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Abstract. Turbulence models proposed for flow through permeable structures depend on the order of application of 
time and volume average operators. Two developed methodologies, following the two orders of integration, lead to 
different governing equations for the statistical quantities. The flow turbulence kinetic energy resulting in each case is 
different. This paper reviews recently published mathematical models developed for such flows. The concept of double 
decomposition is discussed and models are classified in terms of the order of application of time and volume averaging 
operators, among other peculiarities. A total of four major classes of models are identified and a general discussion on 
their main characteristics is carried out. Proposed equations for turbulence kinetic energy following time-space and 
space-time integration sequences are derived and similar terms are compared. Treatment of the drag coefficient and 
closure of the interfacial surface integrals are discussed. 
 
Keywords. porous media, turbulent flows, periodic boundary conditions, low Reynolds k-ε model, macroscopic 
turbulence model. 

1. Introduction 

 Environmental flows of extreme importance, such as turbulent atmospheric boundary layer over thick rain forests, 
may benefit from more realistic mathematical models. In this sense, proper mathematical modeling of such flows could 
bring insight to scientists about overall exchange rates of mass and energy between the soil and the atmosphere. 
Accordingly, flow over layers of dense vegetation can be characterized by some sort of porous structure through which 
a fluid permeates. Also, fluidized bed combustors and chemical catalytic reactors are subjected to pressure loss 
variation due to changes in the flow regime inside the pores. In petroleum extraction, the flow accelerates towards the 
pumping well while crossing regions of variable porosity. Turbulent regime eventually occurs, affecting overall 
pressure drop and well performance. In all cases, better understanding of turbulence through adequate modeling can 
more realistically simulate real-world environmental and engineering flows. 
 Classical theory when the pore Reynolds number pRe  is less than about 150 is based on the concept of a 
Representative Elementary Volume - REV (Darcy, 1856, Forchheimer, 1901, Brinkman, 1947, Ward, 1964, Whitaker, 
1969, Bear, 1972, Vafai & Tien, 1981, Whitaker, 1999). For high Reynolds number ( pRe >300), turbulence occurs 
within the pores (Prausnitz & Wilhelm, 1957, Mickley et al., 1965, Takatsu & Masuoka, 1998) and, as such, a 
turbulence model is necessary in order to close the mathematical problem. For that purpose, models following the 
space-time integration sequence (Lee & Howell, 1987, Wang & Takle, 1995, Antohe & Lage, 1997, Getachewa et al., 
2000) and time-space averaging of governing equations (Masuoka & Takatsu, 1996, Kuwahara et al., 1998, Kuwahara 
& Nakayama, 1998, Takatsu & Masuoka, 1998, Nakayama & Kuwahara, 1999) have been proposed. These two 
different approaches lead to different sets of governing equations. A morphology-based turbulence model has also been 
suggested (Travkin & Catton, 1992, Travkin et al., 1993, Gratton et al., 1994, Travkin & Catton, 1995, Travkin & 
Catton, 1998, Travkin et al., 1999) based on the Volume Average Theory. Use of such methodology, however, is 
regarded by many as of little practical use in engineering applications (Lage, 1998, pg. 23). 
 Another route closer to the time-space methodology was proposed in the work of Pedras & de Lemos, 1998. 
Subsequently, a study on the different views in the literature has lead to the proposition of the double-decomposition 
concept (Pedras & de Lemos, 1999a) and to further development of the earlier preliminary model (Pedras & de Lemos, 
1999b). The double-decomposition idea allowed for a better characterization of the flow turbulent kinetic energy 
(Pedras & de Lemos, 2000a) and was also extended to heat transfer analysis (Rocamora & de Lemos, 2000a). 
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The development of this concept was a step before detailed numerical solution of the flow equations were carried out in 
order to establish a working version of the model (de Lemos & Pedras, 2000a, Pedras & de Lemos, 2001a). Calculations 
were needed for adjusting the proposed model and considered either the high Re k-ε closure (Rocamora & de Lemos, 
1998) as well as the Low Reynolds version of it (Pedras & de Lemos, 2000b, Pedras & de Lemos, 2001b). 

Heat transfer analysis was also the subject of additional research (Rocamora & de Lemos, 1999). One of the main 
motivations for this development was the ability to treat hybrid computational domains with a single mathematical tool 
for either the flow field (de Lemos & Pedras, 2000b) or when solving for the energy equation. Non-isothermal 
recirculating flows in channels past a porous obstacle (Rocamora & de Lemos, 2000b, Rocamora & de Lemos, 2000c) 
and through a porous insert have been calculated (Rocamora & de Lemos, 2000d) using the work described in Pedras & 
de Lemos, 2001a. 

The objective of this paper is to classify and compare turbulence models for porous medium presented in the 
literature. The comparison herein is sole based on the distinct propositions for the flow governing equations, which, in 
fact, involve substantially different concepts. The main idea underlining this work is to focus on the propositions of the 
transport equations rather than showing values obtained with their numerical solution. As such, proposed equations for 
the turbulent kinetic energy are reviewed and the interrelationship between correspondent terms is discussed. It is 
expected that the contribution herein provide some insight to turbulence modelers devoted to analyze engineering 
systems and environmental flows which can be modeled as a porous structure having a fluid flowing in turbulent regime 

2. The Double Decomposition Concept 

 For the sake of completeness, the definition of volume and time averaging is included below. Also, for clarity, the 
idea of double decomposition is here quickly reviewed. More details on this matter can be found in Pedras & de Lemos, 
2000a, and Rocamora & de Lemos, 2000a. 
 For a general fluid property, ϕ , the intrinsic and volumetric averages are related through the porosity φ  as 
(Bear, 1972), 
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where fV∆  is the volume of the fluid contained in V∆ . The property ϕ  can then be defined as the sum of i〉〈ϕ  and a 

term related to its spatial deviation within the REV, ϕi  (Whitaker, 1969), as 
ϕϕϕ ii +〉〈=  (2)  

 The relationship between the volumetric average of derivatives and the derivatives of the volumetric average is 
presented in a number of works. Examples are Slattery, 1967, Whitaker, 1969, Gray & Lee, 1977, and is known as the 
Theorem of Local Volumetric Average or Volume Averaging Theory, VAT. Further, the need for considering time 
fluctuations occurs when turbulence effects are of concern. The microscopic time-averaged equations are obtained from 
the instantaneous microscopic equations. For that, the time-average value of property, ϕ , associated with the fluid is 
given as: 

 ∫
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where t∆  is the integration time interval. The instantaneous property ϕ  can be defined as the sum of the time average, 
ϕ , plus the fluctuating component, ϕ′ : 

 ϕϕϕ ′+=  (4)  

being 0' =ϕ . 
From the work in Pedras & de Lemos, 2000a, and Rocamora & de Lemos, 2000a, one can write for any flow 

property ϕ  combining (2) and (4), 

 iii 〉′〈+〉〈=〉〈 ϕϕϕ  (5) 

 ϕϕϕ ii +〉〈=  (6) 

 ϕϕϕ ′+= iii  (7) 

 ϕϕϕ ′+〉′〈=′ ii  (8) 
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where ϕ′i  can be understood as either the time fluctuation of the spatial deviation or the spatial deviation of the time 

fluctuation. Also, 0=′=〉′〈 ϕϕ iii . After some manipulation, one can prove that (Pedras & de Lemos, 2001a, Pedras & 
de Lemos, 2001b) 

 ii 〉〈=〉〈 ϕϕ  (9) 

 ii 〉′〈=′〉〈 ϕϕ  (10) 

 ϕϕ ii
=  (11) 

Finally, one can have for any variable a full decomposition as: 

 
ϕϕϕϕ

ϕϕϕϕϕ

′++′〉〈+〉〈=

′++〉′〈+〉〈=
iiii

iiii

 (12) 

Equation (12) entails the so-called double decomposition concept. 

3. Macroscopic Turbulence Equation for k 

 
 Equations for the flow turbulent kinetic energy following both space-time and time-space integration of local 
instantaneous equations have been presented in de Lemos & Pedras, 2001. For completeness of the work herein, part of 
that yet unpublished paper is reproduced below. 
 In all developments found in the literature, the starting point for an equation for the flow turbulent kinetic 
energy is the microscopic velocity fluctuation u′ . An equation for it reads (Hinze, 1959, Warsi, 1998), 

 uuuuuuuuuu ′∇+′−∇=






 ′′−′′+′+′⋅∇+

∂
′∂ 2][ µρ p

t
. (13) 

Now, the volumetric average of (13) using the Theorem of Local Volumetric Average will give for each term, 
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Note that at the interface, iA , all velocities are null due to the non-slip condition resulting in, 
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where, 
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is the fluctuating part of the total drag due to the porous structure. 
Expanding further the divergent operators in equations (15), (16), (17) and (18) by means of equations (6) and 

(8), one ends up with an equation for i〉′〈u  as, 
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 The determination of the flow macroscopic turbulent kinetic energy follows two different paths in the 
literature. Lee & Howell, 1987, Wang & Takle, 1995, Antohe & Lage, 1997, and Getachewa et al., 2000, based their 
turbulence models on 2ii

mk 〉′〈⋅〉′〈= uu . They started with a simplified form of equation (23) neglecting the 4th, 5th, 

6th. and 8th terms (dispersions). Then they took the scalar product of it by i〉′〈u  and applied the time-average operator in 
order to obtain an equation for mk . 
 On the other hand, if one starts out with equation (13) and proceed with time-averaging first, one ends up, after 
volume averaging, with 2iik 〉′⋅′〈=〉〈 uu . This was the path followed by Masuoka & Takatsu, 1996, Kuwahara et al., 
1998, Kuwahara & Nakayama, 1998, Takatsu & Masuoka, 1998 and Nakayama & Kuwahara, 1999. 
 Equation for ik〉〈 . The other procedure for composing the flow turbulent kinetic energy is to take the scalar 
product of (13) by the microscopic fluctuating velocity u′ . Then apply both time and volume-operators for obtaining an 
equation for 2iik 〉′⋅′〈=〉〈 uu . Note that in this case the order of application of both operations is immaterial since no 
additional mathematical operation (the scalar product) is conducted in between the averaging processes. Therefore, this 
is the same as applying the volume operator to an equation for k , which for an incompressible constant property flow 
reads (Hinze, 1959, Warsi, 1998): 
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where T)(: uu ′∇′∇=νε . The volumetric average of (24) has been carried out in detail by de Lemos & Pedras, 2000a, 
and Pedras & de Lemos, 2001a, and for that only the final modeling equation is here presented. 
 Application of the operator (1) to (24) takes into consideration that at the interface  iA . (see for example (15) ) 
the non-slip condition gives 0==′= kuu . As a consequence, all integrals over  iA  are zero giving for the volumetric 
average of (24), 
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where the space decomposition (2) has been applied to the convection and production terms. 
 The first term on the right of (25) is normally modeled by a gradient diffusion-like expression of the form: 
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The third and seventh terms in equation (25) where combined in Pedras & de Lemos, 2001a, for reflecting the influence 
of a porous matrix on turbulence level as  
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Further, from the Theorem of Local Volumetric Average one has, 
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Equation (28) can be used to modify the third term on the left of (25) as, 
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Finally, the use of the Dupuit-Forchheimer expression i
D 〉〈= uu φ  gives for the ik〉〈  transport equation: 
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are the production rate of ik〉〈  due to mean gradients of the seepage velocity and the generation rate of intrinsic TKE 
due the presence of the porous matrix. Equation (30) has been proposed by Pedras & de Lemos, 2001a, where more 
details on its derivation can be found. The term iG takes into consideration the generation rate due to the presence of the 

porous structure. It vanishes as the ratio Kφ tends to infinity as in the case of clear fluid flow. The constant kc  was 
numerically determined in Pedras & de Lemos, 2001b. For a wide range of porosity and Reynolds number a value of 
0.28 was found to be suitable for most calculations 

 
Comparison of Macr

mk  and ik〉〈  can now be 
two quantities as being, 

 2iik 〉′⋅′〈=〉〈 uu

Model 
Class 

Authors 

A-L Lee & Howell, 198
& Takle, 1995, An
Lage, 1997, Getach
al., 2000. 

N-K Masuoka & Takats
Kuwahara et al., 1
Kuwahara & Naka
1998, Takatsu & M
1998, Nakayama &
Kuwahara, 1999. 

T-C Gratton et al., 1994
& Catton, 1992, ,T
al., 1993, Travkin 
1995, Travkin & C
1998, Travkin et a

P-dL 
 

Pedras & de Lemo
Rocamora & de Le
2000a, Pedras & d
2001a, Pedras & d
2001b. 
Table 1 - Classification of turbulence models for porous media. 
General characteristics and 
treatment of surface integrals 

Sequence of 
integration 

Applications 

7, Wang 
tohe & 
ewa et 

Surface integrals are not applied since 
models are based on macroscopic 
Quantities subjected to time-averaging 
only. 

Space-time Only theory presented. Numerical 
results using this model are found 
in Chan et al., 2000. 

u, 1996, 
998, 
yama, 
asuoka, 
 

Masuoka & Takatsu, 1996, assumed a 
non-null value in their eqn. (11) for the 
turbulent shear stress uuSt ′′−= ρ  along 
the interfacial area Ai. Takatsu & 
Masuoka, 1998, assume for their volume 
integral in eqn. (14) a different form zero 
value for kkt ∇+= )( ρσµρµd  at the 
interface Ai. 

Time-space Microscopic computations on 
periodic cell of square rods. 
Macroscopic model computations 
presented. 

, Travkin 
ravkin et 
& Catton, 
atton, 
l., 1999 

Morphology-based theory. Surface 
integrals and volume-average operators 
depend on media morphology. 

Time-space Only theory presented. 

s, 2000a, Double-decomposition theory. Surface Time-space Microscopic computation on 
oscopic Transport Equations. A comparison between terms in the transport equation for 
conducted. Pedras & de Lemos, 2000a, have already showed the connection between these 

222 iii
m

iiiii k 〉′⋅′〈+=〉′⋅′〈+〉′〈⋅〉′〈= uuuuuu  (32) 

mos, 
e Lemos, 
e Lemos, 

integrals involving null quantities at 
surfaces are neglected. The connection 
between space-time and time-space 
theories is unveiled. 

periodic cell of circular rods. 
Macroscopic computations for 
porous media presented. Results 
for hybrid domains are found in de 
Lemos & Pedras, 2000b, 
Rocamora & de Lemos, 2000b, 
Rocamora & de Lemos, 2000c, 
and Rocamora & de Lemos, 
2000d. 
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Expanding the correlation forming the production term iP  by means of (2), a connection between the two generation 
rates can also be written as, 
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where Pm is the production rate of km. One can note that all production rate of mk  due to the mean flow constitutes only 
part of the general production rate responsible for maintaining the overall level of ik〉〈 . Ultimately, equation (33) 
indicates that models based on the time-space integration sequence seems to be of a greater universality than those 
based on volume-time integration of the transport equations. 
 

4. General Classification of Turbulence models for Porous Media 

 Based on the derivations above, one can establish a general classification of the models presented so far in the 
literature. Table 1 classifies all proposals into four major categories. These classes are based on the sequence of 
application of averaging operators, on the handling of surface integrals and on the applications reported so far. 
 The A-L models make use of transport equations for 2ii

mk 〉′〈⋅〉′〈= uu  instead of 2iik 〉′⋅′〈=〉〈 uu . 
Consequently, this methodology applies only time-averaging procedure to already established macroscopic equations 
(see for example Hsu & Cheng, 1990, for macroscopic equations). In this sense, the sequence space-time integration is 
employed and surface integrals are not manipulated since macroscopic quantities are the sole independent variables 
used. Application of this theory is found in Chan et al., 2000. 
 N-K models constitute the second class of models here compiled. It is interesting to mention that Masuoka & 
Takatsu, 1996, assumed a non-null value for the turbulent shear stress, uuSt ′′−= ρ , along the interfacial area iA  in 

their eqn. (11). With that, their surface integral dA
iA

nSt ⋅∫  was associated with the Darcy flow resistance term. Yet, 

using the Boussinesq approximation as in their eqn. (7), IDSt kt 3
22 −= µ , one can also see that both tµ  and k will 

vanish at the surface iA , ultimately indicating that the surface integral in question is actually equal to zero. Similarly, 

Takatsu & Masuoka, 1998, assumed for their surface integral in eqn. (14), dA
iA

nd ⋅∫ , a non-null value where 

kkt ∇+= )( ρσµρµd . Here also it is worth noting that Tk )( uu ′∇⋅′=∇  and that, at the interface iA , 0=∇k  due to 
the non-slip condition. Consequently, also in this case the surface integral of d over iA  is of zero value. In regard to the 
average operators used, N-K models follow the time-space integration sequence. Calibration of the model required 
microscopic computations on a periodic cell of square rods. Macroscopic results in a channel filled with a porous 
material were also a test case run by Nakayama & Kuwahara, 1999. 
 The work developed in a series of papers using a morphology-oriented theory is here group in the T-C model 
category shown in Table 1. In this morphology-based theory, surface integrals resulting after application of volume-
average operators depend on the media morphology. Governing equations set up for turbulent flow, although 
complicated at first sight, just follow usual volume integration technique applied to standard k-ε and k-L turbulence 
models. In this sense, time-space integration sequence is followed. No closure is proposed for the unknowns surface 
integrals (and morphology parameters) so that practical application of such development in solving real-world 
engineering flows is still a challenge to be overcome. Nevertheless, the developed theory seems to be mathematically 
correct even though additional ad-hoc information is still necessary to fully model the remaining unknowns and 
medium-dependent parameters. 
 Lastly, the model group named P-dL uses the recently developed double-decomposition theory just reviewed above. 
In this development, all surface integrals involving null quantities at interface iA  are neglected. The connection 
between space-time and time-space theories is made possible due to the splitting of the dependent variables into four 
(rather that two) components, as expressed by equation (12) above. For the momentum and energy equations, the 
double-decomposition approach has proved that either time-space or space-time order of application of averaging 
operators is immaterial. For the turbulence kinetic energy equation, however, the order of application of such 
mathematical operators will define different quantities being transported (Pedras & de Lemos, 2000a, Rocamora & de 
Lemos, 2000a). Microscopic computation on a periodic cell of circular rods was used in order to calibrate the proposed 
model (Pedras & de Lemos, 2001a). Pedras & de Lemos, 2001b, further presented macroscopic computations for flow 
in a channel filled with a porous material. Further results for hybrid domains (porous medium - clear fluid) are found in 
de Lemos & Pedras, 2000b, Rocamora & de Lemos, 2000b, Rocamora & de Lemos, 2000c, and Rocamora & de Lemos, 
2000d. 

5. Conclusions 

 This paper presented the views in the literature for characterizing turbulent flow in porous media. The equations for 
the flow turbulent kinetic energy were derived following both time-space and space-time integration sequences. A 
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comparison between corresponding terms in these two transport equations was carried out. A general classification of 
all models published so far lead to four major groups that were commented upon. The treatment of the drag term 
following both methodologies was also discussed by means of the mechanical energy equation for the flow. This work 
was intended to provide a general view on the state-of-the-art of turbulence modeling in porous media. It is the authors' 
expectation that the contribution herein stimulates further research on this important area. 
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