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Abstract. In this paper the vortex cloud method is used in an attempt to simulate the viscous flow through linear cascades. As the
flow is periodic in the y direction, the discrete vortex-shedding need only be considered for a reference airfoil. The Vortex Method is
also modified to take into account the sub grid- scale phenomena; a second-order velocity structure function model is adapted to the
Lagrangian scheme. The dynamics of the airfoil wake is computed using the convection-diffusion splitting algorithm, where the
convection process is carried out with a Lagrangian second order Adams-Bashforth time-marching scheme, and the diffusion
process is simulated using the random walk scheme. In this study, the pressure distribution is obtained using the integral equation
derived from the pressure Poisson equation. Flows around NACA 65-410 serie airfoils are calculated and comparisons are made
with experimental studies for pressure distribution and linear cascade deflection angle.
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1. Introduction

Understanding of the vortex-shedding flow behind a linear cascade is of fundamental and practical importance.
Vortex cloud modeling offers great potential for numerical analysis of important problems in turbomachines. A cloud of
free vortices is used in order to simulate the vorticity, which is generated on the body surface and develops into the
boundary layer and the viscous wake. Each individual free vortex of the cloud is followed during the numerical
simulation in a typical Lagrangian scheme. This is in essence the foundations of the Vortex Method (Chorin, 1973;
Sarpakaya, 1989; Kamemoto, 1994; Lewis, 1999). Vortex Method offers a number of advantages over the more
traditional Eulerian schemes: (a) the absence of a mesh avoids stability problems of explicit schemes and mesh
refinement problems in regions of high rates of strain; (b) the Lagrangian description eliminates the need to explicitly
treat convective derivatives; (c) all the calculation is restricted to the rotational flow regions, and no explicit choice of
the outer boundaries is needed a priori; (d) no boundary condition is required at the downstream end of the flow
domain.

The first application of vortex cloud modeling to turbomachinery blade rows, including the prediction of rotating
stall in compressors and vibrations induced by blade row wake interaction, was published by Lewis & Porthouse (1983)
and Porthouse (1983) followed by some fairly comprehensive studies by Sparlat (1984).

Lewis (1989) presented a basic scheme for vortex cloud modeling of cascades assuming that the boundary layers
and wakes developed by the blades of an infinite cascade are identical. As the coupling coefficients are periodic in the y
direction, surface elements and discrete vortex shedding need only be considered for the reference airfoil. The surface
of the reference airfoil was represented by straight-line elements, with a point vortex located at the pivotal point. The
vorticity diffusion that occurs in the wake was simulated using random walk method. The pressure on the airfoil surface
was calculated according inviscid flow analysis. Although predicted surface pressure agrees well with experiment for
the turbine cascade, losses are over-predicted. Due to “numerical stall”, Lewis (1989) approach proves inadequate to
deal with the compressor cascade.

In a recent paper Alcântara Pereira & Hirata (2000) represented the surface of the reference airfoil by straight-line
elements, with constant-strength vortex distribution. An improvement was also introduced in the convective step of the
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simulation; by using the anti symmetry property of the vortex-vortex velocity induction, the computational effort was
considerably reduced; this is an important feature, since the vortex-vortex velocity induction calculation is the most
time consuming part of the simulation. The pressure calculation adopted by the authors was identical to the one used by
Lewis (1989). He & Su (1999) showed, however, that the results for the pressure calculation could be improved by
considering the nonlinear acceleration terms.

In the present paper we introduce two important new features for the numerical simulation of the flow in a linear
cascade: (a) the inclusion of the turbulence aspects, through a sub grid-scale modeling which employs a second-order
velocity structure function of the filtered field; (b) a new development for the pressure calculation which is based on the
full Navier-Stokes equations.

2. Formulation of the Physical Problem

The problem to be considered is that of a flow past an infinite linear cascade of airfoils at high Reynolds numbers;
see Fig. (1). The flow is assumed to be incompressible and two-dimensional, and the fluid to be newtonian, with
constant properties. The unsteady flow that develops as it goes through the airfoils surface, generates an oscillatory
wake downstream the cascade.

The boundaries of the fluid region is defined by the surface Ω , which by its turn is viewed as
±∞±±=∪∪= ∞+∞− ,...,2,1,0  , kSSSkΩ

The governing equations are
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where the Einstein’s summation convention applies. The above governing equations was filtered ( '
iii www += , '

iw
denotes the fluctuation field), υ  is the fluid kinematic viscosity coefficient, tυ  is the eddy viscosity coefficient, ρ  is

the fluid density, ijS is the deformation tensor of the filtered field and p is the pressure.

The large structures are governed by Eq. (2) and the eddy-viscosity assumption (Boussinesq’s hypothesis) is used to

model the sub grid-scale tensor jijiij wwwwT −= , see Alcântara Pereira et al. (2000).

For a complete definition of the problem, on ±∞±±= ,...,2,1,0 , kSk , the impenetrability and non-slipping

conditions are written as

0=⋅= nnw ew                                                                                                                                                        (3a)

0=⋅= ττ eww                                                                                                                                                        (3b)

where ne , τe and w  are unit normal vector, unit tangential vector and fluid particle velocity vector, respectively. One

assumes that far away the perturbation caused by the infinite linear cascade of airfoils fades away as

( ) 1, ww =∞− y  in ∞−S                                                                                                                                            (3c)

( ) 2, ww =∞+ y  in ∞+S                                                                                                                                            (3d)

In order to take into account the local activity of turbulence, Métais & Lesieur (1992) considered that the small
scales may not be too far from isotropy and to define the eddy viscosity tυ  they proposed to use the local kinetic-

energy spectrum ( )ckE at the cutoff wave number ck . Using a relation proposed by Batchelor (1963) the local

spectrum at ck is calculated in terms of the local second-order velocity structure function 2F  of the filtered field

(Lesieur & Métais, 1996)
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From the Kolmogorov spectrum the eddy viscosity can be written as a function of 2F

( ) ( )tFCt kt ,,105.0,, 2
2
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∆∆∆ xx
−

=υ                                                                                                                         (5)

where 4.1=kC  is the Kolmogorv constant. The great computational advantage of this formulation over the

Smagorinsk (1963) model, vis a vis the Vortex Method, is that in Eq. (4) the notion of velocity fluctuations (differences
of velocity) is used instead of the rate of deformation (derivatives). The velocities ( )rxw +  are calculated over the

surface of a sphere of radius ∆ .

Figure 1. Flow in a linear cascade of airfoils.

Alcântara Pereira et al. (2000) adapted the second-order velocity structure function 2F to the Lagrangian scheme as
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In Eq. (6), NV is the number of discrete vortices found in the region defined by the distances 01 )1.0( σ=r  and

( ) 022 0.1 σ+= fr  from the center of the reference vortex. Here 0σ  is the core radius of a Lamb vortex used as a model

for the discrete vortices of the cloud, see Fig. (2). The correction factor ( ) 32
0 lrσ  is necessary due to the fact that the

NV vortices are not located at equal distance from the centre of the reference vortex.
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The filtered Eq. (2) are nondimensionalized in terms of 1W  and b . The Reynolds number is defined as

υ
= 1Re

bW
                                                                                                                                                                   (7)

Figure 2. Region defined by distances 1r  and 2r  from the center of the reference vortex.

The dynamics of the fluid motion, governed by the boundary-value problem (1), (2) and (3), can be alternatively
studied by taking the curl of Eq. (2), obtained the vorticity transport equation

ω∇=ω∇⋅+
∂
ω∂ 2

Re

1

ct
w                                                                                                                                            (8)

In this equation ω  is the only non-zero component of the vorticity vector and w is the velocity field. At this point, it is
convenient to define the turbulent Reynolds number as

t
c

bW
υ+υ

= 1Re                                                                                                                                                              (9)

3. Numerical Approach: The Discrete Vortex Method with Turbulence Model

According to the viscous splitting algorithm (Chorin, 1973) it is assumed that in the same time increment the
convection of the vorticity can be simulated independently of its diffusion and are governed by
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The vorticity, generated on the airfoils surface, is simulated by a cloud of discrete vortices. Non-slipping boundary
condition, Eq. (3b), is used for the calculation of the strength of the nascent vortices. Once generated, the new discrete
vortices are incorporated to the vortex cloud which, in turn, is subjected to the convection and diffusion process.
Convection is governed by Eq. (10). The convection velocity field is given by (Alcântara Pereira, 2002)
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where 1−=i  and the complex variable notation iyxz +=  is used. Here, ∞W  is the velocity vector that represent the

mean of the inlet and exit velocities 1W  and 2W , see Fig. (1). The summation of M  integral terms comes from the

M panels distributed on the airfoil surface; jpW  is the conjugate complex velocity induced by linear cascade

(Giesing, 1964) and jα  defines airfoil profile slope. The second summation is associated to the velocity induced by the

cloud of N  free vortices.
To simulate the vorticity convection, each vortex of the cloud is followed in time according to the Adams-Bashforth

second-order formula (Ferziger, 1981)

( ) ( ) ( ) ( )[ ] ξ+−−+=+ ttttttt ∆∆∆ wwrr 5.05.1                                                                                                           (13)

where r  is the position of a fluid particle, w  is the fluid velocity at the particle location, t∆  is the time increment. In
this expression the random walk displacement, ξ , which is used to simulate the vorticity diffusion, is added. This
displacement is defined as
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P  and Q are random numbers between 0.0 and 1.0.

The core radius of a Lamb vortex originally recommended by Mustto et al. (1998) is modified to
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The pressure calculation starts with the Bernoulli function, defined by Uhlman (1993), as

2

2w
pY +=  , w=w                                                                                                                                               (16)

Kamemoto (1993) used the same function and starting from the Navier-Stokes equations was able to write a
Poisson equation for the pressure. This equation was solved using a finite difference scheme. Here the same Poisson
equation was derived and its solution for a linear cascade was obtained through the following integral formulation
(Alcântara Pereira, 2002)
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where α  takes the value 1.0 in the domain 0Ω  and 0.5 on its boundary 0S  and
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It is worth to observe that this formulation is specially suited for a Lagrangian scheme because it utilizes the
velocity and vorticity field defined at the position of the vortices of the cloud. Therefore it does not require any
additional calculation at mesh points. Numerically, Eq. (17) is solved by mean of a set of simultaneous equations for the
pressure iY . Additionally, if ∞→s  one gets the corresponding formulation for a single body (Shintani & Akamatsu,

1994).

4. Discussion of Results

The performance of NACA 65-series compressor blade sections in cascade was investigated systematically in a

low-speed cascade tunnel by Emery et al. (1957). The effects of inlet angle 1β , angle of attack 1α , solidity s
b  and

blade shape was studied. The stagger angle is defined as 11 α−β=β  and the deflection angle as 21 β−β=θ . These

parameters were used for the numerical simulations and for comparisons.
Table (1) presents the results of the calculation of three cases carried out for NACA 65-410 airfoil, without

turbulence modeling. All run were performed with 200 time steps of magnitude 05.0=t∆ , with an inlet angle

1β =45.00° and solidity 50.0=s
b . The blade profile was represented by 80=M  surface vortex elements. The

nascent vortices were initially displaced, normal to the panel, by b03.00 =σ=ε .

Table 1. Linear cascade of NACA 65-410 airfoils, without turbulence modeling; 51045.4Re x= .

            Case                        1α                         β                         N%

                I                        15.60°                   29.40°                    0.6741
               II                       11.40°                   33.60°                     0.7135
              III                        7.70°                    37.30°                     0.7096

                               N% denotes free vortices percentage in the cloud at 10=t .

Figure (3) shows the flow pattern over the cascade for case II, at 10=t . Similar patterns can be observed if the
numerical simulation takes into account the turbulence modeling.

Consider a discrete vortex located at point L. The value of the second-order velocity structure function, 2F , which

measures the turbulent manifestations, is statically sound only if the neighborhood of L is sufficiently populated with
other points vortices. After numerical experiments with the flow around the linear cascade presented in the Fig. (3), it
was assumed that this happens if 5000≥ANV , where NV  is the number of point vortices in the region, of area A ,

defined by two circumferences centered in L with radius ( ) 01 1.0 σ=r  and ( ) 02 50.1 σ=r , see Fig. (2). Thus the ratio

ANV  acts as a trigger, which is fired every time that it assumes a value equal or above 5000.

Figure (4) shows the positions where the flow is turbulent according to the above criterion; this happens mainly in
the boundary layer, specially near the trailing edge and the lower surface, as well as in the wake near field.

The pressure distribution and deflection angle computations starts at 9=t . Figure (5a) presents the experimental
and numerical results; the later were obtained using potential flow theory and vortex cloud prediction without
turbulence modeling. Figure (5b) presents the same results, but turbulence modeling was included in the calculations.
The results for the potential flow model behaves well except near the leading edge where it predicts the stagnation
pressure and in the lower surface. The results for the regions near the trailing edge does not behave well. The vortex
cloud method, even without turbulence modeling, is able to improve the trailing edge and lower surface predictions,
however the leading edge pressure is under predicted. As could be expected from Fig. (4), the turbulence modeling was
unable to modify the behavior of the pressure distribution on the upper surface, near the leading edge. On the other hand
the predictions in the lower surface and near the trailing edge was enhanced considerably.

The cascade deflection angle is one of the most important parameter for a turbomachinery designer. Computed
values for this angle are compared with experimental values and presented in the Fig. (6). As expected, potential flow
calculations behaves badly, specially for the maximum deflection angle. Vortex Method simulations produce results
that are in close agreement with the experimental ones; the results obtained without turbulence modeling are closer, to
the experimental values, then the ones obtained with turbulence modeling.
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The present methodology, therefore, is able to provide good estimates for pressure distribution and deflection angle,
and able to predict the flow correctly.

Figure 3. NACA 65-410 airfoil: Vortex wake structure at 10=t

Case II: 51045.4Re x= , 80=M , 05,0=t∆ , 0
1 00.45=β  and 060.33=β .

Figure 4. Position of the vortices in the cloud simulating turbulence at 10=t

Case III: 51045.4Re x= , 80=M , 05,0=t∆ , 0
1 00.45=β  and 030.37=β .

These calculation required 1 hr of CPU time on a Pentium II/400 Mhz without to consider turbulence modeling and
20-30 min of CPU time plus with turbulence modeling.
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Figure 5(a). Computed without sub grid-scale modeling

Figure 5(b). Computed with sub grid-scale modeling

Figure 5. Predicted pressure distribution on a linear cascade of NACA 65-410 airfoils

Case II: 51045.4Re x= , 80=M , 05,0=t∆ , 0
1 00.45=β  and 060.33=β .
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Figure 6. Deflection angle in a linear cascade of NACA 65-410 airfoils, 51045.4Re x= , 80=M , 05,0=t∆  and

50.0=sb .

5. Conclusions

The vortex-shedding flow in a linear cascade of airfoils was modeled based on the Navier-Stokes equations with a
sub grid-scale turbulence modeling. The Navier-Stokes equation was solved numerically; to simulate the sub grid
structures of the flow, the turbulence sub grid modeling uses a second-order velocity structure function adapted to the
Lagrangian scheme. A new methodology for the pressure distribution calculation, in a linear cascade, was presented;
this methodology is specially adapted to the vortex method. The differences encountered in the comparison of the
numerical simulation with the experimental results are attributed mainly to the inherent three-dimensionality of the real
flow for such a value of the Reynolds number, which is not modeled in the simulation.

The methodology developed here presents promising features and predicts well the main global parameters of
interest to the designer. The analysis shows that the Vortex Method with turbulence modeling can improve the
previously obtained results without turbulence modeling. Use of a larger number of panels distributed on the airfoil
surface can also improve the results, but for this it is necessary a larger number of free vortices in the cloud and
consequently a larger computational effort.
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