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Abstract. In elastic linear analysis of thin shells, the locking phenomena are a frequent obstacle presented by the 
classic finite element simulation. In recent researches, one technique proposed to overcome locking phenomenon 
consists in a modification of the discrete potential energy by weighting differently the membrane and shear terms with 
respect to the bending terms. Another possibility derives from the use of the Generalized Finite Element Method 
(GFEM). One of its main features is the facility to provide a selective p refinement of the approximation on a certain 
region of the domain without compromising the element conformity. Such a feature is here explored as a base for a non 
conventional formulation of triangular shell elements free from locking. Then, both the mentioned alternative to lead 
with locking are combined, i.e., GFEM is applied over a formulation based on a modified potential energy functional. 
The numerical results are compared with those produced by classic FEM applied to structural analysis of plates and 
shells. Finally, some conclusions about the efficiency of proposed procedure as a numerical alternative to overcome 
locking in shell triangular elements are presented. 
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1. Introduction  

 
One numerical problem observed in the classic finite element analysis of thin plates and shells is known as locking.  

This can be detected when displacement-based formulations result in displacements much smaller than those expected 
by analytical solutions or those calculated with an appropriate formulation.  In other words, the structure seems to 
present a false excessive rigidity that, obviously, is not the real one. 

A great research effort has been undertaken during the last decades to overcome locking phenomena.  One 
successful approach for quadrilateral shells elements with good predictive capabilities and a locking free behavior is the 
mixed formulation based on mixed interpolation of the tensorial components.  However, for triangular shell elements it 
was not still possible to obtain the same level of accuracy displayed by quadrilateral elements. 

In 1997, Bucalem and Nóbrega (1997) proposed one variation of the mixed formulation that consisted in a 
modification of the discrete potential energy by weighting differently the membrane and shear terms with respect to the 
bending terms.  In their work an adaptation for the degenerated approach in the context of Naghdi shell theory was 
presented and the results for the triangular element with seven nodes and three tying points showed that this formulation 
needed further investigation. 

Another possibility to suppress locking problems derives from the meshless method and is named as Generalized 
Finite Element Method (GFEM) proposed by Duarte, Babuska and Oden (2000).  One of the main features of this 
method is the facility to provide selective p refinement of the approximation on a certain region of the domain without 
compromising the element conformity.  Such a feature is explored in this work and also both the mentioned alternative 
are combined, i.e., GFEM is applied over a formulation based on a modified potential energy functional as a base for a 
non conventional formulation for triangular shell elements free from locking.  

The present paper summarizes in Section 2 the mixed formulation for the degenerated solid approach.  In Section 3, 
the main aspects of the Generalized Finite Element Method are presented.  Numerical results obtained from the 
combination of these two techniques are compared with those produced by classic FEM and are included in Section 4.  
Finally, in Section 5, some conclusions about the efficiency of proposed procedure as a numerical alternative to 
overcome locking in shell triangular elements are presented. 

 
2. Mixed formulation for the degenerated solid approach 

 
The procedure presented in this section was studied by Bucalem and Nóbrega (1997) and was developed for the 

isoparametric shell element proposed by Ahmad, Irons and Zienkiewicz (1970).  It consists in degeneration of a three-
dimensional solid element and, for this reason, its geometry is represented by its midsurface, thickness and nodal direct 
vectors.  The Fig. 1 shows a typical shell element with q nodes in its midsurface.  Using the natural coordinates system 



(0,r,s,t), the Cartesian coordinates (x) of any point in the element are described by the geometry interpolation.  The r 

and s coordinates are positioned on the shell midsurface and t follows the direct vector n
0V . 

 
Figure 1. Generic shell finite element 

 
The mixed formulation based on the modification of the discrete potential energy deals with Assumed Strain fields 

(AS), established by the definition of the Directly Interpolated strain fields (DI), so that it is possible to reduce the 
effects of membrane and shear locking in thin shell elements.  Each different relation constructed between these 
parameters is related to a particular formulation.  More details are described on Bucalem and Nóbrega (1997). 

In order to introduce the idea of the modification of the potential energy in a degenerated solid approach 
formulation, it is necessary to define the assumed strain fields.  Assuming small displacements and strains, the 
infinitesimal Green-Lagrange strain tensor can be written as 
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where eij are the covariant components of the strain tensor and ji gg ⊗ is a tensorial covariant base formed by unity 
vectors associated to the isoparametric natural coordinates r, s and t.   

Using the interpolations hypothesis for geometry and displacements we have 
 

( ) uBB ˆij1ij0ij = +ε ,  uB ˆrtS=rtε ,   uB ˆstS=stε       (2) 
 
where û  is the nodal degree of freedom vector, Bij0 and Bij1 produce, respectively, the membrane strain of the 
midsurface and  the bending strain associated to nodal rotations, BrtS and BstS , admitted constant through the thickness, 
are related to transverse shear strain.  More detailed expressions for the B matrices are described in Nóbrega (1997). 

Introducing Eq. (2) in Eq. (1) and considering the global tri-orthogonal coordinate system with base vectors ex, ey 
and ez, the strain components can be written as 
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                (3) 
It is possible to identify the following three matrices 0mnB , 1mnB  and SmnB  from Eq. (3) 
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The linear strain tensor is obtained as 
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Node k



Proceedings of COBEM 2005 18th International Congress of Mechanical Engineering 
Copyright © 2005 by ABCM November 6-11, 2005, Ouro Preto, MG 

 

( ) uBBBu

BBB
BBB
BBB
BBB
BBB
BBB

e ˆˆ S10

Syz1yz0yz
Sxz1xz0xz
Sxy1xy0xy
Szz1zz0zz
Syy1yy0yy
Sxx1xx0xx

yz2ε
xz2ε
xy2ε
zzε
yyε
xxε

++=

++
++

++
++

++
++

==

















































         (4) 

 
The stiffness matrix of the element for the displacement-based formulation is expressed as 
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where the constitutive matrix C is defined for a global coordinate system and obtained by the transformation of an 
original constitutive matrix established for a local system. 

For the mixed formulation, the assumed covariant strain field (AS) is defined in nij tying points which natural 
coordinates are given by kk s,r  and t. 
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Note that DI
ije  represents the directly interpolated covariant strain component.  Since uBe ˆDI
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All the directly interpolated DIB  matrices in Eq. (7) correspond to the displacement-based formulation ones and 

were described earlier in Eq. (2).  Also, the matrices AS
0B and AS

SB are those defined in Eq. (3) for each occurrence 

of ij0B , rtSB  and stSB . 
It is important, at this point, to comment about the mixed formulation proposed by Arnold and Brezzi (1993) in the 

context of Naghdi theory.  It can be obtained from the minimization of the following functional 
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where BE  is the strain energy caused by bending effects; DI
SE  and AS

SE , occur because of the transverse shear 

action; and DI
ME  and AS

ME , because of membrane action.  The coefficient 0c  is defined as the reciprocal of the area 
of the midsurface of the shell and the thickness is a. 

The mixed formulation applied to shell model and based on the degeneration concept uses a strain energy partition 
in a similar way as presented in Eq. (8).  The stiffness matrix of the element is determined as 
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It is possible to identify the matrices that correspond to membrane (M), transverse shear (S) and bending (B) 

behaviors which can lead to the corresponding strain energy terms.  The matrices in Eq. (10) can be defined 
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For all numerical simulations presented in this work, the triangular shell element was constructed with three Gauss 

points for the membrane and transverse shear strain, and seven Gauss points for the directly interpolated strain. 
 

3. Generalized finite element method 
 

The Generalized Finite Element Method has some interesting aspects to be considered during the implementation 
phase of the code.  They are, for example, the possibility to (a) construct the space of enrichment functions with 
polynomial and harmonic functions or functions that represents the analytical solution of the problem; (b) suppress some 
inconvenient that can occur when the domain of the shape functions is associated to the mesh; and (c) preserve, 
essentially, the same implementation of the classic MEF code.  The basic ideas of GFEM are described in Duarte, 
Babuska and Oden (2000) considering one-dimensional linear finite element and are reproduced in this work. 

Consider a local circular domain Ωα with center at node α, and called “support” or “cloud”.  The union of the 
supports defined in each node of the domain results in an open covering Ω  that contains the Ω domain 
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where N is the number of local supports.  The base function φα is established for each support and denotes a linear 
finite element partition of unity.  The GFEM function αF  is obtained in each node multiplying the base functions φα 
and αQ  functions. 
 

αQααF ϕ=             (12) 
 
The local space αQ  can be generated considering a tensor product of polynomials or a complete set of polynomial 

basis.  For the bi-dimensional problems presented in this paper, we have 
1) if αQ  is obtained from a tensor product of polynomials  
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2) if αQ  is taken from a complete set of polynomials 
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The global approximation space Q is constructed with local spaces presented in Eqs. (13) or (14) as { }p
NFspanQ =  

and is composed by sets of polynomials of degree pg ≤ .  Introducing the enrichment techniques in the degenerated 
shell finite element formulation, for each integration point (i), the displacement filed approximation are 
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where N is the number of the vertices and q is the element node number. 

As previously affirmed, the structure of the classic finite element code is preserved and the basic difference is the 
definition of the shape functions.  The narrow band of the stiffness matrix is maintained although its order increases 
with the number of new parameters introduced during the enrichment phase.  In order to eliminate linear dependencies 
on the stiffness matrix resulting from GFEM, the iterative procedure proposed by Babuska, Strouboulis e Copps and 
described by Duarte, Babuska and Oden (2000) was implemented in the code. 

 
4. Numerical results 
 

Benchmarks tests like:1) Cook panel, 2) simply supported square plate, 3) clamped square plate, both under 
concentrated load, and 4) curved cantilever are analyzed in order to provide a validation of the proposed formulation.  
The results are obtained considering or not the nodal enrichment.  This enrichment is applied in all internal nodes of the 
domain and only for the membrane displacements.   

The following formulations were considered: a) classical FEM; b) classical FEM with nodal enrichment (GFEM); c) 
mixed formulation based on the modification of the potential energy (MM – Mixed Method); and d) mixed formulation 
based on the modification of the potential energy with nodal enrichment (GMM – Generalized Mixed Method). 

The enrichment functions adopted in all simulations are the linear polynomials (P1), quadratic polynomials (P2) and 
spline functions (SP) 
 

P1: yx1 ++ ,  P2: 2yxy2xyx1 +++++ , SP: 16xy23y23x26xyy26x32y32x +−−−+++  
 
4.1 Curved cantilever 

 

 

 
3 nodes/edge 

 
5 nodes/edge 

 
9 nodes/edge 

Figure 2. Curved cantilever model and mesh refinement 
 

The curved cantilever problem under pure bending load is illustrated in Fig. 2.  The geometric and material data are: 
thickness = 0.2 m;  R = 2m;  α = 30o;  E = 100 kN/m2;  L = 1 m; and  m = 240 kN.m/m.  The capability of the triangular 
shell finite element in modeling curved surfaces is analyzed when this benchmark test is used.  The meshes adopted are 
described in Fig. 2 and the results obtained for the rotation of the cantilever tip are presented in Figs. 3 to 4 considering 
the analytical solution equal to 1.7951958x10-2. 

Figures 3 and 4 show the approximated response obtained with 16 Gauss points in the integration process.  Nóbrega 
and Proença (2004) discussed the influence of the number of Gauss point adopted in the response performance and 16 
points or more were recommended for all analysis related to this research. 

Observing the lateral scale limits for the normalized response in both figures, we can see that for classic FEM the 
results lock but, apparently, converge to the analytical solution with mesh refinement.  In GFEM analysis the 
approximations are more flexible but still lock for a poor mesh.  The responses for MM and GMM analysis in Fig. 4 are 
similar and do not suffer from this numerical difficult. 
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Figures 5 and 6 illustrate the MM and GMM curves for a thick and thin curved cantilever with thickness per edge 

dimension ratio equals to 1/10 and 1/1000, respectively.  In both cases the performance for the proposed formulation is 
very satisfactory.  
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4.2 Simply supported square plate 

 
This problem refers to a square plate (1 m x 1 m) and thickness equal to 0.01 m (thickness/edge dimension ratio = 

1/100).  Young modulus (E) is equal to 2.1x108 kN/m2 and Poisson coefficient to 0.3.  The concentrated load applied on 
its center node is 100 kN and the analytical solution for the displacement on central node is 0.6023 m, as described by 
Timoshenko and Krieger (1959). 
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Figure 7 shows that better results are attained when using P1 enrichment functions but they still lock.  Fig. 8 

indicates that the MM formulation reduces locking and the nodal enrichment provides less flexible response.  In this 
case, P1 enrichment function produces a better approximation that converges to the analytical solution with progressive 
refinement. 

In Figs. 9 and 10 illustrate curves for thickness/edge dimension ratio = 1/10 and 1/1000, respectively.  Fig. 9 shows 
that for thick plates the results due to the mixed formulation are more flexible than those obtained with nodal 
enrichment.  In this case, the analytical solution can be used only as a reference value because it was calculated for thin 
plate situations.  In Fig. 10, for a very thin plate the mixed formulation curve presents a satisfactory behavior and the 
enrichment of the membrane term is not so effective. 
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Figure 9. MM x GMM – thickness/edge = 1/10. 
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Figure 10. MM x GMM – thickness/edge = 1/1000. 

 
4.3 Clamped square plate 

 
Material properties, geometry and loading are similar to those described for simply supported plate.  Figs. 11 and 12 

show the normalized results based on the value equal to 0,2912 m, obtained from Timoshenko and Krieger (1959). 
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Figure 11. MEF x MEFG – thickness/edge  = 1/100. 
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Figure 12. MM x MMG – thickness/edge  = 1/100. 

 
Again, FEM and GFEM approximations (Fig. 11) suffer from locking and the rigid responses tend to the analytical 

solution with the increase of the refinement.  For MM and GMM formulation (Fig. 12), results are less affected by 
locking.  The observations about the performance exhibited in Figs.13 and 14 are the same of those referenced for 
simply supported plate.  The curve for MM formulation in Fig. 14 is sufficiently precise. 
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Figure 13. MM x MMG – thickness/edge  = 1/10. 
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Figure 14. MM x MMG – thickness/edge = 1/1000. 

 
4.4 Cook panel 

 

 

 
Thickness = 0.01 m 
 
E = 100 kN/m2 

 
ν = 0.3 
 
F = 0.01 kN 

Figure 15. Cook panel mesh (units in cm) 
 

This is a plane stress problem and the analytical solution for the displacement on node C, as described by Cook 
(1987), is 0.239 m.  Normalized by the analytical solution, the results obtained for a thickness/major dimension ratio 
equal 1/100 are listed on Tab.1 and Tab. 2. 

Table 1 show that FEM approximations are rigid but converge to the analytical solution with mesh refinement.  The 
use of P1, P2 and SP enrichment function in GFEM formulation makes the response more flexible, and it is still 



possible to verify that satisfactory results are obtained for poor meshes, for example, for a 9 node/edge mesh and P2 
enrichment function the response is close to that calculated for a 17 node/edge mesh in FEM (P0 enrichment).   

In Tab. 2 the responses are flexible and converge to the analytical solution with mesh refinement.  The enrichment 
of membrane terms does not affect the results. 
 

Table 1. Node C displacement for FEM and GFEM. 
 5 nodes/edge 9 nodes/ edge 17 nodes/edge 

P0 0.2360 0.2389 0.2395 
P1 0.2367 0.2391 0.2395 
P2 0.2372 0.2393 0.2395 
SP 0.2375 0.2394 0.2395  

Table 2. Node C displacement for MM and GMM. 
 5 nodes/ edge 9 nodes/ edge 17 nodes/ edge 

P0 0.3219 0.2621 0.2454 
P1 0.3226 0.2623 0.2454 
P2 0.3228 0.2623 0.2454 
SP 0.3235 0.2624 0.2454  

Note: Pi indicates a polynomial enrichment function with degree i; and SP a spline function 
 
5. Conclusion 
 

This paper deals with a non-conventional shell finite element formulation which mathematical basis consists in a 
union of two procedures: a mixed formulation with modification of the potential energy and nodal enrichment promoted 
by GFEM.  The idea is to combine their main qualities to obtain a triangular shell finite element free from locking. 

Initially, a comment about the results obtained for classic FEM and mixed formulation (MM) is presented.  As it 
was expected, the rigid responses of FEM formulation show the influence of locking.  On the other side, the MM 
diminishes the locking effects but converges to a flexible value when compared to the analytical solution. 

The performance of the approximations for both procedures is improved with nodal enrichment.  It is clearly 
verified in plate simulations: FEM responses are transformed to more flexible ones and, for MM, they became rigid so 
that for a poor mesh it is possible to verify a satisfactory behavior.  Another aspect is related to the enrichment function.  
The spline function is ideal for analysis involving shell structures because improve in a significantly the formulation 
performance. 

Considering the curved cantilever problem, the MM and GMM response are very close and rapidly converges to the 
analytical solution.  In fact, the enrichment technique does not affect the MM solution.  It is recommended, for this 
problem, a simulation considering a more refined mesh to really observe the performance of the proposed formulation. 

As a final remark, the combination of the mixed formulation with a modification of the potential energy and the 
nodal enrichment technique provides satisfactory results for the analyzed benchmark-tests and confirm the viability of 
the triangular shell formulation in study.  Of course, other benchmarks like those involving single and double curvature 
must be tested in order to complete this conclusion. 
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