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PX@SMÉG.?�@JD/G�LJG*B'mXGSW�@�LSU/KF?AG�W�V'@CPXGCB�=�;�]�]�;�dCK/B[G*]>c&@Sw�K/;tV'LSU/B'V'W�GH;�L�]A;�=�@CB'KXZ�\&;>=sWQ@CL�LJGCV^@�]�=�V'LSU/B^V[W�V[D/G�DF;�;t]AGCU/V'D/;Q�Cf

Ö�3[Â�36Ý$Þ ¥/¬/7CßV«L¦¨­/«eØÎ¬:ªV Ú«�Ñ�à¼ã�ÒB©Xá6«L¦

¡_=�;>w�KXGCZQ\�;>=�DF;$gYGb`&V';Q]�jk£�?A@C��;�=iMO@�]AGCL<LS@FDFV^�rWQG�D/GC=�G*U4~�=sGaG*UXB^V[WQG�ZQq*@�D/;Y;�=�?�V']	G*LS;QP�?�@rf�:Ó=�V'=�?�;�LJG�I_DXGCDF@�G*�XGCV�oF@XÀ

∂u

∂x
+ ηy

∂v

∂η
= 0

·��b�Cº

∂2v

∂x2
+ η2

y

∂2v

∂η2
+ ηyy

∂v

∂η
= −

∂ω

∂x

·���Í�º

∂ω

∂t
+ u

∂ω

∂x
+ ηyv

∂ω

∂η
=

1

Re

(

∂2ω

∂x2
+ η2

y

∂2ω

∂η2
+ ηyy

∂ω

∂η

)

+

(

ηy

∂fx

∂η
−

∂fy

∂x

)

.
·��Q¹�º

:�LSI�?A@&D/@eD/GC=�ÁX]�@�P�?�;QV']	GC=�¤kLS;Q]	=�G�=Qc�KF?�V'B^V'��G�DF@pUXGC]AG}V'PXW�B'KX=Aq*@eDF@pU4;Q]��XB�P/@p;>=�WQ@�GCL�;�P�?�@Xc8IJ]�;>G*B'V^�>GCDF@{G.?A]AGb`�I�=tD/G
V'PXWQB^KX=Aq*@�D/@�=i?A;Q]AL�@�=iMO@C]	ZQGCP�?�;�=�G�DFV[W�V'@CPXGCV'=�|�=�;�w�KXG�Z�\&;�=�fi:ÓWQnCB'WQK/B'@�D/;�=A=�;>=i?�;�]�LS@�=�I�MO;QV^?�@aDF;_GCW�@�]AD/@$WQ@CLâGC=EMO~C]ALaKXB'G�=QÀ

fx(x, y) = rfδ(x, y) u(x, y)

fy(x, y) = rfδ(x, y) v(x, y).

:_Kp=�;�¶�GXcX@�=s?A;Q]ALS@�=�MO@�]AZ�G*P�?�;>=�=�qC@SD/;QU4;QPXDF;�P�?�;�=_D/GC=�`C;QB'@FW�V[D/GCD/;�=�PXG�=�]�;>=�U4;�W�?�V'`.GC=�DFV']A;�Z�\&;>=QcFLS@FDFV^�rWQG�DF@�=�U4@C]YK/L
?A;Q]ALS@hDF;l]A;QB[G.o/G*LS;�P�?A@
·

rf
º�w�K/;l`.G*]AV[GpDF;6G�W�@C]	DF@pW�@�Ly@ew�K/;6=�;�D/;�=�;�¶�GpPXGh=�V'LaK/B[GCZ�q*@rc�;QLy?�;�]�LS@�=�DF;l`�;QB'@&WQV'DXGCDF;

DXG�V^?�;�]AG�ZQq*@rf$¡¢MOK/PXZ�q*@
δ(x, y)

GCUr;�PXGC=_V^PrDFV'W�G6w�K/;�UXGC]AGJ@�=YU4@CP�?A@�=_V^P�?�;�]�PX@�=$DF@6U4;Q]��XBi@�`.GCB^@�]$DF;
δ(x, y)

I}�Cf���G*]	G
U4@CP�?A@�=�MO@�]AGpDF@pU4;Q]��XB ci@p`bGCB^@�]�DF;

δ(x, y)
Il��;Q]A@Xf}¡â?�]	G*PX=�V[ZQq*@{DF;>=�?A;�=�`.GCB^@�]�;>=Qc�UrGC=A=�GCPXDF@{Ur;�B'GpMO]�@�P�?A;QV']AG}V'LS;Q]	=�GXc�I

DXGCD/GpG*?�]	Gb`CI�=�DF;�K/LJG{MOK/PXZ�q*@p;�oFU4@CP/;�PXW�V[G*B f}£F;QPXDF@eG�=�=�V'L}c8@�=�?A;Q]ALS@�=�MO@�]AZ�G*P�?�;>=�PXq*@eG*?�KXGCL�PXG{]A;Qd�V'qC@};Qo&?�;Q]APXG{G*@
U4;Q]��XB fsgY@JU/]A;�=�;QP�?�;�LSI�?A@&D/@JPXq*@JmXnS;QoFV'=�?�½�PXW�V[GJDF;tK/LJGSLJG*B'mXGJ �GCdC]	G*P/d�;�GCPXG/c�@�=�`.GCB^@�]�;>=sDXG�MOK/PXZQqC@lDF;QB^?AGSã

δ(x, y)
c

PX@�D/@CLST^PXV^@tW�@�LSU/KF?AG�W�V'@CPXGCBF=�;�;QPrWQG*]A]A;Qd�GCL�DF;�DFV'=�?�]AV'�/K/V']�@�=E?�;�]�LS@�=�MO@�]AZ�G*P�?�;>=E@CPXDF;�=�;�DF;�=�;�¶�G�G*P&K/B[G*]iGC=�WQ@CLSU4@CP/;�P�?A;�=
DXGS`C;QB'@FW�V[D/GCD/;Cf

¹
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¡Ð=�@CB'KXZQqC@HD/G�;>w�KrGCZQqC@HDF;tg_Gb`�V';Q]�j�£�?�@��C;�=�I�]�;>G*B'V^�>GCD/G�G*?�]	Gb`CI>=�DF;tDFV[=AW�]A;�?�V'��G�Z�\&;�=�U4@C]�DFV^MO;Q]A;QPXZ�GC=��XP/V^?AG�=�DF;tw�KXV^P�?AG
;�=�;�o&?	GS@C]	DF;QL{f�:$=�`.G*B'@C]A;�=�D/GJWQ@CLSU4@CP/;�P�?A;tD/GS`C;�B^@FW�V[D/G�DF;

v
=�qC@S@C�F?AV'D/G�=�G.?A]AGb`�I�=sDF@JU/]A@FW�;�=A=�@HV^?�;�]AG*?�V'`C@JD/GJ=�@CB'KXZQqC@

D/;�·���Í�º_·O;QoFU/B^V[WQG�DF@HGC�XG*V^oF@�º�c�;�PXw�KXG*P�?�@�w�K/;$GHW�@�L�U4@CPX;QP�?�;�D/G�`�;QB'@FW�V[D/GCDF;
u

I$]A;�=�K/B�?	GCDF@�D/G�;>w�KXGCZ�q*@�·��>�Cº�f�:ÐGb`.G*PXZQ@
PX@6?A;QLSU4@}I�]A;�G*B'V'��GCD/@�U4;QB'@6LSI�?A@FDF@pDF;�´�K/P/dC;Qj�Ù�K/?�?AG}DF;S¹CË�@C]	DF;�L}fH¡Ñ=�;�w�ä/½�PXW�V[G}DF;H@�Ur;�]AG�Z�\&;�=$GCD/@*?AG�D/G�G�w�K/ViISG
LS;>=�LJGSU/]A@CU4@�=�?AGHUr@�]Y£&@CKX��G/cX�C¨C¨�©Ff

Ö�3'Ö�3 ã$©6°¢¥E7C9p©×­/¬ Ý$Þ ¥/¬/7C9p©�­/«8§�©) Ú¦
¦B©)¡

¡Ð;>w�KXGCZ�q*@SDF;��E@�V'=A=�@CP�c/WQ@CL�G�KF?AV^B'V^�>GCZ�q*@JDF;t;�=�?�V']	G*LS;QP�?�@rc&I$]A;QUX]�;>=�;�P�?	GCD/GHU4@C]>À

∂2v

∂x2
+ η2

y

∂2v

∂η2
+ ηyy

∂v

∂η
= −

∂ω

∂x

·��>©Cº

��GC]AGSG�]�;>=�@�B^KrZQq*@SD/GS;>w�KrGCZQqC@�G�W�V'LJG/c/;>=�WQ@CB'm/;QKFjk=�;$KXL�LSI�?A@&D/@JLaK/B^?�V'dC]AV'D{WQ@CL�w�KXG*?�]A@�LJGCB^mXG�=QcrDF@�?�V'Ur@�ÁF¡$£¸·ÉDF@
V'P/d�B^½>=YåzæF®�®4çsèCè�é�êQë�ì�íJ­.¬ ìÉê.î�ï�ð	ñ/«QíS«bº�f�x�=�?A;tLSI�?�@FDF@SItV'B^Kr=�?A]AG�DF@SPXGH�XdCK/]	G�Í/f Í/f

ÁEV^d�K/]	G��/À�¤kB^KX=�?�]	GCZ�q*@�DF@lW�V[W�B'@SÏ�KF?�V'B^V'��G�DF@

¦�?�V'B^V'�Q@�KFjk=�;lUrG*]	Ge=�@�B^KrZQq*@pP&K/LSI�]�V[WQGeDXGp;�w�KXG�ZQq*@�DF;l�i@CV[=�=�@CP
;�LòWQGCDXGpLJG*B'mXGpK/LuLSI�?A@&D/@hV^?�;Q]	G.?AV^`�@hDF;6£F@C�/]A;�j
´�;QB[G.o/GCZ�q*@�£&KrW�;�=A=�V^`.G�Ur@�]� �V^P/mrG/c�WQ@CP/m/;>W�V[DF@�W�@CLS@¸ 8£X:$´y·ÉDF@¸V^PXdCB'½�=�c�óiì�î4«{ïræXð	ð	«�»	»�ì�ôb«
õsô.«Qé�öÉ÷Y«Q®^­Që&­.¬ ìÉê.î&º�f�Æ_;�=�?AG
MO@�]�LJG�UXGC]AG�WQG�D/G�B^V'P/mXGS]A;�=�@CB'`C;�KFj�=�;YKXL�=�V'=�?�;�LSG�B'V^PX;�G*]�;QoF;QLSU/B'V��rW�GCDF@SG*�rG*V^o&@rÀ
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
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




















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





















RHS1

RHS2fff

RHSjmax−1

RHSjmax























·���Ò�º

gY;�=�?AGY]�;�U/]�;>=�;�P�?AGCZ�q*@�LJG.?A]�V[W�V[G*B c
[A]

V'PXDFV[WQGYK/LJG�LJG.?A]�V'��DF;sW�@�PX=�?	G*P�?�;>=�w�K/;�`bGC]�V[G*LÐW�@�LÇG�=�UX]�@�U/]�V';�DXGCDF;>=�D/G�LJGCB^mXG
;>=�?AV^]	GCDXG/c�W�@�LS@6GC=�DF;�]�V'`.GCD/G�=$;QL�]A;QB[GCZQqC@6GC@�LS;QV'@}MOT'=�V'WQ@¸·

ηy, ηyy

º_;�;>=�UrGCZQGCLS;QP�?�@}D/G�LJGCB^mXG}W�@�LSU/KF?AG�W�V'@CPXGCBs·
∆η

º�f
¡ÑLJG.?A]�V'�Hw�K/;�]A;QU/]A;�=�;QP�?AGl@�=$`.G*B'@C]A;�=YD/;H`�;QB'@&WQV'DXGCDF;

v
UrG*]	G�WQG�D/GlB'V'P/mXG/c�DXGCD/G�K/LJG6WQ@CB'K/PXG

i
D/G6LJG*B'mXG/c�ISG�LJG*?�]AV^�

V'PXWQ~CdCPXV�?	GlG�=�;Q]YD/;�?�;�]�LSV'PXGCDXGJUr;�B'G6=�@�B^KrZQq*@lD/@6=�V'=�?�;�LSGXf�¡ÕLJG.?A]�V'�H´Yø_£
·ÎDF@lV'P/dCB'½�=�÷_ì�ù>ñF¬�úH­.î�ûlï4ì^ü>«>ºY]A;QU/]A;�=�;QP�?AGS@
B[GCD/@}DFV']A;QV^?�@{D/G�;>w�KXGCZ�q*@XfH:$=_?A;Q]AL�@�=_´Yø_£�cz;�L�MOK/PXZ�q*@{DF;JWQGCDXGlB'V^P/mrG/c�=Aq*@}D/GCDF@�=YU4;QB[G{W�@�La�/V'PXGCZ�q*@�D/;�`.GCB^@�]�;>=_D/G
D/V'=AW�]A;�?AV^�>GCZQqC@

wz

;a?AGCLa�4IQL²DF;H`bGCB^@�]�;>=YDF;
v
c4?A@&D/@�=_PXGlLS;�=�LJGJB'V^P/mrG/c�`&V^��V^P/mX@�=Y|6W�@�B^K/PrG

i
;�L²w�K/;HGJV^?�;�]AG�ZQqC@l;�=�?An

=�;QPrDF@S]�;>G*B'V^�>GCD/GXf�:ÕU/]A@&WQ;�=A=�@�V^?�;Q]	G.?AV^`�@�=�;Qd�K/;tG.?AI�w�K/;tGJ=�;Qd�K/V^P�?A;$WQ@CPXDFV[ZQqC@J=�;�¶�GH;>=�?	G*�4;QB';�WQV'D/GXÀ

resi,j =
∂2v

∂x2
+ η2

y

∂2v

∂η2
+ ηyy

∂v

∂η
+

∂ω

∂x
≤ 10−7

·��b�*º

gY@�=�]A;�=�K/B^?AG�DF@�=�GCU/]A;�=�;QP�?AG�DF@�=�G�w�KXVÎc�Gt=�@�B^KXZ�q*@tP&K/LSIQ]AV[WQG$MO@CV4W�@�PX=�V[DF;�]AG�D/G�W�@CLS@�=AG.?AV'=�MÉG.?A~C]AV'G�G�UXGC]�?AV^]�D/@�LS@CLS;QP�?�@
@J]A;�=�T[DFK/@HMO@�=A=�;�V'dCKXGCBz@CK}L�;�P/@C]�w�K/;

10−7
f
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ÁX@C]	G*L¥]A;�G*B'V'��GCDXGC=$=�V'LaK/B[GCZQ\&;�=$W�@CL²Ò6v*P/d�K/B'@�=$DF;JG.?AG�w�K/;HDFV^MO;Q]A;QP�?A;�=�DF@}Ur;�]��XB�g_¡Y�s¡â¨C¨/�b�Fftg�;>=�?	GC=�=�V^LHK/B'G�Z�\&;�=
MO@�V�GCD/@*?AG�DF@S@SP�³XL�;�]�@JDF;�´�;Qµ&P/@CB[D/=�V'dCKrG*B�G

Re = 5000
f�:¢DF@�L�T'P/V'@SKF?�V'B^V'��G�DF@l=�;t;�=�?�;QPrDF;QK{PXGSDFV']�;>ZQqC@�B'@CPXdCV^?�KXDFV'PXGCB

D/;
x0 = 0

G
xmax = 5, 12

f�ÁX@C]	G*LuKF?AV^B'V^�>GCDF@�=
513

U4@CP�?�@�=�P/;>=�?	G�D/V^]A;�Z�q*@XciV'dCKXGCB^LS;�P�?A;�;>=�UXG�ZQG�DF@�=l·
∆x = 0, 01

º�f
g_G�DFV']A;�ZQqC@

y
@6DF@CLST'P/V^@�KF?�V'B^V'��G�DF@�=�;�;�=�?�;�PXDF;�KhDF;

0
G

10
f�g�;>=�?	G�DFV']�;>ZQqC@SMO@C]	G*L�K/?�V'B^V'��G�DF@�=

321
U4@CP�?�@�=Qcr;�=�UXGCZ�GCDF@�=

WQ@CPFMO@�]�LS;JG{x�w4f{�Ff6:¿U4;Q]��XB�?A;Q`�;J@{=�;QK��XGC]�V[W�;�P�?�]A@6B'@FWQG*B'V'��GCD/@};�L
y = 5, 0

f6:¿�XGC]�V[W�;�P�?�]A@}=�;Q]A`&V^K�?AGCLa�4IQLyWQ@CLS@
U4@CP�?A@}DF;S]A@*?	GCZQqC@�DF@}Ur;�]��rBÎfJ:<MÉG.?A@C]�DF;S]�;�B'G*oFGCLS;QP�?�@h·

rf
º�G�DF@*?	GCDF@6;QL¥?A@&DXGC=�GC=�=�V^LHK/B'G�Z�\&;�=YMO@CV�DF;

rf = −2000
f

g_G�]�;�dCV[q*@a;�P�?�]A;
x3 = 4, 60

;
x4 = 4, 90

MO@�V�GCDF@C?AGCDXGaK/LJGH]�;�dCV[q*@�DF;�]�;�B'GCL�V'PXGC]�V'��G�ZQq*@HDF@S;�=AW�@�GCLS;QP�?�@}·Î£&@�K/��G{«�¬�­.®^¯'c
�C¨C¨�©F�FÙ�B^@��C;�]t«Q¬s­*®^¯'c��>�C��Í/�F§p;QV^?��t;tÁrGC=�;QB cX�*¨C¨�¨�º�c�UrG*]	GH;�`&V�?	G*]�]�;QÃX;�oF\&;�=�D/;$U4;Q]�?�KX]��XG�Z�\&;�=�PX@SWQ@CP�?�@�]�PX@�DF;t=AG*T[D/G/f

¡_=�ÁEV^d�=QfsÍJGJÔSLS@�=�?�]	G*L�@�=�W�@�P�?�@C]AP/@�=sD/;t`C@C]�?�V[W�V[D/G�DF;�@C�F?AV'DF@�=�PXG�=�=�V'LaKXB'G�Z�\&;�=�G*?�ItK/L�?�;�L�U4@�G�DFV^LS;�PX=�V'@CPrG*B�DF;
t = 3, 5

fEx�=�?�;>=�]A;�=�K/B�?	GCDF@�=EMO@C]	G*L<@C�F?AV'DF@�=�KF?AV^B'V^�>G*PXD/@*jk=�;�LSV[W�]A@&WQ@CLSU/KF?	GCDF@�]�;>=i¡s?�m/B'@CPl¡_§eÆÓÒC¹�Í��C¨C¨�ÿHc.;�B';Q`.GC]AGCL¢;QL
LSI>DFV'G}ÍC¨�m/@C]	GC=YUXG*]	Gl=�;Q]A;QL¥@C�/?�V[DF@�=�f_�i@FDF;Qj�=�;a@��X=�;�]�`.GC]_w�K/;CczWQ@CL�v*P/d�K/B'@�=YD/;�G*?AGCw�K/;�G.?AI���¨�dC]	G*KX=�c4@�=_]�;>=�K/B^?AG�DF@�=
LS@�=�?A]AGCL²w�KX;�@}U4;Q]��XB�G*V'PXD/G}G*U/]A;�=�;QP�?	G6=�KX=�?�;QP�?	GCZQqC@XfH��@�L²@}GCK/LS;QP�?�@pDF@{v*PXdCK/B'@}D/;SG*?AG�w�KX;Ccz@FW�@�]�]A;a@{Gb`.G*PXZQ@}D/G
]A;Qd�V'qC@�DF;_=�;QUrG*]	GCZQqC@t;QL¿DFV']�;>ZQqC@�G*@��4@C]	DF@aDF;$G.?	GCw�K/;CfE�i@FDF;�jk=�;_@C�X=�;Q]A`.G*]>cCW�@�L¿v*P/d�K/B^@�=�DF;$G.?AG�w�K/;�LJG*V'@C]A;�=�@CKJV'dCKXGCV'=
G±�>©hdC]	G*Kr=Qc�G�@&WQ@C]A]�½�PXW�V[GeDF@�MO;QPXRCLS;QP/@�W�@�P/m/;>W�V[DF@�WQ@CLS@,»�¬k­.®�®¼f±ÆY;pGCWQ@C]	DF@hWQ@CLÄ��mXGCPXDF]	GC=�;Q�&mXG*]	G�«Q¬H­.®^¯'c_�����CÔe@
vCP/dCKXB^@JDF;�=�?AGCB^B�DF;>=�?A;tUr;�]��rBzI�DF;J�Q¹SdC]	G*Kr=QfiÆY;>=�?	G�MO@C]ALJGa;�P�?A;QPXD/;�jk=�;tw�K/;t@JW�~FDFV'dC@SV'L�UXB^;�L�;�P�?AGCD/@SWQ@CPX=�;Qd�K/V'K6@��F?�;�]�c
w�KXGCB^V^?AG*?�V'`.G*LS;QP�?�;�c/�4@CPX=�]A;�=�K/B^?AGCD/@�=�f
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