mesh of Delaunay triangles (left box) and Voronoi polygons diagram (right box). 
 
6.2. Mesh generation routine 
 

The first step on the mesh assembling is to convert the terrain format into a CloudTerrain representation. We need 
this conversion because the Delaunay triangulation is made on a set of disordered cartesian points. After the 
triangulation, the mesh is assembled, and we can proceed to the next step, in the FEMesh module. Now there are some 
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adjustments to improve the grid. The first step is the elimination of the elements above the maximum height, which is 
an essential routine. The other one is a refining option, consisting in the insertion of a point in the middle of edges 
larger than an arbitrary size limit. All These tasks are implemented by the FEMesh2D class.  

There’s also another alternative way for generating the mesh of Delaunay triangles. Instead of sending a cloud of 
cartesian points for the Delaunay triangulation, this routine starts from a given domain boundary definition, and selects 
the interior points, necessary to build  the triangular elements. The advantage is that these points disposition seeks for 
the most well shaped triangles, which assures a more stable implementation of the FEM. The drawback is a major 
computational cost.  

The following image shows a two-dimensional triangular mesh representing a terrain. 
 

 
 
Figure 5. Example of a Terrain represented by a Delaunay triangular mesh. 

 
When this stage is over, the mesh is ready to use in the simulation by the Transport module. 
Now an example will be shown in order to illustrate the mesh generation process. Figure 6 shows a shell script 

sample carrying out the steps required for the generation of a FEM mesh.  
 

% FEMesh2d  Sample script 
 
% Read shapefile using ShapeTerrain 
filename=[filedir,'theme1'];  
t1=ShapeTerrain(filename);  
 
% Select a region 
t2=trim(t1,7.365e5,7.455e5,75.23e5,75.31e5,0,1120); 
 
% Convert to CloudTerrain 
t3=CloudTerrain(t2); 
 
% Convert to MeshTerrain 
t4=MeshTerrain(t3); 
 
% Show resulting MeshTerrain 
surf(t4); 
 
% Generate FEMesh2d 
m=FEMesh2d(t4); 
 
% Show resulting FEMesh2d 
figure,surf(m); 
 

Figure 6. Example of a shell script to generate a FEMesh2d object. 
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The script starts reading data from a Shapefile struct file of a region in the city of Nova Friburgo, in the state of 
Rio de Janeiro, named Caledonia. Since we start with a Shapefile struct file, we employ the ShapeTerrain constructor. 
Following convenient criteria, an appropriate place for a hydroelectric reservoir must be chosen. The ShapeTerrain class 
provides convenient clipping resources, employing the trim function. We will assume, for the sake of this example, that 
the region shown in figures 7 and 8 is a good choice. 

 
 
Figure 7. ShapeTerrain representation before trim.  

 
Figure 8. Selected region 
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The next step is to convert the terrain level curves into a CloudTerrain representation. 
The MeshTerrain class can now be employed to perform the Delaunay triangulation to build the mesh (Figure 

9), and send it to the FEMesh module, for the final adjustments (Figures 10 and 11). 
 
 

 
Figure 9. MeshTerrain representation. Here a primitive mesh is assembled. But note that there are many triangles on the 
maximum height of the selected region. These elements do not represent the terrain surface, therefore, they will be 
eliminated in the next stage, processed by the FEMesh module. 
 
 
 

 
Figure 10. FEMesh2D mesh. This is the mesh after deleting the elements on the maximum height. The scale on the right 
side of the figure indicates the altitude in meters. 
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Figure 11. Same mesh of the previous figure, but with a color interpolation. The colors have the only purpose of 
coloring the figure and give some perspective notion. 
 
7. Conclusion 
 

This work is part of a major project, under development, which proposes the construction of a methodology to 
study and forecast the environmental impacts caused by a hydroelectric power plant reservoir flooding. All its 
elaboration has been based on software engineering concepts, aggregated to object oriented programming. The 
development of the Terrain and FEMesh modules, as well as the other ones, is inserted in this methodology, aiming the 
optimization of the structure and construction speed. This strategy allows a more flexible communication between the 
modules, in such a way that, for example, if a necessary correction must be done in the internal structure of the Terrain 
module, without any modification in its output data, the FEMesh module doesn’t have to be altered. 

The employed software engineering methodology allowed the implementation of simple yet powerful tools for 
terrain data manipulation in several representations, providing adequate visualization and simulation to the user. This 
last includes the mesh generation, which can start from any of these possible terrain representations. 

One objective of this research is the construction of a friendly tool for simulations of the consequences of a 
hydroelectric reservoir filling process. The availability of different terrain representation types and the visualization 
resources are signs of this intent. 
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Resumo. Um modelo numérico é proposto para a solução das equações de Navier-Stokes acopladas à equação de transporte

de uma espécie química. O Método dos Elementos Finitos é utilizado para a discretização do problema e o paradigma da

orientação a objetos, para elaboração do código numérico. A discretização espacial dos termos difusivos e da pressão é feita

pelo método de Galerkin e a da derivada substancial, através de uma abordagem semi-Lagrangeana utilizando um esquema

implícito por diferenças regressivas de primeira ordem. O sistema linear é resolvido pelo método da projeção discreto, baseado

em decomposição LU.

Palavras chave: equações de Navier-Stokes, método de elementos finitos, método semi-Lagrangeano, método da projeção, pro-

gramação orientada a objetos

1. Introdução

Inicialmente, um estudo sobre campo hidrodinâmico próximo ao eixo de um eletrodo rotatório presente em uma célula
eletroquímica foi desenvolvido utilizando análise de estabilidade. Pode-se citar importantes estudos nesta área de pes-
quisa, tais como: Smith, 1946, Gregory et al., 1955, Chin e Litt, 1972, Pontes et al., 2004 e Pontes e Mangiavacchi, 2005
O presente trabalho tem como objetivo propor uma análise detalhada, sob outro ponto de vista, do campo hidrodinâmico
descrito. Um modelo numérico é proposto para a solução das equações de Navier-Stokes (equações de quantidade de
movimento e equação de conservação de massa) acopladas à equação de transporte . O Método dos Elementos Finitos
é utilizado para a discretização do problema proposto, sendo caracterizado por 4 técnicas: método de Galerkin, método
semi-Lagrangeano, discretização do tempo por diferenças regressivas de primeira ordem e método da projeção para so-
lução do sistema linear. O método de Galerkin foi utilizado para discretização espacial dos termos difusivos, da pressão
e de forçagem. A utilização do método Semi-Lagrangeano consiste na discretização da derivada substancial (Du/Dt). É
nessa derivada que se encontra o termo convectivo, responsável pela não linearidade do problema. Para a discretização
do tempo foi utilizada uma técnica de diferenças regressivas de primeira ordem. Depois de passar por todas essas etapas
recai-se em um problema de resolução de um sistema linear do tipo Ax = b. Utilizar métodos diretos para resolução desse
sistema pode parecer a opção mais fácil, porém, o uso de alguns algorítmos agilizam o processamento da solução. O mé-
todo da projeção discreto é utilizado para dividir a matriz original em dois fatores do tipo LU em blocos obtendo assim

1



Proceedings of the ENCIT 2006, ABCM, Curitiba – PR, Brazil – Paper CIT06-0676

um sistema com custo computacional menor devido ao desacoplamento entre velocidade e pressão. O código numérico é
implementado usando os paradigmas da orientação a objetos.

2. Equações de Governo

As equações de governo do campo hidrodinâmico e de concentracão em sua forma adimensional utilizadas na formu-
lação do método de elementos finitos podem ser escritas como (Batchelor, 1967; Pontes e Mangiavacchi, 2005).

Dv
Dt

= −1
ρ
∇p +

1
Re
∇ · [ν(∇v +∇vT )] (1)

∇ · v = 0 (2)
Dc

Dt
=

1
ReSc

∇ · (D∇c) (3)

As equações (1) e (2) são conhecidas como equações de Navier-Stokes e a equação (3) como equação de transporte de
massa. Essas equações são responsáveis pela descrição do movimento de um fluido e de uma massa respectivamente
onde Re = ρUL/µ representa o número de Reynolds e Sc = ν/D é o número de Schmidt, v é o vetor de velocidades,
p a pressão e a concentração em massa da espécie química representada pela letra c. A saber, ρ, U , L, µ e D são
grandezas dimensionais representativas do problema associadas a massa específica, velocidade, comprimento, viscosidade
e difusividade, respectivamente. As equações (1) e (3) são acopladas por intermédio das propriedades do fluido, que são
dependentes de C e são avaliadas pelas seguintes expressões: ν = ν0 exp(mc) e D = 1/ν.

3. Método dos Elementos Finitos

3.1. Formulação Variacional

Considere as equações de Navier-Stokes e transporte de massa para escoamentos incompressíveis dadas em sua forma
adimensional representadas pelas equações (1), (2) e (3), válidas em um domínio Ω ⊂ Rm sujeitas às condições de
contorno

v = vΓ em Γ1 (4)
vt = 0 e σnn = 0 em Γ2 (5)

c = cΓ em Γ3 (6)
∇c · n = 0 em Γ4 (7)

Considere o subespaço:

V = H1(Ω)m = {v = (v1, . . . , vm) : vi ∈ H1(Ω),∀ i = 1, . . . ,m} (8)

onde H1(Ω) é o espaço de Sobolev dado por:

H1(Ω) =
{

v ∈ L2(Ω) :
∂v

∂xi
∈ L2(Ω), i = 1, · · · ,m

}
(9)

sendo L2(Ω) um espaço de dimensão infinta definido por

L2(Ω) =
{

v : Ω → R,

∫
Ω

v2dΩ < ∞
}

(10)

Definindo-se

VvΓ = {v ∈ V : v = vΓ em Γ1}
PpΓ = {q ∈ L2(Ω) : q = pΓ em Γ2}
CcΓ = {r ∈ L2(Ω) : r = cΓ em Γ3} (11)

a formulação variacional do problema consiste em encontrar soluções v(x, t) ∈ VvΓ , p(x, t) ∈ P0 e c(x, t) ∈ CcΓ tais
que:
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∫
Ω

Dv
∂t

·wdΩ− 1
ρ

∫
Ω

p∇ ·wdΩ +
1

Re

∫
Ω

ν[∇v +∇vT ] : wdΩ = 0∫
Ω

[∇ · v]qdΩ = 0∫
Ω

Dc

∂t
rdΩ +

1
ReSc

∫
Ω

(D∇c)∇rT dΩ = 0 (12)

3.2. Método de Galerkin semi-discreto

Após a formulação variacional das equações de governo, parte-se para aproximação pelo método de Galerkin. Con-
sidere as equações de governo em sua forma adimensional e variacional (12). Considere NV o número de pontos de
velocidade, NP o número de pontos de pressão e NE o número de elementos na malha de elementos finitos que discre-
tiza o domínio Ω. O método de Galerkin consiste em fazer as seguintes substituições em (12):

u(x, t) ≈
NV∑
n=1

Nn(x)un(t) (13)

v(x, t) ≈
NV∑
n=1

Nn(x)vn(t) (14)

p(x, t) ≈
NP∑
n=1

Pn(x)pr(t) , (15)

que são aproximações semi-contínuas, isto é, contínuas no tempo (t) e discretas no espaço (x). Aqui, Nn(x) representam
as funções de interpolação utilizadas para a velocidade e Pn(x) as funções de interpolação para a pressão. Considere
ainda que as propriedades ρ, ν e D são constantes em cada elemento.

A equação de conservação de quantidade de movimento é normalmente avaliada em todos os nós livres de velocidade,
e portanto, as funções peso wx e wy são substituídas por funções de interpolação Nm = Nm(x), m = 1, . . . , NV .
Aplicando este procedimento nas equações (12), chega-se a:

∑
e

∫
Ωe

∑
n

Dun

Dt
NmNndΩ−

∑
e

∫
Ωe

∑
r

∂Nm

∂x
PrprdΩ

+
1

Re

∑
e

∫
Ωe

∑
n

νe

(
∂Nm

∂x
un

∂Nn

∂x
+

∂Nm

∂y

∂Nn

∂y
un +

∂Nm

∂x

∂Nn

∂x
un +

∂Nm

∂y

∂Nn

∂x
vn

)
dΩ = 0 (16)

∑
e

∫
Ωe

∑
n

Dvn

Dt
NmNndΩ−

∑
e

∫
Ωe

∑
r

∂Nm

∂x
PrprdΩ

+
1

Re

∑
e

∫
Ωe

∑
n

νe

(
∂Nm

∂x
vn

∂Nn

∂x
+

∂Nm

∂y

∂Nn

∂y
vn +

∂Nm

∂x

∂Nn

∂y
vn +

∂Nm

∂y

∂Nn

∂y
vn

)
dΩ = 0 (17)

∑
e

∫
Ωe

∑
n

Dcn

Dt
NmNndΩ +

1
ReSc

∑
e

∫
Ωe

∑
n

De

(
∂Nm

∂y

∂Nn

∂y
cn +

∂Nm

∂x

∂Nn

∂x
cn

)
dΩ = 0 (18)

A equação da continuidade (2), é avaliada nos nós lives de pressão e, portanto, a função peso q é aproximada pelas
funções de interpolação associadas à pressão Pr(x), resultando∑

e

∫
Ωe

∑
n

(
∂Nn

∂x
un +

∂Nn

∂y
vn

)
Pr dΩ = 0 . (19)

para r = 1, . . . , NP . Restringindo as funções de interpolação a cada elemento e, conclui-se∑
e

∫
Ωe

∑
j,k∈e

(
∂Ne

j

∂x
uj +

∂Ne
j

∂y
vj

)
P e

k dΩ = 0 . (20)
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As equações (16), (17), (20) e (18) podem ser representadas na forma de um sistema de equações diferenciais ordiná-
rias

Mxu̇ +
1

Re
{(2Kxx + Kyy)u + Kxyv} −Gxp = 0 (21)

Mxv̇ +
1

Re
{Kyxu + (Kxx + 2Kyy)v} −Gyp = 0 (22)

Dxu + Dyv = 0 (23)

Mcċ +
1

ReSc
(Kxx + Kyy)c = 0 (24)

onde u̇, v̇ e ċ representam a derivada substancial, sendo definidas por u̇ = [Du1
Dt , . . . , DuNU

Dt ]T , v̇ = [Dv1
Dt , . . . , DvNU

Dt ]T ,ċ =
[Dc1

Dt , . . . , ∂cNU

∂t ]T , u = [u1, . . . , uNU ]T , v = [v1, . . . , vNV ]T , c = [c1, . . . , cNU ]T , p = [p1, . . . , pNP ]T , gx =
[gx

1 , . . . , gx
NU ]T , gy = [gy

1 , . . . , gy
NV ]T , , são os vetores dos valores nodais para as variáveis de velocidade, pressão e

concentração.
As dimensões das matrizes que aparecem no sistema (24) são NV ×NP para Gx e Gy , NP ×NV para Dx e Dy e

NV ×NV para todas as outras.

3.3. Método semi-Lagrangeano

O método semi-Lagrangeano foi primeiramente utilizado em sistemas convecção-difusão com o objetivo de se obter
duas características: passo de tempo grande e estabilidade. Além disso, discretizações em ordens elevadas levam a erros
de dispersão mínimos. A aproximação semi-Lagrangeana tem sido utilizada em meteorologia para predições numéricas
das condições climáticas, onde o uso de grandes passos de tempo é essencial para eficiência. Nas equações de Navier-
Stokes, entretanto, seu uso não é tão freqüente, porém, trabalhos recentes vêm demonstrando sua elevada eficiência,
principalmente quando o escoamento é caracterizado por alto número de Reynolds.

Esse método foi introduzido no início dos anos 80 por Robert, 1981 e Pironneau, 1982 e a idéia básica procedia na
discretização da solução da derivada Lagrangeana no tempo ao invés da derivada Euleriana. Como exemplo, pode-se citar
um esquema semi-Lagrangeano de uma equação do tipo convecção-difusão qualquer. Toma-se a equação de transporte de
massa (3) em sua forma compacta, com derivada substancial. Seguindo o método semi-Lagrangeano, pode-se discretizar
a equação (3) no tempo no ponto xi utilizando um esquema de primeira ordem implícito

Dc

Dt
=

cn+1
i − cn

d

∆t
(25)

onde cn
d = cn(xd, t

n) e xd é chamado de ponto de saída.

n+1
t

n+2t

n
t

x x x i+1ii−1

x

x

d

i c
nc

n

c
n

1

dominio
2

3 c
n+1

Figura 1: método semi-lagrangeano

Na forma forte a derivada substancial é calculada ao longo do trajeto característico, determinando-se o ponto xd e
resolvendo a equação Dx/Dt = a para trás no tempo tn+1 ≥ t ≥ tn usando a condição inicial x(tn+1) = xi. Este
esquema é mostrado na figura (1a). Um método de integração deve ser utilizado para se encontrar a posição do ponto do
passo anterior na malha. Utilizando-se um esquema de discretização de primeira ordem, a trajetória é aproximada por
uma reta. Dependendo da trajetória, três situações podem ocorrer, a primeira e a sugunda são mostradas na figura (1b)
pelos pontos 1 e 2, e a terceira, pelo ponto 3. Na trajetória 1, o ponto do passo anterior cn se encontra próximo ao ponto
do passo atual cn+1 e dentro do domínio do problema. Depois de identificado o elemento que contém o ponto 1, uma
interpolação entre os nós do elemento é necessária para se conhecer seu valor. No caso do ponto 2, o ponto do passo
anterior cn se encontra distante do ponto do passo atual cn+1 e dentro do domínio do problema. A diferença entre o ponto
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1 e o ponto 2 está no comprimento das trajetórias. No ponto 2, a trajetória também será aproximada por reta o que pode
gerar um grande erro de aproximação, pois com pouca informaçao (tempos inicial e final) não se sabe a real trajetória do
ponto. No cado ponto 3, o valor de origem é calculado utilizando as condições de contorno. Após a discretização pelo
método semi-Lagrangeano, as equações de governo tomam a forma de:

Mx(
un+1

i − un
d

∆t
) +

1
Re
{(2Kxx + Kyy)un+1 + Kxyvn+1} −Gxpn+1 = 0 (26)

My(
vn+1

i − vn
d

∆t
) +

1
Re
{Kyxun+1 + (Kxx + 2Kyy)vn+1} −Gypn+1 = 0 (27)

Dxun+1 + Dyvn+1 = 0 (28)

Mc(
cn+1
i − cn

d

∆t
) +

1
ReSc

(Kcxx + Kcyy)cn+1 = 0 (29)

3.4. Elementos de Malha

A escolha do tipo de elementos em equações onde o acoplamento de variáveis existe, como no caso das equações
de Navier-Stokes, é restrito. Na literatura, essa restrição recebe o nome de condição de Babuska-Brezzi. Essa é uma
condição de estabilidade referente ao modo de discretizaçao do problema, portanto, a escolha de elementos adequados
é fundamental para manter essa condição satisfeita. Muitos autores mencionam e detalham essa condição específica.
Para se saber mais, recomendam-se: Cuvelier et al., 1986, Zienkiewicz e Taylor, 2000 e Oden e Carey, 1984. Há na
literatura casos onde se encontra a solução do problema sem mesmo a condição de Babuska-Brezzi ser satisfeita, mas para
tais elementos o método de Galerkin não pode ser utilizado. Métodos de penalidades também podem ser usados para
contornar essa restrição, porém não é assunto deste trabalho o uso desta prática.

Elemento triangular linear: Esse é o elemento mais utilizado no método dos elementos finitos, por sua forma
geométrica mais simples, podendo ser usado para aproximar superfícies irregulares. Por ser linear, suas funções de
interpolação são representadas por planos (ver Fig. 2), ou seja, um polinômio de grau 1. A pressão na equação de Navier-
Stokes (equação 1) e a concetração na equação de transporte de massa (equação 3) foram discretizadas utilizando esse
elemento.

1

2

3

~

pontos de velocidade

pontos de pressao

Ni = Li, i = 1, 2, 3

Figura 2: representação das funções de interpolação para o triângulo linear

Elemento triangular cúbico: Este elemento apresenta um grau de liberdade a mais para velocidade localizado no
centróido do triângulo. A função de interpoloação recebe o nome especial de função bolha, pois aparece uma bolha
localizada no interior do elemento, como pode ser visto na figura (3b). A combinação de funções de interpolação linear
para pressão e de funções de interpolação cúbicas para a velocidade forma o que é conhecido na literatura por elemento
MINI. Sendo um elemento cúbico, seu polinômio de interpolação é de grau 3. As velocidades das equações de Navier-
Stokes foram calculadas utilizando esse elemento.
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1

2

3

4

~

pontos de velocidade

pontos de pressao

Ni = L1 − 9L1L2L3, i = 1, 2, 3
N4 = 27L1L2L3

Figura 3: representação das funções de interpolação para o triângulo MINI

3.5. Método da Projeção Discreto

O método da projeção discreto baseado em decomposição LU é obtido através de fatoração em blocos do sistema
linear resultante. Isto sugere que a separação (ou split) entre velocidade e pressão é feita depois da discretização no
espaço e no tempo das equações de governo. Considre as equações discretizadas no tempo e no espaço como se segue:

M(
un+1 − un

d

∆t
) +

1
Re

Kun+1 −Gpn+1 = 0

Dun+1 = 0

M(
cn+1
i − cn

d

∆t
) +

1
ReSc

Kcn+1 = 0 (30)

a última equação de (30) pode ser resolvida separadamente, no entanto, as equações restantes formam um sistema de
equações que pode ser representado por:

[
B −∆tG
D 0

]
.

[
un+1

pn+1

]
=

[
rn

0

]
+

[
bc1

bc2

]
(31)

onde agora o sistema é escrito apenas para as incógnitas do problema, ou seja, un+1 = [un+1
1 , . . . , un+1

Nu , vn+1
1 , . . . , vn+1

Nv ]T ,
pn+1 = [pn+1

1 , . . . , pn+1
Np ]T , sendo Nu, Nv e Np o número de incógnitas (nós livres) para velocidade na direção x, veloci-

dade na direção y e pressão respectivamente. A notação para as matrizes e vetores foi mantida a mesma por simplicidade.
A matriz B é dada por

B = M +
∆t

Re
K (32)

e o lado direito representa as grandezas conhecidas no tempo n,

rn = −∆t(Aun
d ) + Mun , (33)

mais as condições de contorno que nada mais são do que as contribuições dos valores conhecidos de velocidade e pressão
no lado direito do sistema.

O método da projeção baseado em fatoração LU visa decompor a matriz do sistema (31) através de uma fatoração por
blocos. Em Lee et al., 2001 são apresentadas várias formas de se fatorar esta matriz, cada forma dando origem a uma
família de métodos diferentes. Utilizando uma fatoração canônica LU por blocos, tem-se o seguinte sistema:

6



Proceedings of the ENCIT 2006, ABCM, Curitiba – PR, Brazil – Paper CIT06-0676

[
B 0
D ∆tDB−1G

]
.

[
I −∆tB−1G
0 I

]
.

[
un+1

pn+1

]
=

[
rn

0

]
+

[
bc1

bc2

]
(34)

O sistema apresentado em (34), se resolvido, dá origem ao método de Uzawa (Chang et al., 2002). Porém sua solução
é cara computacionalmente devido à inversão da matriz B a cada iteração. Duas técnicas foram utilizadas neste trabalho,
todas utilizando um processo de aproximação chamado lumping. Na primeira técnica, a matriz B−1 foi aproximada por
uma matriz de massa diagonal B−1

L , neste caso alguams oscilações foram encontradas nos campos de velocidade para
número de Re baixo. Portanto, uma outra solução resolveu esse problema, em vez de aproximar a matrix de massa, a
diagonalização foi feita em B. Para este caso a solução não apresenta problemas para nenhum valor de Re. A matriz
diagonalizada envolve uma aproximação conhecida na literatura por lumping. Esta técnica consiste em somar todos os
elementos de linha e localizá-los na diagonal principal da matriz. O mesmo procedimento pode ser feito em elementos
de coluna já que a matriz B é simétrica. Note que a utilização desta técnica se faz necessária pois a inversão de matrizes
não-diagonais gera custos computacionais elevados. No métodos dos elementos finitos, a técnica de Lumping tem sua
principal utilização na matriz de massa, pois ao final do procedimento, a massa total do elemento se mantém conservada.

3.6. Orientação a Objetos

O paradigma da orientação a objetos é empregado para a elaboração do código numérico. As vantagens deste tipo de
programação comparadas à programação estrutural (convencional) são: facilidade de manutencão, modularidade, imple-
mentacão de classes e objetos, abstração de dados, etc. A figura (4) representa o diagrama de classes em UML (Unified
Modeling Language) do código desenvolvido neste trabalho.

+step()

+save()

+restore()

+init()

TElement

Simulator

Model

+solve()

FEMLinElement FEMMiniElement

Solver

Figura 4: diagrama de classes

Na classe Model encontram-se as condições de contorno, a discretização do domínio e a geometria do problema.
Em FEMMiniElement e FEMLinElement encontram-se as informações sobre os elementos utilizados e suas respectivas
matrizes, tais como: matriz de rigidez, matriz de massa e matriz de operadores para o cálculo da vorticidade. A classe
TElement está preparada para capturar as informações das classe FEMMiniElement e FEMLinElement ou de uma outra
classe com tipo de elemento diferente. A classe Simulator é responsável pela montagem das matrizes (Assemble), aplica-
ção das condições de contorno e preparação do sistema linear a ser resolvido. Logo, este sistema é encaminhado para a
classe Solver onde a solução do problema é processada.

7
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4. Resultados

O método foi validado para o caso de escoamento plano de Poiseuille estacionário, produzindo valores nodais virtual-
mente exatos. O problema do degrau, ou em inglês, backward-step foi utilizado para ilustrar as características do método
desenvolvido. As condições de contorno e geometrias são apresentadas na figura (5).

u=0 v=0 c=0

u=1 
v=0

v=0

l=1

l=
0.

5

p=0

u=0

c=0

l=
1

u=0 c=0v=0

l=1

c=1

Figura 5: condições de contorno para o problema proposto

Os resultados mostrados nas figuras
(6), (7) e (8) a seguir foram retirados de
três situações caracterizadas em seqüên-
cia. A primeira imagem de cada linha re-
presenta uma condição logo após a con-
dição inicial (2 iterações). A segunda fi-
gura de cada linha representa um está-
gio intermediário, de aproximadamente
8 iterações. A terceira figura representa
um estado próximo ao permanente. Fo-
ram testadas combinações dos números
de Re e Sc. A seguir são mostrados os
casos Re = 10 e Sc = 10 (figura 6),
Re = 100 e Sc = 100 (figura 7) e
Re = 10000 e Sc = 100 (figura 8),
usando uma malha triangular com 800
vértices.

a)

b)

c)

d)

Figura 6: Simulação de Re = 10 e Sc = 10. Evolução das componentes u (a) e v (b) da velocidade, da pressão (c) e da
concentração da espécie química (d).

8
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a)

b)

c)

d)

Figura 7: Simulação de Re = 100 e Sc = 100. Evolução das componentes u (a) e v (b) da velocidade, da pressão (c) e
da concentração da espécie química (d).

a)

b)

c)

d)

Figura 8: Simulação de Re = 10000 e Sc = 100. Evolução das componentes u (a) e v (b) da velocidade, da pressão (c)
e da concentração da espécie química (d).

9



Proceedings of the ENCIT 2006, ABCM, Curitiba – PR, Brazil – Paper CIT06-0676

Os resultados mostram que o método é estável, mesmo para passos de integração no tempo longos (CFL = ∆t U/∆x ≈
5), e não apresenta oscilações mesmo para valores de Re e Sc elevados.

O efeito da variação do Re pode ser apreciado na redução da espessura da camada limite hidrodinâmica e no cresci-
mento da região de recirculação a jusante do degrau com o aumento do Re.

O efeito da variação do Sc se manifesta também pela redução da espessura da camada limite de concentração e o
afinamento do jato na região a jusante do degrau com o aumento do produto ReSc.

Em particular, pode-se observar que para ReSc = 1000000 a frente de propagação do campo escalar c é muito bem
definida, mostrando que o método numérico apresenta baixa difusão artificial e estabilidade.

5. Conclusão

O problema tratado nesse trabalho apresenta a originalidade de abordar o estudo do campo hidrodinâmico afetado
pelo acoplamento, através dos coeficientes de viscosidade e de difusão dependentes da concentração da espécie, com a
dinâmica de transporte de uma espécie química.

O método dos elementos finitos proposto nesse trabalho, baseado no método de Galerkin e na formulação semi-
Lagrangeana, se mostrou estável para todos os valores de CFL, Re e Sc analisados. Os resultados não apresentaram
oscilações espúrias e nem difusão numérica excessiva nas simulações para altos valores de Re e Sc. Essas características
estão associadas à escolha da formulação semi-Lagrangeana em combinação com o elemento MINI para a discretização
das equações de Navier-Stokes e o elemento linear para a discretização da equação de transporte da espécie química.

O método de projeção discreto, baseado em fatoração LU, combinado com a técnica de aproximação Lumped resultou
em um esquema numérico computacionalmente eficiente, permitindo a utilização de métodos de solução de sistemas
lineares com matrizes de coeficientes simétricas e positivas definidas como o método dos gradientes conjugados com pré-
condicionador de Cholesky incompleto. A utilização do paradigma de orientação a objetos permitiu a implementação de
um sistema de simulação de qualidade do ponto de vista de engenharia de software, de fácil manutenção e desenvolvimento
futuro.
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Abstract: The turbulent flow over a backward-facing step has been investigated by many researchers due to its several applications 
in engineering problems, as: diffusers, airfoils with separation, buildings, combustors and turbines blades. This problem is largely 
used to validate numerical codes due to simplicity geometric. It’s important to supply data that can be used to ascertain turbulence 
models, wall laws and their implementation in computational codes. The main goal of this work is to verify the performance of the 
large-eddy methodology, which was implemented in a nine-node CVFEM-code. In this case none wall law was utilized. The domain 
is discretized using nine-node finite elements and the equations are integrated into control volumes around the nodes of the finite 
elements. The Navier-Stokes equations are filtered for large scale simulations and the sub-grid scale stress, which appear due to the 
filtering process, are modeled by the eddy viscosity model of Smagorinsky. The principal parameter evaluated in this problem is the 
reattachment length value and the appearing of a secondary recirculation at the corner eddy. The results are compared to 
experimental data available in the literature presenting good agreement. 
 
Keywords: backward-facing step, numerical simulation, CVFEM, large eddy simulation, Smagorinsky sub-grid model 

 

1. Introduction 
 

The main goal of this work is to simulate numerically turbulent flow over a backward-facing step by a control 
volume finite element method (CVFEM) with large-eddy simulation methodology (LES). The computational domain is 
discretized with nine-node quadrilateral finite elements. 

The first CVFEM was presented by Baliga and Patankar (1980) for triangular elements and afterwards Raw and 
Schneider (1986) used the method, therefore using quadrilateral elements. Since then, several other authors have 
improved and applied the CVFEM in a vast number of problems in engineering. 

Saabas (1991) developed a CVFEM to solve steady state flow problems in multi-dimensional domains using three-
node triangular elements and four-node tetrahedron elements. According to the author CVFEM offers the combination 
of geometric flexibility of the finite element method (FEM) and the ease of physical interpretation associated with the 
commonly used Finite Volume Method (FVM). 

Recently, Lima, Campos-Silva and Mansur (2004) enhanced the CVFEM code built by Campos-Silva (1998) 
including a Large Eddy Simulation (LES) methodology with the Smagorinsky viscosity model to simulate turbulent 
fluid flows. In that work the authors presented a lid-driven cavity using nine-node quadrilateral elements to discretize 
the domain presenting excellent agreement to literature results. 

The first applications on LES in engineering were present by Deardorff (1970), in the investigation of a turbulent 
flow inside a channel with high Reynolds number. Initially, LES was used to performer basic flows in simple 
geometries; however, due to the rapid development of computational power, it has been applied to practical engineering 
flows in relatively complex geometries (Hamba, 2003; Löhner, 2001). 

In this study will be analyzed the turbulent flow over a backward-facing step. Such problem has been investigated 
by many researchers due to its several applications in engineering problems, as: diffusers, airfoils with separation, 
buildings, combustors and turbines blades. According to Eaton and Johnston (1981), who performed an experimental 
study about this case, the backward-facing step offers one of the least complex separating and reattaching flows. The 
separation line of the backward-facing step flow is straight and fixed at the step edge; therefore the process of 
separation-reattachment can be examined without any complexities resulting from motion of the separation point. There 
is only one separated flow zone with two opposing eddies. 

The main parameters evaluated in the step flow are the reattachment length value (LR/h) and the appearing of a 
secondary recirculation at corner eddy. The results are compared to numerical and experimental results from literature. 
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In next sections of this work, it will be reported the mathematical model, a summary about the used numerical method, 
the problem description and the obtained results. 
 

2. Mathematical Model 

2.1 Governing Equations 
 

The following equations set describe the mathematical modeling of a turbulent fluid flow, with constant properties. 
According to Lima (2005) the dimensionless equations for large-eddy simulation are: 
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The pressure term in Eq. (1) includes the kinetic turbulent energy, 
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The dimensionless variables, in Eqs. (1) and (2), are defined as follows: 
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where, 

 
Cs: Smagorinsky constant; 
L: reference length; 
p, p0: static pressure and reference pressure, respectively; 
t: non-dimensional time; 
u0: reference velocity; 
Ui: velocities; 
Xi: coordinates; 
µ: dynamic fluid viscosity; 

tν : kinematics turbulent fluid viscosity; 

ρ: fluid density; 
∆: filter width; 
*: dimensional variables. 

 
In the large-eddy simulation methodology the physical quantities such as velocity and pressure are decomposed in   

large grid-scale (LGS) and sub-grid scale (SGS) components through a filtering process. The filter function used in this 
case was set be equal to the length of a control volume face where are considered the convective and diffusive fluxes. 
The filter function most common is the filter function by volume. The filter width,∆ , is generally defined as: 

( ) 3/1
zyx ∆∆∆=∆  in 3D and ( ) 2/1

yx∆∆=∆  in 2D problems with 
ix∆  being the grid size in the ix -axis. In the following 

section it will be presented the numerical technique used in this work. 
 

3. Numerical Method 
 
The formulation of control-volume finite element method (CVFEM) involves five basic steps, 

Saabas and Baliga (1994a, 1994b): (1) discretization of the domain into finite elements; (2) another discretization of the 
domain into control volumes, which surround the nodes of the finite element mesh; (3) definition of element-based 
interpolation functions for variables and physical properties of the fluid; (4) derivation of algebraic equations by using 
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the sub-domain weighted residual method; and (5) assembling of the element equations creating the global matrix and 
the choice of a procedure to compute the system of algebraic equations. 

Figure 1 illustrates a nine-node finite element, control volumes and integration points (Ip) at faces of control 
volumes inside an element. The continue lines, the bold points, dashed lines and arrows represent the finite element 
contour, the nodal points, the control volumes contours and fluxes direction respectively. It can be noticed that each 
nodal point is inside a control volume like in finite volume method (FVM) and the integrations are done in counter-
clockwise rotation.  

 
 

1 2 3 

4 

5 6 7 

9 
8 

Ip1 

Ip2 

Ip3 

Ip4 

Ip5 

Ip6 

Ip7 Ip9 

Ip8 Ip10 

Ip11 
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Figure 1 – Finite element divided in control volumes and integration points. 

 
In order to simplify the integration process, each element in global coordinates (x,y), (Figure 2a), is mapped in a 

master element in local coordinates (ξ,η), (Figure 2b). So, all the nodal points of the integration domain are definite in 
the range [-1, 1], which is primordial to apply the integration Gaussian quadrature rule. However, it also must be done a 
further mapping to each control volume area and contour inside elements. 

 

 
Figure 2 (a) - Element in global coordinates (x,y). 

ξ 

η 

 
Figure 2 (b) – Master element in local coordinates (ξ,η). 
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In this way, the coefficient matrices are computed element by element in local coordinates and a global system of 
equations is assembled like in the classical finite element method. In this work have been used nine Gauss points for 
integration in areas to exactly integrate the mass matrix and three Gauss points for integration along contours. After the 
assembling, the algebraic global system of equations in the matrix notation is as follow: 
 

FUUK =)(    (4) 
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where it can be seen that the global matrix K depends on the global vector of unknown parameters (U), this occurs due 
to the non-linearity of the inertia terms. Iterative successive substitutions were employed to solve Eq. (4) until the 
convergence is attained. 

The global system of equations is solved by the frontal method developed by Taylor and Hughes (1981). In this 
method the global system never is totally assembled in the computer memory. So, personal computers may be used to 
solve large problems (with more nodal points or degree of freedom). 

Following, is presented the integration process in each control volume. Integrating Eqs. (1) and (2), ones obtain for 
each element: 
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where Ω  and Γ  are symbols for area and contour of a control volume around a node inside elements, respectively. The 
arrows in Figure 1 indicate the outward normal vector to the contour of a control volume, jn , in which there are 
convective and diffusive fluxes. This normal vector for integration in the counter-clockwise direction has been defined 
as: jdxidyjdSnidSndSn

rrrrr
−=+= 21 . 

In order to transform the integrals of Eqs. (5) and (6) into algebraic equations, the variables in those integrals must 
be interpolated by appropriate functions. In this study the variables and coordinates are interpolated by Lagrangian 
interpolation functions. The variables inside each element are interpolated as: 
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where, according to Dhatt and Touzot (1984), 
 

α : interpolation nodes for the velocities; 
λ : interpolation nodes for the pressure; 
αN  and λN : interpolation functions; 

nnep and nnel: node numbers for quadratic (parabolic) and linear elements, respectively; 
λP : nodal pressure; 

αU  and αV : nodal values of velocity components; 

αX  and αY : coordinates at the node α of the elements. 
 

After the replacement of Eqs. (7)-(9) into Eqs. (5) and (6) ones obtain the set of algebraic equations: 
 

αβαββαβββαββαβ iiiiiii FPHUSUUCUM =+−+ )(&    (12) 
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0=βαβ ii UD    (13) 
 

where αβM , αβC , αβiS , αβiH , αβiD  and βiF  are mass coefficients, convection, diffusive, pressure term, 
continuity matrices and the source term vector, respectively, for each element. The detailed definition for these matrices 
can be founded in Campos-Silva (1998). 

After the discretization of the transient term βiU&  of Eqs. (12) and (13) are obtained the following algebraic 
equations: 
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where the time discretization parameter (θ ) is in the range [0, 1]. In the present work was employed the fully implicit 
scheme, 1=θ . In this case is not necessary the usage of any initial condition for the pressure field. 

 
4. Results 
 

Following are presented the simulations done for a classical benchmark problem: a flow over the backward-facing 
step. Despite the simplicity geometrical it presents a substantial complexity in its flows due to the appearing of a 
recirculation zone, which posses two opposite vortex. 

The main goal of this study is to verify the capability of a turbulence model implemented in an in-house code to 
predict the dependent features of the backward-facing step problem (Figure 3) as: reattachment length and corner eddy 
recirculation. These results are function of independent parameters as: initial boundary layer state, the initial boundary 
layer thickness, free stream turbulence, pressure gradient and aspect ratio. 

The geometrical configuration and boundary conditions, for this challenge case, are shown in Figure 3. The inflow 
is placed -1.33h upstream of the step (with h=step height). The outflow is located about 28h downstream of the step. 
Two cases were performed in this study with different velocity profiles at the inflow (U0). In the first and second case 
were imposed parabolic and uniform velocity profile conditions at the inflow, respectively. A set of null pressure was 
forced at the exit boundary and a set of null velocities was imposed at the remaining walls. In both cases the square of 
the Smagorinsky constant was set to 0324.02 =sC . 

 

 
Channel Geometry: h = 1 

H = 2h 
Tunnel span: XS = 28h Xe = -1.33h 

W/h = (H/h + 1) 

Figure 3– Computational domain and boundary conditions of the flow in a sudden expansion of a channel. 

 
Figure 4 presents a slice of the computational domain discretized by a non-uniform quadratic nine-node finite 

elements; this grid was used for both the cases. This mesh amount 2,550 elements (or 10,413 grid points) and 23,483 
degrees of freedom, which correspond to 13 by 51 and 121 by 81 nodal points at the entrance and in the tunnel span of 
the channel, respectively. 
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Figure 4 – Slice of the computational domain of the backward facing step discretized in 13 by 51 (entrance) and 121 by 
81 (tunnel span) grid points. 

 
In Table 1 are showed the boundary conditions for the backward facing step with parabolic velocity profiles in the 

entrance. The coordinate R has been started in the middle point of the inlet. The calculations have been performed for 
Reynolds numbers of 73 and 229. 

 
Table 1 – Boundary conditions for the backward facing step with parabolic velocity profile in the entrance. 
 

Inlet Conditions: )1(33.1 2RUo −=  
11 ≤≤− R  

Reh=73 
Reh=229 

 

Outlet Conditions: p=0  

Channel Walls: u=v=0  
 
Figures 5-6 show velocity profiles for Reynolds number equal to 73 along of the channel. The results were 

compared to Winterscheidt and Surana (1994) and Campos-Silva (1998). In this second work wasn’t used none 
turbulence model, however it can be noted that for this Reynolds number there isn’t a substantial influence of the 
turbulence model, so the results present good agreement. 
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Figure 5 – U-velocity profiles at the downstream of the backward facing step (X/h=2). 

 
 

Present Results 

Reh=73



Proceedings of ENCIT 2006 -- ABCM, Curitiba, Brazil, Dec. 5-8, 2006 – Paper CIT06-0681 
 

0,0

0,5

1,0

1,5

2,0

2,5

3,0

0,0 0,2 0,4 0,6 0,8 1,0 1,2

Re=73

 Campos-Silva, (1998)
 Winterscheidt & Surana, (1994)
 Presente Trabalho

U

Y

 
 

Figure 6 - U-velocity profiles at the downstream backward facing step (X/h=6). 

 
Velocity profiles for Reynolds number equal to 229 in two points in downstream of the step (X/h=2 and X/h=6) 

were compared to Winterscheidt and Surana (1994); Figure 7 enlightens this comparison, which present good 
agreement. 
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Figure 7 - U-velocity profiles at the downstream of the step. 

 
Table 2 shows the reattachment point for the Reynolds number 73 and 229. The results were compared to 

numerical (B and C columns) and experimental (A column) values. The experimental value was extract to 

Present Work 

X/h=2 Present Work 

X/h=6 Present Work 
X/h=6 Winterscheidt & Surana, (1994) 

X/h=2 Winterscheidt & Surana, (1994) 

Reh=229 

Reh=73
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Winterscheidt & Surana (1994). The results of this work (D column) presented a small deviation (E column), below 
14%. 
 

Table 2 – Reattachment point (LR/h) for the Reynolds numbers 73 and 229. 

 
 A B C D E 

Reh Experimental Campos-Silva 
(1998) 

Winterscheidt & 
Surana (1994) 

Present 
Work |[(C-D)*100]/C| 

73 4.0 5.0 5.3 5.9 11.3% 
229  9.7 9.7 11.0 13.4% 

 
Following are presented results which posses uniform velocity profile condition in the inflow of the step flow. 

Table 3 presents the boundary conditions and Reynolds number imposed in this case. 
 

Table 3 - Boundary conditions for the backward facing step with uniform velocity profile in the entrance. 

 
Inlet Conditions: U0 = 1 10,000 ≤Reh ≤ 71,000 

Outlet Conditions: p=0  
Channel Walls: u=v=0  

 
The results presented are of calculations performed for Reynolds numbers of 10,000, 14,000, 45,000 and 71,000. 

Initially, it was simulated the case for Reh = 2,000 with intention to use their velocity profiles as initial condition for 
Reh=10,000, which would be used as initial condition for Reh=14,000 and so on, this procedure assisted in the 
convergence process. 

The numerical values (LR/h=7.3) obtained in the present study for all Reynolds numbers simulated shows an 
excellent agreement to experimental results (LR/h=7± 1) by Kim et al (1978). Thought the results can be noted that the 
flow apparently becomes independent of the Reynolds number when the boundary layer is fully turbulent, this also was 
observed by Eaton and Johnston (1981). 

The streamlines are exhibited in the Figures 8-11 for Reynolds numbers of 10,000, 14,000, 45,000 and 71,000, 
respectively. The streamlines become possible the visualization of the separation line of the flow over the backward-
facing step, which is straight and fixed at the downstream of the step. There is only one separated flow zone with two 
opposing eddies. 
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Figure 8 - Streamlines in a sudden expansion of a channel for Reh=10,000. 
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Figure 9 - Streamlines in a sudden expansion of a channel for Reh=14,000. 
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Figure 10 - Streamlines in a sudden expansion of a channel for Reh=45,000. 
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Figure 11 - Streamlines in a sudden expansion of a channel for Reh=71,000. 

 
5. Conclusions 
 

In the present work were presented large-eddy simulations by a control volume–finite element or sub-domain finite 
element method using nine-node finite elements with quadratic and linear interpolation functions for velocity and 
pressure fields, respectively. The benchmark problem backward-facing step flows have been solved on Pentium 4 
personal computer, 2 GHz and 2 Gb of RAM. Despite, no upwind technique has been applied and the fully implicit first 
order method has been used for time discretization the results present excellent agreement to results available from the 
literature. 

In the flow over a backward facing step two principal parameters are evaluated: reattachment length values (a 
comparison can be view in Table 2) and the appearing of the corner eddy recirculation, which can be noted in Figures 8 
-11. Both the results present good agreement to the literature. 
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Abstract. This paper shows a study about Additive Correction Multigrid method. The general motivation of multigrid 
methods is to solve efficiently a large algebraic equations set resulting from the discrete approximation of differential 
equations using several meshes in order to improve the convergence rate of iterative methods reducing all frequency 
modes of the error. The Additive Correction Multigrid (ACM) has several advantages over the traditional ones: the 
discretization is made only on the fine grid, reducing the complexity and the computational cost, as well as eliminating 
the possibility of inconsistencies among grids; it is a conservative method and it allows the use of an adaptive 
agglomeration cell scheme. However, the performance of any multigrid method is directly associated with the type of 
solver used in the several mesh levels. In this paper is studied the use of Gauss-Seidel or ILU to solve the linear system 
of different levels of ACM. The coarsest level equations, in turn, are solved with a direct-LU solver because the linear 
system is small becoming possible to obtain the exact solution. Another comparation between the adaptive 
aglomeration cell  scheme and the geometric aglomeration cell scheme is made too. The Element-based Finite Volume 
Method (EbFVM) is the numerical method chosen to discretize the heat conduction equation in quadrilateral 
unstructured grids. 
 
Keywords. Additive Correction Multigrid (ACM), ILU solver, Adaptive agglomeration scheme, Element- based Finite 
Volume Method (EbFVM), Unstructured grids.  

 
1. Introduction  

 
In the mathematical and engineering literature several types of multigrid methods have been presented. The 

philosophy and theory behind such one was presented initially by Brandt (1977). The basic idea of any multigrid 
strategy is to use a sequence of grids with classical iterative solvers to accelerate the convergence. This is achieved 
because is possible to smooth the high-frequency modes of the error for each grid. Brandt decomposed the error of the 
approximate solution to a set of discrete equations in Fourier modes and analyzed how the solvers smooth the various 
modes. On the finest (original) grid, the high-frequency modes of the error are effectively reduced with classical 
iterative solvers, but the low-frequency modes are difficult to remove, since they would require coarser grids to attain 
this goal. In the coarse grids, the low-frequency modes of the error become high-frequency modes being easily removed 
by the linear solver. Pratical applications and demonstrations of multigrid methods can be found in Briggs (2000) and 
Trottenberg et al. (2001). 

 The multigrid methods can be classified in two types: geometric and algebraic ones.The geometric multigrid 
methods present reasonable performance when the coefficients of the algebraic equations are nearly isotropic and 
homogeneous, but these methods perform poorly when the coefficients are strongly anisotropic. In the literature we can 
find several examples of geometric multigrid applications (Brandt, 1977; Vanka, 1986; Volker, 1996, Wesseling and 
Oosterlee, 2001; Rabi and Lemos, 2003; Mesquita and Lemos, 2005). 

The algebraic multigrid methods, on the other hand, appeared to solve the problem related with anisotropic 
coefficients. Hutchison and Raithby (1986), Elias (1993), Venkatakrishnan and Mavriplis (1996), Francescatto and 
Dervieux (1998), Stüben (1999, 2001) among others have shown that the choice of block shape can have a drastic effect 
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on the convergence. Thus, the way as the cells are agglomerated in the fine grid to form the next coarse grid demands 
special consideration, and has been received lately in this kind of methods. 

This article deals with one type of the algebraic multigrid scheme, namely the Additive Correction Multigrid 
method (Hutchinson and Raithby, 1986), simply called here as ACM. In this method, the coarse grid-equations are 
generated by the summation of the finer grid equations. Once the solutions on the coarser grid are obtained, they are 
simply added to the solution on the finer grid. Thus, interpolation or extrapolation operators, commonly used by 
multigrid classical methods, are not required. 

The effects of the use of adaptive agglomeration in problems with anisotropic coefficients and a comparison of the 
performance of multigrid cycles V, W and F performance applied to unstructured meshes are presented in Keller at al 
(2004). These authors pointed out the flexibility of the method. 

One relevant aspect to be analyzed in this paper is the base solver used to solve the several grid levels. An adequate 
solver will improve the convergence rate. The most common solvers used in multigrid methods are Gauss-Seidel and 
Incomplete Lower Upper factorization - ILU. In this work they are tested in order to point out their characteristics and 
to show the situations where each one is more suitable. For solving the coarsest mesh equations, the LU-direct solver is 
used because the linear system is small. 

As ACM provides the use of adaptive agglomeration scheme besides the geometric agglomeration scheme, one 
study of these different schemes is also performed in this work. The former scheme consists in adding fine-grid cells 
with small transport timescales in order to reduce the variation in timescales for propagation of information on a coarse-
grid cell, while the last scheme consists in joining the cells in order to form regular blocks. 

In all cases analyzed here, the ACM method will be applied to solve the heat conduction problems whose 
differential equations are discretized by the Element based Finite Volume Method (EbFVM). This numerical method, 
which is suitable to deal with unstructured grids, will be shortly described here too. 
 
2. The additive correction multigrid method 

 
The Additive Correction Multigrid method (ACM) distinguishes from conventional multigrid methods for 

generating the coarse grid equations without the use of fixed stencils. In ACM, the coarse grid equations are formed by 
adding the fine-grid equations, resulting in the determination of constant corrections in coarse grid cells, which are 
summing to the fine grid solution in order to accelerate the convergence.  

To exemplify the ACM, an unstructured mesh is depicted in Fig. (1). Even though the blocks may be formed in any 
convenient way, in this example the volumes are joined in blocks with five cells on average. We can see that the new 
coarse-grid blocks are formed by joining fine-grid control volumes in different directions, resulting in an agglomeration 
with highly unstructured forms. 

Initially, we can considerate the system of equations to be solved written in the common form as 
 

i i
p i nb nb i

nb
A A bφ = φ +∑ , (1) 

 
where i

pA  is the central coefficient of the control volume i considered in the discrete equation for φ, i
nbA  are the 

coefficients connecting the control volume i to the neighbors control volumes, bi is the source coefficient and φ is the 
solution. The coefficients of Eq. (1) can be obtained by applying Finite Volume Method (FVM) or Element based Finite 
Volume Method (EbFVM) to either structured or unstructured grids (Maliska, 2004). 

 

 
 

Figure 1. Example of a block agglomeration scheme in unstructured grids. 
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The core of ACM is the definition of a correction equation that has the role of adding coarse-grid corrections (φ*) to 

the best estimate of φ on the fine grid, as 
 

*
,i i I iφ = φ + φ , (2) 

 
where iφ  is the improved solution in each cell and *

,I iφ  is the correction related to all volumes that lie within the I block.  

Requiring that the residual be zero for the corrected solution, one obtains the linear system for *
,I iφ  (Hutchinson and 

Raithby, 1986) 
 

* * * * *
p p NB NB p

nb
A A bφ = φ +∑ , (3) 

 
where 

 
*

,
p i

i I

b r= ∑ , (4)                 

 
*

,

i i
P p nb

i I
A A A= −∑ ∑ , (5) 

 
*

,

i
NB nb

i I

A A= ∑ . (6)

  
In these equations i

nbA∑ denotes the connection among the control volumes inside of one same block and 

,

i
nb

i I

A∑ represents the connection among volumes of neighbor blocks.  

Equation (3) must be solved in order to obtain the correction *
,i Iφ . This correction is added to each φ value of 

control volumes that lie within the I-block, Eq. (2) Thus, the improved estimate iφ  is obtained, as already stated. 
Additional details of the ACM method can be found elsewhere (Hutchinson and Raithby, 1986; Maliska, 2004). 

As can be seen, using the ACM method, there are no further decisions to be made related to the boundary 
conditions, transfer of residuals or interpolation of variables.  

In the next section the different agglomeration schemes used in this paper are presented. 
 

3. Agglomeration scheme 
 

The manner of joining cells in multigrid methods to obtain the coarse grids can affect their efficiency. Moreover, 
considering the use of unstructured grids, it is expected that this is not a simple task. Following two forms of 
performing the agglomeration is presented.  

 
3.1 Adaptive agglomeration scheme 

 
The nature of the coefficients in the fine mesh equations can strongly affect the convergence behavior of an 

iterative solver. One can show that there is a natural timescale for a perturbation to travel from a node to the neighbor 
node (Elias, 1993). This timescale is inversely proportional to the coefficient that connects two nodes.  The iterative 
solver has a time step that approaches a converged solution by propagating disturbances through the solution domain. 
This time step is defined as the smallest timescale to propagate the information between nodes. The performance of 
iterative solver degrades when there is a high difference between the solver time step and the timescales to propagate 
the information between nodes. In order to accelerate the convergence of the discrete linear equations set solution, we 
can generate a coarse grid equations set by adding cells to reduce the differences between the largest and smallest 
transport time scales (Elias, 1993). Therefore, an adaptive agglomeration method based on fine mesh coefficients 
should be used. 

The principle of an adaptive agglomeration scheme is to add fine grid cells with small timescale of the transport 
process (large coefficients), obtaining cells with small variation in the timescale of transport information process.  

The adaptive agglomeration scheme begins with a single fine grid cell, and through a set of rules it is determined 
which of the neighbors should be included in the coarse grid cell. The new members of the coarse cell are examined to 
determine which of their neighbors should be included, and this is done either until the coarse cell reach the desired size 
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or there are no more neighbors to be added. Then, another coarser grid can be built agglomerating the new cells in the 
same way, and so on. 

Following the nomenclature of a typical family tree as proposed by Elias et al (1997), we call the fine grid cell, 
whose neighbors are being examined, as the father, and its neighbors included in the same coarse cell as its children. 
The current father's father is known as the grandfather.  This nomenclature is very convenient because the growth of a 
coarse cell occurs in a tree-like fashion. 

There are two main rules used to decide which fine grid cells are added to the new coarse grid cells considered 
(Elias, 1993). The first agglomeration rule states that the coefficient that connects the father with the possible son must 
be of the same order or larger than half of the coefficient that connects the father with the grandfather. Representing the 
father by the index f, the possible son by s and the grandfather by g, we have that s is a possible son of f if:   

 
( ) ( )max , max , / 2fs sf gf fga a a a≥ .  (7) 

 
The second rule states that a cell is excluded if the interface timescale is very large. The concept of what would be 

"large" is defined relative to all other timescales which affect the cell in question. A possible son can be agglomerated 
with the father if the coefficient that connects the father with the son will be of the same order or larger than half of the 
coefficient that connects the possible son with its neighbors. Thus, taking the coefficients again and representing the 
possible son's neighbors by the index n, s is agglomerated with f if:   

 
( ) ( )max , max , / 2fs sf sn nsa a a a≥ . (8) 

 
In order to improve the efficiency of this agglomeration scheme some details must be also considered. For instance, 

to simplify the choice of the first fathers for coarse grid cells and ensure that all cells are agglomerated in an only sweep 
of the fine grid, the first fathers are selected in the same order of sweep of the iterative solver. Moreover, as the initial 
father does not have any grandfather and any preferential timescale, the rule one can be ignored.   

It is possible to find in the end of this process remaining cells in the fine grid without any neighbor that can be used 
as a son. To eliminate wasted computational effort with those single cells, any father cells which do not have children 
are forced to join the coarse grid cell of their most strongly connected neighbor.  
 
3.2 Geometric agglomeration scheme 

 
The geometric agglomeration scheme consists in adding fine grid cells in order to obtain, as much as possible, 

regular coarse blocks with good aspect ratio. Unlike the previous scheme, the cells coefficients are not important in this 
task. A cell is added in a block if it is a neighbor of other cell or cells that lie in this block.  

 
4. The linear solvers used in ACM  

 
The kind of solver used in each grid level is other important decision. A good relaxation scheme is one that is well 

able to reduce error components in the large coefficient direction of a wavelength extending as far as possible. Three 
different solvers will be considered here: Lower Upper (LU) factorization to the coarsest grid, and Gauss-Seidel and 
Incomplete Lower Upper factorization – ILU to the other grids. 

 
4.1 Lower Upper Factorization (LU) 

 
The LU factorization is a direct method, where the U matrix is obtained with the same algorithm used in Gauss 

Elimination and the L matrix is constructing with the multiplicative factors used in the building of the U matrix. 
Considering the linear system 
 
[ ][ ] [ ][ ][ ] [ ]A L U Bφ = φ =  (9) 
 

where A is the coefficient matrix, B is the independent terms vector, the φ is unknowns vector, L is the lower triangular 
matrix and U is the upper triangular matrix. 

The system of Eq. (9) can be solved finding D in the following linear system: 
 
[ ][ ] [ ]L D B=  (10) 
 

and, after, determining the unknown φ with the Eq. (11)  
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[ ][ ] [ ]U Dφ = . (11) 
 
As the LU factorization deals with the full matrix, it is useful only to solve small linear systems. For this reason this 

solver is used only in the coarsest grid of ACM method. 
The iterative linear solvers used in other grid levels of ACM are presented in the next section. 

 
4.2 Gauss-Seidel 

 
This method belongs to the point-to-point iterative methods because it solves the linear system in serial manner, 

iteratively, using the values of variables at the previous iterative level and the values already calculated. The point-to-
point iterative methods have convergence extremely slow when a large equation system must to be solved. However, 
they have been applied in multigrid methods due to the fact that there is no need of obtaining the complete convergence 
in each grid level (only a correction factor is calculated).  

The iterative process consists in the calculation of φi, Eq. (1) using an initial estimative. After, the convergence 
must be checked and this procedure must be repeated case the convergence has not been reached. Other possibility is 
the procedure of Gauss-Seidel to be repeated a certain number of times, This number is defined by the user and it occurs 
when Gauss-Seidel is used as the solver base of the ACM method.  

 
4.3 Incomplete Lower Upper Factorization (ILU) 

 
This method is usually used as preconditioner for non-stationary methods like GMRES, conjugated-gradient and 

others. However, due to its strong implicit characteristics, the Incomplete Lower Upper Factorization – ILU can be used 
also as a base solver in multigrid methods. This method deals with a storage system where only no-null values are 
saved, and consequently, only these values can be modified by LU factorization, justifying the name: “Incomplete”. 
Some details about how it works are given in sequence. 

Considering the linear system: 
 
[ ][ ] [ ]A Bφ = , (12) 
 

where A is the coefficient matrix, B is the independent terms vector and φ is unknowns vector.  
The philosophy of  ILU methods is given by 
 
[ ][ ] [ ] [ ]´L U A A= + . (13) 
 

where L is the lower triangular matrix, U is the upper triangular matrix and A' is a matrix created to accelerate the 
convergence and that do not influence in the final solution.    

When the LU factorization originates the A matrix, the method is a direct method, but how is created the matrix A' , 
the method is iterative and has the following form  

 

[ ][ ] [ ][ ] [ ][ ] [ ]{ }1' 'k k kA A A A A B++ φ = + φ − φ −  (14) 

 
where k is the iterative level. When the solution converged is obtained, the second term of the right hand of  Eq. (14) 
becomes zero, resulting in φ k+1 = φ k.  

 
Defining a correction to φ given by 
 
[ ] [ ] [ ]1 1k k k+ +δ = φ − φ   (15) 
 

and the solution residue as 
 
[ ] [ ][ ] [ ]k kR A B= φ −  (16) 
 

we can substitute Eq. (15) and Eq. (16) in Eq. (14) resulting in 
 
[ ][ ] [ ]1' k kA A R++ δ = − , (17) 
 

and substituting the Eq. (13) in Eq. (17), we obtain  
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[ ][ ][ ] [ ]1k kL U R+δ = − . (18) 
  

which is a equation to determine the correction. The solution is obtained through two process of successive 
replacements, since the matrices L and U are lower triangular and upper triangular matrices, respectively. Thus, 
defining a new vector V, it can be determined by 

 
[ ][ ] [ ]kL V R= −  (19) 
 

and knowing V, we can obtain δ by 
  
[ ][ ] [ ]1k kU V+δ = − . (20) 
 
Thus, φ is updated in the following form 
 
[ ] [ ] [ ]1 1k k k+ +φ = φ + δ . (21) 
 
The residue is calculated again by Eq. (16) and the iterative process follows until the residue will be less than 

tolerance specified, or for a definite number of times.  
In the next section, it is shown the method used to discretize the differential equation in all problems analyzed in 

this paper. 
 

5. Element-based Finite Volume Method (EbFVM) 
 

In a finite volume methodology the computational domain is covered by non-overlapping control-volumes where 
the balances are made. In the EbFVM, the element concept and the geometric representation inherited from the finite 
element method are utilized, and its definition precedes the creation of the control volume. Figure (2) shows an example 
of an EbFVM grid, emphasizing the differences between grid elements (entity defined by the nodes) and control-
volumes (built around the nodes). Besides, it is shown the integration points where the conservation equations are 
integrated. 

  

 
 

Figure 2. Control volume in a unstructured grid of triangular and quadrilateral elements. 
 

The control volumes are created by the method of the medians, which consists of joining the center of the elements 
to their medians. The resulting control volume is formed by portions (sub-control volumes) of neighboring elements.  

More details involving the deduction of EbFVM discretized equations can be found elsewhere (Raw, 1985; 
Maliska, 2004). 
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6. Results 

 
Two example problems will be presented to demonstrate the efficiency of the ACM method using different base 

solvers and agglomeration schemes. Considering grids with 1024, 4096, 16384 and 65536 nodes for these two 
problems, each block is agglomerated with four cells on average in each level. Depending on the number of cells that 
the original grid has, the number of levels is defined in order to obtain always the coarsest grid with around 64 cells, 
which is solved directly with LU method. The maximum allowed RMS residue to the solution in the original grid was 
10-5. The results are obtained with the use of the V, W and F cycles (Trottenberg et al., 2001) in all cases analyzed here. 

 
6.1 Comparison between the results from ACM with different base solvers 
 

Test-Case 1. The first problem considered is a diffusion problem with x-boundaries of the domain insulated and the 
y-boundaries partly insulated, as represented in Fig. (3). The EbFVM was used for discretizing this problem because it 
treats the grids in an unstructured fashion, even though it is used here grids geometrically structured with nodes or 
control-volumes equally in both x and y directions. Because of the problem geometry, the coefficients related to nodes 
in the interior of domain are greater in the y direction than in x direction.  

 

 
 

Figure 3. Geometry of the first example problem. 
 

In the results presented in Fig. (4) is used the adaptive agglomeration scheme. Thus, the agglomeration is always 
made in the direction of the greater coefficients. We can see for the cycles V, W and F, that the ACM method with ILU 
solver presented the smallest computational cost.  
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Figure 4. Comparison between iterative solvers used in ACM method to the first conduction problem in (a) V 
cycle, (b) W cycle and (c) F cycle, in relation to the traditional Gauss-Seidel solver. 

 
Test-Case 2. The second example is similar to the first one, except for the boundary conditions on x and y 

coordinates that are interchanged, as shown in Fig. (5). In this example, the information about the boundary conditions 
is transmitted mainly in the direction of smaller coefficients, so we expect a larger computational effort required for 
Gauss-Seidel to reach the convergence. 

 

 

Figure 5. Geometry of the second example of diffusion problem. 

 
The results presented in Fig. (6) show again that the ILU solver used in ACM method has the smallest 

computational cost and thus it is better than ACM with Gauss-Seidel and the Gauss-Seidel alone, despite of the 
convergence behavior to be different of the first example because the boundary conditions are interchanged. Here, is 
used too the adaptive agglomeration scheme.     
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Figure 6. Comparison between iterative solvers used in ACM method to the second conduction problem in (a) 
V cycle, (b) W cycle and (c) F cycle, in relation to the traditional Gauss-Seidel solver. 
 

Discussion. We can see too that the ACM W cycle showed the better performance in the problem 2 (Fig. (6.b)), 
while in problem 1 the three cycles presented similar performance (Fig. (4)).  

In problem 1, Fig. (4), the traditional Gauss-Seidel solver had a good performance only in the mesh with 1024 cells. 
It occurs because the coefficients are large in the y direction and the effect of the Dirichlet boundary conditions is 
rapidly transmitted to interior of domain. Thus, the residue to be eliminated in the x direction is small and Gauss-Seidel 
is sufficient to solve this diffusion problem in relatively coarse meshes. However, with the increasing of the grid size, it 
is necessary the use of ACM method to reduce the computational cost. 

In Fig. (6), we can see the high computational time gain of ACM over Gauss-Seidel solver in all grids considered.  
It occurs because the Dirichlet boundary conditions are prescribed in the weak coefficient direction (see Fig. (5)). Thus, 
Gauss-Seidel solver propagates the boundary condition information in this direction one node per iteration, while ACM 
propagates the information over the whole domain in only one iteration. 

 
6.2 Comparison between the results from ACM with different agglomeration schemes 
 

Now, we will compare two forms of performing the agglomeration: adaptive and geometric, both explained in 
section 3.  From now on, the ACM method with ILU solver is the default, since this showed to be the best configuration 
to the ACM method in the cases analyzed. The two cases considered earlier and described in Figs. (3) and (5) will be 
considered again. As the only difference among them is the boundary conditions, their coarse grids, being calculated 
either by the adaptive or geometrically, must be the same and are presented in the sequence. 

At first, in Fig (7) is shown the original grid with 1024 cells, where the control volumes are represented by the blue 
lines, the nodes by the circles and the elements by the hatched lines. 

 

 
Figure 7. Original grid of two examples with 1024 cells.  

 
Figure (8) shows two levels of geometric agglomeration with four cells, resulting in 256 new coarse cells, Fig. (8.a) 

and 64 new coarse cells, Fig. (8.b). 
The two coarse grids, with 256 and 64 cells, determined following the rules of the adaptive agglomeration are 

shown in Fig. (9). Since this problem presents anisotropic coefficients due to the geometry with the greater coefficients 
in y direction, the adaptive agglomeration will occur in that direction, as shown in Figs. (9.a) and (9.b).      
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(a) (b) 

Figure 8. Geometric agglomeration with (a) 256 cells and (b) 64 cells. 
 

  
(a) (b) 

Figure 9. Adaptive agglomeration with (a) 256 cells and (b) 64 cells. 
 

In the graphics presented in Figs. (10) and (11) are shown the total CPU time needed to reduce the RMS residual to 
a pre-determined value (in this case 10-5) in different size grids obtained using the ACM with adaptive agglomeration, 
ACM with geometric agglomeration and an iterative solver, in this case Gauss-Seidel. Taking the example 1 for each 
cycle we obtain the results showed in Fig. (10).  
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Figure 10. Comparison between agglomeration schemes used in ACM method to the first conduction problem in (a) V 
cycle, (b) W cycle and (c) F, in relation to the traditional Gauss-Seidel solver. 
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We can see that ACM with adaptive agglomeration scheme reach the converged solution more quickly than the 

ACM with geometric scheme and for this it is considered better. However the two agglomeration schemes had gotten 
good results (considering the CPU time), especially in comparison with Gauss-Seidel solver that it is a slow solver.  

In Fig. (11) will be shown the results obtained to example 2, Fig. (5), comparing again ACM with adaptive 
agglomeration, ACM with geometric agglomeration and Gauss-Seidel solver. 
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Figure 11. Comparison between agglomeration schemes used in ACM method to the second conduction problem in 
(a) V cycle, (b) W cycle and (c) F cycle, in relation to the traditional Gauss-Seidel solver. 

 
In Fig. (11.b), where is shown the performance of the two agglomeration schemes in W cycle, it is not defined 

which scheme is the best. In Fig. (11.a) and (11.c) the adaptive agglomeration scheme had better performance that the 
geometric scheme in the more large grids.  

 
7. Conclusions  

 
This paper has outlined some of the ACM main features. It was shown that the choice of which iterative method 

will be used in the grid levels influences the performance of the ACM method. It was seen that the solution obtained 
with the multigrid is accelerated even more when the ILU factorization is used as a base solver. 

Two agglomeration types were studied: adaptive and geometric. The adaptive scheme considers the nature of the 
coefficients, joining cells with small timescale of the transport process (large coefficients). The geometric scheme joins 
cells trying to obtain only a regular coarse blocks with good aspect ratio. 

In the cases analyzed here, the two agglomeration schemes had similar performance. However the schemes must be 
exhaustingly tested in other kinds of anisotropic problems to obtain a more conclusive idea regarding their behavior. 

Finally, we can say that this paper studied some important features of ACM method that must to be chosen when 
one decides to implement and use this kind of method. However more analyses in unstructured meshes must be done, 
mainly foreseeing its application to a coupled linear equation system.  
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Abstract. The main purpose of this work is the numerical computation of dispersion of a contaminant specie over a region with 
obstacles, using a code based in Control Volume-Finite Element Method (CVFEM). Thus, the flow, temperature and concentration 
fields are resolved. The turbulence treatment have been done though large eddy simulation (LES) and the sub-grid scales stresses, 
heat and mass fluxes have been modeled through the Smagorinsky’s eddy viscosity model. The domain is discretized using nine-node 
finite elements and the equations are discretized into control volumes around the nodes of the finite elements. Some benchmark 
problems are solved to validate the numerical code and the preliminary results are presented and compared to available results 
from the literature. 
 
Keywords: contaminant dispersion, CVFEM, large eddy simulation, incompressible flow, Smagorinsky’s model 

 
1. Introdução  
 

Fluid flows are of interest in several engineering practical applications as: diffusers, airfoils with separation, 
buildings, combustors, turbines blades and many flow-relevant systems (Driver and Seegmiller, 1985). 

Most of the fluid flows are turbulent; they occur in complex domains and are governed by a non-linear partial 
differential equations set of the convection-diffusive type. So, practical solutions can be obtained through numerical 
techniques such as: The Finite Difference Method (FDM), the Finite-Volume Method (FVM) and/or the Finite Element 
Method (FEM). The finite volume method is the most popular method used to calculate fluid flows. However, last 
decades, the finite element method has been improved; enabling its usage in Computational Fluid Dynamics (CFD) and 
it becomes a powerful tool in the fluid flow simulations in complex geometries. 

In previous works, Campos Silva & Moura (1997, 2001), Campos Silva (1998) and Campos Silva et al. (1999) 
presented a development of a control volume finite element method using a quadratic, quadrilateral nine-noded element 
to simulate unsteady, incompressible and viscous fluid flows. In those works no turbulence model was considered, so 
the results were obtained for relatively low Reynolds numbers. 

The main goal of this work is twofold. Primarily, it is desired to evaluate the large eddy simulation methodology 
(LES) implemented in the cited code previously. A validation of the code has been done by the simulations of classical 
benchmark flows: lid-driven-cavity and the backward facing-step flows, (Lima, 2005). After, it is desired to simulate 
the dispersion of a passive pollutant by a flow of the wind, utilizing a two-dimensional geometry with blocks similar to 
buildings in urban areas. Some authors as: Neofytou et al (2006), Wong (2002), Savii (1998) investigated this kind of 
problem named pollutant dispersion in urban canyon. 

Turbulent flows are characterized by eddies with a wide range of length and time scales. The largest eddies are 
typically comparable in size to the characteristic length of the mean flow. The smallest scales are responsible for the 
dissipation of turbulence kinetic energy. It is possible, in theory, to directly resolve the whole spectrum of turbulent 
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scales either using an approach known as direct numerical simulation (DNS), or by the usage of turbulence models 
(algebraic, two-equations models, second order models) with the Reynolds Average Navier-Stokes equations (RANS), 
or filtering the Navier-Stokes equations by the large eddy simulation methodology. In LES, large eddies are resolved 
directly, while small eddies (or subgrid-scales stresses) are modeled. By the increase of the computational powerful, the 
use of LES to simulate fluid flows has gained many adepts. Walton et al. (2002) utilized the LES in a mean flow and 
turbulent problem in cubic street canyons, obtaining results with good agreement to experimental data. 

In next sections, it will be presented the mathematical model, the numerical method and the preliminary results of 
the simulation of pollutant dispersion around solids like urban street canyons. 
 
2. Mathematical model 
 

In this section the set of equations that describe the dispersion of a passive scalar by the action of a non-isothermal 
flow is presented. Also, some aspects of the large-eddy simulation are presented. The filtered set of partial differential 
equations are: 
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Equation of a Scalar Variable (Concentration, temperature, etc.) 
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where the properties and some variables are  
ρ  density; 
µ  dynamic viscosity; 

T=ϕ  in temperature equation; 

C=ϕ  in concentration equation; 

p
* c/k ρ=Γϕ  thermal diffusivity in temperature equation; 

D* =Γϕ  mass diffusivity in concentration equation; 

iS  and  ϕS source terms accounting for the effects of buoyancy, heat generation (temperature equation)     or 
chemical reaction (concentration equation); 

* dimensional variables; 
- (overbar) filtered or large scale variables. 

 
In large-eddy simulation, the large-scale variables representing the velocity, pressure or other scalar fields are 

defined by a filter function in the form: 
 

∫ ∆= D 'xd),'x,'x(G)'x(f)x(f
rrrrr

             (4) 
 
where G is a filter function, the most common filter functions are: Gaussian, Top-hat or Sharp Fourier cut-off filters, 
Chidambaram (1998); and  is the filter width, generally, ∆ ( ) 3/1

zyx ∆∆∆=∆  with 
ix∆  being the grid size in the  axis. ix

The sub-grid-scale (sgs) stress tensor  appearing in Eq. (2) and the sub-grid flux  in Eq. (3) come from the 
filtering process, they are defined as: 

ijτ ϕjq
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which must be modeled. In this work it has been used the Smagorinsky model and the sgs stress tensor and fluxes are 
modeled in the form: 
 

ij
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where the eddy viscosity, , the turbulent kinetic energy, tµ k  and the deformation rate are defined by the following 
expressions: 
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The squared Smagorinsky’s constant after some tests with lid-driven cavity flow was choose to be , Lima 
(2005). The filter width was choose to be equal to the length of control volume face where the convective and diffusive 

fluxes are considered (

026,0C2
s =

( ) ( ) ξξξ
ξ

dyx∫ ∂∂+∂∂=∆ 22 //  or ( ) ( ) ηηη
η

dyx∫ ∂∂+∂∂=∆ 22 // ). See Fig. 2 for 

reference. 
After the substitution of Eq. (7) and Eq. (6) into Eq. (2) and Eq. (3) one obtains the following equations in 

dimensionless form: 
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where the term of kinetic energy was included in pressure term resulting the turbulent pressure, 
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where L is a characteristics length and variables with a subscript zero are reference variables. 
 
3. Numerical method 
 

The CVFEM was firstly presented by Baliga and Patankar (1980, 1983) and later by Raw and Schneider (1986). 
They used triangular and linear quadrilateral elements, respectively. Several authors have enhanced the CVFEM since 
that time till nowadays. Banaszek (1989) compared both the Galerkin and CVFEM methods in diffusion problems using 
six-noded and nine-noded elements. Campos Silva (1998) and Campos Silva & Moura (2001) presented the procedure 
of application of a nine-noded CVFEM. 

The CVFEM formulation involves five basic steps: (1) discretization of the domain of interest into elements; (2) 
further discretization of the domain into control volumes that surround the nodes in the finite element mesh, as shown 
in Figure 1; (3) definition of element-based interpolation functions for variables and physical properties of the fluid; (4) 
derivation of algebraic equations by the usage of the sub-domain weighted residual method; and (5) assembling of the 
element equations forming the global matrix and choice of a procedure to solve the system of algebraic equations. In 
this method, each node of the finite element mesh is inside a control volume like in FVM. An element and its respective 
control volumes are showed in Figure 2, where are also showed the faces with convective and diffusive fluxes. 
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Figure 1 - Meshes of finite elements e control volumes. 
 

Now, the integration of the Equations (8) - (10) inside each control volumes yields: 
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where  and  denoting the surface area and the volume of a control volume around a node in the element, 
respectively,  is the outward normal vector to the area of a control volume where there are convective and diffusive 

fluxes. The effective viscosity and diffusivity are: 
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Figure 2 – Finite element divided in control volumes and integration points. 
 
In order to transform the integrals of Eqs. (12), (13) and (14) to algebraic equations, the variables and the 

coordinates are interpolated like in classical Galerkin finite element method, as it’s defined bellow: 
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where  are interpolation functions of the reference element in local coordinates (Dhatt & Touzot, 1984);  are the 
velocity components;  is the pressure;  is any scalar and  are components of the coordinate system at nodes 
α of a element; nnep and nnel are nodes numbers of quadratic (parabolic) and linear elements respectively. The velocity 
field and scalar variables are interpolated by quadratic functions. The pressure is interpolated by linear functions 
(Eq.°16). 

αN αiU

αP iΦ αiX

The coefficient matrices are computed element by element in local coordinates as it’s showed in Fig. 3a-b and a 
global system of equations is assembled like in the classical finite element method. The global system of equations is 
solved by the frontal method proposed by Taylor & Hughes (1981). An important characteristic of this method is that 
the system is assembled element by element; therefore the global system never is assembled totally in memory. So, 
personal computers may be used for solve the cases studied. 

 
 

Figure 3.(a) - Element in local coordinates ξ-η Figure 3.(b) - Element in global coordinates x-y 
 
4. Results 
 

The computational program was validated by Lima (2005) for classical benchmark problems: lid-driven cavity and 
backward-facing step flows. Dispersion of a pollutant in a cavity was also simulated by Lima with the same boundary 
conditions of a free convection problem with good agreement of the results with results form the literature. In that work 
some simulations of dispersion in urban canyons was initiated. The simulations here have been done for a flow inside a 
street canyon based in Savii (1998). In this case the interest is in the horizontal dispersion of pollutant specie around the 
obstacles. 

The discretized domain for this flow is shown in Figure 4 (top view). The original dimensions of the mesh are 
 and . The length of the buildings is 10.0; the width of upper and lower buildings is 6.0 and 2.0, 

respectively. The boundary conditions in the flow are  at the inflow section, upper and lower 
boundaries; , in the buildings boundaries, 

65X0 ≤≤ 46Y0 ≤≤
0Tand0V,1U ===

1T = 0P =  in the outlet section; C=1 between the buildings, in the center 
horizontal line of the domain. In this work: Re=100, Sc=0.2, Ra=0, Pr=0.7. 

A qualitative comparison of the simulated concentration of this work with results from Savii (1998) is shown in 
Figure 5. Savii considered only transient and diffusive terms in concentration equation, while in this work the 
convective terms were also included. Maybe, it was the cause of differences between the results, as shown in Figure 5. 
In the work of Savii it was not possible to get all information about the domain of calculation and numerical values of 
the velocity and concentration fields. 
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Figure 4. Discretized domain with five obstacles. 

 

Figure 5a. Simulated concentration field, Savii (1998) Figure 5b. Simulated concentration field, this work 
 
The Figures 6-13 show the X-velocity profiles before the first building, between buildings and after last buildings at 

several time steps. Qualitatively the behavior of the velocity has been simulated; however, the size of the computational 
domain has to be increased. As can be seen in Figure 13 the presence of obstacles still has much influence on the outlet 
velocity and the length of computational domain after the obstacles seems to have been short. If the computational 
dimensions are appropriated, most probably the outlet velocity profile will be parabolic or more uniform. The size of 
the domain could be insufficient for imposed boundary conditions. 
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Figure 6. X-Velocity before the first building, X = 5.4. Figure 7. X-Velocity in the half of first building, X = 15. 
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Figure 8. X-Velocity between the first and second building, 
X = 21. 

Figure 9. X-Velocity in the half of second building, X = 27. 
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Figure 10. X-Velocity between the second and third building, 
X = 33.5. 

Figure 11. X-Velocity in the half of third building, X = 40. 
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Figure 12. X-Velocity after the third building, X = 50. Figure 13. X-Velocity in the exit of flow, X = 65. 

 
The evolution with time of the pollutant concentration in the domain is shown in Figures 14 to 21. Qualitatively, 

the results seem to be simulated with the expected behavior. It was not possible to do comparisons with experimental 



Proceedings of ENCIT 2006 -- ABCM, Curitiba, Brazil, Dec. 5-8, 2006, Paper CIT06-0688 
 
and other numerical results, because the authors didn’t find available such results. However, the model for this type of 
simulation needs more investigation, mainly, for high Reynolds number flows. The stream functions and temperature 
field are shown in Figure 22 and 23, respectively. They seem to present the waited behavior. 
 

Figure 14. Pollutant concentration field at t=3 Figure 15. Pollutant concentration field at t = 12 
 

Figure 16. Pollutant concentration field at t=20 Figure 17. Pollutant concentration field at t=30 
 

  
Figure 18. Pollutant concentration field at t =35 Figure 19. Pollutant concentration field at t = 40 
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Figure 20. Pollutant concentration field at t =45 Figure 21. Pollutant concentration field at t =50 

 

Figure 22. Stream functions 
 

Figure 23. Temperature field 
 
5. Conclusions 
 

A simulation of pollutant dispersion horizontally around obstacles has been done. Qualitatively, the waited 
behavior of phenomenon seems have to be simulated. Some anomalous behavior of the concentration at the outflow 
section may be due to an insufficient size of the computational domain and a not appropriated boundary condition for 
velocity in the domain size considered. This has to be investigated in future works. Other arranges of obstacles, more 
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high Reynolds number flows, effect of natural convection and different boundary conditions are subjects for the 
sequence of this work as well as more realistic 3D flows have to be simulated. 
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Abstract. The FCC (Fluidized Catalytic Cracking) is one of the most important processes in a petroleum refinery plant.  The
numerical modeling of this process has been performed by several authors who have proposed different mathematical models and
reported them in the literature. With the constant increase of computational capabilities, such models have become even more
complex and with wider application. The different models address both fluid flow and cracking kinetic, varying from simple one
phase  and  one-dimensional  models  to  three-dimensional  and  three-phase  models.  Therefore,  there  is  no  common  ground
regarding the most adequate formulation,  and advantages and drawbacks may be identified in each available model.  In the
present work, a relatively complex model reported in the literature is reproduced. Even though it is a one dimensional model, it
includes many physical  phenomena,  like the dependence of  the  fluid  properties on temperature and  the transport  equations
formulation for both phases (gas and particulate). In a following stage, some simplifications in the mathematical formulation are
included to the model and the results obtained with both formulations (with and without simplifications) are compared. The main
goal of the present work is to establish a relationship between each included physical phenomenon and its real influence on the
capability of the model to predict the products formation inside the riser reactor.

Keywords. FCC, Catalytic cracking, Finite differences, Fluid flow

1. Introduction

The FCC (Fluidized Catalytic Cracking) is a key process for the petroleum refinery industry. With this process,
heavy hydrocarbon molecules can be broken into lighter ones, and products of commercial interest such as gasoline and
LPG are obtained in large scale and with relatively low costs. Another advantage of the FCC process is that the gasoil
(feedstock), is a sub-product of the atmospheric and vacuum distillation and other petrochemical processes. This “sub-
product”  (gasoil),  with  a  low commercial  value,  is  then  transformed  into  a  high  aggregated  value  products.  The
environmental advantages may also be cited; since industrial sub-products may be used as the feedstock for the FCC
process, the amount of industrial trash discarded to the environment may be considerably diminished. Other important
issue to be considered, is that the most important variables of the process, as mass flow and input temperature of the
feedstock,  among  others,  can  be  easily  controlled,  allowing a  flexible  adjusting  of  the  production  to  the  market
variations.

The numerical modeling of the FCC (Fluidized Catalytic Cracking) has been reported in the literature by several
authors. Some of these models simulates the whole unity, and are built with a mathematical formulation   where the
riser,  the stripper  and the  regenerator  were all  considered  in  the simulation.  Other  simple  models  concentrates  its
analysis only on a specific equipment, developing for it a more detailed formulation. In this work, only the riser will be
considered.

There are different kinds of models for the FCC riser. These models address its formulation for the fluid flow, for
the cracking kinetic, or both of them. The complexity of these models may vary from a simple one phase and one-
dimensional model to a three-dimensional and three-phase model. Depending on its industrial application, Souza, (2006)
proposed that the different FCC models may be used for: (i) the development of a major model where the simulations of
the entire conversion FCC unit is considered; (ii) testing or studying of specific catalytic cracking phenomena, such as
catalyst deactivation, adsorption, kinetic models etc.; (iii) the search for better operating conditions (unit optimization),
and (iv) phenomenological studies of the physical problem.

For the first type of model, the simulation is performed not only for the riser, but also for other equipments like the
regenerator and the stripper.  It is very important to have a fast solution for the riser model.  This kind of model is
normally used in the development of control systems, where the most desired feature is  a low computational  time
solution. In these applications, it is not necessary an exact determination of the values of the variables, but only to
determine qualitatively correct the system response to changes in the operating conditions. Examples of these kind of
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models are the works of Han and Chung (2001) and Ali et al. (1997). The second type encompasses models used when
the main goal is to study a specific physical phenomenon of the gasoil catalytic cracking, such as analysis of a catalyst
deactivation function (Cerqueira et al. 1997a), the coke formation in the cracking process (Cerqueira et al. 1997b), the
adsorption  phenomena  in  the  catalytic  cracking [Martignoni,  and  Lasa,  2001)  and  the  building of  kinetic  models
(Ancheyta et al., 1999). The third type of models strives for unit optimization. In this case, it is necessary to have a fast
and sufficiently precise model that will be used to run several simulations searching for the best values for the input
variables (mass concentrations, temperatures, etc.). The fourth and last type refers to models which try to include all
important  physical  phenomena  (Gao  at  al.,  2001;  Chang and  Zhou,  2003).  These  models  are  generally  three-
dimensional with two or three phases flow. The conservation equations are written for each phase of the fluid flow and
the physical properties are not necessarily assumed constant. Turbulent models are normally used to describe the fluid
flow.

Based on the great number of models, with different levels of complexities shown in the above paragraph, it is
reasonable to conclude that there is no common ground regarding about the most adequate formulation for the FCC
modeling. The four types of models discussed above may be used as a reference for choosing the most adequate model
for a specific need, therefore great difference in the complexity may be observed among the models classified in a same
case of application. For example, the one-dimensional models of Han and Chung (2001) and Ali  et al. (1997) were
considered both of first type, but conceptually they are completely different. While the Ali et al. (1997) formulates the
riser as an one phase mixture fluid flow model,  Han and Chung (2001)  uses a two-phase model for the fluid flow
simulation.

In the present work, part  of the Han and Chung (2001) work is reproduced. In this model,  an one-dimensional
formulation for the riser, the regenerator and the stripper is presented, therefore only the riser formulation is reproduced
in this first simulation. This model includes many physical phenomena, like the dependence of the fluid (and particle)
properties (specific heat, viscosity, etc.) on temperature and the transport equations formulation for both phases (gas and
particulate). These phenomena are normally simplified in simpler models.

At  this  moment,  the  species  conservation,  gasoil  energy  equation  and  catalyst  energy  equation  are  already
implemented. The specific heat of the gasoil dependence on the temperature and the feedstock was the first property
calculation added to  the model.  Two simulations were performed:  one with the full  specific heat  temperature and
feedstock dependence and another with a fixed average value for the gas phase specific heat. The comparison of the
results showed a small difference in the products mass fraction predictions at the riser output section. The momentum
equations for the gasoil and the catalyst are also already implemented and working, therefore they where not validated
yet. The comparison solution between the two-phase model and the one-phase model will be performed in a following
work.

2. Mathematical model

Figure 1 shows a schematic diagram of the studied system, with its simple geometry, where H is the length of the
riser in the flow direction. Regenerated catalyst and gasoil enter the system from the bottom of the riser, whereas the
product lumps and the deactivated catalyst leave it from the top of the riser.

Catalyst
Gasoil, Gasoline, Light

  
gases, Coke

Catalyst
Gasoil

z

H

Figure 1 – Problem sketch

In this first simulation, only the riser reactor model will be simulated. The present formulation also considers the
following assumptions: incompressible, laminar, one-dimensional flow and homogeneous mixture. The gasoil density
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and bed porosity were also considered constants, but the gas phase specific heat was considered as to be a function of
the bet temperature.

The kinetic model that will determine the products mass fraction profiles along the riser was based on a 4-lumps, as
shown in Fig. 2. All the pre-exponential constants (kij) of the kinetic model and heat of reactions ( H ) are available
in Han and Chung (2001).

1) Gasoil
2) Gasoline
3) Light gases
4) Coke

Figure 2 – Lumped kinetic model

According with Han and Chung (2001), the lumps mass fraction profiles along the riser reactor can be predicted by

∂ yi
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=
cc Ac

ṁg
i  with i = 1 to 4 (1)
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In Eqs. (1-2)  y is the lump mass fraction,    the density,    the volume fraction,    the catalyst deactivation
function, z the axial coordinate, A the riser cross section area, ṁ  the mass flow rate,   the reaction term and  k the
pre-exponencial constants. The sub-indexes c, and g, indicates catalyst and gas, respectively.

The temperature profiles for the gasoil and catalyst are determined by the following energy equations
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In Eqs. (3-5), T is the temperature, hp = h Ap the interface heat transfer coefficient between gas phase and catalyst
phases, T  energy reaction term, Cp the specific heat and H  heat of reaction.

The  Han  and  Chung  (2001)  work  considers  all  physical  properties  as  functions  of  temperature,  pressure  or
feedstock. In the present stage of development of this work, only the gaseous phase specific heat dependency with the
feedstock and temperature was incorporated to the model.

The gas-phase heat capacities of gasoil and gasoline lump are calculated as (Lee and Kesler, 1988):

Cpg=12 T3 T 2
(6)

where

1=−1.4923430.124432 K f 41.23519−1.04025
Sg  (7)

2=−7.53624×10−4[2.9247−1.5524−0.05543 K f 46.0283−5.0694
S g ] (8)

3=1.356523×10−6 1.69460.08844 (9)

4=[12.8
K f 1− 10

K f
S g−0.885S g−0.7×104]

2

for 10 < Kf < 12.8

4=0  for all others cases

10)

The density Sg and Kf are defined as

S g=
141.5

API131.5 (11)

K f =
1.8T Me

1/3

S g
(12)

where TMe is the mean average boiling temperature.
For the light gases lumps, the specific heat is calculated by

Cpg=0.24575.3×10−3 T−2.1527×10−6 T 2
(13)

3. Results

The ordinary differential equation system formed by Eqs. (1), (3) and (4) was solved with a fourth-order Runge-
Kutta algorithm (Kincaid, 1991). Fig. 3. shows the computational domain with the appropriated boundary conditions for
the problem. For the transport equation of the kinetic model (Eq. (1)), at the input section of the riser, it is considered
that only gasoil is entering. Therefore the mass fraction of gasoil is set to 1, while for the other three lumps the mass
fractions are set to zero. The catalyst and gasoil (gas) temperatures are a known operating condition at the input section
of the riser, thus a prescribed value is set to this variables in the mathematical model. The operating conditions for all
simulations are presented in Table 1.
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T g=T g
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Figure 3 – Boundary conditions and computational domain

At the riser output section, it was considered that the mass fractions of the lumps are no longer varying, and the
derivative in the flow direction is set to zero for each lump. The same boundary condition is prescribed for both gas
phase and catalyst temperatures at the top of the riser, as also shown in Fig. 3.

Table 1: General operating conditions for all simulations

Geometry 
   Length (m) 30
   Diameter (m) 1,1
Feedstock
   Gas oil mass flux (kg/s) 50
   Catalyst mass flux (kg/s) 350
Physical parameters
   Catalyst density (kg/m3) 1410
   Catalyst specific heat (kJ/kg K) 1,15
   Catalyst input temperature (°K) 910
   Gasoil specific heat (kJ/kg K) 4.5*
   Gasoil input temperature (°K) 670
   Heat exchange coefficient between phases (kJ/s K) 1 x 10 2

* for the simulations with constant gas phase specific heat.

The comparison of the Han and Chung (2001) results and those obtained with the present formulation are shown in
Fig.  4. Even though, at this stage of the simulations both models are considerably different, a qualitative agreement
between the results for both the mass fractions and temperatures profiles along the riser may be observed in Fig. 4.
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Figure 4 – Comparison between the model and the Han and Chung (2001) results
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 The differences between the two models do not allows a quantitative validation of the present program, therefore
the good qualitative results obtained are sufficient for the analysis performed in this paper.

The main goal of the present paper is to analyze the influence of the dependence of the specific heat of the gas
phase with the temperature. This dependence of the gas phase specific heat on the temperature is added to the model by
the Eqs. (6-12). This set of equations also incorporates to the model the dependence of the gasoil specif heat with the
feedstock, therefore this influence will not be explored in the present work.

The set of equations needed to incorporate the gas phase specific heat dependence on the temperature (Eqs. (6-12))
also include some complications to the simulation solution. Even though only algebraic equations are added to the
model, this equations are dependent of the gas phase temperature and for this reason, also included in the differential
system of equations to be solved (Eqs. (1,  3-4)). The model will be considerably simplified if were set  a constant
average value for the gas phase specific heat, and if no significant differences between the two solutions were observed,
this simplification should be the best option for the simulation.

In order to quantify this influence, the program develop with the model presented in this work was run with and
without the specific heat dependence on the temperature. Fig.  5. shows the comparison of both results for the mass
fraction and temperature profiles along the riser.
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Figure 5 – Mass fraction and temperature profiles along the riser: (a) Cp = constante, (b) Cp = CP(T)

As can be seen in Fig. 5, a small deviation between the results obtained with the two simulations can be observed.
Comparing Figs. 5a and 5b, it can be notice that at the input section of the riser (up to 5m approximately) no significant
deferences may be observed between the two simulation. In this region, with high catalyst temperature and low gasoil
temperature, both mass fraction and temperature profiles are almost identical. After this input section, a small deviation
between the profiles for both mass fractions and temperatures are observed, therefore this difference remains less than
7%. Table 2 shows the comparison between the mass fraction predictions at the riser output section of the riser. Table 2
shows that only a small difference between the predicted mass fractions of the lumps were found.

Table 2: Gas phase specific heat influence on the mass fraction at the riser output section

Y For Cp = constant For Cp = Cp(T)
%error

∣Cp−Cp T
Cp ∣

Gasoil 0,3600 0,3803 5,64%

Gasoline 0,4893 0,4751 2,90%

Light Gases 0,1149 0,1092 4,96%

Coke 0,0352 0,0354 0,57%
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4. Conclusions

In this work, a simplified fluid flow and kinetic model for a FCC riser was used to study the influence of gas
mixture specific  heat  on the product  profiles  along the riser  reactor.  Two simulation were performed:  one with a
constant value for the specific heat of the gas phase and another with the specific heat formulated as a function of the
gas phase temperature. The results obtained with this comparison showed that the difference between the two models
remains less than 7%, what considering the difficult and uncertainness of the corrected prediction of these profiles when
they  are  compared  with  experimental  data,  the  use  of  such  a  complex  formulation  for  the  specific  heat  mixture
calculation  may  not  aggregate  significant  improvement  to  the  model  prediction.  Since  the  two  models  were  not
compared with the experimental data, but only among them, and the difference between the two predictions is quite
small, it is not possible to concern about the best formulation (with or without specific heat dependence on temperature),
but  only about  their  advantages  and  disadvantages.  The  constant  specific  heat  formulation  has  a  more  simplified
mathematical model, and consequently an easy and fast solution, while the temperature dependent formulation is more
phenomenological corrected and may be the best  choice for theoretical studies of the physics of catalytic cracking
phenomenal inside the riser reactor, but according with the results obtained in this work do not increase the products
profiles prediction along the riser.
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Abstract: The performance of a newly developed low Reynolds number second order closure for viscoelastic fluids is compared with 
that of an existing k-ε model using experimental data for fully-developed flow of various polymer solutions in circular pipes of 
Escudier et al. (1999) and Resende et al. (2005). New developments were made to account separated flows, removing the 
dependence of the velocity gradient by the friction velocity in the recirculation zone. The fluids simulated are the following aqueous 
polymeric solutions: 0.125% by weight of polyacrilamide (PAA), 0.2% of xantham gum (XG), 0.25% of carboxymethyl cellulose 
(CMC) and a blend of 0.09% CMC and 0.09% XG. As far as the rheological constitutive equation is concerned, both models are 
based on modified generalized Newtonian model developed by Pinho (2003), and wall approximation effects required by the low 
Reynolds number approach are taken into account by the damping function developed by Cruz and Pinho (2003), which includes 
effects of shear thinning and Trouton ratio thickening. 
The low Reynolds Reynolds stress model is seen to perform better than the k- ε model both in terms of mean flow quantities (friction 
factor and mean velocity) as well as the Reynolds stress predictions. 
 
Keywords: Turbulence model, drag reduction, polymer solutions, second order closure. 

 
1. Introduction 
 

A Reynolds stress model is developed to predict turbulent flows with viscoelastic fluids and is tested here in fully-
developed channel flows of polymer solutions. First-order turbulence models have shortcomings when it comes to 
predicting flows with separation or streamline curvature, amongst other things (see an early revision in Patel et al. 
(1984)). In addition, viscoelastic fluids in duct flows exhibit stronger anisotropy of the Reynolds stress tensor than 
Newtonian fluids do, which further accentuates the shortcomings of some first-order closures to properly deal with 
them. The use of anisotropic first-order models can offset some of these disadvantages (Park et al. (2003), Craft et al. 
(1996)). Now that simple first-order turbulence closures are available for viscoelastic fluids (Resende et al. (2006)), and 
have been tested in duct flow, it is time to evolve to higher-order closures which will enable the handling of more 
complex flows, such as flows with separation.  

The first turbulence models for viscoelastic fluids date from the 1970’s with Mizushina et al. (1973), Durst and 
Rastogi (1977) and Poreh and Hassid (1978). Their scope was rather limited because they depended on parameters that 
needed to be selected for each fluid in each flow situation. In the 1980’s new turbulence models appeared (Politis 
(1989), Malin (1997)), but were limited to the inelastic fluids of variable viscosity. To overcome this limitation Pinho 
(2003) and Cruz and Pinho (2003) developed a turbulence model using a modified version of the generalized 
Newtonian constitutive equation in order to account elastic effects and therefore introduce rheological parameters into 
the turbulence model. Subsequent developments of that model were introduced by Cruz et al. (2004) and Resende et al. 
(2006). 

The present Reynolds stress closure is a step forward in the hierarchy of models for viscoelastic fluids and is based 
on the model of Lai and So (1990) for Newtonian fluids. This model was selected because it combined simplicity with a 
low Reynolds number capability, essential for use with viscoelastic fluids for which no universal law of the wall exists. 
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The performance of the model is tested against experimental data for dilute polymeric aqueous solutions of Escudier et 
al. (1999) and Resende et al (2006). 

The next section presents the governing equations for viscoelastic turbulent flow. The terms requiring modeling are 
identified in the Section 3 with the corresponding closures. The results of the numerical simulations and their discussion 
are presented in Section 4. The paper closes with a summary of the main conclusions. 
 
2. Governing equations 
 

The governing equations are the continuity and momentum equations and the Reynolds stress is calculated by its 
transport equation. The extra stress of the fluid is given by a generalized Newtonian constitutive equation modified by 
Pinho (2003). The momentum equation is 
 

( )2 2i i
k ik i k ik

k i k

U U pU S u u s
t x x x

ρ ρ µ ρ µ∂ ∂ ∂ ∂ ′+ = − + − +
∂ ∂ ∂ ∂

 (1) 

 
where p is the pressure, ρ is the densit, µ  is the average molecular viscosity, ui is the i-velocity component and Sij is the 
rate of deformation tensor defined as Sij ≡ ui, j + uj ,i( ) 2 . Here, and elsewhere, small letters or a prime indicate 

fluctuations, capital letters or an overbar designate time-average quantities and a hat is used for instantaneous values.  
The average molecular viscosity (µ ) is given by equation (2) which combines the pure viscometric shear viscosity 
contribution ( Vη ) in Eq. (3), with the high Reynolds number time-average molecular viscosity contribution ( hµ ) of Eq. 
(4). 
 

( ) vvhv ff ηµµ −+= 1 ,  (2) 
 

[ ]( ) 212 −
=

n
vv K γη ,  (3) 
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where [ ] ( ) ( )1 1 1 22m n m n m

v eB K K Aε ρ−  − − +  = , ( ) ( )2m n p n p= + − + , Kv and n are the power law parameters, , fv is a 
damping function equal to fµ and k and ε represent the turbulent kinetic energy and its rate of dissipation, respectively. 
This model for µ  was derived by Pinho (2003). 

The pseudo- elastic stress in the momentum equation ( 2 iksµ′ ) and the new terms of the transport equation for 

Reynolds stress ( i ku uρ ) require specific modelling which is presented in the next section. 
The transport equation for Reynolds stress is 
 

2
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 (5) 

 
3. Closures for non-Newtonian terms 
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We start with the two molecular related stresses in the momentum equation. Term 2 iksµ′  was designated a pseudo-
elastic stress by Cruz et al. (2004) where a closure was proposed in the context of their k-ε model. Inspired by their 
derivation, we propose here an extended version consistent with the use of a full Reynolds stress model. Therefore, the 
expression for the pseudo-elastic stress used here is 
 

( )2
2

1

12
2

p n

i j i jv e i
ij p

j c i j

u u u uK K Us C
A x L u uε

ρ
µ

µ

+ −

−

 ∂ ′ = × ×
∂  

 (6) 

 
with 
 

( ) 11~ 2
0 −+= −+npCC   (7) 

 
The pseudo-elastic stress vanishes in the Newtonian limit (n=1 and p=1), an effect properly accounted for by 

parameter C , which depends on parameter C0. This parameter takes on a new value different from that in Cruz et al. 
(2004) and was obtained from optimization of the Reynolds stress model predictions. 

Lc is a spatial scale of turbulence, 3
c RL u ε= , accounting high Reynolds number flow away from the wall and the 

damping effect of the approaching wall. The velocity scale, uR, is defined by 
 

( )( )
2

1
2exp 1

R

w
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k u

αα
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− −

  (8) 

 
where α=2. uw is a wall velocity scale here given by 1 4( )w w wu υ ε= ⋅ , based in the viscous length scale, u=υ/l, and 
related to the energy-dissipating eddies. 

In the Reynolds stress transport equation we identify terms which are identical in form to those for Newtonian 
fluids and new terms associated with the non-Newtonian fluid characteristics, which are those involving fluctuating 
viscosities. Of these, according to the order of magnitude analysis made by Pinho (2003), the following terms could be 
neglected: 
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The remaining non-Newtonian terms are modelled as follows assuming high Reynolds number turbulence:  
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where CV1 and CV2 are parameters to be quantified later.  

All the other terms are Newtonian and are modelled according to the original model of Lai and So (1990): 
 

- Turbulent diffusion of the Reynolds stresses, T
ijD , 

 

j k i jk i
i j k s i l j l k l
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 (13) 
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- The molecular diffusion of the Reynolds stresses, v
ijD , 
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assuming at this stage a lack of correlation between fluctuating viscosity and the fluctuating second derivative of the 
Reynolds stress.  
 

- The dissipation of the Reynolds stresses, ijε , 
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is modelled considering anisotropy and directional effects near walls, by 
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- The pressure-strain, *

ijφ ,  
 

*j i
j i ij
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u up u p u p
x x x x

φ
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is modelled by equation (18) considering the high Reynolds number contribution, ijφ , and the wall approximation 

contribution, , ,1ij w wfφ . 
 

*
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where 
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The transport equation for the rate of dissipation of turbulent kinetic energy of Lai and So's model (1990) is used 
without any modification and is given by 
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with 
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Finally, the various parameters constants and damping functions are given in the next table. 

 
Table 1. Constants and damping functions of the Lai and So (1990) Reynolds stress model 

Constants 

1 1.5C =  2 0.4C =  
1

1.35Cε =  
2

1.8Cε =  0.11sC =  
* 0.45α =  0.15Cε =  1 1.8VC = −  2 0.2VC =  0 0.95C = −  

Damping functions 

2

,2 exp
64

T
w

Rf
  = −  
   

 
221 exp

9 6
TRfε

   = − −    
     

 

 
The turbulent Reynolds number, RT, is defined as 

 
2

T
kR ρ

µε= ,  (24) 

 
The damping function fw,1 of Lai an So (1990) was modified to account for viscoelastic effects and is given by 

 

( )0.86

,1 expwf fµ = −  
,  (25) 

 
where fµ  is the original damping function derived by Cruz and Pinho (2003) in the context of their k-ε model.   
 

31 1 11
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1 3

p An A p pn
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−

     − −   = − + × − +     + −          

, (26) 

 
This function accounts for wall effects very much as Van Driest's function do for Newtonian fluids and is 

influenced by the rheological properties of the fluids measured by the shear-thinning intensity (n<1) and Trouton ratio 
thickening (p>1) of the extensional viscosity. The parameters, which were quantified by performing extensive 
calculations, are identical to C=25 and A+=40, and x2

* is a wall coordinate normalised by the wall viscosity 
( )*

2 2w wx u x ν=  and using 1 4( )w w wu υ ε= ⋅ . 

 
4. Results and discussion 
 

The program used to carry out the numerical simulations is based on a finite-volume discretization and the TDMA 
solver is used to calculate the solution of the discretized algebraic governing equations. The mesh is non-uniform with 
199 cells across the pipe, giving mesh-independent results for Newtonian and non-Newtonian fluids within 0.1%. The 
full domain in the transverse direction is mapped, hence only the following wall boundary conditions need to be 
imposed:   
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The turbulence model was calibrated using the experimental data from Escudier et al. (1999) for their 0.125% PAA 

aqueous solution, following the philosophy of Cruz and Pinho (2003), Cruz et al. (2004) and Resende et al. (2006). 
Then, the model is tested for the remaining viscoelastic fluids, 0.2% XG, 0.25% CMC and 0.09% / 0.09% XG / CMC 
without any change to the turbulence model. 
 
4.1. Newtonian fluids 
 

The modification of the damping function fw,1 can severely affect predictions for Newtonian fluids, so here we 
assess that effect. The modification of fw,1  was carried out to bring into the model the capability to predict flows of 
viscoelastic fluids, but the changes relative to the predictions with the original formulation of Lai and So (1990) were 
minimized. For Newtonian fluids the error in the Darcy friction coefficient for fully-developed pipe turbulent flows, for 
a Reynolds numbers of 7430, is negligible, relative to the predictions with the original model of Lai and So (1990). This 
can be observed in the comparison between the mean velocity profiles in wall coordinates in Figure 1. At larger 
Reynolds numbers, the differences relative to the predictions of the original Lai and So model are also negligible.  

The corresponding profiles of the normalized turbulent kinetic energy and Reynolds normal stresses can be 
observed in the Figure 2. Comparing the results of the present model with those model of Lai and So (1990) we can see 
a small deterioration of the turbulent kinetic energy predictions away from the wall and consequently a small decreased 
of quality of the normalised Reynolds normal stresses distribution, defined in Eq. (27), 
 

22 2
31 2

1 2 3' ; ' ; ' uu uu u uu u uτ τ τ

+ + += = = ,  (27) 

 
where uτ is the friction velocity. The spatial coordinate x2

+ is normalized with the wall viscosity and the friction velocity 
( )2 2 wx u xτ ν+ = . 
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Figure 1. Comparison between the predicted and the measured mean velocity profile for fully-developed turbulent pipe 
flow of Newtonian fluid at Re=7430 in wall coordinates. 
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Figure 2. Comparison between the predicted and the measured profiles of normalized turbulent kinetic energy and 
Reynolds normal stresses for fully-developed turbulent pipe flow of Newtonian fluid at Re=7430 in wall coordinates: ○ 

k+, □ u1’+, ◊ u3’+, ∆ u2’+ data of Durst et al. (1995); — Present model; - - Lai and So model (1990). 
 
4.2. Non-Newtonian fluids 
 

We compare predictions with the experimental data for turbulent fully-developed pipe flow of Escudier et al. 
(1999) and Resende et al. (2006). The various non-Newtonian terms in the momentum and Reynolds stress equation 
have an impact at different locations in the flow. The pseudo-elastic stress in the momentum equation is basically 
relevant in the buffer layer, but this is sufficient to affect the flow across the whole pipe and is especially important to 
create drag reduction. Indeed, and in contrast to the k − ε  model of Cruz et al. (2004), where the drag reduction was 
basically achieved by a reduction of the eddy viscosity, this Reynolds stress model is truer to the real behaviour of 
polymer solutions because the drag reduction is achieved by the increasing importance of this new stress as it should 
according to DNS simulations that show the drag reduction being achieved by the increasing role of the polymer stress 
(τ p ). In this Reynolds stress model, the pseudo-elastic stress values are larger than in the model of Cruz et al [2], but 
they still have a negative sign. This negative sign is not a deficiency of the model because the polymer contribution to 
the total extra stress equals the sum of the pseudo-elastic stress with part of the molecular shear stress, i.e. 
τ p = 2µSxy + 2µ 'sxy − 2µsSxy  where µs  is the solvent viscosity (in the present case water). Therefore, the polymer 
shear stress remains positive, increases with drag reduction, as it should, and when added to the positive Reynolds shear 
stress and positive solvent shear stress the total equals the linear stress variation across the pipe. This is so even though 
the deduction of the model for the pseudo-elastic stress was based in the same philosophy of Cruz et al. (2004). 

As the pseudo-elastic stress increases with drag reduction there is also a small increase of k+, an improvement over 
the k − ε  closure developed by Cruz et al. (2004). Finally, and in contrast to the k − ε  model where the pseudo-
elastic stress helped to improve the predictions, but was not essential to obtain drag reduction, in the Reynolds stress 
closure its incorporation in the balance of momentum is essential to obtain drag reduction, and the new non-Newtonian 
terms in the transport equation are also required. 
 
4.2.1. Measured polymer solutions  
 

The mean velocity profile in wall coordinates for the 0.125% PAA solution at Re=42900 can be observed in Figure 
3. Comparing with the previous model of Cruz et al. (2004) there is a better behaviour of the mean velocity profile is 
spite of both models predict well the Darcy friction factor. 

The profiles of turbulent kinetic energy and of the Reynolds normal stresses in Figure 4 show that k and 2
1u  are 

underpredicted near to the wall, especially in the region of the peak stress. The prediction of 2
3u  is good, but there is 

also an underprediction of 2
2u . 
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Figure 3. Comparison between the predicted and measured mean velocity profile for fully-developed pipe turbulent 
flow with the 0.125% PAA solution at Re=42900 in wall coordinates. 
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Figure 4. Comparison between the predicted and the measured profiles of normalized turbulent kinetic energy and 
Reynolds normal stresses for fully-developed turbulent pipe flow of 0.125% PAA fluid at Re=42900 in wall 

coordinates: ο k+ data of Escudier et al. (1999);□ u1’+, ◊ u3’+, ∆ u2’+ data of Resende et al. (2006); — Present model; — 
- Resende et al. (2006). 

 
For the 0.25% CMC fluid the predictions of the mean velocity profile and turbulent quantities at Re=16600 are 

presented in Figure 5 and Figure 6, respectively. The mean velocity profile shows a good agreement with the 
experiments. In terms of the turbulent quantities, these are well predicted in terms of magnitude, but the peak axial 
normal stress and k are shifted to higher values of 2x + . 
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Figure 5. Comparison between the predicted and measured mean velocity profile for fully-developed pipe turbulent 
flow with the 0.25% CMC solution at Re=16600 in wall coordinates. 
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Figure 6. Comparison between the predicted and the measured profiles of normalized turbulent kinetic energy and 
Reynolds normal stresses for fully-developed turbulent pipe flow of 0.25% CMC fluid at Re=16600 in wall 

coordinates: ο k+ data of Escudier et al. (1999);□ u1’+, ◊ u3’+, ∆ u2’+ data of Resende et al. (2006); — Present model; — 
- Resende et al. (2006). 

 
The prediction of the mean velocity profile for the blend (0.09% / 0.09% CMC / XG) solution, at Re=45200, match 

the experimental data, as seen in Figure 7. For the 0.2% XG solution, at Re=45200, exist a small deficit of the mean 
velocity profile, Figure 8. Comparing with the previous model of Cruz et al. (2004) there were significant improves, 
especially with the 0.2% XG fluids.  

It must be emphasised at this stage that the predictions for these two fluids, and in particular for the 0.2% XG 
solution, are significantly better than was previously achieved by any of the first-order closures developed in the past 
for viscoelastic fluids (2003; 2004; 2006), an important success of the current Reynolds stress model. 
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Figure 9 for the blend and Figure 10 for the 0.2% XG show that, as for the previous two non-Newtonian fluids, the 
axial and radial Reynolds normal stresses and k are underpredicted near the wall, with the peak of the axial normal 
stress and k shifted to higher values of 2x + . For the 0.2% XG solution the tangential Reynolds normal stress is slightly 
over-predicted. 

So, and as a general conclusion regarding predictions of the turbulent quantities, there is in almost all cases an 
underprediction in k, 2

1u  and 2
2u  near the wall, whereas 2

3u  is usually well predicted.  
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Figure 7. Comparison between the predicted and measured mean velocity profile for fully-developed pipe turbulent 
flow with the 0.09% / 0.09% CMC / XG solution at Re=45300 in wall coordinates. 
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Figure 8. Comparison between the predicted and measured mean velocity profile for fully-developed pipe turbulent 
flow with the 0.2% XG solution at Re=3900 in wall coordinates. 
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Figure 9. Comparison between the predicted and the measured profiles of normalized turbulent kinetic energy and 
Reynolds normal stresses for fully-developed turbulent pipe flow of 0.09% / 0.09% CMC / XG fluid at Re=45300 in 

wall coordinates: ο k+ data of Escudier et al. (1999);□ u1’+, ◊ u3’+, ∆ u2’+ data of Resende et al. (2006); — Present 
model; — - Resende et al. (2006). 
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Figure 10. Comparison between the predicted and the measured profiles of normalized turbulent kinetic energy and 
Reynolds normal stresses for fully-developed turbulent pipe flow of 0.20% XG fluid at Re=39000 in wall coordinates: ο 

k+ data of Escudier et al. (1999);□ u1’+, ◊ u3’+, ∆ u2’+ data of Resende et al. (2006); — Present model; — - Resende et 
al. (2006). 

 
5. Conclusions 
 

A Reynolds stress model has been developed to predict the flow of viscoelastic solutions based on a generalised 
Newtonian constitutive equation modified to account for elastic effects. The Reynolds stress model is a modified 
version of the Lai and So (1990) low Reynolds turbulence model which includes several new non-Newtonian terms. 
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Closures for all these new terms were developed as well as for the pseudo-elastic stress term appearing in the 
momentum equation. 

The predictions of this model are remarkably good for all fluids tested, four different aqueous solutions of polymer 
and this was assessed in terms of the friction factor, mean velocity and the three Reynolds normal stresses. The less 
successful achievement was in predicting these Reynolds stresses were in general the model underpredicted 2

1u  near 

the wall and 2
2u , but it was able to predict well the 2

3u  component.  
A significant improvement over previous models for viscoelastic fluids are the successful predictions for the two 
solutions based on the semi-rigid xanthan gum molecule, for which the linear and nonlinear k − ε  models of Cruz et 
al. (2004) and Resende et al. (2006) underpredicted the measured levels of drag reduction. 

Therefore, the present model represents a significant improvement over previous turbulence models for viscoelastic 
solutions, all of which are of first-order. 
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Resumo. O desenvolvimento recente dos modelos numéricos aliado à grande evolução ocorrida nos processadores desen-
cadearam um processo de desenvolvimento de uma técnica de formulação de problemas alternativa. Desse modo, de maneira
totalmente diferente de 20 anos atrás, atualmente é muito mais econômico desenvolver um modelo numérico para estudo de um
determinado fenômeno, do que realizar um estudo experimental a respeito do mesmo. Os problemas envolvendo o comportamento
transtório de um dado fenômeno são, geralmente, complexos e o uso de intervalos de tempo menores implicam em um aumento
significativo no tempo necessários para a obtenção da solução. Por conta disto, neste trabalho será realizada uma análise com-
parativa dos modelos de primeira, segunda e terceira ordem usando o esquema Wp para solução por elementos finitos. Neste tipo
de implementação, para os sistemas parabólicos, estes são apresentados como sendo compostos por uma série de operadores
integrais oriundos da mesma família com o objetivo específico de realizar a integração ao longo do tempo. Ao contrário dos
métodos tradicionalmente utilizados, esta família de esquema de solução propõe o uso de uma função peso específica para o
tempo na análise transiente. Segundo este esquema é possível obter um sistema de equações através de sucessivas integrações
por partes de maneira que a dependência do tempo, passe para a função peso pré-estabelecida. Para verificação dos resultados,
foi escolhido um problema de condução transiente unidimensional numa parede plana, doqual se conhece a solução analítica.
Os resultados usando o esquema Wp de terceira ordem foram comparadosà solução analítica do problema, e aos esquemas Wp

de primeira e segunda ordem, e o desvio das soluçõesforam analisados em função do tempo e da malha utilizada.

Palavras chave: Análise transiente, Método dos Elementos Finitos, Esquemas transientes Wp.

1. Introdução

No passado, a grande maioria dos trabalhos realizados abordando fenômenos físicos, principalmente nas áreas de
engenharia, se baseava na obtenção de dados experimentais que justificassem ou ajudassem a entender o como e o porque
de tais fenômenos ocorrerem. O desenvolvimento recente dos modelos numéricos aliado à grande evolução ocorrida nos
processadores desencadearam um processo de mudança de mentalidafe. Desse modo, de maneira totalmente diferente
de 20 anos atrás, atualmente é muito mais econômico desenvolver um modelo numérico para estudo de um determinado
fenômeno, do que realizar um estudo experimental a respeito do mesmo. Os problemas envolvendo o comportamento
transtório de um dado fenômeno, são geralmente são complexos e o uso de intervalos de tempo menores implicam em
um incremento muito significativo no tempo necessário para a obtenção da solução. Neste sentido, um grande número de
trabalhos publicados recentemente tem objetivad a melhoria dos modelos numéricos para a solução de problemas físicos,
contando, inclusive, com uma série de periódicos dedicados exclusivamente a este assunto.

Além disso, existem outras vantagens do modelo matemático devem ser levadas em consideração como o fato de se
tratar de uma técnica não invasiva, na qual não existe nenhum tipo de sensor físico que possa pertubar o fenômeno. Outro
fator importante é que os resultados podem ser obtidos em qualquer parte do domínio do problema com bom nível de
confiabilidade e, se houver necessidade, pode-se inclusive utilizar um maior refinamento nas áreas de interesse.

Uma série de trabalhos recentes tem abordado este tema e variações. Com relação aos novos esquemas de discretiza-
ção, Zhong et al., 1996 propuseram a utilização de um incremento na ordem da aproximação no tempo dos tradicionais

1
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esquemas transientes. No trabalho, são tratadas uma série de considerações sobre as equações diferenciais parciais (EDP)
e, com base nesta técnica, apresentaram um esquema explícito de elevada ordem baseando-se na solução analítica de
equações diferenciais de primeira ordem.

Em outro trabalho, Tamma et al., 1997 apresentaram uma compilação de uma série de metodologias para implemen-
tação de esquemas transientes utilizando um método similar ao esquema de resíduos ponderados. Neste trabalho, foram
analisadas implementações tanto para esquemas de problemas transientes como para problemas dinâmicos, envolvendo
termos de aceleração. O trabalho enfatizou muito a metologia utilizada para a formulação do problema, além de sugerir
possíveis esquemas de implementação. a aplicação de cada uma das metodologias é muito pouco explorada, apenas al-
guns exemplos simplificados são apresentados para ilustração. Nesta mesma linha, trabalhando com as funções peso para
o tempo, cabe ressaltar os avanços recentes introduzidos por Tamma et al., 2002.

Embora já seja conhecida há algum tempo, Smolinshi e Wu, 1998 apresentaram algumas inovações para a técnica
conhecida como subcycling e sua inclusão em problemas de elementos finitos de primeira ordem. Esta técnica permite
que diferentes incrementos de tempo sejam usados em diferentes regiões do mesmo problema, dependendo do tamanho
dos elementos utilizados. A aplicação desta técnica só tem sentido em discretizações em que a solução não é incondicio-
nalmente estável. Alguns detalhes sobre a implementação da técnica de subcycling para o ANSYS podem ser vistos em
ANSYS, 2002.

Utilizando outra técnica, Donea et al., 2000 apresentaram a proposta de um novo esquema de solução transiente
em fenômentos que envolvem problemas altamente convectivos. Este esquema se baseia nas aproximações de Padé que
podem ser usadas com alguma vantagem sobre as aproximações baseadas em Séries de Taylor. Este tipo de aproximação
é bastante utilizada na elaboração de esquemas de solução para problemas parabólicos no tempo usando elementos do
tipo C0. Foi verificada neste estudo grande similaridade entre a formulação obtida através das funções de aproximação
de Padé e aquelas que seriam utilizadas no caso de aplicação de um método de Runge Kutta de mesma ordem.

Recentemente, Tamma et al., 2003a explicaram o desenvolvimento fundamental teórico e o rigor de uma representação
genelralizada com respeito à estabilidade, precisão e, em Tamma et al., 2003b, muita atenção foi dada às representações
práticas dos operadores de segunda ordem, incluindo, também, seus atributos algorítmicos e suas extenções para situações
não lineares.

Esta série de trabalhos mostra como o assunto de modelos numéricos para problemas transientes têm ganho espaço na
pesquisa recente sobre o assunto. Este trabalho, pretende avançar um pouco mais no tema realizando as implementações de
primeira, segunda e terceiras ordem usando "família Wp", em um problema simples de condução de calor unidimensional
transiente. Serão avaliados os esquemas cuja implementação é realizada via inclusão de novas funções pesos apresentadas
em Tamma et al., 1997.

Embora se trate de um problema unidimensional o mesmo será solucionado utilizando-se de elementos bidimensionais
de quatro nós (biquadráticos) com as condições de contorno adequadas para resolução do problema. Para esta solução
foi considerado ainda que no instante inicial, τ = 0, o material se encontra a uma temperatura θ0 = 0. Os resultados
obtidos são, então, confrontados com a solução analítica do problema para, assim, verificar como cada um dos modelos
se comporta. Um esquema do problema e suas condições de contorno pode ser visto na fig.(1).

2. Metodologia

Tomando por base a discretização de um problema de condução transitória em geometria bidimensional com um termo
fonte associado, a equação geral que rege o problema é dada por:

∂θ

∂t
−

(

∂2θ

∂x2
+

∂2θ

∂y2

)

= f (1)

que se discretizada em elementos finitos sem qualquer forma de aproximação para a derivada no tempo. O termo fonte f

pode representar qualquer situação com possíveis termos fonte. A solução do problema dependeria ainda das inclusões
das condições de contorno em nível de espaço e das condições iniciais do problema (θ0).

Para este caso, será considerada uma discretização no espaço por resíduos ponderados da equação de condução bidi-
mensional, sem nenhum tipo de termo fonte:

∫

V

We

[

∂θ

∂t
−

(

∂2θ

∂x2
+

∂2θ

∂y2

)]

dV = 0 (2)
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Figura 1: Esquema do problema proposto
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Num primeiro momento não haverá preocupação com a discretização do termo transiente, entretanto, considerando-se
que o termo está independente da posição, aplicando-se Galerkin, tem-se que:

∫

V

Ni

∂θ

∂t
dV =

∫

V

NidV
∂θ

∂t
(3)

mas considerando apenas o termo difusivo e aplicando para a sua discretização os procedimentos de redução de ordem
(forma fraca), discretização por Galerkin e aproximação nodal, tem-se que:

∫ Ni

V

(

∂2θ

∂x2
+

∂2θ

∂y2

)

dV =

∮

S

Ni

∂θ

∂n
dS −

∫

V

(

∂Ni

∂x
·
∂Nj

∂x
+

∂Ni

∂y
·
∂Nj

∂y

)

dV · θ (4)

Assim a equação geral para o problema em resíduos ponderados pode ser escrita na sua forma matricial:

[
�

] ·
∂θ̃

∂t
+ [ � ]·~θ = [S] (5)

onde:

[
�

] =

∫

V

NidV ; [ � ] =

∫

V

(

∂Ni

∂x
·
∂Nj

∂x
+

∂Ni

∂y
·
∂Nj

∂y

)

dV ; [S] =

∮

S

Ni ·
∂~θ

∂n
dS

2.1. Aplicação do esquema usual de discretização

O esquema de discretização no tempo mais comumente utilizado pelos usuários do método dos elementos finitos
foi herdado da técnica de diferenças finitas e consiste em utilizar a série de Taylor para aproximar o comportamento da
derivada no tempo. Neste esquema:

∂~θ

∂t
=

~θm+1 − ~θm

∆t
(6)

sendo que os valores de m e m +1 representam, respectivamente, as temperaturas no instante atual e no próximo instante
de tempo. Desse modo, a equação (5) pode ser escrita da seguinte forma:

1

∆t
[

�
] · (~θm+1

− ~θm) + [ � ] · ~θm+k = [S] (7)

sendo que de acordo com o valor de k, a formulação é realizada de maneira diferente. Para o esquema implícito, a
temperatura é avaliada no instante posterior, ou seja, k = 1.

2.2. Implementação por função peso para o tempo (Wp)

Neste tipo de implementação para os sistemas parabólicos, estes são apresentados como sendo compostos por uma
série de operadores integrais da mesma familia, com o objetivo específico de realizar a integração ao longo do tempo. Ao
contrário dos métodos tradicionalmente utilizados esta família de esquema de solução propõe o uso de uma função peso
específica para o tempo na análise transiente. Segundo este esquema, é possível obter um sistema de equações através de
sucessivas integrações por parte de maneira que a dependência do tempo, passe para a função peso pré-estabelecida. Tal-
vez, a grande vantagem deste tipo de formulação seja justamente o fato de deixar inalterada a discretização da geometria
do problema, ou seja, podem ser mantidas quaisquer tipos de características da discretização no espaço, seja no que tange
a funções de aproximação, ou mesmo, esquemas adotados para função peso.

Aplicando as funções pesos anteriormente estabelecidas, na equação (5) e realizando a integração ao longo do tempo,
têm-se que:

∫ tn+1

tn

[W ]T ([
�

] · ~̇θ + [ � ]~θ − [F ])dt = 0 (8)

Subdividindo a equação (8) em diversas integrais e integrando o primeiro termo por partes obtem-se:

(

[W ]T [
�

]~θ
)tn+1

tn

−

∫ tn+1

tn

[W ]T [F ]dt =

∫ tn+1

tn

[Ẇ ]T [
�

]~θdt −

∫ tn+1

tn

[W ]T [ � ]~θdt (9)

ou ainda:
∫ tn+1

tn

([Ẇ ]T [
�

] − [W ]T [ � ])~θdt =
(

[W ]T [
�

]~θ
)tn+1

tn

−

∫ tn+1

tn

[W ]T [F ]dt (10)
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2.2.1. Aproximação de Primeira Ordem

Fazendo uma aproximação linear para o tempo e o perfil de tamperaturas:

W1(τ) = w0 + w1 · τ (11)

~θn+1 = ~θn + ~̇θ · ∆t · τ (12)

Note que neste caso foi necessário realizar uma mudança de variáveis, definindo-se uma variável τ de forma a:

τ =
t − tn

tn+1 − tn
=

t − tn
∆t

(13)

onde pode-se ainda definir:

�
=

1
∫

0

(w0 + w1τ) · [F ]dτ, (14)

Em seu trabalho, Tamma et al., 1997, propõe uma expressão geral para obtenção dos coeficientes desta equação de
maneira que:

W1,0 =

1
∫

0

(w0 + w1τ)dτ = w0 +
w1

2
(15)

W1,1 =

1
∫

0

(w0 + w1τ)τdτ =
w0

2
+

w1

3
(16)

e, desse modo, o valor de ~̇θ é dado pela equação:

~̇θ =

�
− W1,0 · [ � ] · ~θn

W1,1 · ∆t · [ � ] + W1,0 · [
�

]
(17)

Tabela 1: Valores das funções de aproximação para
os diversos algoritmos.

Algoritmo Função de Aproximação
Crank-Nicolson W = 1 + 0 · τ = 1
Euler Avançado W = 1 − 3/2τ
Euler Atrasado W = 1 − 3τ
Liniger W = 1 − 17/4τ
Galerkin W = 1 −∞τ

Obs: τ = (t − tn)/∆t,

De posse do valor de ~̇θ é possível encontrar facilmente os valo-
res do perfil de temperatura no instante n + 1, usando-se a aproxi-
mação representada na equação (12) para τ = 1.

É importante notar que, neste caso, o valor do termo fonte
�

não foi descartado pois ele pode ser necessário na aplicação das
condições de contorno. De acordo com a natureza do problema,
principalmente nos casos envolvendo condições de contorno de 2a

e 3a espécies, este torna-se fundamental para implementação das
condições de superfície.

Tamma et al., 1997 apresentaram uma série de expressões para
se obter esquemas usuais de discretização de primeira ordem. Um
resumo destes coeficientes estão apresentados na Tabela (1).

2.2.2. Aproximação de Segunda Ordem

Fazendo-se uma aproximação quadrática para o tempo e usando os três primeiros termos da série de Tayor para
expressar o perfil de temperaturas, tem-se:

W2(τ) = w0 + w1 · τ + w2 · (τ)2 (18)

~θn+1 = ~θn + ~̇θ · ∆t · τ + 1/2 · (τ)2 · (∆t)2~̈θ (19)

Usando estas expressões na equação (8):

∫ t1

t0

[(w0 + w1 · τ + w2 · (τ)2)[ � · ~θn + (
�

+ � · ∆t) · ~̇θ · (
�

+ 1/2 · ∆t) · ∆t · ~̈θ] − [F ]] · dt = 0 (20)

Resolvendo a integração, nota-se que seriam necessários os seguintes termos:
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W0,2 =

∫ t1

t0

(w0 + w1 · τ + w2 · τ
2) · dτ =

[

w0τ +
w1τ

2

2
+

w2τ
3

3

]1

0

= w0 +
w1

2
+

w2

3
(21)

W2,1 =

∫ t1

t0

(w0 + w1 · τ + w2 · τ
2) · τ · dτ =

[

w0τ

2
+

w1τ
2

3
+

w2τ
3

4

]1

0

=
w0

2
+

w1

3
+

w2

4
(22)

W2,2 =

∫ t1

t0

(w0 + w1 · τ + w2 · τ
2) · τ2

· dτ =

[

w0τ

3
+

w1τ
2

4
+

w2τ
3

5

]1

0

=
w0

3
+

w1

4
+

w2

5
(23)

���
=

∫ ∆t

0

(w0 + w1 · τ + w2 · τ
2) · [F ] · dt (24)

Desta forma, a equação geral apresentada em (20) passa a ser expressa na forma rearranjada para se obter a solução
da segunda derivada:

~̈θ =

� �
− W2,0 · � · ~θn − (W2,0 ·

�
+ W2,1 · � · ∆t) · ~̇θ

∆t · (W2,1 ·
�

+ 1/2 · W2,2 · � · ∆t)
(25)

De posse do valor de ~̈θ é possível encontrar facilmente os valores para a primeira derivada utilizando-se o método de
diferenças finitas:

~θn+1 = ~θn + ~̇θ · ∆t + ~̈θ ·
∆t2

2
(26)

~̇θn+1 = ~̇θ + ~̈θ · ∆t (27)

Tabela 2: Valores das funções de aproximação para os diversos
algoritmos de 2a ordem.

Algoritmo Função de Aproximação
Dupont W = 1 − 19/3 · τ + 20/3 · τ 2

Gear W = 1 − 36/5 · τ + 8 · τ 2

Lees W = 1 − 60/11 · τ + 60/11 · τ 2

Liniger-1 W = 1 − 146, 82 · τ − 279, 091 · τ 2

Liniger-2 W = 1 − 8, 88424 · τ + 10, 0961 · τ 2

Runge-Kutta W = 1 − 8 · τ − 10 · τ 2

Zlamal W = 1 − 236/39τ − 80/13 · τ 2

Obs: τ = (t − tn )/∆t,

a partir do qual o procedimento de marcha se repete.
Deve-se observar que se faz necessária uma primeira es-

timativa do valor inicial da primeira derivada ~̇θ0, uma
vez que em geral somente os valores de temperatura ini-
cial são conhecidos.

Da mesma forma que para as expressões de primeira
ordem, Tamma et al., 1997 apresentam uma sériede ex-
pressões para se obter esquemas usuais de discretização
de segunda ordem. Um resumo destes coeficientes está
apresentado na tabela (2).

2.2.3. Aproximação de Terceira Ordem

Fazendo-se uma aproximação de terceiro grau para
o tempo e usando os quatro primeiros termos da série de
Tayor para expressar o perfil de temperaturas, tem-se:

W3(τ) = w0 + w1 · τ + w2 · (τ)2 + w3 · (τ)3 (28)

~θn+1 = ~θn + ~̇θ · ∆t · τ + 1/2 · (τ)2 · (∆t)2~̈θ + 1/6 · (τ)3 · (∆t)3~θ(3) (29)

Usando estas expressões na equação (8):

∫ t1

t0

[(w0 + w1 · τ + w2 · τ
2 + w3 · τ

3)[ � · ~θn + (
�

+ � · ∆t) · ~̇θ + (
�

+ 1/2 · � · ∆t) · ∆t · ~̈θ

+ (1/2 ·
�

+ 1/6 · � · ∆t) · ∆t2 · ~θ(3))] − [F ]] · dt = 0 (30)
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Resolvendo a integração, nota-se que seriam necessários os seguintes termos:

W3,0 =

∫ t1

t0

(w0 + w1 · τ + w2 · τ
2 + w3 · τ

3) · dτ = w0 +
w1

2
+

w2

3
+

w3

4
(31)

W3,1 =

∫ t1

t0

(w0 + w1 · τ + w2 · τ
2 + w3 · τ

3) · τ · dτ =
w0

2
+

w1

3
+

w2

4
+

w3

5
(32)

W3,2 =

∫ t1

t0

(w0 + w1 · τ + w2 · τ
2) · τ2

· dτ =
w0

3
+

w1

4
+

w2

5
+

w3

6
(33)

W3,3 =

∫ t1

t0

(w0 + w1 · τ + w2 · τ
2) · τ3

· dτ =
w0

4
+

w1

5
+

w2

6
+

w3

7
(34)

�
3 =

∫ ∆t

0

(w0 + w1 · τ + w2 · τ
2 + w3 · τ

3) · [F ] · dt (35)

Desta forma, a equação geral apresentada em (30) passa a ser expressa na seguinte forma, sendo rearranjada para se
obter a solução da terceira derivada:

~θ(3) =
F3 − W3,0 · � · ~θn + (W3,0 ·

�
− W3,1 · � · ∆t) · ~̇θ − (W3,1 ·

�
+ 1/2 · W3,2 · � · ∆t) · ∆t · ~̈θ

(1/2 · W3,2 ·
�

+ 1/6 · W3,3 · � · ∆t) · ∆t2
(36)

De posse do valor de ~θ(3) é possível encontrar facilmente os valores para a primeira e a segunda derivada utilizando-se
o método de diferenças finitas:

~θn+1 = ~θn + ~̇θ · ∆t + ~̈θ ·
∆t2

2
+ ~θ(3)

·
∆t3

6
(37)

~̇θn+1 = ~̇θ + ~̈θ · ∆t + ~θ(3)
·
∆t2

2
(38)

~̈θn+1 = ~̈θ + ~θ(3)
· ∆t (39)

a partir do qual o procedimento de marcha se repete. Deve-se observar que se faz necessária uma primeira estimativa do

valores iniciais da primeira e da segunda derivada (~̇θ0 e ~̈θ0, respectivamente), uma vez que em geral somente os valores
de temperatura inicial são conhecidos.

Tabela 3: Valores das funções de aproximação para os diversos algoritmos.

Algoritmo Função de Aproximação
Houbolt W = 1 − 615/46 · τ + 825/23 · τ 2

− 1155/46 · τ3

Wilson-θ W = 1 − 1829/137 · τ + 4925/137 · τ 2
− 3465/137 · τ3

Bossak-Newmark W = 1 − 180/13 · τ + 495/13 · τ 2
− 350/13 · τ3

Hilber-Hughes-Taylor W = 1 − 44478/3229 · τ + 120990/3229 · τ 2
− 85680/3229 · τ3

Obs: τ = (t − tn)/∆t,

Da mesma forma que para
as expressões de primeira or-
dem, Tamma et al., 1997 apre-
sentam uma sériede expres-
sões para se obter esquemas
usuais de discretização de ter-
ceira ordem. Um resumo des-
tes coeficientes está apresen-
tado na tabela (3).

2.3. Solução Analítica

Segundo Incropera e Dewit, 2003 a solução analítica, fundamental para efeitos de comparação, é composta por uma
série de infinitos termos, obtida com base no método da separação de variáveis. Ela pode ser facilmente encontrada em
qualquer livro texto de transmissão de calor e é constituída pelas seguintes equações:

θ =

∞
∑

i=1

Ci · exp(−ζ2
i · τ) · cos(ζi · x) onde ζi · tan(ζi) = Bi e Ci =

4 · sin(ζi)

2ζi + sin(2ζi)
(40)

sendo, ainda que para o caso onde a temperatura da parede é especificada a solução da equação (40), deve ser obtida para
quando Bi → ∞.

Com todas estas informações, pode-se facilmente plotar a solução analítica do problema e, embora seja impossível
usar os infinitos termos, pode-se representar a solução analítica com boa precisão. Para efeito de comparação neste
trabalho, foram utilizados os 90 primeiros termos da série.
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3. Resultados

Com base neste procedimento uma série de resultados para os modelos de primeira a terceira ordem foram obtidos e
comparados com a solução analítica. Os resultados obtidos para o caso estudado podem ser vistos nas fig. (2) a (5). Nestas
figuras são apresentadas a solução com base em todos os esquemas apresentados anteriormente na metodologia, de todas
as ordens para as mesmas condições de malha e incremtento de tempo. Desta forma, é possível uma análise comparativa
mais clara do comportamento de cada uma das soluções para problema apresentado.

Os resultados para a solução do problema obtidos a partir da implementação de esquemas de primeira ordem podem
ser vistos na fig.(2). Nestes gráficos, estão mostrados o desenvolvimento das temperaturas para o ponto x∗ = 0,5,
fig.(2a), e o desvio entre cada solução numérica e a solução analítica nos tempos analisados, fig.(2b). A comparação da
solução analítica com cada um dos modelos apresentados foi realizada usando valores para ∆x∗ = 0,1 e ∆τ = 0,1.
Nota-se claramente através da análise destes gráficos que a qualidade do resultado obtido pode ser melhorada, de forma
significativa, em função do esquema a ser utilizado.

Com base nesta análise os métodos que apresentaram melhor precisão do problema estudado: Ímplicito (Euler avan-
çado), Liniger, Galerkin e Crank-Nicholson, de acordo com a fig.(2). Para cada caso, foram estudados o comportamento
do desvio em relação à solução analítica em função da variação nos incrementos de tempo e na malha utilizada. Maiores
detalhes dos desenvolvimento deste estudo podem ser encontrados em Scalon et al., 2005b, onde diversos gráficos do
comportamento da solução com refinamento da malha foram analisados e discutidos. Entretanto, a conclusão mostra o
que pode ser visto neste gráfico de que, para o problema de difusão de calor proposto, o esquema de Crank-Nicholson foi
o que apresentou os melhores resultados.

De maneira análoga, a fig.(3) apresenta um comparativo entre os modelos de segunda ordem e a solução analítica para
os 90 primeiros termos da série e ∆x∗ = 0,1 e ∆t = 0,1 e a fig.(4) apresenta um compativo de desvios entre os modelos
numéricos de segunda ordem e a solução analítica. A análise é feita para a evolução transiente do mesmo ponto x∗ = 0,5
que o desenvolvido para o esquema de primeira ordem. Uma análise da comparação apresentada mostra que os modelos
de Gear e de Dupont foram os que apresentaram os melhores resultados.

De maneira geral, não se percebe nos modelos de segunda ordem menores desvios em relação à solução analítica que
os apresentados nos modelos de primeira ordem. Nota-se que a convergência se deu através de um processo oscilatório
em torno da solução analiítica, o que não foi verificado nos modelos de primeira ordem. Principalmente nos estágios
iniciais as técnicas de segunda ordem apresentaram piores resultados que as de primeira ordem e tenderam a melhorar
com o desenvolvimento do trabalho. Para esta aproximação, o critério adotado para estimar o valor da primeira derivada e
dar partida da solução foi o de utilizar uma malha com ∆x∗ muito pequeno e tentar avaliar a derivada com maior precisão.
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(a) Solução analítica e numéricas de primeira ordem (b) Comparativo de desvios

Figura 2: Comparativo entre a solução análitica e numéricas de primeira ordem e seus respectivos desvios.
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Figura 3: Comparativo entre a solução análitica e numéricas de segunda ordem.

Maiores detalhes sobre o comportamento dos esquemas mais importantes com a malha podem ser encontrados em Scalon
et al., 2005a.

O mesmo procedimento adotado para os esquemas de primeira e segundas ordem foi repetido para os de terceira
ordem. As condições de análise foram as mesmas, ∆x∗ = 0,1 e ∆t = 0,1, assim como o ponto analisado: x∗ = 0,5.
Desta forma, a fig.(5) apresenta um comparativo entre os modelos de terceira ordem e a solução analítica e oseu respectivo
desvio, fig.(6). Da análise deste gráfico é possível notar que os modelos de Wilson, de Houlbolt e de Hilber-Hughes-
Taylor apresentaram os melhores resultados. Cabe ressaltar ainda que o esquema de Bossak-Newmark para estas mesmas
condições não conseguiu alcançar a convergência da solução. Por conta disto o modelo foi descartado e não aparece nas
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Figura 4: Desvios entre a solução análitica e numéricas de segunda ordem.
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Figura 5: Comparativo entre a solução análitica e numéricas de terceira ordem.

referidas figuras. Outro fato que merece destaque é que, embora tenha convergido, o método de Hilber-Hughes-Taylor
apresentou oscilações em torno da solução analítica como pode ser visto claramente na fig.(6).

As fig.(7), (8) e (9) mostram as as implementações de terceira ordem utilizadas e o comportamento dos desvios em
função da da malha e incremento de tempo. Todos os esquemas: Houlbolt, Wilson-θ e Hilber-Hughes-Taylor, apresentam
comportamento similar e portanto a discussão será feita para todos os modelos globalmente. É possível notar, em todos
os casos, que o refinamento no tempo, por se tratar de um método de alta ordem, não apresentou variação perceptível
na solução obtida para a malha ∆x∗ = 0,1. Entretanto, em todos os esquemas foi possível notar uma melhora com o
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Figura 6: Desvios entre a solução análitica e numéricas de terceira ordem e seus respectivos desvios.
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(a) Refinamento de malha (b) Refinamento de tempo

Figura 7: Desvios em relação à solução analítica para o esquema Houlbolt.

refinamento da malha em tempos avaçados mantendo-se ∆τ = 0,1. Desta forma, nota-se claramente que o refinamento
da malha é a única forma de conseguir melhorar a precisão do modelo nas condições estabelecidas.

Com relação às diversas possíveis implementações e o seu comportamento na resolução do problema pode se observar
que os métodos alternativos de Houlbolt, Wilson-θ e Hilber-Hughes-Taylor de terceira ordem podem ser boas alternativas
para a solução de problemas transitórios, destacando-se pela maior precisão, os dois últimos.

4. Conclusão

Com base nos estudos desenvolvidos neste trabalho, pode-se afirmar que os esquemas baseados na família de fun-
ções peso para o tempo Wp, apresentaram boa concordância com a solução analítica mesmo trabalhando com valores
relativamente altos de incremento de tempo.

Esta implementação é, em termos de resultados equivalente à implementação tradicional. Entretanto, pode-se dizer
que aimplementação Wp apresenta uma facilidade muito maior de troca do esquema utilizado: bastando para isto que se
substitua os coeficientes do polinômio. Pode-se dizer que a grande vantagem deste tipo de formulação seja, justamente,
o fato de deixar inalterada a discretização da geometria do problema. Desta forma, podem ser mantidas quaisquer tipos
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Figura 8: Desvios em relação à solução analítica para o esquema Wilson-θ.
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Figura 9: Desvios em relação à solução analítica para o esquema Hilber-Hughes-Taylor.

de características da discretização no espaço, seja no que tange a funções de aproximação, ou mesmo, esquemas adotados
para função peso e, com pequenas alterações, mudar a discretização no tempo.

Entretanto, pode-se afirmar com base nos resultados apresentados que o aumento da ordem do esquema no tempo
diminui o desvio em relação à solução analítica, principalmente para tempos afastados do instante inicial. Além disto, em
função de sua própria natureza, os problemas de terceira ordem apresentaram comportamento praticamente independente
dos valores utilizados como incremento de tempo.

Foi possível, ainda, verificar ainda que a utilização de malhas muito refinadas para a estimativa da primeira e segundas
derivadas, quando isto é necessário, com esquemas de ordem mais baixa induziu oscilações na solução. Estimativas feitas
da mesma forma mas com a malha utilizada na solução apresentaram melhores resultados.

Para finalizar, os resultados mostraram que para o problema proposto, os métodos de terceira ordem de Wilson-θ e
Hilber-Hughes-Taylor apresentaram excelentes resultados na faixa considerada, embora este último tenha apresentado
convergência oscilante.
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Abstract
The development of numerical methods associated to the evolution of computers processors leads to a new alternative for physical

formulation. So, in a different way of 20 years ago, the numerical model for study physical phenomenon is much more cheap than realize
an experimental study. Physical problems with transient analisys are ussually complex and the use of lowers time increments leads to a
long time to achieve the complete solution. Thus, in this paper a comparative analysis of first, second and third order Wp schemes for
solution by finite elements methods wiil be done. This implementation for parabolic systems were presented as an integral operators
series with the objective to achieve the time integration. In a different way of the tradidional methods, this family schemes uses also
a weight function for the time in the transient analysis. In this scheme, it’s possible obtain a equation system through integrations by
parts. The advantage of this formulation is the maintenance of the problem geometry and any other characteristics of the discretization
in space: approximation functions and schemes for the weighting functions. For the results validation, it was chosen a one-dimensional
transient conduction problem in a plain wall, which the analytical solution is known. The results using the Wp scheme of first, second
and third orders and the errors of these solutions were analyzed as function of time and mesh.
Keywords: Transient Analysis, Finite Element Method, Wp Transient Schemes.
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c�Uoe

Λ
n+1/2

2

� � X`bpgV$c�\^US¡

ρn+1
s − ρn

s

∆t
= Λn+1/2

x

(

ρn+1
s + ρn

s

)

+ Λn+1/2
y

(

ρn+1
s + ρn

s

)

+ f
n+1/2

1

z�|����

ρn+1
m − ρn

m

∆t
= Λ

n+1/2

2

(

ρn+1
m + ρn

m

)

+ f
n+1/2

2

z�|�}��

 �WoX�`b[GX,]$c6V�`�]	Z
Λ

n+1/2
x

�
Λ

n+1/2
y

cbUoe
Λ

n+1/2

2

c�U�e�V	WYXa3�YUoh�V�\^`bUoZ
f

n+1/2

1

cbUoe
f

n+1/2

2

cb]�XegX�§�UYX�e;cbZ�¡

Λn+1/2
x =

Ds

2

∂2

∂x2
− 1

4
vsdc

(

ρn+1
s + ρn

s

2

)

− β

4

z4¨�~��

Λn+1/2
y =

Ds

2

∂2

∂x2
− 1

4
vsdc

(

ρn+1
s + ρn

s

2

)

− β

4

z4¨g|��

f
n+1/2

1 = σ +
γ

2

(

ρn+1
s + ρn

s

2

)2
(

ρn+1
m + ρn

m

) z4¨b¨b�

Λ
n+1/2

2 =
1

2

∂

∂x

[

vg

γ
[(

ρn+1
s + ρn

s

)

/2
]2

∂

∂x
vg

]

− γ

(

ρn+1
s + ρn

s

2

)2 z4¨�¯��

f
n+1/2

2 = β

(

ρn+1
s + ρn

s

2

) z4¨����

¯
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�g\_Uoh,XfV	WYX�`�[�X�]	c�V�`b]$Z
Λ

n+1/2
x

�
Λ

n+1/2
x

cbUoe
Λ

n+1/2

2

�Gc�Z � X,d^d�c�Z�V�WoXfa3�YUoh�V�\^`bUoZ
f

n+1/2

1

cbUoe
f

n+1/2

2

h�`�U�V	c�\^U;V�X�]�i�Z
\^U�V�WYX�UoX � Z�V$c��bX�� � Xfeg`5\^U�V�X,]	Uocbd£\ V	X,]$c6V�\^`bU�Z�c�V�X�c�h$W+V	\_i5XfZ�V�X,[��Ycbh,h,`b]$eg\^UY��V	`o¡

ρn,k+1
s − ρn

s

∆t
= Λn+1/2

x

(

ρn,k+1
s − ρn

s

)

+ Λn+1/2
y

(

ρn,k+1
s − ρn

s

)

+ f
n+1/2

1

z4¨b�b�

ρn,k+1
m − ρn

m

∆t
= Λ

n+1/2

2

(

ρn,k+1
m ρn

m

)

+ f
n+1/2

2

z4¨����

� WoX,]	X�V	WYXfZ��Y[�X�]	Z	h�]	\^[gV
(n, k + 1)

\)egX,U�V	\ §oX�Z�V�WYX=��UYX � ��\ V	X,]$c6V	\_`�US�
(n, k)

cbUoe
n

Z�V	cbUoe�a3`�]�V�WYX�l6c�d^�YX�Z�`bpgV$c�\^UYX�e+\_U�V�WoX
[o]�X�l�\^`b��Z�\_V�X,]$c6V	\_`�U¥c�U�e¤\_UNV�WYXk[Y]	X,l0\_`��oZ�V	\_i5XkZ�V	X,[S�¦]	X�Z�[�X�h�V�\^lbX�d_q��� �WYX:`b[GX,]$c6V	`b]$Z

Λ
n+1/2
x

�
Λ

n+1/2
y

�
Λ

n+1/2

2

c�Uoe¤V�WYX
a3�oUoh�V	\_`�UoZ

f
n+1/2

1

c�Uoe
f

n+1/2

2

c�]	X�]	X�eYX�§oUYX�e;cbZ�¡

Λn+1/2
x =

Ds

2

∂2

∂x2
− 1

4
vsdcS

n+1/2 − β

4

z4¨����

Λn+1/2
y =

Ds

2

∂2

∂x2
− 1

4
vsdcS

n+1/2 − β

4

z4¨����

f
n+1/2

1 = σ +
γ

2

(

Sn+1/2
)2
(

ρn,k
m + ρn

m

) z4¨�}��

Λ
n+1/2

2 =
∂

∂x

(

vg

2γ
(

Sn+1/2
)2

∂

∂x
vg

)

− γ
(

Sn+1/2
)2 z!¯b~��

f
n+1/2

2 = βSn+1/2, � WYX,]	Xb¡
Sn+1/2 =

ρn,k
s + ρn

s

2

z!¯Y|��

 �WoX�\ V	X,]$c6V�\^`bU�Z�[Y]�`gh,X,X�e��YU�V�\^d¦V�WoXa3`bd^d_` � \^UY��h�]	\ V	X,]	\^c:\)Z�Z�c�V�\)Z�§�X�e£¡
i�c6n ||ρn,K+1

s − ρn,K
s ||

i�c�n ||ρn,K
s ||

< δ
c�Uoe i�c6n ||ρn,K+1

m − ρn,K
m ||

i�c6n ||ρn,K
m ||

< δ

\^U¥cbd_dS��]�\)e�[�`�\_U�V$Z,�oa3`b]�c�h,X,]�V	cb\_U
K

�� �WYX�U;V�WYX�d^c�Z�V=\_V�X�]	c�V�\^`bU;�b\^lbX�Z�V�WYX:l6c�d^�YX�`�a�V�WoX:Z�`b�Y��W�V�a3�YU�h�V�\^`bU�Z=\^U;V�WYXs��UYX � �
V	\_i5X�Z�V�X�[S�

ρn+1
s

def
= ρn,K+1

s

X�V
ρn+1

m
def
= ρn,K+1

s

�

��F ��F�H�I ¸8æ���º¹· éé·½¶4¼�ä)¿�é I ¸
ρs

¸����4µ-éB·¹ä6¶

 �WoXfZ�[Yd^\_V�V�\^UY�5`�a��-�G��z4¨b�b��\)Z�i�cbegX�c�h,h�`�]	eY\_UY�:V�`�¡

ρ̃s − ρn
s

∆t
= Λn+1/2

x ρ̃s + Λn+1/2
y ρn

s + f
n+1/2

1 +
(

Λn+1/2
x + Λn+1/2

y

)

ρn
s

z!¯�¨b�

ρn,k+1
s − ρ̃s

∆t
= Λn+1/2

y

(

ρn,k+1
s − ρn

s

) z!¯b¯��

T#U;`�]	egX�]�V�`�Z�WY` � V�W�c6V�V�WoXfZ�[Yd^\_V�V�\^UY��]	X,[Y]	X�Z�X,U�V$Z-V	WYX�`b]	\^�b\^Uoc�d£Z	h$WYX,i5Xb� � X]�X � ]�\_V�X �-�0Z���zK¯�¨b��c�U�e�z!¯b¯���\^U�V�WYXsa3`�]�i;¡
(

E − ∆t Λn+1/2
x

)

ρ̃s =
(

E + ∆t Λn+1/2
y

)

ρn
s + ∆t f

n+1/2

1 +
(

∆t Λn+1/2
x + ∆t Λn+1/2

y

)

ρn
s

z!¯ ���
(

E − ∆t Λn+1/2
y

)

ρn,k+1
s = ρ̃s − ∆t Λn+1/2

y ρn
s

z!¯��b�

� WoX,]	X
E

\^Z¦V	WYX7�YUo\ V�q�`b[GX,]$c6V�`�]��S �WoX7\_U�V	X,]	ikX�eg\)c6V�X�l6c�]	\)c�pYd^X
ρ̃s

\)Z£X,d^\^ik\^Uoc�V�X�esp0q�cb[Y[Yd^q0\_UY��V	WYX7`�[�X�]	c�V�`b] (
E − ∆t Λ

n+1/2
x

)

V	`5V�WYXfZ�X�h,`bUoe�X����oc�V�\^`bU;c�Uoe�p0q+Z��Yi5ik\^UY�5V	WYX�]�X�Z��od V�V�`5V	WYXs§o]$Z�V�`�UYXb¡
(

E − ∆t Λn+1/2
x

)(

E − ∆t Λn+1/2
y

)

ρn,k+1
s =

(

E + ∆t Λn+1/2
y

)

ρn
s − z!¯b���

(

E − ∆t Λn+1/2
x

)

∆t Λn+1/2
y ρn

s + ∆t f
n+1/2

1 +
(

∆t Λn+1/2
x + ∆t Λn+1/2

y

)

ρn
s

z!¯����

V	WY\)Z�]�X�Z��od V�i�c�q�pGX�]�X � ]�\_V�V	X,U;cbZ�¡
(

E + ∆t2 Λn+1/2
x Λn+1/2

y

)

= ∆t
(

Λn+1/2
x + Λn+1/2

y

)

(

ρn,k+1
s + ρn

s

)

+ ∆t f
n+1/2

1

`�]�X,\_V�WYX�]�¡
(

E + ∆t2 Λn+1/2
x Λn+1/2

y

) ρn,k+1
s − ρn

s

∆t
=
(

Λn+1/2
x + Λn+1/2

y

) ρn,k+1
s − ρn

s

2
+ f

n+1/2

1

z!¯b���

�
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� h,`bi5[ocb]�\)Z�`�U � \_V�W �-�G�-z!¨��b�sZ�WY` � Z�V�Woc�V ������zK¯b����\^Z�c�h�V���c�d^d_qNX����Y\_l6cbd_X�U�VV	`�V	WYXk§o]$Z�V�`bUoXkX,nYh�X,[YVp0q¤V	WYX�egX,§oUYX�e
[G`�Z�\_V�\^lbX�`b[GX,]$c6V	`b]�Woc�l0\_Uo�5ckUY`�]�i �b]	X�c6V	X,]�V�W�c�U�`bUYX��

B ≡ E + ∆t2 Λn+1/2
x Λn+1/2

y = E + O
(

∆t2
)

� Wo\^h$W c�h�V$Z�`�U&V�WYX�V�X�]�i (

ρn,k+1
s − ρn

s

)

/∆t
�� �WY\)Zfi5X�cbUoZ�V�Woc�V�V�Wo\^Z:`b[GX,]$c6V	`b]:eY`�X�ZfUY`bVkh$WocbUY�bX�V�WYX�Z�V	X�cbeYq&Z�V	c�V�X

Z�`bd^�gV	\_`�US�7�Y�Y]�V�WoX,]	ik`�]�X��gZ�\^Uoh�X ||B|| > 1
V�WoXfZ�[Yd^\_V�\^UY��Z�h$WYX�i5Xs\)Z�i5`b]	X�Z�V$c�pYd^XsV�WocbU�V�WYX`b]	\^�b\^Uoc�d£Z	h$WYX,i5Xb�

��F���F�� ��µ-é·½µpº�R/·¹æ #%¾�¸�é·��:µ-éB·¹ä6¶

 �WoX+�b]	\)ej\^Z��Z�V$c��b��X,]	X�e���c�U�e&V�WYX;eg\)Z�h,]�X,V�\���c�V�\^`bUj`�a�V	WYX;eg\ ¦�oZ�\_l�X�V	X,]	i `�a��-�G��z�|��b��\)Z:i5c�egX�c�h,h,`b]$eg\_Uo�¤V�`¥V�WYX
a3`�d_d^` � \^UY�ka3`b]	i��Yd)cY� � WY\)h$W�[Y]�X�Z�X�]�l�X�Z-V�WYXfh,`bUoZ�X,]	l6c6V	\_`�U+d)c � \^ik[od_\)h�\_V=\^U+V	WYXfeg\^lbX,]	�bX�Uoh�X�¡

∆t
∂

∂x

[

vg

γρ2
s

∂

∂x
vgρm

]

≈ ∆t
∂

∂x

[

vg

γ(Sn+1/2)2
∂

∂x
vg

ρn,k+1
m + ρn

m

2

]

�=[�`�U � ]�\_V�V	\_UY��¡

Qi,j =
∆t vg

4γ(S
n+1/2

i,j )2

� X�]	X,[Yd)cbh,X=V	WYXfeg\_G�oZ�\^lbXV�X�]�i `�a
ρm

p0q¦¡

∆t

2

∂

∂x

[

vg

γρ2
s

∂

∂x
vgρm

]

≈ z!¯b}��

(Qi,j + Qi,j+1)
vg

∆x
((ρm)i,j+1 − (ρm)i,j) − (Qi,j−1 + Qi,j)

vg

∆x
((ρm)i,j − (ρm)i,j−1) =

z ��~��

(Qi,j−1 + Qi,j)
vg

∆x
(ρm)i,j−1 − (Qi,j−1 − 2Qi,j + Qi,j+1) (ρm)i,j + (Qi,j + Qi,j+1) (ρm)i,j+1

z	�o|��

 �WoXfeg\ ¦�oZ�\_l�XsV�X,]	i�Z�`�a �-�G��z�|�����c�]	X � ]�\_V�V	X,U�\_U¤eg\)Z	h�]	X�V�Xsa3`�]�i p0q���Z�\^UY�kV�WYX���Z��ocbd¦V�WY]	X,X[G`b\^U�V	Z�h,X,U�V�]	X�e+a3`b]	i��Yd)cY�0`ba
Z�X�h,`bUoe�`�]	egX�]�� ��X��Yi�c�UYU;pG`b�YUoeoc�]	q�h�`�Uoeg\_V�\^`bUoZ=c�]	Xs��Z�X�e;\_U;V	WYX�\_U�V	X,�b]$c6V	\_`�U;`�a9V�WYXf��� i5`0eYX,d4� � \_V�WNegX�]�\^l6c6V�\^lbX�Z�\_U
V	WYX�eg\^]�X�h�V�\^`bU�[�X�]�[GX,U�eg\^h,�Yd)c�]�V�`:V�WYX � c�d^d^Z�X����ocbd�V	` ��X,]	`o�� �WYXc�d^�bX,po]	cb\^h�d^\^UYX�cb]�Z�qgZ�V	X,i�Z � X�]�XsZ�`�d_l�X�e��oZ�\^UY�kc:]	`b�gV	\_UYX
� \_V�W���c��oZ	Z�\^cbU�X,d^\^ik\^Uoc�V�\^`bU5c�Uoek[Y\^lb`bV�\^UY�o� � ]	\_V�V�X�U5p�q ����T��$��WY]	\^Z�V�`6l¦�6a3]	`bi V�WYX �=UY\_l�X,]$Z�\_V�qf`ba��S`��Y\)Z�\)c�Uocc�V���c6aKc�q�X�V�V	Xb�

��F
	 ¸Læ �/º éBæ

�mXs[Y]�X�Z�X�U�V-V�WoX�]	X�Z��Yd_V�`�a�`bUYXsZ�\^i��Yd)c6V	\_`�U � \_V�W�V	WYXsUY`bUYd^\^UYX�cb]�eg\_a3�oZ�\_`�U+`�a
ρm

��]	�YU�\_U�c�Z	����c�]	X�p�`�n � \_V�W
20µm×

5µm
���oZ�\_UY�fc��]�\)e5h�`�U�V$c�\^UYUY\^UY�

3000×750
[�`�\_U�V	Z��� �WYX�\^UY\ V	\^cbd�h,`bUoeg\_V�\^`bU�h,`bUoZ�\)Z�V$Z/`�aGV�WYX=V�\^i5X�\_U�egX,[GX,UoeYX,U�V-�YUY\_a3`b]	i

p�cbZ�XZ�V	c�V�X�[Yd^�oZ�c5]$c�UoeY`bi � \_V�W �,X�]�`5i5X�cbUS�
 �WoX-i5`gegX,d�[oc�]$c�i5X�V	X,]$ZScbeY`b[gV	X�e\^U�V�WYX�Z�\^i��od^c�V�\^`bUfc�]	X

vs = 1µm cm−1
�
dc = 2.5−2µm

�
Ds = 3×10−3µm2cy−1

�
vg = 102µm cy−1

�
γ = 2× 10−2

�
σ = 250µm−2cy−1

�/ �WYX�Z�\_i:�Yd)c6V�\^`bU�Z � X,]	X�]��YU � \ V	W+c�V	\_i5X�Z�V�X�[�`�a
2.5× 10−3cy

�
���Y]	\_Uo�:V	WYXfZ�\_i:�Yd^c�V�\^`bUoZ�� � Xsi5`�UY\ V	`b]	XsV�WYX�l�X,d^`0h,\ V�q�`ba9X�lb`�d_�gV	\_`�U�`ba�V	WYX�[oc6V�V�X�]�UoZ��gp0q+i5X�c�Z��o]�\^UY�o¡

L1 =
1

∆t

∑

ij |ρn+1
s − ρn

s | +
∑

ij |ρn+1
m − ρn

m|
∑

ij |ρn+1
s | +

∑

ij |ρn+1
m |

z	��¨b�

� WoX,]	X�V	WYXfZ��Yi5i5c�V�\^`bUoZ�cb]�Xsi�cbegX`6l�X,]�c�d^d£[�`�\_U�V	Z
(i, j)

`�a�V	WYX��b]	\)e£�/ �WYX�Z�\^i��Yd)c6V	\_`�UoZ�[Y]	`gh�X,X�egX�e � WY\^d_XV	WYXlbX,d^`gh�\_V�q
`ba9X�lb`�d_�gV	\_`�U�`ba�V	WYX�[oc6V�V�X�]�UoZ�\)Z�cbp�`6l�Xsc5Z�[�X�h�\_§oX�e�l6c�d^�YXb�

 �WoXs]	X�Z��Yd_V	Z�cb]�Xs[Y]	X�Z�X,U�V�X�e+\^U�V�WYXsa3`bd^d^` � \_�:§o�b�o]�X�Z,�/�9\_��Z,�Sz�|���V	`;z	����Z�WY` � Z�X,d^X�h�V�X�e+a3]$c�i5X�Z�`�a9V�WoX�V	\_i5X�X�lb`bd^�gV	\_`�U
`ba

ρs
�s �WYX�Z�\_i:�Yd)c6V�\^`bU¤X�lb`�d_l�X�Z�V	`�c�Z�X�Vs`�a � cbd_d)Z�[�c�]$c�d^d_X�d£V�`+V�WYXkZ�d^\_[�eg\_]	X�h�V�\^`bUS���9\^�o��zK����Z�WY` � Z�V�WoXfV�\^i5X�X�lb`bd^�gV	\_`�U

`ba
L1

�0V	WYX�U0�Yi�pGX,]�`ba�\_V�X�]	c�V�\^`bUoZ�[GX,]�V	\_i5XfZ�V�X,[¤cbUoe�V	WYX�X,l�`bd^�gV�\^`bU�`�a9V�WoXsi�c�n0\^i��oi `�a
ρs

�

�
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t = 0.00 t = 0.25

t = 1.00 t = 3.00

t = 10.0 t = 20.0

t = 30.0 t = 50.0

t = 70.0 t = 100.0

t = 160.0 t = 181.0

t = 200.0 t = 209.0

t = 250.0 t = 300.0

�9\^�b�Y]	X:|�¡7 �\_i5X�X�lb`bd^�gV	\_`�U+`�a
ρs

zK[oc�]�V�|����

�
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t = 400.0 t = 572.0

t = 691.0 t = 1635.0

t = 1900
� ~

t = 1936.0

t = 2000 t = 2100

t = 2800.0 t = 3400.0

t = 3800 t = 3900.0

t = 4600.0 t = 5648.0

�9\^�b�Y]	X¨Y¡7 �\_i5X�X�lb`bd^�gV	\_`�U+`�a
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Abstract. In this work a systematic procedure is proposed for simulating the conduction heat transfer process in a solid 
with a strong dependence of the thermal conductivity on the temperature. Such kind of inherently nonlinear partial 
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1. Introduction 
 

Most of the conduction heat transfer phenomena are described under the assumption of temperature 
independent thermal conductivity. Such hypothesis is mathematically convenient because, in general, gives 
rise to linear partial differential equations. Nevertheless, the thermal conductivity is always a temperature 
dependent function. Many times, neglecting such dependence (assuming constant thermal conductivity), we 
have an inadequate mathematical description of the conduction heat transfer process. 

The main objective of this work is to provide a reliable and systematic procedure for describing the 
conduction heat transfer in a rigid solid, with temperature dependent thermal conductivity, subjected to linear 
boundary conditions (Newton’s law of cooling). This procedure is exact and employs only the tools utilized in 
problems in which the thermal conductivity is assumed to be a constant. 

The first step consists of employing the Kirchoff transform in order to change the original problem 
into another one consisting of a linear partial differential equation subjected to a nonlinear boundary 
condition. The second step consists of regarding the new problem as the limit of a sequence of linear 
problems. 

So, the problems with temperature dependent thermal conductivity will be regarded as the limit of a 
sequence whose elements are solution of linear problems.  

 
2. Governing Equations 
 

Let us consider a rigid, opaque and isotropic body at rest with domain represented by bounded open 
set Ω  with boundary ∂Ω . The steady-state heat transfer process inside this body is mathematically 
described by the following elliptic partial differential equation 
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( ) 0=+
•

qkgradTdiv    in  Ω                                                                                                  (1) 
 

where T ,  
•

q  and k  denote, respectively, the temperature field, the internal heat generation rate (per unit 
volume) and the thermal conductivity. In this work the thermal conductivity is assumed to be a function of the 
local temperature. In other words, 

( )
^

k k T=                                                                                                                                (2) 
Assuming that body boundary and the environment exchanges energy according to Newton’s law of cooling, 
the boundary conditions associated with equation (1) are given by 
  

Ω∂−=− ∞    on   TThkgradT )()( n                                                                                         (3) 
 
in which n  is the unit outward normal (defined on ∂Ω ), h  is the convection heat transfer coefficient and 

T∞  is a temperature of reference 
 The resulting problem (nonlinear) is given by 
 

( )
Ω∂−=−

Ω=+

∞

•

   on   TThkgradT

   in   qkgradTdiv

)()(

0

n
                                                                                     (4) 

 
3. The Kirchoff Transform 
 
 Since the thermal conductivity is always positive-valued, the new variable ω  (Kirchoff transform) 
defined by 

( )
0

^ ^

( )
T

T
k d f Tω ξ ξ= =∫                                                                                                          (5) 

being an invertible function of T . This definition allows us to write  
 
grad k grad Tω =                                                                                                                 (6) 

So, the original problem can be rewritten as follows 
 

( )
Ω∂−=−

Ω=+

∞
−

•

   on   Tfhgrad

   in   qgraddiv

))(ˆ()(

0
1 ωω

ω

n
                                                                                   (7) 

 

where 
^

1( )T f ω−≡ . Although above problem remains nonlinear, this nonlinearity takes place only on the 
boundary, not in the partial differential equation. It is to be noticed that, since the thermal conductivity is 
everywhere positive, 

0 0 and 0 everywhere
d dT

k
dT d

ω
ω

> ⇒ > >  (8) 

so, the temperature is a strictly increasing function of ω . 
 For instance, if we have 

1 0

2 0

constant   if   

constant   if   

k T T
k

k T T

= <
= 

= ≥
                               (9) 

it is easy to show that 
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−=≡ − ωωω  (10) 

 
 
4. Constructing the Solution from a Sequence of Linear Problems 
 
 The solution of 
 

( )
Ω∂−=−

Ω=+

∞
−

•

   on   Tfhgrad

   in   qgraddiv

))(ˆ()(

0
1 ωω

ω

n
                                                                                                (11) 

 

can be represented by the limit of the nondecreasing sequence [ ]0 1 2, , ,...Φ Φ Φ  whose elements are 

obtained from the solution of the linear problems below 
 

( )

iii

iii

i

Tfh

   on   grad

   in   qgraddiv

Φ−−Φ=

Ω∂+Φ=Φ−

Ω=+Φ

∞
−

++

•

+

αβ

βα

))(ˆ(

)(

0

1

11

1

n                                                                                                     (12) 

 

in which α  is a, sufficiently large, constant and 0 0Φ ≡ .  

It is remarkable that, for each i , the function 1i+Φ  is the unknown and the function  iΦ  is known. 

So, ( )
^

1
if − Φ  is always known in (12), being evaluated from the following equation    

( ) ζζ dk
if

Ti ∫
Φ−

=Φ
)( ^1

^

0

                                                    (13) 

For each spatial position, the root of the above equation is unique. This uniqueness is supported by equation 
(8). 

 The constant α  must be large enough for ensuring that, at any point of Ω , 1i i+Φ ≥Φ . In reference 

[2] such result is proven as well as it is provided an upper bound for the constant α  [3]. For the problem 
considered in this work it is sufficient to choose α  such that  

MIN

h

k
α ≥                                                                              (14) 

where MINk  is the minimum value of the thermal conductivity.  

 
5. Convergence  
 

 The limit of the sequence [ ]0 1 2, , ,...Φ Φ Φ , denoted here by ∞Φ  exists and is, in fact, a solution of 

the problem. To prove this assertion, let us begin showing that ∞Φ  is a solution of (7). In other words 
 

( )
Ω∂−Φ=Φ−

Ω=+Φ

∞∞
−

∞

•

∞

   on   Tfhgrad

   in   qgraddiv

))(ˆ()(

0
1n

          (15) 
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Since β∞  is given by 

( )
^

1h f Tβ α−
∞ ∞ ∞ ∞

 
= Φ − − Φ 

 
                                       (16) 

we have that (12) and (15) coincide. So, ∞Φ  is a solution. Now, taking into account that the sequence is 
nondecreasing and has an upper bound, we ensure the convergence, once that the solution of (15) belongs to 
the same space of the solutions of (12) for each i  [4] e [5].  
 
6. An Example 
 
 Let us consider the following problem  (spherical body with uniform heat generation, surrounded by 

the same medium, with 1h =  and 1T∞ =  - in some system of units) 

 

2
2

1
1 0 0 1

1

d dT
r k for r

r dr dr

dT
k T at r

dr

   + = ≤ <    

− = =

                                                                             (17) 

in which it is assumed that T  represents an absolute temperature and 3 2k T= +  . The solution is easily 
reached and given by  

( )
1/ 2

212
1

3 9

r
T

 −
 = − + +
  

                                                     (18) 

Now, let us employ the proposed procedure. With the Kirchoff transform, the problem  yields 

( )

2
2

1/ 2^
1

1
1 0 0 1

2 4 2
1

3 9 3

d d
r for r

r dr dr

d
f at r

dr

ω

ω ω
ω−

   + = ≤ <    

 − = = − + + =  

  (19) 

The linear procedure for reaching the elements of the sequence is represented as follows 

2 1
2

1
1

1/ 2

1
1 0 0 1

1

22 4

3 9 3

i

i
i i

i
i i

dd
r for r

r dr dr

d
at r

dr
α β

β α

+

+
+

 Φ   + = ≤ <  
  
Φ

− = Φ + =

Φ = − + + − Φ  

                (20) 

or, simply as 

2 1
2

1/ 2

1
1

1
1 0 0 1

22 4
1

3 9 3

i

i i
i i

dd
r for r

r dr dr

d
at r

dr
α α

+

+
+

 Φ   + = ≤ <  
  

Φ Φ − = Φ − Φ − + + =  

 (21) 

Since the problem makes sense only for 0T > , we have that 2MINk > . So, we can work with any 

1/ 2α ≥ . We shall use 3α = ! 
 The general solution of equation  
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2 1
2

1
1 0 0 1idd

r for r
r dr dr

+ Φ   + = ≤ <  
  

                 (22) 

is  
2

1 1 0 1
6i i

r
C for r+ +Φ = − + ≤ <                                    (23) 

where the constant 1iC + , for 0i > , is obtained from the boundary condition. In other words,  
1/ 2

1

1 1 1 2 4 2 1
3 3

3 6 6 3 9 3 6i i iC C C+

      = − + − − + − + + − +           
                                            (24) 

Then,  

1

1 1 2
1

3 3 3i i iC C C+

 
= + − + 

 
                                            (25) 

The constant 1C  is obtained from 

1 1

1 1 5
3

3 6 18
C C

 = − + ⇒ =  
                                     (26) 

If we employ 20α = , then  

1

1 1 2
1

20 3 3i i iC C C+

 
= + − + 

 
                                        (27) 

and the constant 1C  is obtained from 

1 1

1 1 11
20

3 6 60
C C

 = − + ⇒ =  
                                     (28) 

Table 1 presents a comparison between the values obtained for iC  with two distinct values of α  

 
 3α =  20α =  

i =  
iC =  iC =  

1 
2 
3 
4 
5 
10 
20 
50 
100 
500 
1000 

0.371083678318 
0.450399853146 
0.518403223696 
0.577078085519 
0.627951577215 
0.800503112959 
0.940194171974 
0.998272514569 
0.999995202718 
0.999999985099 
0.999999985099 

0.199585905322 
0.215439507012 
0.230908373418 
0.246005928926 
0.260744856563 
0.329459272507 
0.445715284244 
0.679342555325 
0.866108252119 
0.999842551009 
0.999999949824 

 
Table 1 – A comparison between results obtained with 3α = and 20α = . 

 

It can be proven that 1C∞ = . Hence, the limit of the sequence is given by 
2

1 0 1
6

r
for r∞Φ = − + ≤ <                                         (29) 

 The solution ω  is exactly the limit of the sequence. Taking into account that 
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( )
1/ 2^

1 2 4 2
3 9 3

f T
ω

ω−  = = − + +  
                                   (30) 

 we have the following result (coincident with the exact solution, previously obtained) 
1/ 2

22 4 2
1

3 9 3 6

r
T

  
= − + + − +  

  
                                     (31) 

 
7. A computational numerical simulation example 
 

A computational support has been developed parallel to the mathematical modeling in order to 
provide numerical results of the proposed method. All the programs were made in MATLAB. Now, a 
computational simulation for a typical problem will be shown. The physical characteristics of the problem are 

described by the following parameters: convection heat transfer coefficient 5=h , heat generation 10
.
=q , 

reference temperature 20=∞T . The conduction is processed in a rectangular flat plate. The spatial domain is 
described in a rectangular cartesian coordinates system. The plate is represented by a rectangular elements 
mesh for Finite Differences Method application, and the linear equations system is solved by the Gauss-Seidel 
iterative method. The temperature dependence of the thermal conductivity is given by: 
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<→=
=

2110

2145

2

1
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In this simulation we assume 8=α . The following figures show the iterative evolution of the simulation.  
 

 
 

Figure 1. first iteration result 
 

 
 

Figure 2. seventh iteration result 
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Figure 3. thirteenth iteration result 
 

 
 

Figure 5. twenty third iteration result 

 
 

Figure 4. seventeenth iteration result 
 

 
 

Figure 6. thirtieth and final result 
 

 
 

Figure 7. plane dividing the temperature field in two regions of constant thermal conductivity 
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8. Final remarks 
 

The presented procedure proved to be a simple, but efficient subsidy for solving problems of 
conduction heat transfer with temperature dependent thermal conductivity, by means of classic tool employed 
on heat transfer linear problems, such as finite differences. 
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Resumo. Este trabalho tem como finalidade modelar a camada limite atmosférica visando a obtenção de campos de velocidade que 
possam ser utilizados na otimização de linhas de transmissão (LTs) aéreas. Os resultados obtidos do modelo numérico são 
validados com dados experimentais encontrados na literatura. As equações que regem estes escoamentos geofísicos são 
basicamente as equações de continuidade e de conservação de quantidade de movimento, além das equações de conservação de 
energia e de conservação da espécie química. No modelo, as flutuações nas equações de conservação são definidas por meio da 
viscosidade turbulenta, em conjunto com as equações do modelo de turbulência RNG k-ε. No modelo são consideradas também as 
irregularidades do terreno e a vegetação através de uma lei logarítmica. O contorno superior do domínio é prescrito acima da 
camada limite atmosférica, ou seja, acima de 500 m da superfície da CLA. Os resultados apresentados neste trabalho envolvem a 
velocidade do vento para a topologia mundialmente conhecida de Askervein, cujos resultados experimentais são usados para a 
validação do modelo numérico. Também são apresentados resultados para uma topografia de Belo Horizonte, no estado de Minas 
Gerais, Brasil. 
 
Palavras chave: Camada limite Atmosférica 1, Modelo Numérico 2, Terrenos Complexos 3.  

 
1. Introdução  
 

O conhecimento dos campos de velocidade fornecidos por um modelo computacional previamente validado, torna 
possível comprovar se os projetos de LTs aéreas estão adequados para as condições ambientais para as quais foram 
concebidos e ainda determinar uma nova realidade de campo, se for o caso desses dados indicarem grandes alterações 
na velocidade de vento. 

Uma ferramenta importante para a obtenção dos mapas de vento nas regiões desejadas é a simulação da camada 
limite atmosférica em computador. O modelo, uma vez validado com dados experimentais, permitirá fazer uma 
correlação entre a topografia e rugosidade do terreno com o comportamento do vento na região. Perfis de velocidade e 
de temperatura do ar próximos ao solo podem ser obtidos para qualquer região onde a topologia do terreno for 
conhecida. De uma forma geral, a necessidade de realização de estudos sobre a alteração dos dados climatológicos na 
terra torna o modelo computacional da camada limite atmosférica de grande importância na reavaliação dos critérios e 
procedimentos adotados em projeto para uma nova realidade de campo. 

Neste trabalho é apresentado um estudo numérico do fluxo de ar atmosférico sobre um terreno, apresentando 
variações abruptas e/ou suaves na superfície, incluindo matas e relevos diferenciados. As soluções das equações do 
modelo matemático permitem a obtenção dos perfis de velocidade acima do terreno.  

De acordo com Albertson et al. (1999), um domínio típico para a simulação de escoamentos atmosféricos deve ser 
maior que 6 km nas direções x e y, respectivamente e o contorno superior do domínio deve ser prescrito acima da 
camada limite atmosférica, ou seja, acima de 500 m da superfície da CLA. Nesta altitude o escoamento é considerado 
estável o suficiente para que a condição de Neumann possa ser imposta a todas as variáveis do escoamento. O contorno 
inferior apresenta maior influencia sobre a estrutura da turbulência do que os demais contornos devido ao fato de que a 
produção mecânica da turbulência é decorrente da ação de forças de arraste sobre a superfície e, ainda, pelos fluxos de 
calor, responsáveis pelos movimentos convectivos, serem originados da superfície. As transferências entre campos 
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escalares e quantidade de movimento entre o escoamento e a superfície são descritas por equações de transferências 
instantâneas.  

Os modelos para simulação dos campos de velocidade de vento são classificados em três classes: modelos de 
circulação global, modelos de predição de climas e modelos de mesoescalas Camilla et al. (1999). Os modelos de 
circulação global utilizam domínios entre 200 e 500 km e são utilizados para analisar os campos de vento sobre a 
superfície terrestre. Os modelos de predição de climas utilizam domínios entre 50 e 100 km e são utilizados para 
resolver estruturas de frentes climáticas. Os modelos de mesoescalas utilizam domínios típicos entre 2 a 50 km e são 
empregados no estudo dos campos de velocidade de vento sobre topologias (topografias). 

Nesse trabalho, são apresentados os resultados de simulação do estudo da CLA, que permitem fazer uma análise 
teórica da distribuição da velocidade dos ventos em regiões vizinhas a uma linha de transmissão aérea em estudo. Os 
resultados foram validados com os dados experimentais da literatura e dados de monitoramento em campo, de forma a 
buscar o aprimoramento do modelo numérico proposto. O modelo proposto pode ser aplicado a uma diversidade de 
problemas geofísicos e de engenharia. O modelo é capaz de resolver variações de densidade do ar, resultantes dos 
efeitos térmicos e de altitude, por meio da aproximação de Boussinesg. O modelo de turbulência utilizado neste 
trabalho para o estudo da CLA é o RNG k-ε, amplamente utilizado em escoamentos atmosféricos Zhang et al. (1996). O 
modelo proposto para a CLA, pertence à classe de modelos de mesoescalas e não considera o chamado efeito Coriolis, 
que pode ser descrito como o efeito da rotação da terra sobre as estruturas do escoamento. 
 
2. Metodologia 
 
2.1. Modelo Matemático 
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As Eqs. (1, 2 e 4) representam a conservação da massa, quantidade de movimento e energia, respectivamente, onde, 

ui são as componentes de velocidade, ρ0 é densidade de referência, p é a pressão, k é a energia cinética, g é a aceleração 
da gravidade, t é o tempo, νt é a viscosidade efetiva, cp é a capacidade térmica do ar a pressão constante, PrT é o número 
de Prandt turbulento, T é a temperatura e Q é a taxa de geração de energia. A Eq. (3), conhecida como equação de 
estado, permite acoplar as equações de quantidade de movimento, Eq. (2), com a equação da energia, Eq. (4). O termo I, 
definido na Eq. (2), é conhecido como termo de flutuação. A definição do termo de flutuação caracteriza diversos 
modelos disponíveis na literatura. Usualmente, os modelos apresentados na literatura (Andreas, 1996; Huser, 1997; 
Kim, 1998 e Uchida, 1999) utilizam a aproximação de Boussinesq e os modelos de turbulência derivados do modelo k-
ε, onde são feitas as seguintes considerações: 

• a viscosidade dinâmica (μ) e a condutividade térmica (k) são consideradas constantes em todo o domínio 
fluido; 

• as velocidades do escoamento apresentam magnitude na qual o fluido pode ser considerado incompressível; 
• as flutuações de turbulência são muito inferiores quando comparada com as respectivas grandezas médias; 
• o efeito térmico associado à viscosidade do fluido pode ser desconsiderado; e, 
• as flutuações de densidade são significativas apenas quando multiplicadas pelo vetor da gravidade (g). 

  
2.2. Modelos para o termo de flutuação 
 

O modelo de Uchida et al. (1999), utilizado neste trabalho, define o termo de flutuação considerando o transporte 
da perturbação de densidade (ρ'), incluindo a variação hidrostática da densidade ρΒ(z). A equação de transporte para a 
perturbação de densidade é definida pelos autores por meio da equação:  
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onde α é difusividade molecular para a densidade e a perturbação da densidade e o termo de flutuação são definidos 
como: 

)z(' Bρρρ −=  (6)
g'S 0i ρρ−=  (7)

 onde ρ0 é a densidade de referência e w é a componente vertical da velocidade.  
As Eqs. (1 a 5) são resolvidas numericamente pelo software CFX o qual permite a implementação de equações 

diferenciais parciais e algébricas adicionais, como por exemplo, a equação de estado. A equação da energia pode ser, 
ainda, acoplada a este modelo, pois as variações de temperatura em função da altitude promovem alterações na 
densidade do fluido. 

A equação de transporte escalar é uma equação de convecção-difusão, com termo fonte, definida como: 
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onde φ é uma variável adicional volumétrica (e.g. kg/m3), D é a difusividade cinemática (m2/s), μt é a viscosidade 

turbulenta, Sct é o número de Schimidt turbulento e S é o termo fonte.  
O modelo de turbulência usual em escoamentos geofísicos é o modelo RNG k-ε, no qual é utilizada a viscosidade 

turbulenta ( tμ ), em conjunto com as equações da energia cinética turbulenta, k, e da dissipação desta energia, ε. Estes 
termos são definidos como: 
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onde Π  é o termo de produção de energia cinética (k) e G é o termo de flutuação, sendo definidos como: 
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Os parâmetros do modelo (C and σ) são definidos na Tabela 1. 
 

Tabela 1 – Parâmetros do Modelo RNG k-ε 
 

Cμ C1 C2 σk σε σt,Θ σt,C 

0,085 1,44 – ¥ 1,68 0,72 0,72 0,9 0,9 
 
Onde 

3012,01
)38,41(¥

η
ηη

+
−

=  (13)

ε
η

)(:)(2 UDUDk
=  (14)

 
O parâmetro C3 varia entre 0 e 1, sendo este valor dependente da estabilidade da camada limite atmosférica. 
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2.3. Condições de Contorno 
 
2.3.1. Condições de Contorno da Superficie do solo 
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onde refu  é a velocidade de referência, medida a uma altura de 10m, smuref 1,5=  (valor médio obtido por dados 

experimentais coletados nas posições V1 e V3), refz  é a altura de referência (10 m), 0z  é a rugosidade. A literatura 

recomenda usar para a rugosidade, os seguintes valores: mz 00,10 =  (cidade), mz 30,00 =  (floresta), mz 03,00 =  

(grama baixa) e mz 0001,00 =  (água). No presente trabalho, o valor de z0 utilizado foi de 0,03 
Os perfis de entrada para os campos de energia cinética turbulenta (k) e taxa de dissipação da energia cinética 

turbulenta (ε) também são prescritos. Prescrevendo estes perfis no plano de entrada do domínio computacional, a 
velocidade do vento e a classe de estabilidade atmosférica podem ser impostas. No modelo adotado, a rugosidade da 
superfície, o fluxo de calor no solo e a classe de estabilidade são os parâmetros que definem o estado da atmosfera, 
sendo estes parâmetros definidos como condições de contorno. 

 
2.3.2. Condições de Contorno de Parede 

 
A condição de parede (wall boundary condition) é aplicada automaticamente pelo CFX na superfície do domínio 

(terreno). O terreno é considerado como uma superfície não deslizante (u = 0) e com rugosidade média z0. Em relação 
ao transporte de energia, a superfície em condição isotérmica foi adotada. 

 
2.3.3. Condições de Contorno de Simetria 

 
A condição de contorno de simetria foi adotada para o topo e para as laterais do domínio. Esta condição de 

contorno garante fluxo nulo de todas as grandezas nas respectivas superfícies.  
 

2.3.4. Condições de Contorno de Saída 
 
A condição de contorno na saída do domínio foi imposta por meio da especificação da média da pressão estática 

nula e gradiente nulo na direção do escoamento para as demais grandezas. 
 

2.3.5. Obtenção do Termo Fonte em Função do Número de Froude 
 

Após o estudo das condições de contorno, é necessário verificar a influência do termo fonte, o qual é dado por: 
 

   ( )0ρρρ −⋅=Δ⋅= ggS  (16) 
 
onde S é termo fonte, g é a aceleração da gravidade, ρ é a densidade do meio e ρ0 é a densidade de referência. O termo 
fonte pode ser relacionado com o número adimensional de Froude (Fr), da seguinte forma: 
 

   gL
VFr =

 
(17) 

 
onde V é a velocidade e L é o comprimento característico (altura da maior elevação) 

A Eq.(17) pode ser transformada em: 
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onde U∞ representa a velocidade desenvolvida acima de 500 metros e o número de Froude expressa a relação entre as 
forças de inércia e as forças de gravidade. Desta forma, o termo fonte em relação à direção w (altura) pode ser escrito da 
seguinte forma  
 

2
0

2

FrL
USw ⋅

⋅
−= ∞ ρ

 
(19) 

onde U∞ é a velocidade a uma altura de 500m, 0ρ  é a densidade de referência ( 185,10 =ρ kg/m3) e L é o 
comprimento característico, usualmente é a altura da maior elevação. 

Desta forma, para poder validar o modelo com mapas topográficos da literatura torna-se necessário definir a faixa 
de número de Froude na qual a literatura apresenta dados experimentais. A tabela 2 mostra a relação entre o estado da 
atmosfera e o número de Froude 
 

Tabela 2 – Correlação entre o número de Froude e estado da atmosfera 
Valor de Froude Estado da Atmosfera 
Acima de 1000 Neutra 

10 - 1000 Estratificadas e Estáveis 
-100 - 10 Instáveis 

 
3. Tratamento numérico das equações 
 

A modelagem e a simulação do escoamento são efetuadas por meio do emprego do pacote comercial CFX-5.6. Este 
software possui, resumidamente, as seguintes características: discretiza as equações de conservação pelo método de 
volumes finitos centrado no vértice; resolve problemas laminares e turbulentos tridimensionais; utiliza malhas não-
estruturadas e hídridas; resolve problemas conjugados de calor e escoamento de fluidos, entre outras. A utilização de 
malhas não-estruturadas permite que refinamentos de malha sejam aplicados próximos às superfícies, onde grandes 
variações de velocidade e temperatura estão presentes. 

 
4. Validação do modelo 

 
A validação apresentada no presente trabalho compara os dados obtidos do modelo aqui apresentado com dados 

experimentais da colina de Askervein. Esta é uma colina que possui 116 m de altura na costa oeste da ilha do South Uist 
na Outer Hebrides na Escócia. Ela é relativamente isolada e suave, com seu ápice a 126 m do nível do mar e sua forma 
é aproximadamente elíptica, com o seu eixo maior aproximadamente de 2 km de comprimento, orientado na direção 
133º-313º (linha B-B), ou seja, SE-NO (sudeste-noroeste). O seu eixo menor, de 1km de comprimento, está orientado 
na direção 43º-223º (linha A-A ou AA-AA), ou seja, SO-NE (sudoeste-nordeste). Sua vegetação é baixa e com 
rugosidade não uniforme. Os conjuntos completos de dados coletados em Askervein encontram-se disponíveis na 
literatura. As medidas de campo foram feitas utilizando vários dispositivos, medindo ao longo das linhas A-A, AA-AA 
e B-B, a uma altura de 10m acima da superfície da colina. A Figura 1 (a) mostra o mapa topográfico da colina de 
Askervein com as seções de medição. A fig 1 (b) mostra a topografia de Askervein digitalizada no CFX 

 

 
(a)      (b) 
 

Figura 1 - Mapa Topográfico da colina Askervein. (a) seções das medições (b) mapa digitalizado no CFX 
 
Nas Figs. 2 (a) e (b) são apresentadas as comparações dos resultados experimentais medidos por Taylor et al. 

(1983) com os resultados numéricos obtidos do presente modelo ao longo das linhas A-A e AA-AA, respectivamente. 
Estes resultados experimentais foram obtidos, segundo os autores, para uma atmosfera neutra, isto é, para números de 
Froude maiores que 1000. O aumento relativo da velocidade, mostrado nas figs. 1 (a) e (b) representa quantas vezes a 
velocidade local é maior que a velocidade de referência. 
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(a)       (b) 
 

Figura 2 – Validação do modelo numérico. (a) ao longo da linha AA-AA (b) ao longo da linha A-A 
 
Os resultados apresentados nas Figuras 2 (a) e (b) mostram que, mesmo com malha muito refinada, os resultados do 

modelo apresentam uma diferença considerável quando comparados com os dados experimentais. Por outro lado, o 
comportamento das duas curvas é semelhante, mostrando que o modelo comporta-se qualitativamente semelhante aos 
dados experimentais.  

 
5. Resultados 

 
Os resultados apresentados referem-se ao mapa topográfico das regiões de Belo Horizonte, Minas Gerais, Brasil.  O 

escoamento de vento sobre a topologia de Belo Horizonte foi simulado utilizando as medias experimentais referentes ao 
ano de 2002. Foi utilizado um valor para a velocidade de referência igual a 5.1 m/s, que consiste no valor médio obtido 
por dados experimentais coletados pelos anemômetros localizadas nas posições V1 e V3, a 10 m do solo. A direção do 
vento foi definida como sendo 157,5º, que corresponde à direção média entre sul e sudoeste, predominante nos dados 
experimentais medidos. A Figura 3 apresenta a topologia no entorno dos pontos de medição. O valor de velocidade 
medido experimentalmente na posição V2 é comparado com o valor obtido numericamente para aquela coordenada.  

 

 
 

Figura 3 – Domínio de Belo Horizonte, pontos de medição experimentais 
 
A Figura 4 mostra os perfis de velocidade para os pontos 1, 2, 3 da região de Belo Horizonte - MG obtidos pelo 

modelo matemático proposto. Nota-se que o ponto 3, por estar localizado em uma superfície mais baixa e plana, como 
mostrado na Figura 3, o perfil de velocidade não apresenta regiões de aceleração de velocidade, permanecendo um 
perfil mais parabólico. Já nos pontos 1 e 2, aparecem acelerações por se tratar de posições localizadas em regiões mais 
elevadas, como mostrado na figura 3 para alturas superiores. Estes perfis de velocidades foram obtidos para condições 
de contorno referentes aos valores médios de velocidade e direção predominante de ventos medidos nos pontos de 
fronteira a 10 m de altura do solo, nas posições mostradas no domínio da Figura 3. 
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Figura 4 – Perfis de velocidade nos pontos V1, V2 e V3 da região de Belo Horizonte – MG.  

 

 
Figura 5 – Perfil de velocidade no ponto V2 e ponto da velocidade referencia de 5,1 (m/s) utilizada no modelo. 

 
A Figura 5 mostra o perfil de velocidade obtido para o ponto 2, indicando o valor obtido numericamente a 10 m de 

altura do solo e o valor medido experimentalmente na mesma altura. Nesta figura, o menor valor da ordenada z 
representa a superfície do solo. O valor numérico obtido foi de 4,5 m/s, sendo que o valor medido experimentalmente 
foi de 5,1 m/s. Isto dá uma diferença de 11,76%, indicando que o modelo ainda necessita de maiores ajustes. 

 
6. Conclusão 
 

O modelo foi validado com dados de Askervein e dados medidos em campo na região de Belo Horizonte, 
mostrando que ainda necessita de maiores ajustes. No modelo proposto não foram considerados o efeitos térmicos e 
transientes. No entanto o modelo apresenta uma análise qualitativa satisfatória, visto que os resultados obtidos já 
representam o comportamento obtidos em estudos realizados em (Kim, 1998; Camilla, 1999; Taylor, 1985 e Uchida, 
1999). 

O modelo validado permite obter resultados mais confiáveis para qualquer topografia de terreno, sempre que se 
tomem os cuidados necessários com o tratamento das condições de contorno, tratamento dos termos fonte e cuidados 
com a malha utilizada.  

A velocidade obtida do modelo no ponto 2 apresentou um erro de 11,76 % quando comparada com o valor medido, 
o que é bem aceitável, uma vez que o regime simulado é para uma situação de regime permanente e os dados medidos 
experimentalmente refletem uma situação de regime transiente. 

Com base nestes dados a utilização de mapas de velocidades obtidas pelo modelo para diversas superfícies pode ser 
muito importante para implementação de novas linhas de transmissão e assim melhorar eficiências de projetos das 
linhas de transmissão  
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Abstract 
A numerical model is proposed in this paper to simulate the atmospheric boundary layer (ABL). The results 
obtained by the numerical model were validated using experimental data presented in the literature. The governing 
equations of the geophysical flows are the continuity, momentum and energy conservation equations. The 
momentum equations are coupled to the energy equation by an equation of state. Turbulence is considered in the 
model using RNG k-ε model. The irregularities of the terrain due to the vegetation are treated as an average 
rugosity. The computational domain is defined as an area far enough the interest region in order to guarantee the 
development of the wind flow from the inflow boundary edges.  The top boundary of the domain is prescribed at 
least 500 m above the atmospheric boundary layer. At this altitude the wind flow is considered stable enough so 
that the Newman boundary condition can be applied. The results obtained can be used for further purposes, such as 
the determination of the swinging of cables isolation strings and to determine the ampacity of transmission cables. 
The results presented in this paper consist on the reference data of wind speed from Askervein topology, whose 
experimental results are used to validate the numerical model. Hence, results are presented for a topography of 
Belo Horizonte, in the state of  Minas Gerais, Brazil. 
 
 Keywords: Atmospheric Boundary Layer 1, Numerical Model 2, Complex Terrain 3 
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