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Abstract. Approximate flutter analyses in transonic flow typically employ a linear flutter package with the inclusion of the nonlinear
transonic effects, by applying corrections to the aerodynamic influence coefficient matrices. However, such analyses implicitly
require that transonic aerodynamic loads are “locally” linear with respect to structural deformation about a given geometry. This
linear behavior has been previously shown for the case of the solution of the transonic small disturbance equation (TDSE) in two-
dimensional flow for small  angle of attack variations, which allows a “linear boundary” to be established and appears to justify
using  approximate flutter analyses. In order to take in account the viscous effects, the present work employs a numerical Navier-
Stokes code to verify the “locally” linear behavior of aerodynamic loads with respect to the variation of the static angle of attack.
This study is aimed at identifying the conditions under which approximate flutter analyses based on corrections to aerodynamic
influence coefficients may be used. The results show that viscous effects play a fundamental role in shock displacement over the
airfoil, which prompts the re-evaluation of the previous inviscid-based linear boundaries. Thus, the locally linear behavior in
transonic flow should be approached with care when applied to transonic flutter analysis.
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1. Introduction

The severity of flutter at transonic speeds is linked to the presence of moving shock waves over the wing surface
(Ashley, 1980) with the flutter dynamic pressure being substantially reduced for Mach numbers near unity, in a
phenomenon usually termed as “transonic dip” (Whitlow, 1987). From these considerations, it is clear that accurate
flutter predictions depend on the ability of computational fluid dynamic procedures to predict correct shock strength and
location in a time accurate fashion.

Transonic flutter clearance relies on experience combined with costly and time-consuming wind tunnel and/or flight
tests. More recently, computational aeroelasticity has allowed coupled aerodynamic /structural dynamic computations
in the transonic regime. However, the computational resources needed for this coupled analysis are quite significant so
its industrial application is still limited .

Approximate flutter analyses in transonic flow typically employ a linear flutter package with the inclusion of the
nonlinear transonic effects, by applying corrections to the aerodynamic influence coefficient matrices (e.g. Baker &
Rodden, 1999; Brink-Spalink & Bruns, 2001; Palacios et al., 2001; Silva, Mello & Azevedo, 2001). However, such
analyses implicitly require that transonic aerodynamic loads are “locally” linear with respect to structural deformation
about a given geometry. This linear behavior has been shown Dowell (1995) in two-dimensional flow for small
dynamic angles of attack, which allows a “linear boundary” to be established and appears to justify using the
approximate flutter analyses.
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Dowell’s investigation was performed using a TSD code, which does not include viscous effects. An investigation
into local linearity in unsteady transonic 3-D flow has been conducted by Silva et al (2002). Their results indicate that
the linear boundaries may be more restrictive in 3-D flow. In order to clarify the role of the viscous effects in the non
linearities which were identified by Silva et al., the present work employs a 2-D Navier-Stokes code to investigate the
quasi-static behavior of the shock waves with respect to angle of attack in viscous flow. Simulations are conducted in
steady flow for a set of increasing angles of attack, from which the shock displacement with respect to angle of attack
may be evaluated.

2. Numerical Method

The Navier-Stokes solver used in the present work is a version of a code developed by Menezes, (1994). The thin
layer Reynolds-averaged, 2-D Navier-Stokes equations based on an arbitrary curvilinear coordinate system can be
written in non-dimensional form as (Azevedo, 1993):

 ηηξτ SFEQ c

1Re−=++  (1)

where Q  is the vector of unknown flow properties; E  and F  are the inviscid flux vectors; S  is the thin layer

viscous flux vector and ∞∞∞= µρ /Re cac  is the Reynolds number, based on the airfoil chord ∞ρ , ∞a  and ∞µ  are the

free stream density, speed of the sound and viscosity, respectively.
For the numerical solution of the system of Eqns. (1), an implicit approximate factorization algorithm is employed.

Originally this algorithm was idealized by Beam and Warming (1976) for Cartesian coordinates and later it was
generalized for a curvilinear coordinate system and applied for the numerical solution of the thin layer Navier-Stokes

equations by Steger (1978).  The time derivative, τQ , of equation (1) is approximated using the implicit Euler method,

a first order method, and all spatial derivatives are approximated by standard second-order central differences .
With the above described time and space discretizations, the application of the approximate factorization leads  to:
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In the above equations, ξδ and ηδ are standard second-order central differences, ξ∆ , η∆  and ξ∇ , η∇  are first

order backward and forward difference operators, respectively, and ηδ is a half-point second-order difference operator.

The numeric instabilities are controlled explicitly by adding linear artificial dissipation terms. These terms are the

second term of equations (5) and (6) and second term of the LHS in equations (3) and (4). The Eε  and Iε  coefficients

are constants of order 1.0. The definitions of the Jacobian matrices A, B and Mη  and details  of the implementation
procedure are presented by Azevedo (1993) and Menezes (1994). In order to accelerate the convergence of the
algorithm, a variable time step is employed along the mesh, respecting the constant CFL condition (Menezes, 1994).

A Baldwin-Lomax algebraic turbulence model is used, which allows the computation of the instantaneous turbulent
viscosity field. The detailed implementation is presented in Menezes (1994) for curvilinear coordinates and two
dimensions. The boundary conditions are based in a set of six types of boundaries such as plane wall, far field,
symmetry line, wake, subsonic or supersonic entrance and exit. In two dimensions, just four variables are necessary in
each of the boundaries. Details of the boundary condition implementation can be found in Azevedo (1993) and Menezes
(1994).

3. Results

The computational results of the Navier-Stokes simulation for a NACA 0012 airfoil for zero angle of attack were
validated by comparison with experimental results from the work of McDevitt & Okuno, (1985) and  Thibert et al,
(1979) and with the numerical results  presented in the work of Holst et al (1989), for set of different Mach and
Reynolds numbers, as presented in the work of Menezes (1994).  A good agreement with experiment has been observed
for both laminar and turbulent cases.  With angle of attack, the computational results were validated comparing with the
experimental  results presented in Harris (1981), and with the numerical results of the works of King (1987), and
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Coakley (1987). Table 1 presents the Mach numbers with the corresponding angle of attacks for the above mentioned
validation cases.

Table 1. Validation test cases presented in Menezes (1994).

Mach Rec (×10-6) α (deg)
0.800 12.0 0.00
0.800 4.09 0.00
0.830 4.09 0.00
0.700 9.00 1.49
0.550 9.00 8.34
0.799 9.00 2.26

For the present study, a variation in angle of attack is investigated, in order to evaluate the shock displacement in
transonic regime. One should note that, the simulations are performed for a number of steady state situations of the
airfoils for different angles of attack. Table 2 presents the test cases employed for this evaluation. The Reynolds number
is Rec = 12.0 × 106 , and the Mach number is 0.8. In this situation a strong shock wave appears in the upper and lower
surfaces of the airfoil, when α = 00. For angles of attack greater than zero, the lower surface shock is weakened and
eventually disappears.

Table 2. Test cases for angle of attack evaluation (Mach = 0.8 and Re = 12.0 106).

Case 1 2 3 4 5 6 7 8 9 10
Alpha 1.0 1.5 2.0 2.5 3.0 3.5 4.5 5.5 6.5 8.0

The computational grid used for all cases had 95 by 65 algebraically generated mesh points in the ξ (tangential) and
η (normal) directions, respectively. A close-up view of the grid is shown in Figure 1, where one may observe the η
direction stretch, which is adequate for thin layer Navier-Stokes computations.

Figure 1. Mesh around a NACA 0012 airfoil.

The artificial dissipation coefficients for all test cases were set as Eε = 5.0 and Iε = 4.0 × Eε where the subscripts E

and I refer to the explicit and implicit dissipation coefficients respectively. These values were frozen in order to have
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the same artificial dissipation in all the cases. A constant CFL number was chosen as 1.0, that is, a variable time step
size is used for time marching. The variable step size is efficient to accelerate the convergence to the desired steady
state solution. The results for the test cases listed in Table 2 are presented in Figures 2 and 3 as the differential pressure
distribution ∆Cp along the non-dimensional airfoil chord x/c. In Fig. 2, the pressure differential distributions are shown
for the first three angles of attack (1.0o , 1.5o and 2.0o ), while in Fig. 3 the pressure differentials are shown for all the
angle of attack cases investigated.

Figure 2. – Pressure differential distribution over airfoil surface for smaller angles of attack

Figure 3. – Pressure differential distribution over airfoil surface for all angles of attack.
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One feature to be noted is the aft movement of the chordwise shock position until 2.0o. Therefore, for small angles,
the behavior is consistent with the one presented by Dowell et al. (1995) where TSDE simulations showed that, for
small angles, there was an aft displacement in the shock position and an increase in shock strength with angle of attack,
as may be observed in Fig. 2. However, for larger values of angle of attack, the shock position starts to move forward
(towards the leading edge), as may be seen in Fig. 3. However, the shock strength keeps increasing with the angle of
attack, regardless of the angle of attack, at least in the range of angles of attack investigated.

In order to understand these phenomena, a useful approach is to analyze the instantaneous viscous turbulence field
µt and the pressure field distribution as isobaric lines as shown in Figs. 4. to 7. The viscous turbulence fields indicate
that the shock wave-boundary layer interaction results in significant thickening of the turbulent boundary layer. For
larger angles of attack, shock position moves forward, in the opposite direction when compared to the low angle of
attack cases. In Figs. 6. and 7, the pressure and viscous turbulence fields are shown for higher angles. It is seen that the
shock wave-boundary layer interaction at higher angles of attack leads to boundary layer separation, which seems to
“push” the shock forward. This shock-induced separation is further illustrated by Figs. 8 and 9, where streamtraces are
shown for angles of attack 6.5 and 8 deg., respectively, showing a clearly separated region after the shock.

Figure 4. Instantaneous viscous turbulence field µt and the pressure field over a 0012 NACA airfoil, for 1 deg. angle of
attack

Figure 5. Instantaneous viscous turbulence field µt and the pressure field over a 0012 NACA airfoil, for 2 deg. angle of
attack
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Figure 6. Instantaneous viscous turbulence field µt and the pressure field over a 0012 NACA airfoil, for 6.5 deg. angle
of attack.

Figure 7. Instantaneous viscous turbulence field µt and the pressure field over a 0012 NACA airfoil, for 8 deg. angle of
attack.

Even though the present investigation was limited in scope, viscous effects have been shown to play a fundamental
role in shock displacement over the airfoil. Therefore, the inviscid-based studies presented by Dowell et al. (1995)
should be carefully re-examined when trying to assume a locally linear behavior in transonic flow. Clearly, the same
non-linear simulations shall not be used to obtain aerodynamic coefficient corrections for all angles of attack.
Additionally, transonic analysis shall be conducted at a range of static angles of attack according to possible flight
conditions. The increased amount of computations strengthens the case for approximate methods in transonic flow.
However, further investigation is needed to establish local linearity with dynamic angle of attack around a given static
angle of attack.
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Figure 8. Streamtraces over a 0012 NACA airfoil at 6.5 deg. angle of attack.

Figure 9. Streamtraces over a 0012 NACA airfoil at 8 deg. angle of attack.

4. Conclusion

The present results show that the displacement of the shock wave over the airfoil depends on the angle of attack.
For small angles of attack, the shock wave moves downstream, towards the trailing edge. A change in this direction is
noted when the angle of attack reaches higher values and the shock starts to move upstream. One explanation for this
phenomenon is that the shock-induced separation for higher angles “pushes” the shock forward. Another interesting
feature to be noted is the shock curvature, more evident at the higher angles. This behavior can be explained as a
induced shock foot displacement caused by the boundary layer thickening and separation. As the angle of attack is
increased beyond separation, the shock strength continues to increase. The reason for this increase and for the
augmented shock curvature is associated to the "potential" field behavior; although one may argue that a thickened
"equivalent inviscid body" would seem to reinforce this behavior.

Since viscous effects have been shown to play a fundamental role in shock displacement over the airfoil, the locally
linear behavior in transonic flow should be approached with care. Clearly, the same non-linear simulations shall not be
used to obtain aerodynamic coefficient corrections for all angles of attack. Additionally, transonic analysis shall be
conducted at a range of static angles of attack according to possible flight conditions. The increased amount of
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computations strengthens the case for approximate methods in transonic flow. However, further investigation is needed
to establish local linearity with dynamic angle of attack around a given static angle of attack. Further studies must be
performed, such as a dynamic angle of attack at a given reduced frequency in order to evaluate the phase shift due to the
shock motion, which is an important aspect to be considered in the unsteady transonic aerodynamic loading.
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