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$EVWUDFW� 7UDQVLHQW KHDW WUDQVIHU LQ D QXFOHDU IXHO URG LV DQDO\VHG E\ DQ LPSURYHG

OXPSHG SDUDPHWHU DSSURDFK� 7KH FLUFXQIHUHQWLDO V\PPHWU\ LV DVVXPHG ZLWK WKH KHDW

WUDQVIHU WKURXJK WKH JDS PRGHOOHG E\ D KHDW WUDQVIHU FRHpFLHQW� +LJKHU RUGHU �+����

+HUPLWH DSSUR[LPDWLRQ IRU LQWHJUDWLRQ LV XVHG WR REWDLQ WKH DYHUDJH WHPSHUDWXUHV LQ

WKH UDGLDO GLUHFWLRQ� $ VLJQLnFDQW LPSURYHPHQW RYHU WKH FODVVLFDO OXPSHG SDUDPHWHU

IRUPXODWLRQ KDV EHHQ DFKLHYHG� 7KH SURSRVHG IXHO URG KHDW FRQGXFWLRQ PRGHO FDQ EH

XVHG LQ VWDELOLW\ DQDO\VLV RI %:5� VLPSOLnHG PRGHO RI 3:5 RU UHDO�WLPH VLPXODWRU RI

QXFOHDU SRZHU SODQWV�

.H\ZRUGV 7UDQVLHQW +HDW &RQGXFWLRQ� /XPSHG 3DUDPHWHU $QDO\VLV�

+HUPLWH $SSUR[LPDWLRQ� 1XFOHDU 5HDFWRU 7KHUPRK\GUDXOLFV

�� ,QWURGXFWLRQ

7KH OXPSHG SDUDPHWHU DSSURDFK KDV EHHQ ZLGHO\ XVHG LQ WKH WKHUPRK\GUDXOLF DQDO�

\VLV RI QXFOHDU UHDFWRUV� $V LQ WKH DQDO\VLV RI RWKHU FRPSOH[ WKHUPDO V\VWHPV� WKLV

FODVVLFDO DSSURDFK LV H[WUHPHO\ XVHIXO DQG VRPHWLPHV HYHQ PDQGDWRU\ ZKHQ D VLPSOL�

nHG IRUPXODWLRQ RI WKH WUDQVLHQW KHDW FRQGXFWLRQ LV VHHNHG� 7RJHWKHU ZLWK WKH QHXWURQ

SRLQW NLQHWLFV PRGHO� WKH OXPSHG SDUDPHWHU DSSURDFK IRU IXHO URG KHDW FRQGXFWLRQ LV

HVVHQWLDO LQ WKH VLPSOLnHG PRGHOV RI SUHVVXUL]HG ZDWHU UHDFWRUV �3:5V� DQG LQ UHDO�WLPH

VLPXODWRUV RI QXFOHDU SRZHU SODQWV �=DQREHWWL� ������

5HFHQWO\� WKH G\QDPLFV RI FKDRWLF LQVWDELOLWHV LQ ERLOLQJ ZDWHU UHDFWRUV KDV DURXVHG

LQFUHDVHG LQWHUHVWV� ,Q VXFK VWXGLHV� WKH OXPSHG SDUDPHWHU DSSURDFK KDV EHHQ WKH XQLTXH

RSWLRQ LQ WKH IXHO G\QDPLFV PRGHOV� )RU H[DPSOH� 5DR HW DO� ������ SHUIRUPHG D OLQHDU

VWDELOLW\ DQDO\VLV LQ WKH IUHTXHQF\ GRPDLQ WR VWXG\ WKH EDVLF PHFKDQLVP RI FRXSOHG

QXFOHDU�WKHUPDO LQVWDELOLWLHV LQ D ERLOLQJ FKDQQHO� XVLQJ D RQH�QRGH OXPSHG SDUDPHWHU



PRGHO IRU WKH IXHO G\QDPLFV� (YHQ ZLWK WKH VLPSOHVW IXHO G\QDPLFV PRGHO� WKH\ IRXQG

WKDW WKH IXHO�WLPH FRQVWDQW ZDV RQH RI WKH SDUDPHWHUV GHWHUPLQJ WKH GHQVLW\�ZDYH LQVWD�

EOLW\� &KDQJ DQG /DKH\ ������ XVHG RQH�GLPHQVLRQDO KRPRJHQHRXV HTXLOLEULXP DVVXPS�

WLRQV IRU GLDEDWLF WZR�SKDVH oRZ� D RQH�QRGH OXPSHG SDUDPHWHU DSSURDFK IRU KHDWHG

ZDOO G\QDPLFV� DQG QHXWURQ SRLQW NLQHWLFV IRU WKH FRQVLGHUDWLRQ RI QXFOHDU IHHGEDFN LQ

D ERLOLQJ ZDWHU UHDFWRU �%:5� ORRS� 7KH\ IRXQG WKDW D ERLOLQJ FKDQQHO FRXSOHG ZLWK

D ULVHU FRXOG H[SHULHQFH FKDRWLF RVFLOODWLRQV� /LQ HW DO� ������ IRXQG D VWULS RI OLPLW

F\FOH RVFLOODWLRQ RI D QXFOHDU�FRXSOHG ERLOLQJ FKDQQHO ZLWK D WZR�QRGH OXPSHG SDUDPH�

WHU PRGHO IRU WKH IXHO G\QDPLFV� ZKHUH RQH QRGH ZDV IRU WKH IXHO DQG WKH RWKHU IRU WKH

FODGGLQJ�

$V DQ LQKHUHQW OLPLWDWLRQ RI WKH OXPSHG SDUDPHWHU DSSURDFK� PRGHUDWH WR ORZ WHP�

SHUDWXUH JUDGLHQWV ZLWKLQ WKH UHJLRQ DUH DVVXPHG� ZKLFK JRYHUQ WKH DFFXUDF\ RI VXFK DS�

SUR[LPDWH IRUPXODWLRQV WKURXJK WKH DVVRFLDWHG SUREOHP SDUDPHWHUV� $V D UXOH RI WKXPE�

WKH FODVVLFDO OXPSHG SDUDPHWHU DSSURDFK� ZKHUH XQLIRUP WHPSHUDWXUH LV DVVXPHG ZLWKLQ

WKH UHJLRQ� LV LQ JHQHUDO UHVWULFWHG WR SUREOHPV ZLWK %LRW QXPEHU OHVV WKDQ ���� ,Q PRVW

QXFOHDU UHDFWRU HQJLQHHULQJ SUREOHPV� WKH %LRW QXPEHU LV PXFK KLJKHU� ,Q RWKHU ZRUGV�

WKH PRGHUDWH WR ORZ WHPSHUDWXUH JUDGLHQW DVVXPSWLRQ LV QRW UHDVRQDEOH LQ VXFK DSSOL�

FDWLRQV� WKXV PRUH DFFXUDWH DSSURDFK VKRXOG EH DGRSWHG� &RWWD DQG 0LNKDLORY ������

SURSRVHG D V\VWHPDWLF IRUPDOLVP WR SURYLGH LPSURYHG OXPSHG SDUDPHWHU IRUPXODWLRQ

IRU VWHDG\ DQG WUDQVLHQW KHDW FRQGXFWLRQ SUREOHPV EDVHG RQ +HUPLWH DSSUR[LPDWLRQ IRU

LQWHJUDOV WKDW GHnQH DYHUDJHG WHPSHUDWXUHV DQG KHDW oX[ LQWHJUDOV� 7KLV DSSURDFK KDV

EHHQ VKRZQ WR EH HpFLHQW LQ D JUHDW YDULHW\ RI SUDWLFDO DSSOLFDWLRQV �$SDUHFLGR DQG

&RWWD ������� 6FRIDQR 1HWR DQG &RWWD ������� &KHRURWR HW DO� ��������

5HJLV HW� DO� ������ KDYH SURSRVHG DQ LPSURYHG OXPSHG SDUDPHWHU PRGHO IRU WKH

WUDQVLHQW KHDW FRQGXFWLRQ LQ D QXFOHDU IXHO URG ZKHUH WKH RQH�VLGHG FRUUHFWHG WUDSH]RLGDO

UXOH �+��� DSSUR[LPDWLRQ� ZDV HPSOR\HG LQ WKH DYHUDJHG WHPSHUDWXUH LQWHJUDO IRU WKH

IXHO� DQG SODLQ WUDSH]RLGDO UXOH �+��� DSSUR[LPDWLRQ� ZDV XVHG LQ WKH DYHUDJHG WHPSHU�

DWXUH LQWHJUDO IRU WKH FODGGLQJ DQG WKH KHDW oX[HV� ,Q WKLV ZRUN� ZH SUHVHQW D KLJKHU

RUGHU OXPSHG SDUDPHWHU DQDO\VLV WKDW XVHV WKH WZR�VLGHG FRUUHFWHG WUDSH]RLGDO UXOH �+���

DSSUR[LPDWLRQ� LQ WKH DYHUDJHG WHPSHUDWXUH LQWHJUDOV IRU ERWK IXHO DQG FODGGLQJ� DQG

SODLQ WUDSH]RLGDO UXOH �+��� DSSUR[LPDWLRQ� LV XVHG LQ WKH DYHUDJHG KHDW oX[HV� 7KH

SURSRVHG OXPSHG SDUDPHWHU PRGHO FDQ EH XVHG LQ VWDELOLW\ DQDO\VLV RI ERLOLQJ ZDWHU

V\VWHPV� LQ VLPSOLnHG PRGHO RI SUHVVXUL]HG ZDWHU UHDFWRUV� RU LQ UHDO�WLPH QXFOHDU SRZHU

SODQW VLPXODWRUV�

�� $QDO\VLV

:H FRQVLGHU WKH WUDQVLHQW KHDW FRQGXFWLRQ LQ D F\OLQGULFDO QXFOHDU IXHO URG VXFK DV

WKRVH WKDW FDQ EH IRXQG LQ SUHVVXUL]HG ZDWHU UHDFWRUV �3:5V�� ERLOLQJ ZDWHU UHDFWRUV

�%:5V�� RU OLTXLG PHWDO FRROHG IDVW EUHHGHU UHDFWRUV �/0)%5V�� ,Q RUGHU WR LOOXVWUDWH

WKH PDLQ LGHD RI LPSURYHG OXPSHG DQDO\VLV� ZH VLPSOLI\ WKH SUREOHP E\ DVVXPLQJ D[�

LV\PPHWU\ RI WHPSHUDWXUH GLVWULEXWLRQ DQG QHJOHFWLQJ WKH D[LDO KHDW FRQGXFWLRQ WHUP

DQG WKH VSDWLDO YDULDWLRQ RI WKH KHDW JHQHUDWLRQ DFURVV WKH IXHO URG� 7KH WKHUPDO FRQ�

GXFWLYLWLHV DUH DVVXPHG WR EH LQGHSHQGHQW RI WHPSHUDWXUH� ZKLOH WKLV DVVXPSWLRQ LV QRW

HVVHQWLDO LQ WKH OXPSHG SDUDPHWHU DSSURDFK DV FDQ EH VHHQ IXUWKHU LQ WKH DQDO\VLV� 7KH

KHDW JHQHUDWLRQ LQ WKH FODGGLQJ LV QHJOHFWHG� :LWK WKH DERYH DVVXPSWLRQV� ZH KDYH

WKH IROORZLQJ JRYHUQLQJ HTXDWLRQV ZLWK DSSURSULDWH ERXQGDU\ DQG LQLWLDO FRQGLWLRQV IRU

RQH�GLPHQVLRQDO WUDQVLHQW KHDW FRQGXFWLRQ LQ D IXHO URG�
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7KH HTXDWLRQV ��� DQG ��� DUH HTXLYDOHQW LQWHJUR�GLmHUHQWLDO IRUPXODWLRQ RI WKH RULJ�

LQDO PDWKHPDWLFDO PRGHO� ZLWK QR DSSUR[LPDWLRQ LQYROYHG� 6XSSRVLQJ WKDW WKH WHP�

SHUDWXUH JUDGLHQWV DUH VXpFLHQWO\ VPRRWK RYHU WKH ZKROH VSDWLDO VROXWLRQ GRPDLQ� WKH
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WR EH VROYHG ZLWK WKH LQLWLDO FRQGLWLRQV IRU WKH DYHUDJHG WHPSHUDWXUHV�
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LGHD LV WR SURYLGH D EHWWHU UHODWLRQ EHWZHHQ WKH ERXQGDU\ SRWHQWLDOV DQG WKH DYHUDJHG

SRWHQWLDOV� ZKLFK DUH WR EH GHYHORSHG IURP +HUPLWH�W\SH DSSUR[LPDWLRQV RI WKH LQWHJUDOV

WKDW GHnQH WKH DYHUDJH WHPSHUDWXUHV DQG KHDW oX[HV�

,Q WKLV IRUPXODWLRQ� WKH WZR�VLGHG FRUUHFWHG WUDSH]RLGDO UXOH �+
��� DSSUR[LPDWLRQ�

LV HPSOR\HG LQ WKH DYHUDJHG WHPSHUDWXUH LQWHJUDOV IRU ERWK IXHO DQG FODGGLQJ� DQG SODLQ
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tI�DY�~�  
�

�
tI �5IR� ~� �

�

�
tI ��� ~� �

�

�
�5IR�%LJItI �5IR� ~ �b tF�5FL� ~�� ����

tF�DY�~ �  
�

� �5FL

K
5FLtF�5FL� ~ � � tF��� ~ � �

�b5FL

�
tF�5FL� ~� ����

b5FL%LJF
b
tI �5IR� ~ �b tF�5FL� ~�

c
�%LtF��� W�b tF��� W�

L
�

(TV�������������� IRUP D V\VWHP RI IRXU OLQHDU DOJHEUDLF HTXDWLRQV IRU IRXU XQNQRZQV�

tI ��� ~�� tI �5IR� ~�� tF�5FL� ~� DQG tF��� ~�� WKDW LV VROYHG WR SURYLGH WKH VHHNHG UHODWLRQV

EHWZHHQ ERXQGDU\ SRWHQWLDOV DQG DYHUDJHG SRWHQWLDOV� EHVLGHV DQ DSSUR[LPDWH UHODWLRQ

IRU WKH FHQWUDO WHPSHUDWXUH� tI ��� ~ �� 7KHVH UHODWLRQV DUH WKHQ XVHG LQ WKH HTXDWLRQV ���

DQG ��� WR FORVH WKH WZR RUGLQDU\ GLmHUHQWLDO HTXDWLRQV IRU WKH DYHUDJHG WHPSHUDWXUHV�

WR EH VROYHG ZLWK WKH LQLWLDO FRQGLWLRQV ���D� E��



�� 5HVXOWV DQG 'LVFXVVLRQ

7KH SURSRVHG KLJKHU RUGHU OXPSHG SDUDPHWHU PRGHO IRU RQH�GLPHQVLRQDO WUDQVLHQW

KHDW FRQGXFWLRQ LV VROYHG QXPHULFDOO\ ZLWK D IRXUWK RUGHU 5XQJH�.XWWD PHWKRG� LP�

SOHPHQWHG LQ )RUWUDQ 3RZHU6WDWLRQ ���� 7KH VROXWLRQ LV WKHQ FRPSDUHG ZLWK D nQLWH

GLmHUHQFH VROXWLRQ RI WKH RULJLQDO SDUWLDO GLmHUHQWLDO HTXDWLRQV DQG ZLWK WKH FODVVLFDO

OXPSHG SDUDPHWHU PRGHO DV GHVFULEHG LQ /HY\ �������

1XPHULFDO UHVXOWV ZHUH REWDLQHG IRU W\SLFDO SDUDPHWHU YDOXHV HQFRXQWHUHG LQ QXFOHDU

UHDFWRU HQJLQQHULQJ DSSOLFDWLRQV �/HY\� ������ 7KH SDUDPHWHUV XVHG LQ WKH WHVW FDVHV

DUH JLYHQ LQ 7DEOHV � DQG ��

7DEOH �� )L[HG 3DUDPHWHUV IRU 6HOHFWHG 7HVW &DVHV

NI �:�P .� ��� NF �:�P .� ����

|I �NJ�P�� ������� |F �NJ�P�� ������

FI �-�NJR&� ����� FF �-�NJR&� �����

UIR �P� ������� UFL �P� �������

UFR �P� ������� KJ �:�P� R&� ������

J �:�FP�� �������

7DEHO �� +HDW 7UDQVIHU &RHpFLHQWV IRU 6HOHFWHG 7HVW &DVHV

&DVH K �:�P� R&� %L

� ������� �������

� ������� �������

� ������� �������

,Q 7DEOH �� ZH JLYH WKH SDUDPHWHUV XVHG LQ DOO WKH WKUHH WHVW FDVHV� ,Q 7DEOH �� WKH

FODGGLQJ�FRRODQW KHDW WUDQVIHU FRHpFLHQWV DUH JLYHQ IRU WKH WKUHH WHVW FDVHV�

,Q )LJXUH � LW LV VKRZQ WKH DYHUDJHG IXHO DQG FODGGLQJ WHPSHUDWXUHV IRU FDVH �

�%L  �������� REWDLQHG E\ WKH LPSURYHG DQG FODVVLFDO OXPSHG IRUPXODWLRQV� FRPSDUHG

ZLWK D nQLWH GLmHUHQFH VROXWLRQ ZLWK IXOO\ LPSOLFLW VFKHPH DQG FHQWUDO GLmHUHQFH LQ

VSDWLDO FRRUGLQDWH� 7KH VWHDG\ VWDWH VROXWLRQ REWDLQHG E\ WKH nQLWH GLmHUHQFH PHWKRG

DJUHHV SHUIHFWO\ ZLWK WKH H[DFW DQDO\WLFDO VROXWLRQ� :H FDQ REVHUYH WKDW WKH DYHUDJHG

IXHO WHPSHUDWXUH REWDLQHG E\ WKH LPSURYHG OXPSHG SDUDPHWHU IRUPXODWLRQ LV LQ H[FHOOHQW

DJUHHPHQW ZLWK WKH nQLWH GLmHUHQFH VROXWLRQ� ZKLOH WKH DJUHHPHQW IRU DYHUDJHG FODGGLQJ

WHPSHUDWXUH LV VWLOO TXLWH UHDVRQDEOH� 7KH FODGGLQJ WHPSHUDWXUHV DUH VKRZQ LQ WKH

ORZHUPRVW VHW RI FXUYHV LQ HDFK JUDSK� 7KHUH LV D VLJQLnFDQW LPSURYHPHQW RYHU WKH

FODVVLFDO OXPSHG SDUDPHWHU IRUPXODWLRQ DOVR IRU WKH DYHUDJHG FODGGLQJ WHPSHUDWXUH�

:LWK LQFUHDVHG %LRW QXPEHUV� WKHUH LV DQ LPSURYHPHQW LQ WKH DJUHHPHQW EHWZHHQ WKH

LPSURYHG OXPSHG SDUDPHWHU IRUPXODWLRQ DQG WKH nQLWH GLmHUHQFH VROXWLRQ� DV FDQ EH

REVHUYHG LQ )LJXUH � IRU %L  ������� DQG LQ )LJXUH � IRU %L  ��������

�� &RQFOXVLRQ

$ KLJKHU RUGHU OXPSHG SDUDPHWHU DQDO\VLV LV DSSOLHG WR WKH WUDQVLHQW KHDW WUDQVIHU LQ

D QXFOHDU UHDFWRU IXHO URG WR SURYLGH D VLPSOLnHG IRUPXODWLRQ WKDW FDQ EH XVHG LQ VWDELOLW\

DQDO\VLV RI %:5V� VLPSOLnHG PRGHOV RI 3:5V RU UHDO�WLPH VLPXODWRUV RI QXFOHDU SRZHU

SODQWV� :LWK DSSOLFDWLRQ RI +��� DQG +��� +HUPLWH DSSUR[LPDWLRQV IRU WKH DYHUDJHG



�D� $YHUDJH IXHO WHPSHUDWXUH

�E� $YHUDJH FODGGLQJ WHPSHUDWXUH

)LJXUH � � &RPSDULVRQ RI VROXWLRQV IRU %L  ��������



�D� $YHUDJH IXHO WHPSHUDWXUH

�E� $YHUDJH FODGGLQJ WHPSHUDWXUH

)LJXUH � � &RPSDULVRQ RI VROXWLRQV IRU %L  ��������



�D� $YHUDJH IXHO WHPSHUDWXUH

�E� $YHUDJH FODGGLQJ WHPSHUDWXUH

)LJXUH � � &RPSDULVRQ RI VROXWLRQV IRU %L  ��������



WHPSHUDWXUH DQG KHDW oX[ LQWHJUDOV� D VLJQLnFDQW LPSURYHPHQW KDV EHHQ DFKLHYHG RYHU

WKH FODVVLFDO OXPSHG SDUDPHWHU DQDO\VLV IRU WKH UDQJH RI SDUDPHWHUV W\SLFDOO\ HQFRXQ�

WHUHG LQ QXFOHDU UHDFWRU DSSOLFDWLRQV� %RWK DYHUDJHG IXHO DQG FODGGLQJ WHPSHUDWXUH DUH

LQ H[FHOOHQW DJUHHPHQW ZLWK nQLWH GLmHUHQFH VROXWLRQ RI WKH RULJLQDO SDUWLDO GLmHUHQWLDO

HTXDWLRQ IRU WKH UDQJH RI WKH %LRW QXPEHU VWXGLHG�

$FNQRZOHGJHPHQWV

7KH DXWKRUV DUH JUDWHIXO WR &13T IRU WKH nQDQFLDO DLG GXULQJ WKH UHDOL]DWLRQ RI WKLV

ZRUN�

5HIHUHQFHV

$SDUHFLGR� -� %� DQG &RWWD� 5� 0�� ����� 0RGLnHG RQH�GLPHQVLRQDO nQ VROXWLRQV� +HDW

7UDQVI� (QJ�� YRO� ��� SS� ��^���

&KDQJ� &��-� DQG /DKH\ -U�� 5� 7�� ����� $QDO\VLV RI FKDRWLF LQVWDELOLWLHV LQ ERLOLQJ

V\VWHPV� 1XFO� (QJ� 'HV�� YRO� ���� SS� ���^����

&KHURWR� 6�� 6LOYD�*XLJRQ� 6� 0�� 5LEHLUR� -� :� DQG &RWWD� 5� 0�� ����� /XPSHG�

'LmHUHQWLDO )RUPXODWLRQV IRU 'U\LQJ LQ &DSLOODU\ 3RURXV 0HGLD� 'U\LQJ 7HFKQRORJ\�

LQ SUHVV�

&RWWD� 5� 0� DQG 0LNKDLORY� 0� '�� ����� +HDW &RQGXFWLRQ _ /XPSHG DQDO\VLV�

,QWHJUDO WUDQVIRUP� 6\PEROLF FRPSXWDWLRQ� -RKQ :LOH\ 	 6RQV� &KLFKHVWHU�

/HY\� 6�� ����� 7ZR�3KDVH )ORZ LQ &RPSOH[ 6\VWHPV� -RKQ :LOH\ 	 6RQV� 1HZ <RUN�

/LQ� <� 1�� /HH� -� '� DQG 3DQ� &�� ����� 1RQOLQHDU G\QDPLFV RI D QXFOHDU�FRXSOHG

ERLOLQJ FKDQQHO ZLWK IRUFHG oRZV� 1XFO� (QJ� 'HV�� YRO� ���� SS� ��^���

5DR� <� )�� )XNXGD� .� DQG .DQHVKLPD� 5�� ����� $QDO\WLFDO VWXG\ RI FRXSOHG QHXWURQLF

DQG WKHUPRG\QDPLF LQVWDELOLWLHV LQ D ERLOLQJ FKDQQHO� 1XFO� (QJ� 'HV�� YRO� ����

SS� ���^����

5HJLV� &� 5�� &RWWD� 5� 0� DQG 6X� -�� ����� ,PSURYHG OXPSHG DQDO\VLV RI WUDQVLHQW

KHDW FRQGXFWLRQ LQ D QXFOHDU IXHO URG� ,QW� &RPP� +HDW 0DVV 7UDQVIHU� YRO� ���

SS� ���^����

6FRIDQR 1HWR� )� DQG &RWWD� 5� 0�� ����� ,PSURYHG K\EULG OXPSHG�GLmHUHQWLDO IRUPX�

ODWLRQ IRU GRXEOH�SLSH KHDW H[FKDQJHUV DQDO\VLV� -� +HDW 7UDQVIHU� YRO� ���� SS�

���^����


