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Abstract. The study of scale effect has puzzled researchers since the beginning of modern science. Galileo and 
Leonardo da Vinci already had discussed the subject in their work. Another phenomenon that has important influence 
on mechanical properties of the materials is the strain velocity of the applied load. Although many aspects may be 
investigated, it is clear that characteristic dimensions and wave velocities of the material have a key hole. To take into 
account these effects is fundamental when problems of fracture and fragmentation are studied. To formulate a scale 
law, the proposition presented by Morquio and Riera (2004) will be used. The numerical methods in general consider, 
implicitly or explicitly, the existence of the above mentioned material characteristics. In this context different 
numerical methodologies are explored here. In the present paper is first shown the theoretical framework proposed by 
Morquio and Riera to represent the scale law. Then a brief description about the three numerical methodologies 
analyzed and the determination of adimensional parameters is briefly explained. Finally a comparison in terms of  
characteristic length and strain rate, that leads to a scale law in each method is presented and a discussion about the 
physical significance of these parameters is pointed out. 
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1. Introduction 

For structural design, the knowledge about material properties in the real structure dimensions and the applied strain 
rate level are of fundamental importance. Generally the real structure material properties are different from those in a 
simple test specimen because exists the interaction between the material properties and the following factors: (i) 
structure size, (ii) strain rate applied on it. The material properties interaction with the size structure (size effect) has 
been studied since the modern science beginning - the Leonardo and Galileo works are evidence of that. Presently the 
models created by Bazant and Chen (1997) and Carpinteri et al (1995) are examples of recent studies that have been 
generated in the size effect area. In Latin-America, is relevant to mention the work of Morquio and Riera (2004) which 
showed a theoretical framework that permitted include the different size law models considering not only the size effect 
but also the strain rate dependencies. 

The present paper is organized in the following way. In section 2 is shown the theoretical framework proposed by 
Morquio and Riera (2004) to represent the scale law. Then, in section 3, a brief description about the three numerical 
methodologies analyzed: the discrete element method (DEM) proposed by Rocha (1989), the finite element method 
considering cohesive interfaces (IC-FEM) originally developed by Needleman (1987), and the smeared crack method 
(SF-FEM) due to Rots (1988). The determination of adimensional parameters is briefly explained in sections 4 and 5. 
Finally, in section 6, comparisons in terms of characteristic lengths and strains rate, that lead to a scale law in each 
method is presented and the discussion about the physical significance of these parameters is pointed out. 
 
2. Characteristic Length and Strain Velocities  

 
The scale effect is generally studied for a determined structure response, that here is generically named with the 

letter Y. This response can be, for example, the  material nominal strength, the maximum storage elastic energy before 
fracture, etc. By comparing the results obtained in different size structures with geometric similarities, the scale effect 
can be verified. 



Two structures (a e b) are considered geometrically similar when the quotients between dimensions (db / da = λ) are 
a constant, for any selected structural dimension. Obviously the obtained responses (Ya, Yb, ...) might be or not different 
for the different sizes of the structure. In the first case (Yb=Ya= ...= constant), does not exist a scale effect, and the 
structural response is independent of the structure size. In the other case (Yb ≠ Ya≠ ...), the response is function of the 
structure size and consequently does exist a scale effect. An example of this scale effect is the microstructure size of 
grains in metals. It is known that the smaller the grain size, the harder the metal.  

Consider that the response Y for a structure with a geometric dimension d is defined by a scale law function f as: 
  

( )λfYY a=                                                                                                                                                                     (1) 

 
where λ = d / da, and Ya is a response for the structure  that has the reference size da and f is an adimensional function 
that fulfill the condition f(1) = 1. If function f depends on the reference size da, it means that exists a material 
characteristic length (MCL). On the other hand, if function f is not dependent on da,, then does not exist a MCL. As 
stated by Bazant and Chen (1997), when does not exist a MCL, it is possible verify that f has the following form:  
 

( ) mf λλ =                                                                                                                                                                      (2) 
 
The expression (2) represents the most generic form for the scale law, if does not exist a MCL. In this equation m 

represents any real number. If we consider that exists two MCL (c1 e c2) the response Y of the structure with geometric 
dimension d can be expressed in the form: 

 
),,( ηµλfYY a=                                                                                                                                                              (3) 

 
where the adimensional parameters are: λ=d /da, µ=c1/da and η=c2/da. The function f must fulfill the condition: f(1, µ , η) 
= 1, for any µ and η. Therefore when exist two or more characteristic lengths (c1, c2, ...) the function f must be 
independent of the selected reference dimension da, and will only depend on its characteristic lengths. 

In a similar way, it is possible to define a material characteristic strain rate (MCSR), that arises when the structures 
responses due to loads with different strain rate applied are different. If a structure have two MCL and two MCSR the 
responses for two geometric dimensions Ya  and Y  are defined as: Ya =>  structural response with size da  and strain rate 
dεa/dt ; Y => structural  response with  size d and strain rate dε/dt. 

If we name c1 and c2 the MCLs and dεc1/dt, dεc2/dt the MCSRs, the adimensional parameters should be defined as:  
 

1 2
1 2/ , / , / , / , / , /a c a c a

a a a

d d d d dd
d d c d c d

dt dt dt dt dt dt
ε ε ε ε εελ µ η θ π γ= = = = = =                                              (4) 

 
In this conditions, is possible to write:  

 
),,,,,( γπθηµλfYY a=                                                                                                                                                (5) 

 
3. The Numerical Methods Description 
 

In the present section will be shown the main characteristics of the three different methods mentioned in the 
introduction: DEM (Rocha 1989), FEM-IC (Nedeelman 1987) and FEM-SF (Rots 1988). 

 
3.1 The Discrete Element Method (DEM)  
 

The DEM essentially consists in representing  the continuum domain through regular array of truss bars as shown in 
Fig. 1, where group-working bar rigidity is equivalent to the mechanical behavior of the continuum domain in analysis. 
The elemental constitutive law represents the material non-linear behavior. 

In Rocha (1989) an elemental bilinear constitutive law is proposed. This law captures the material behavior until the 
rupture and is based in the original idea presented by Hillerborg et al (1976). The constitutive law is given in terms of 
force and strain. 

In the Fig. 1(c), Pcr represents the maximum tensile transmitted bar force and εp  the associate strain with Pcr; EA is 
the cubic model bar rigidity and kr is the factor that is related to ductility (this parameter permits to calculate the strain 
where the bar stop transmitting tensile force, εr =  kr εp). The limit strain εr must permit that the area in Fig. 1(c) 
multiplied by the bar length Lele be equal the available fracture energy (Gf Af) in the bar, where Gf is the specific 
fracture energy, and Af is the fracture area that each bar represent. 
 



Proceedings of COBEM 2005 18th International Congress of Mechanical Engineering 
Copyright © 2005 by ABCM November 6-11, 2005, Ouro Preto, MG 

 

(b)(a)

X'
X

Y'

Z

Y

 
 

Figura 1 a) Cubic Module . b) Prism formed with several cubic Modules,  
c) Uniaxial constitutive law, d) Charge and discharge scheme. 

 
As the material has a brittle behavior, the linear fracture mechanics can be applied. The toughness can be expressed 

in terms of the Irwin stress intensity factor (KIc) or in terms of the specific fracture energy (Gf), then it is possible to 
write       

IC tK aχ σ= ⋅ ⋅               and            
2
IC

f

K
G

E
=                                                                            (6) 

 
where χ is a parameter that depends on the problem geometry and a is the crack length. If the material behavior is linear 
up to rupture (σt = εp E), the critical strain is given by: 
 

1/ 2
f

p f

G
R

E
ε

� �
= ⋅� �⋅� �

              where              ( )a
R f ⋅

=
χ

1                                                                 (7) 

 
and Rf  is a fail factor. This factor permits to introduce information about the intrinsic form of material rupture. The 
motion equations for the spatial discretization can be written as:  

 
( ) ( )M u f t q t⋅ + =��                                                                                                                                                            (8) 

 
In the equation (8), M represents the diagonal mass matrix proportional to the density ρ, u is the nodal displacement 

vector, f(t) is the nodal internal force vector, f(t) depends on previous and present displacements, and q(t) is the nodal 
external applied force vector. As in elastic linear system, f(t)=Ku(t), where K is the rigidity matrix. In systems with 
viscous forces, ( )f t K u C u= ⋅ + ⋅ � . Considering the damping coefficient C proportional to the mass, C=MDf,, with Df  a 
constant that depends on the material and on the structure system. The motion Eq. (8) can be integrated numerically in 
the time domain with a explicit scheme (central difference methods).  

It is important to point out that Pcr, εP, εr, Gf ,Rf,E, ρ, Df, are exclusively material properties while Af and Lele are 
exclusively related to the numerical model. Parameters EA and kr are function of both model and material. This method 
was successfully used in the modeling of concrete, soils and other composite materials such as is shown in Riera and 
Iturrioz (1995) , Spellmeyer et al (2001), Barrios D'Ambra et al (2003). 
 
3.2. The interface cohesive formulation (FEM-IC) 

 
In the cohesive interface method, Finite Element nodes are linked by springs at the nodes in order to simulate crack 

opening. The relationship between normal stress (Tn) and displacement (∆n) for the springs is given below, see 
Needleman (1987) (observe that the spring displacement corresponds to crack opening.). 

 

��
�

	



�

� ∆−
∆

−=
n

n

n

nf
n

G
T

δδ
exp2

                                                                                                                        (9) 

 
The Fig. 2 shows the relation Tn versus n∆ . Therefore an exponential law is considered, that reaches a peak stress 

values (σmax) for an opening δn. (The above equation is valid if mode II of rupture is not present in the analysis). The 
area below this curve is equal to Gf, as can be easily observed integrating Eq. (9) in ∆n from zero to infinity. In practice 
for an opening ∆n ≅ 5δn the whole fracture energy is consumed and rupture can be assumed. This value is denoted ∆*

n. 

(c) (d) 

G Af f
Lele  



From stress analysis in the crack tip, it is known that: σmax≅3.5 σe for a plastic material ((σe), is the yield or flow stress), 
or, for an elastic material, σmax ≅ Ε/10, where E is the elastic modulus.  
 

 
Figure 2: The normalized relationship between normal stress (Tn) and displacement ( n∆ ). 

 
The interface properties are linked though Eq.(10), that comes out from Eq.(9) for ∆n = δn: 
 

max/(exp[1] )n fGδ σ=                                                                                                                                                 (10) 

 
The constitutive law of the elements linked by the interface function expressed in Eq.(9) can be of any type, but for 

the present study a linear elastic (Hooke) law, with E as the elastic modulus, was considered. Also the mass is 
considered uniformly distributed and characterized by a density ρ.    
 
3.2. The smeared crack implementation (FEM-SF) 
 

In smeared crack models, the discontinuity in the displacement field caused by the crack is smeared along the 
element, which has its constitutive relation changed (d´Avila (2003) and Rots (1988)). 

A linear elastic behavior is considered for the uncracked material as much in compression as in tension. Fig. 3(a) 
represents the tension behavior until the maximum stress (σt) is reached.  
 
 
 
 
 
 
 
 
 
 
                                    
   
                                                   (a)                                                  (b)  

Figure 3: Constitutive relations: (a) uncracked material,  (b) cracked material 
 

Figure 3(b) shows the “stress x strain” cracked material softening behavior curve. The softening branch slope is 
dependent of the value εr, the maximum strain that allows traction transference between crack faces. The value of εr, is  

 
 

r    2 /( )   f tG bσε =                                                                                                                                                  (11) 

 
where b is the cracked zone dimension (cracked band). Observe that, as was indicated in Fig.3(b), ε r = wc/b, where wc 

is the crack opening where the material do not transmit more tension (Hillerborg 1976). The softening branch slope 
results then dependent of the value of the cracked band b, since σt and Gf are material characteristic values. 

The crucial point of the model is the correct determination of the crack band dimension value, since this value 
changes significantly the structural global response. 

ε 
εr =wc/b 

σt 

σ σ 
σt 

εp ε 
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For isoparametric finite elements, Rots (1988) suggests the expressions below to conect Lele with the crack band 
dimension in numerical simulations: 

 

eleL  / 2b=       (a)              
ele L  b=    (b)                                                                                                                (12) 

 
where Lele is the dimension of the element in the cracked zone. Eq.12(a) is applied to four nodes elements with 2x2 
gauss points and Eq. 12(b) for eight nodes elements with 3x3 gauss points. 
 
4. The Scale Laws Studied 
 

In the present section, the methodology to identify the parameters of the scale law is shown. In all cases studied, the 
Poisson coefficient is maintained constant and in this manner the number of involved parameters is reduced.  

The following magnitude nomenclature will be utilized : M: Mass magnitude, L: Length  magnitude, T: Time 
magnitude. As an example, the dimensional analysis by DEM case is shown. In this case the following input parameters 
are used: 

a)  E = Elasticity Modulus,[ML-1 T-2 ]  
b)  ρ = Density, [ML-3 ]    
c)  Gf = Especific Fracture Energy, [MT-2 ]    
d)  Rf = fail factor,  [L-1/2 ]    
f)  Df = damping factor, [T-1 ]    
Comparing the results Ya and Y that correspond to two structures (composed with the same material and different 

sizes, but geometrically similar to each other, submitted to different strain rate). In addition to the material property 
parameters, the following variables will enter in the analysis: 

i)  da =the first structure size, [L]    
j)  d =  the second structure size, [L] 
k)  dεa/dt = the applied strain rate to the first structure, [T-1 ] 
l)  dε /dt  = the applied strain rate to the second structure, [T-1] 
In the DEM analysis, the bar length (Lele) was maintained constant for all case simulated. Then Lele does not entry as 

an input parameter. Consequently it is possible to write:   

( , , , , , , )f f f

d
Y F E G R D d

dt
ερ=     (a),                 ( , , , , , , )a

a f f f a

d
Y F E G R D d

dt
ερ=     (b)                                          (13) 

 
And the quotient of both responses will be: 
 

*( , , , , , , , / , / )f f f a a
a

Y
F E G R D d d d dt d dt

Y
ρ ε ε=                                                                                                        (14) 

 
The quotient of Eq. (14) can be expressed in terms of products of the power of input parameters. It must be 

accomplish that:  
98

1 2 3 4 5 6 7
aa

a a a a a a a a
f f f a

dd
E G R D d d

dt dt
εερ � 	� 	× × × × × × × × =
 � 
 �

� � � �
 adimensional                                                           (15) 

and, consequently: 
 

a1 + a2 + a3 = 0  (for magnitude  M) 
a1 + 3a2 + a4/2 –a6 – a7 = 0 (for magnitude  L)                                                                                                           (16) 
2a1 + 2a3 + a5 + a8 +a9 = 0  (for to magnitude T) 
 
Using the Eq. (16) is possible eliminate a1, a7 and a9  and to obtain that:   

 

( ) ( )
2 3 5 6 82 2

41/ 2/ /
/ /

a a a a a
af fa a

f a
a a a a

G Dd dt d d d dt
R d

E Ed d dt d d dt

ρ ε ε
ε ε

� 	 � 	 � 	 � 	 � 	
× × × × × =
 � 
 � 
 � 
 � 
 �
 � � � � � � � � �� �

 adimensional                             (17) 

 
Equation (14) can be then rewritten as: 
 

( , , , , , )
a

Y
f

Y
λ µ η θ π γ=                                                                                                                                                  (18) 



2 2
1 21 2 / //

, , , ,
/ / / / /

f f f fc c

a a a a a a a a a a

R G R Dd dt d dtc cd d dt E
d d d Ed d d dt d dt d dt d dt d dt

ε εελ µ η θ γ π
ε ε ρ ε ε ε

−

= = = = = = = = = =                             (19) 

 
From nine variables illustrated in Eq. (14), five were material function (E,ρ,Gf,Rf,Df), two were structure dimensions 

function (d,da) and two were function of the applied strain rate (dε/dt, dεa/dt). This input variables define the studied 
problem in DEM and were reduced to six adimensional parameters illustrated in Eq. (18). In this case four parameters 
define the material properties (µ,η,π,γ), one the structure dimensions (λ)  and one the applied strain rate (θ). 

In the case of FEM-IC the response quotient used is presented as follow: 
 

* *
max( , , , , , , , , )a

f n n a
a

dY d
F E G or d d

Y dt dt
εερ δ σ= ∆                                                                                                       (20) 

 
resulting 

 

( , , , , , )
a

Y
f

Y
λ µ η θ τ γ=                                                                                                                                                    (21) 

1
*

31 2

max

1

, , , , ,

c

f fn n n

a a aa a a a a a a a

dd
G G cc cd Edt dtor

d d dd d d d Ed d d d
dt dt dt

εε
δ δλ µ η θ τ γε ε εσ ρ

∆= = = = = = = = = =
                                                (22) 

 
Finally for FEM-SF is possible to write   
 

*( , , , , , , , )a
f t a

a

dY d
F E G b d d

Y dt dt
εεσ=                                                                                                                         (23) 

or 

( , , , )
a

Y
f

Y
λ µ η τ= (a)   with 31 2, , ,f fc

a t a a a a a a a

G Gw cc cd b
or

d d d d Ed d d d
λ µ η τ

σ
= = = = = = =      (b)                                     (24) 

 
Table 1. Input Data and Scale Law Characteristic Parameter for FEM-IC, FEM-SF and DEM 

 
Input Data Var1[ML-1T-2] Var2 [ML-3] Var3[MT-2] Var5 Var6 

DEM E ρ Gf Rf       [L-1/2] Df  [T
-1] 

FEM-IC E ρ Gf δn [L] or     σmax [ML-1T-2] ∆n*   [ L] 
FEM-SF E − Gf σt[ML-1T-2] or wc [L] b [L] 

Characteristic parameters c1     [L] c2  [L] c3    [L] dεc1/dt [T-1] dεc2/dt [T-1] 
DEM 1/Rf

2 Gf /E - Rf
2 (E/ρ)0.5 Df 

FEM-IC δn or Gf /σmax Gf /E ∆n* 1/δn (E/ρ)0.5 - 
FEM-SF Gf /σt or wc/2 Gf /E b - - 

 
As much in FEM-IC as in FEM-SF was considered that the mesh size Lele changes proportionally with the structure 

geometry. In other words (Lele/d =Constant). For this reason Lele is not considered as an input independent variable, the 
study of  Lele influence will be object of a future work.        

In Table 1 is illustrated the independent input variables and the characteristic values for the three analyzed methods 
(DEM, FEM-IC, FEM-SF) to facilitate the comparison between them.  

 
5. Verification Methodology to test the analyzed Algorithms 

 
In order to compare the different algorithms, four simulations with responses Y1, Ya1, Y2 and Ya2, are considered. The 

following conditions are accomplished:  
a) The magnitudes that define the material properties are equal for the two first cases (1, a1) and for the last two 

cases (2, a2), although not necessarily equal between them. 
b) The quotients between the sizes d1/da1 and  d2/da2  are equal. 
c) The quotients between the strain rates  11 / add

dt dt
εε  and 22 / add

dt dt
εε  are equal.    

d) The adimensional parameters of the two first cases (1, a1) are equal to the two last cases (2, a2). 
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If the four conditions are fulfilled it is possible to say that: 
 

Y1 / Ya1 = Y2 / Ya2                                                                                                                                                       (25) 
 
For the DEM, Eq. (25) results: 
 

1
1 1 1 1 1 1

1

( , , , , , )
a

Y
f

Y
λ µ η θ π γ= =

2

2
2 2 2 2 2 2( , , , , , )

a

Y
f

Y
λ µ η θ π γ=  where 

1 2 1 2 1 2 1 2 1 2 1 2, , , , ,λ λ µ µ η η θ θ π π γ γ= = = = = =    (26) 

 
The same idea can be applied to the FEM-IC and the FEM-SF. In order to verify that DEM, FEM-IC and FEM-SF 

accomplish the scale law, four cases were simulated in each method. This verification for the DEM was shown in 
Morquio et al (2004), and for the others two methods are been presented in d’Avila (2005). These verifications were 
done in terms of rupture strength, strains, maximum elastic strain energy storage in the structure, etc, with notably 
precision.  

 
6. Discussion and Conclusions  
 

In the present work the formulation development by Morquio and Riera (2004) was applied to formulate a scale law 
in terms of adimensional variables for three fracture mechanics algorithms (DEM, FEM-IC, FEM-SF).  

Trying to understood the physical meaning of characteristic parameters shown in Table 1, the following 
equivalencies are used: 

 
2

, , , ,
2

t IC c t
f IC f t p f

K w
G K G E G

Rf E
σ σσ ε= = = =                                                                                                       (27) 

 
It can be observed that:  
a) Using the Eq. (27), the characteristic lengths c1DEM, c1FEM-IC, c1FEM-SF   shown in Table 1, can be expressed as: 

 

1 2 2

1 f
DEM

p

G
c

Rf Eε
= = (a),      

1 2
f f c

FEM SF
t p

G G w
c

Eσ ε− = = = (b),       
1 1

max

f
FEM IC n FEM IC

G
c or cδ

σ− −= (c)                                  (28) 

 
b) The second characteristic length c2=Gf/E, as seen in Table 1, has the same value for the three methods. Trying to 

find a physical meaning for c2 , is carried out the following transformation in c2 expression 
                                                                                

3 2 2
2

2 3 2

((1/ 2) )
((1/ 2) )

((1/ 2) )
f f crit p f crit

crit p
crit p

G G l G l
c l

E E l U

ε
ε

ε
= = =                                                                                                   (29) 

 
If we interpret lcrit as the length of the side of a cube that for its critical strain εp storages a strain elastic energy U, 

equal to the necessary energy to break a area (lcrit)
2 , then is possible to re-write c2  in terms to lcrit :  

 
2

2 / ((1/ 2) )f crit pc G E l ε= =                                                                                                                                         (30) 

 
c) The characteristic length c1 can be written for DEM and FEM-SF in the following way: 

 
2

1 2
f crit p

p

G l
c

E

ω
ω ε

ε
+

= =                                                                                                                                                 (31) 

 
where for DEM (ω=-2) and for FEM-SF(ω=-1) .    
 
d) The characteristic length c3, see (Table 1), only appears for (FEM-IC e FEM-SF) and it is linked to the shape of 
strain softening in the constitutive law used in each case.  
 
e) Regarding the characteristic strain rates, it is possible to observe that in the FEM-SF this parameter does not appear 
because, in this case, the method uses a quasi-static analysis. Concerning DEM and for FEM-IC, dεc1/dt presents an 
interesting similarity:   
 



21c
f

DEM

d E
R

dt
ε

ρ
� 	 =
 �
� �

      (a)                                     1 1c

FEM IC n

d E
dt
ε

δ ρ−

� 	 =
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� �

      (b)                                                       (32) 

reminding that (E/ρ)0.5 is a propagation dilatational wave speed in the elastic medium, it is possible to say that the 
inverse of the dεc1/dt determine the time that the dilatational wave takes to cross the characteristic length c1. 

The DEM has another characteristic strain rate (dεc2/dt) linked to the viscous damping proportional to the structure 
mass (Df). 

 
f) Finally it is possible to consider the following equivalence between (DEM, FEM-IC, FEM-SF) for the 
characteristic length c1 in terms of the intrinsic parameters of each method and for the lcrit previously defined in Eq.(30) 

 

2

1
n crit cl w

Rf
δ ≈ ≈ ≈                                                                                                                                                   (33) 

 
As a final conclusion it is possible to say that the scale law analysis permits to infer fundamental information about 

the meaning of the parameters used by each method. The comparison among different methods gives a new light in the 
interpretation of these parameters. 
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