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Abstract. A plate finite element which is locking-free is developedgistrain gradient notation for the analysis of
laminated composites. The element is based on a first-oftearsdeformation theory and on the equivalent lamina
assumption. Strains and stresses can be calculated atetiffpoints through the laminate’s thickness. The paraboli
nature of the transverse shear strain distribution is irt#d into the model by the use of an adequate weighting functio
The physically interpretable strain gradient notationaalis for the detailed a-priori analysis of the finite elementiel.

The polynomial expansions are inspected and spurious texspensible for locking are precisely identified in the shea
strainsexpansions. The element is corrected by simplyviemahe spurious terms from those expansions, which is an
equivalent procedure to performing reduced-order intégra The advantage here is that the error elimination is €lon
prior to the element’'s computational implementation. Thement is implemented into a Fortran finite element code in
two versions; namely, with and without spurious terms. Resuovided by both models are compared to show the effects
of the spurious terms on the solutions. Results are comparadalytic solutions to validate the element and the spugio
terms removal procedure.
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1. Introduction

In this work, a finite element for the analysis of laminatedhposite plates developed using strain gradient notation
is presented. The element is based on a first-order sheandsfon theory, which considers the transverse sheanstrai
according to Mindlin’s theory. The element is also basedhenequivalent lamina assumption, which treats the laminate
as one single, orthotropic lamina plate whose constitytioperties are the average of the properties of all laminae.

Strain gradient notation consists in an alternative noaftbr writing finite element polynomials. Strain gradieiotn
tation is a physically interpretable notation which retadésplacements to the kinematic quantities of the contimuthe
identification of this relationship is possible due to a maare which identifies the physical contents of the polyradmi
coefficients (Dow, 1999). The main advantage of the use dfi sugotation is that the modeling characteristics of the
finite element are clear since the early steps of the fornamafThus, sources of modeling errors can be identified and
also removed from the finite element polynomial expansioims o the formation of its stiffness matrix.

Strain gradient notation has been previously employed &yaa laminated composites (Dow and Abdalla, 1994)
when qualitative errors in finite element analysis were iified for the first time. In that work, the authors did not fecu
in validating the formulation in what regards the accuraimputation of displacement and stresses. The focus of the
work was to show the deleterious effects of modeling errorthe representation of the behavior of laminated plates.
Strain gradient notation (Dow et al., 1985) is a physicaifygipretable notation which allows for the clear identifima
of the modeling capabilities and deficiencies of the elemesmder this notation, the coefficients of the polynomial
expansions appear explicitly as functions of the continkimamatic quantities. Thus, spurious terms which are prtese
in the shear strain polynomial expansions of the elementlardified. They are flexural terms which cause stiffening of
the model by increasing its shear strain energy when berafitite plate occurs. Mesh refinement reduces the effects of
the spurious terms and, eventually, it might be able to rentibem. In order not to rely on mesh refinement for obtaining
satisfactory results, one may resort to reduced-ordegiat®n techniques (Hughes, 2000). In the case of a fouenod
element, one-point numerical integration rather than a-pmint one ¢ x 2 strategy) is required to remove the effects
of locking. However, having identified the spurious termsqgisely here, they can be removed from the shear strain
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expressions, rendering a corrected element for lockingawit having to employ such a procedure. Therefore, locking
is taken care-priori of the computer implementation and no technique to remoigeriecessary during analysis. The
element is implemented in a FORTRAN finite element code i betsions, that is, with the spurious terms and after
their elimination. Comparison of numerical results showviee spurious terms stiffens the model, requiring more egffin
meshes in order to attain convergence. Also, the corredéedeat is validated by comparing numerical solutions with
results obtained from an analytic solution (Reddy, 1997).

2. Theoretical Background

For completeness, this section presents the macromeeh#reory adopted to describe laminated composites as well
as the necessary expressions pertaining to Mindlin’s thefplates. Also, strain gradient notation is introducei ithe
formulation of the laminate prompting it for finite elememv@lopment.

The macromechanical theory for laminated composite pkdepted here is based on the following assumptions: 1)
Plane sections normal to the middle surface of the plateirepiane, but not necessarily normal after bending. Thus,
the model accounts for transverse shear deformation of ldte;®) There is a perfect bond between laminae, which
prevents them from slipping relatively to each other. Thesams that the behavior of the laminate may be represented by
the behavior of its middle surface, and that compatibiktymposed; and 3) The components of stress and strain which
are normal to the middle surface of the plate are negligibheis, they are not included in the model.

The laminate has the capability of developing in-planeldisgments: andv along ther andy directions, respectively;
out-of-plane displacements, and rotations; andp in the x andy directions, respectively (around theand = axes,
respectively). The displacementamust be independent of the rotatianandp to allow for transverse shear deformation.
The kinematic relations of the plate model are the following

u(z,y,2) = uo(z,y) + 2q(z,y) 1)
v(w,y,2) = vo(z,y) — 2p(z,y) 2
w(xvy’ Z) = wo(x,y) (3)
o) - 22 o
p(ry) = 2BL2) ©

whereug andwv, are middle surface in-plane displacementgjs the middle surface transverse displacementzaisd
the coordinate which is associated to the thickness of e pThe strains are arranged in vector form as shown below:

Ex UQ 2,z

€y Y05y 2Py

Yoy ¢ = § U0yy TV0s2 p + § # (‘Ly Pz ) (6)
Vyz 0 W,y —P

Vaz 0 W,z +4

where the first vector contains membrane strains and thexde@ztor contains plate bending strains.
The strain energy of the laminate is the sum of the straingge®of its laminae. Hence,

Z / &)k A ()

wherek is a typical laminan is the total number of laminae of the laminatg,is the vector containing the strains of
laminak, [Q]x is the constitutive properties matrix of lamikaand(2; is the volume of laming. At this point, strain
gradient notation is introduced into the formulation. Dég@ments are related to kinematic quantities of the cootim
which are rigid body modes, strains, and first-order anddriginder derivatives of strains. These kinematic quastitire
generally referred to as strain gradients. The relatiorisplacements and strains to strain gradients are givembel

{d} = [¢[{esq} (8)
{e} = [Tsgl{esg} )

where|[¢] and|T,] are the corresponding transformation matrices, fngl} is the strain gradients vector. Equation
(8) and Eq. (9) are combined to eliminate vedfey, }. The result is substituted into Eq. (7) to yield:

{d}T (Z/ Sg ;}F sg]k ko) [¢]_1{d} (10)
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which is an expression of the strain energy in strain gradietation. The quantity between parentheses is called
strain energy matrix and it is represented[by;,|. The elements of its principal diagonal contain the quesstiof strain
energy associated with the pure strain modes of the lamiffdie other elements of the matrix contain the quantities of
energy associated with the coupling between the varioasatmodes. MatriXU,,] may be written as:

Uni] = /A (Z / :fl[rgg1£[c21k[rsg1kdzk> aA (11)

where the volume integral is broken into an integral overaitea of the middle surface of the laminate and an integral
over its thickness. This line integral is carried out as tina ®f the integrals over the thicknesses of the various lamin
having integration limitsy_ e z;, which represent the bottom and top coordinates of a tyfacaihak. The integration
over the thickness of the laminate yields its stiffness tjtias:

(Asj, Bij, Dij) / Qii(1,2,2%)dz = Z/ QW (1,2,2%)dz (12)
-5 Zk—1
or
n
A =S QW (21 — 20) (13)
i ij k—1 k
k=1
1 n
Biy=5, Q5 —2) (14)
k=1
1 n k
Di; = 3 Q§j>(22—1 - 2) (15)
k=1
Ay =K QW (zrey — 1) (16)
k=1

where4;; is the membrane stiffness (j = 1, 2, 6), B;; is the membrane-bending coupling stiffnessj( = 1, 2, 6),
D;; is the bending stiffness,(j = 1, 2, 6), and4;; is the membrane stiffness associated to the effects ofvieases
shear{, j = 4, 5), his the thickness of the laminate ahdis the shear correction factoK(= 5/6).

3. Four-Noded Rectangular Plate Element

This section presents the development of the finite elenmestrain gradient notation. The element has five degrees
of freedom at each node, namely; the in-plane displacemeaitslv, the out-of-plane displacemeat and the rotations
p andq around ther andy axes, respectively, as shown in Fig. 1. To compute numemsallts for maximum transverse
displacement and stresses, nondimensionalizations adtapresent results in graphical form.

The essential field variables of the problem are the in-pthsig@lacements andv, and the out-of-plane displacement
w, and polynomials for these variables must be built to stetfinite element formulation. Next, definitions in Eq. (4)
and Eq. (5) are employed to define the polynomials for theiants.

In strain gradient notation these polynomials are:

u(@,y.2) = fulo + oz + | 52 = 7| y+[eeslory + [ 52 44| 2
0
v(@,y,2) = oo + [ 2L 4 7] @+ [0y + [eyalozy + [ —p] =
ey Joyz + [y elozyz + I:'qu + %295 - 'sz,y:| . (18)
0
() = [wo + [v;cz _q}oﬂ [732,2 +p}0y+ |:_'Ya:y,z +'Y;/z,x +%z,y}oxy (19)

me,z - 7yz,z + ’)/zz,y
2

g(z,y) = {’er +q}0:c + [ex.2]ox + {

9 :| Yy + [5r,yz}0xy (20)
0
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Nondimensionalized quantities:
P E)h’
w=w (al2,b/2) by

2
@x:cxx(a/z,b/z,h/z)]}—q
0

_ I
G,,=0,,(a/2,b/2,h/4)5—
{ Oy =0y ( )b2q0

T.=T, (0,b/2,h/2)£
0

- h
0=t (a/2,0,h/4) 0

DOF (w, v, w. p, q) per node
3

Figure 1. Four-node plate finite element, stacking sequandenondimensionalized displacement and stresses

_ k} + —Vay,z — Vyz,x + Vxz,y
2 2
Inspection of these expressions show that the displacemeattomprised of terms which are functions of rigid body
modes, constant normal and shear strains, and first anddsecder derivatives of normal and shear strains.
Applying the definitions of the theory of elasticity, theaitr polynomial expansions result:

p(z,y) = [p ] = + [—ey.zloy + [—€y.zz]ony (21)

€x = [ex]o + [Exylo® + [Ex,2]oz + [Exyz]oy? (22)
ey = [gylo + [ey,zloy + [ey,2]oz + ey 2]z (23)
Yoy = [aylo + [Ex,y]oT + [Eyaloy + [Vay.2]oz + [ey.azloyz + [ea,y-]oz2 (24)
Yz = [Wyelo + [yz,zlo + [ey,2]0y + [ey,22]ozy (25)
Yoz = Vaz)o + Nazyloy + [€x,z]0% + [€2,y2]oTy (26)

Strain gradient notation, which is physically interpré¢afallows for ana-priori evaluation of the modeling capabil-
ities of the finite element. Equation (22) and Eq. (23) shost the normal strain expansions contain only strain states
which are associated to the corresponding normal straiththé\coefficients are terms of the corresponding Tayloieser
expansions. However, the expansions for shear straing2E&y.Eq. (25) and Eq. (26), contain terms which do not belong
to their expansions in Taylor series; namely, the first adisé-order derivatives of normal strains. These spurieunad
are called parasitic shear because they increase the srearenergy of the element unduly when they are activated
during the elementt's deformation. They are the cause &frhgc The reason for the presence of spurious terms is the use
of inconsistent polynomials for displacementind rotationg andq. For consistency, the polynomial far must be one
order higher than the polynomials fprandg because the transverse shear strains are defined as the satatiohs and
first derivatives of the out-of-plane displacement. In thespnt case, all three polynomials are of the same ordechwhi
then causes the presence of erroneous terms. In order txttre element, these spurious terms are removed from the
shear strain polynomial expansions, resulting in the wailhg expressions:

Yoy = ['wa]O + ['Ya:y,z]oz (27)
fsz = [’sz]o + h/yz,;c]Ox (28)
Yz = [’Yzz}o + [’Y.rz,y]oy (29)

Computationally, the presence or the elimination of theispis terms is accounted for in matfi,], which in turn
affects the values of stiffness components as shown in fession of the stiffness matrix in strain gradient notatio

K=" [ (Z | [QMng]kdzk) 4l = o T U 6™ (30)
A \g=1"%k-1
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4. Application

In this section, one laminated composite plate problem ligeslousing the model described above. The problem is
solved first with meshes containing the spurious terms, laad after their elimination. Solutions are compared to show
the effects of the spurious terms. Further, solutions angpawed with the analytic solutions to show the effectiverafs
the proposed model. Analytic solutions are constructedgusblutions derived by (Reddy, 1997).

The problem is a square simply supported plate subjectedutofarm load ¢, = 10 N/m?). It is composed of
four laminae with lamination schem@?(/90°/90°/0°). The mechanical properties and dimensions of the lamireatha
fO”OWing: E1 = 175 GPCL, E2 =7 GPCL, G12 = 35 GPCL, G13 = 35 GP(L, G23 = 14 GPCL, Vg = 0.25,
hy = heg = hg = hy = 25mm,a = 1m,b = 1m. To show the effects of locking, a thin plate with side-
to-thickness ratia/h = 100 was chosen. Normal stressgs, andz,, and transverse shear stressgsand7,. are
calculated at given points of the plate. Normal stressesaloeilated at the center point, while transverse sheasseise
are calculated at middle points of the borders.

The problem is solved using five uniform meshes; naniely,2, 4 x 4, 8 x 8, 16 x 16, and32 x 32. The meshes
are run first with the elements containing parasitic sheangeand then with the elements corrected for parasiticrshea
Figure 2(a) to Fig. 3(d) show the results of these analysethd plots, FSDT is the analytic solution for the first-order
shear deformation theory. The solutions containing ptcastiear are referred to as with/PS while those not comtgini
parasitic shear are referred to as wout/PS. In general,ethdts show poor convergence rate of the model containing
parasitic shear whereas the model without spurious termgeges rather quickly. Figures 2(a) and Fig. 2(c) show that
the spurious terms delay convergence of the normal strasskthat even the finer meshég & 32) do not present results
that match the analytic solutions. On the other hand, Fi@p) a0d Fig. 2(d) show that when the spurious terms have

been removed thicker meshes already present acceptablts r@sd that the finer meshe®2(x 32) match the analytic
solutions.
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Figure 2. Nondimensionalized in-plane normal stressegpcbad through the thickness of the laminatedga) with/PS,
(b) 7, wout/PS, (ck,, with/PS and (dy,, wout/PS

As shown in Fig. 3(a) and Fig. 3(c), the spurious terms causéransverse shear stresses solutions to diverge from
the FSDT solutions as mesh refinement is performed leadiogrtpletely erroneous results. The enlarged details of the
plots show this erroneous behavior. After removal of spugierms, solutions converge well within the analytic Sohs
as shown in Fig. 3(b) and Fig. 3(d). The enlarged details@pibts show that there is very good agreement between the
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32 x 32 meshes solutions and the analytic solutions.
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Figure 3. Nondimensionalized transverse shear stressgsuted through the thickness of the laminater(a) with/PS,
(b) 7. wout/PS, (c)r,. with/PS and (d¥,. wout/PS

Figures 4(a) and Fig. 4(b) contain plots of nondimensiaealicenter displacement versus side-to-thickness ratio.
Compared to the FSDT solution, the element with parasitarshederpredicts displacements by 15.7% while the ele-
ment without parasitic shear underpredicts by about 0.38&s@& figures show the diminishing effect of transverse shear

deformation on displacements, the effect being neglidimeide-to-thickness ratios larger than 20.
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Figure 4. Nondimensionalized center transverse displaoem versus side-to-thickness ratig'h (a) With parasitic

shear and (b) Without parasitic shear

The convergence plots in Fig. 5(a) through Fig. 5(d) helpemdnstrate the behavior of the solutions. The straight
lines in the plots represent the analytic solutions and therdines represent solutions with parasitic shear andowit
parasitic shear. The reader may observe how the solutidghswtiparasitic shear approach the analytic solutions psym
toticaly with mesh refinement for both normal and transvetsear stresses whereas the solutions for transverse shear
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stresses do not present monotonic convergence. In facpthgons for transverse shear stresses containing thiespu
terms, as they oscillate, do not provide a strong evidencemfergence.
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Figure 5. Convergence of the solutions with and without giticashear (a) In-plane normal stregs,, (b) In-plane
normal stres#,,, (c) Transverse shear stréss and (d) Transverse shear stregs

5. Summary and Conclusions

This paper is concerned with the stress analysis of laminadenposite plates employing the finite element method.
The paper focuses on the locking problem and how it affeetgtiod behavior of a numerical solution. The formulation of
a four-node plate element using strain gradient notatipmésented. Strain gradient notation is a physically inttgble
notation which allows for the-priori determination of the element’s modeling capabilities aeficiencies. The shear
strain polynomial expansions of the element are inspeatedshow to possess spurious terms. That is, terms which do
not belong to the Taylor series expansions of those kinentgtantities. Numerical analyses demonstrated that those
spurious terms are the cause of locking of the model, dajag@gmvergence or not allowing convergence to occur. Using
the transparency of the notation, the element is corregfesirbply removing the spurious terms from the shear strain
expressions. Numerical results comparing solutions elssts using the model containing the spurious terms and the
model corrected for them show the effectiveness of the phaeeas the latter converged faster and monotonically. It
can be concluded that it is advantageous to use strain gtadigation as spurious terms can be identified precisely
and then eliminated definitely from the element’s matridéss is an alternative to employing reduced-order integnat
techniques to reduce or eliminate locking. Further, it msithe element provides correct results for stresses asntah
solutions converge nicely to analytic solutions. Finalllys interesting to note that solutions of transverse sheasses
containing the spurious terms might not converge to theecbisolution or even diverge from it. This behavior is shown
in the convergence plots. This enforces the need to applgheigue to remove spurious terms from finite elements as
completely erroneous results may be provided deceivin@giadyst. The simple procedure made available through the
use of strain gradient notation is appealing.
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