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Abstract. The Boundary Element Method (BEM) is an efficient numerical tool to describe the dynamics of rigid bodies
interacting with unbounded domains, in which the Sommerfeld radiation condition plays an essential role. For transient
analysis the synthesis of the Boundary Integral Equations (BIE), which forms the basis of the BEM, requires an auxiliary
transient state. This auxiliary state is usually a transient stress boundary value problem of the elastodynamic.

In the present article two distinct auxiliary states are used to synthesize the BIE governing the transient response of rigid
foundations. These auxiliary states represent the solution of a stress boundary value problem. The spatial stress boundary
condition for both auxiliary cases is a constant load with a prescribed width applied at the half-space surface. The time
variation of the applied stress boundary conditions are, respectively, a Dirac’s Delta function and a Heaviside function.

The wave propagation patterns generated at the half-space surface by these two distinct time load functions are investi-
gated. An analysis of the transient wave propagation phenomena at the half-space indicates that surface loads containing
traction discontinuities generate dilatational, shear and Rayleigh waves at every load discontinuity. These multiple wave
fronts impinge, at proper time instants, the surface points at which foundation kinematic compatibility is prescribed lead-
ing to abrupt oscillations in the foundation transient response. In this article the interaction of the wave propagation
pattern, generated by both auxiliary solutions, with the transient rigid foundation response will be investigated.
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1. Introduction

In a previous article (Mesquita et al., 2004) the authors of the present work have shown that the transient response of a
2D rigid foundation interacting with a soil, modelled as a viscoelastic half-space, presented a series of peaks. These peaks
were shown to be related to the Rayleigh wave front propagation at the soil-foundation interface. When these wave fronts
arrive at the interface points used to establish rigid body kinematic compatibility, they produced the mentioned response
peaks.

On the other hand, other Boundary Element researchers claim that using a Heaviside excitation function, such peaks
or oscillations were not captured at the transient response. Now the issue is raised, whether these peaks are present or not
in the rigid foundation response due to the Heaviside function excitation. The present paper investigates this issue. It will
compare the solution obtained by both approaches, correlate them to the wave propagation pattern at the soil-foundation
interface and furnish an explanation for the occuring phenomena.

2. Statement of the Stationary Problem

The stationary stress boundary value problems (SBVP) being addressed is governed by the Navier differential equation
of a linear viscoeastic continua, which can be expressed in terms of the displacement components @;:

(W) - Tigg + N (W) + p* (@) Ty i + p0®T + fi = 0 @)

In Equation (1) the circular frequency is w, the continuum density is p and f; are the components of the body forces.
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The quantities p* and A* are complex Lame’s constants. These constants are responsible for the insertion of the vis-
coelaticity through of the correspondence principle (Christensen, 1982). The constants are defined by * [1 4 in (w)] and
A*[1 +in(w)] , with  being the damping factor. The boundary conditions, determining the half-space auxiliary state,
consists of a vertical constant traction distribution applied at the half-space surface I'®, shown in Figure (1), and described

by:
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Figure 1. State Auxiliar - 2D Figure 2. Displacement solution in the frequency domain.

2.1 Solution of the Stationary Auxiliary State

The stationary problem, described by boundary value problem, is solved with the aid of the Fourier Integral Transform.
The inverse transform is computed numerically. The typical solutions for displacements u; and stresses o;; may be
found in Barros and Mesquita, (1999). A strategy based on the Longman, (1956) algorithm for improper integration,
combined with an adaptive quadrature scheme (Forsythe, 1977) was developed to perform the numerical integrations with
the following structure:

+oo
Wij (Tp,Zq,2,w) = / Hij (xp,xq,2,w,k,p\un) t; (xg,k) eizk g, @)
— 00

In Equation (3) @,; (x;,x;,2,w) are the displacements at a point z; displacements at the half-space, due to loaded area
with center at x;,(see fig.1). H;;(z;, x;, z,w, k, p, A, 1, 1) is the kernel of the stationary viscoelastic solution to be found
in Barros and Mesquita, (1999) and ¢; (x,k) are the surface tractions in j-th direction, written in the wave number domain
k.

In Figure (2) is possible see the Logig a typical displacement solution for the stationary case, as a function of the
dimensionless frequency parameter is Ao = 2%, in which a is the load half-width and ¢, = % is the shear wave
velocity of the elastic continuum, G is the shear modulus and p is the density. An analysis of Figure (2) shows that the
implemented integration strategy is able to synthesized stable numerical solutions at very high frequencies. It should be

stressed that for most engineering applications the analysis is limited to low frequencies Ao < 10 (Gazetas, 1983). The
high frequency results are determined to ensure transient responses with very short time steps (Mesquita et al., 2002).

3. Solution of the Transient Auxiliary State.

The transient solutions are obtained by applying the Fast Fourier Algorithm (FFT) with respect to the pair (w, t) or
(Ao, t) to the previously synthesized frequency domain solutions. One important issue in the discrete FT is the relation
between the k-th frequency step A Ao = Aog41 — Aoy, and the maximum time reachable by the transient process, Tmazx,
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AAo = Tﬁ;z and the relation between the time step A¢ and the maximum sampling frequency Aomax, At = Afgw.

This implies that for very small time steps At the maximum sampling frequency Aomaax must be high. Prior to obtaining
stable transient results, the stationary signal must undergo a mathematical treatment, as described in Mesquita et al.,
(2002).

3.1 Transient response dueto a Dirac’s Delta time loading.

Figure (3) depicts a series of transient responses obtained at different locations x; at the half-space surface. The
spatial loading is a constant vertical traction ¢, with width 2a. The load time dependance is a Dirac’s Delta applied at the
initial instant f (t) = & (t = 0). The parameters for the given solution are: G = 1 [N/m?], Poisson ration v = 0,333,
density p = 1 [k:g/mﬂ. The damping is considered to be constant hysteretic with parameter value n = 0,01. Under
these conditions the dilatational, shear and Rayleigh wave velocities are, respectively ¢, = 2,0 [m/s], ¢s = 1,0 [m/s] and
cr = 0,932 [m/s].
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Figure 3. Solution of the Transient State Auxiliar in Surface (Excitation Dirac’s Delta).

Figure (3) reveals clearly the arrival times of the body (cs, ¢,) and surface wave (cr) impinging the different measure
stations z; (i = 1,,6). These wave fronts were originated at the stress discontinuities of the load at = —a and x = +a.

A detailed displacement response .. (t) - vertical displacement due to vertical loading - at the point 2; = 0 for the
initial time instants can be viewed at Figure (4). It can be observed that the reponse consists of an initial displacement
occuring with velocity ¢, followed by a nearly constant displacement. After ¢ = 0,5s the dilatational waves (c,,) stem-
ming from the stress discontinuities at = = +a arrive at 1 = 0. The arrival of the wave front is clearly visible. After the
arrival of the wave front, a continuous contribution from the loading extending in the unlimited y direction is added to the
displacement. This is a typical result for a plane state of strain.

The arrival of the shear (cs) and Rayleigh (cr) wave fronts are visible around the time instant ¢ = 1s. The shear
and wave front produce a large peak in the surface displacement. This response peak will influence decesively the rigid
foundation response, as will be shown later. After the shear and Rayleigh wave fronts have passed by the measuring point
x1 = 0, the solution decays monotonically towards the initial state of equilibrium. This monotonic fall, also called the
“solution tail” is also typical for the plane strain solution. It indicates that the wave fronts are no longer present, but that
there are contributions from the continuous load extending in the unlimited y — direction. This effect is shown in Figure
(5), which shows that the plane strain case extends indefinitely in the y — direction.
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3.2 Transient response dueto a Heaviside time loading.

Figures (3) and (4) furnished the transiente solution for the case of a Dirac’s Delta time loading. Now the transient
response due to a Heaviside time loading will be investigated. The authors of this article concluded that, in order to
investigate the response to the Heaviside time loading, the response to a series of “windows of constant amplitude”,
should be addressed.
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Figure 4. Detail initial of the transient response v, (z; = 0,z; =0,z = 0).

The window loading was constructed by adding and subtracting the Heaviside function H (¢) at an interval A¢. The
load window is given by f,, (t,At) = +H (t —0) — H (¢t — At). The vertical transient response u. (¢, At) due to a
window loading with A¢ = 0,464s is shown in Figure (6). The measuring point is the origin z; = 0. Compared to the
solution for the Dirac excitation given in Figure (3), it can be seen that this response is smoother than the former. This can
be physically explained. Actually the response to a window time loading is a sum, in integral sense, of a series of Diracs
solutions. The summation of multiple wave fronts tend to smooth the original sharp wave fronts.

It should be mentioned that the time length of the window producing the result in Figure (6) is smaller than the time the
dilatational wave requires to cover the distance from the load discontinuities at « = +a to the origin (tp = a/c, = 0,55).

Figure 5. Representation of the problem 2D in scheme 3D.

Now it is interesteing to investigate the effect produced by increasing the window length (At) continuously. Figure
(7) shows the transient displacement response w ., for distinct values of the time windows length (At = 0,464s, 0,928s,
1,392s, 2.3215). This windows were chosen so that each one finished short before one of the wave fronts would arrive at
the origin z; = 0. Considering that for each window the momentum introduced by the excitation increases linearly and



Procedings of COBEM 2005 18th International Congress of Mechanical Engineering
Copyright © 2005 by ABCM November 6-11, 2005, Ouro Preto, MG

that the corresponding maximum displacement also increases according to the same rule, the displacements in Figure (7)
were all normalized by their maximum values.
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Figure 6. Detail initial of the transient response in surface u, (x;, ; = 0, z = 0) - Constant window At = 0,464 [s].

The key issue in this article is given by the displacement solutions shown in Figure (7). These solutions point out
clearly that displacements due to the stress loading (the constant spatial loading applied continuously during the time
window) surpass largely the displacements originated by the arrival of the wave fronts. The displacement changes due to
the arrival of the body and surface waves, which were very clear at the Dirac’s time excitation solution, are overshadowed
by displacements caused by the stress distributions. As the window increases and encompasses the arrival times of the
body and surface waves, their contribution is smoothed.

The smoothing of the peaks, originally produced by the arrival of the body and surface waves, due to a window
time excitation or due to a Heaviside time loading, will have a significant effect on the transient response of the rigid
foundations interacting with the soil.
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Figure 7. Detail initial of the transient response [w.. /t2maz] (zi = 0,2; = 0, 2 = 0) - Heaveside’s Excitations.

4. Rigid Foundation Response

The solution of the body rigid is based on the superposition of the auxiliary states for loads distributed at the half-space
surface, considering rigid body kinematic compatibility condition and force equilibrium at the soil-foundation interface.
The analysis is carried in the frequency domain. Thus, three elements are necessary to determine the rigid foundation
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response. The first element is a stationary displacement solution at the half-space surface. In the sequence the soil-
foundation interface is divided in “n” constant (elements). The total displacement solution at a point x; is give by the
superposition of the “n” constant Ioads with intensity ¢,. acting at the soil-foundation interface as show in Figure (8). The
displacement may be writter as:

{7y (000} = = (Hyr iy ziokip )] (20} @

with “7” being the response, point “;” is the point a which the load is applied and (p, r) are, respectively, the response
and Ioad direction. The second element is the equilibrium among the vector or external loading acting on the foundation
{Fe} and the soil reactions {¢,}.

{Fe} = [Eql{tr} ®)

The last element is the kinematic compatibility equations, relatlng the total displacements ;; at nodes
foundation degrees of freedom {u} = {u.f, sy, 0yr A} :

{uij} = [Ce {ur} (6)

A very important issue regarding the kinematic compatibility conditions is the fact that it is a “point-wise” compatibility
condition. This assumption will have a significant influence on the rigid foundation transient displacement response.
Equations (4), (5) and (6) can be combined to yield the following equation system:

CAnANYY

In the system indicated by Equation (7) it is possible to determine the soil-foundation interface tractions {¢,. (¢)} and
the rigid foundation transient response {u (¢)} due to a transient external excitation { F'e (¢)}.
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Figure 8. Foundation rigid in half-space.

The described methodology was applied to determine the response of a rigid foundation interacting with the half-
space. The soil foundation interface was divided into 6 constant elements, as indicated in Figure (8).

Initially the response due to a Dirac’s Delta excitation was determined. In the sequence the response to a series of
increasing time windows was obtained. Figure (9) shows the calculated results. The transient response due to a Dirac’s
time loading presented a series of peaks. The origin and meaning of these peaks have already been explained by Mesquita
et al., (2004). These peaks correspond to the arrival of the Rayleigh wave fronts at the soil-foundation interface points
that were used to establish rigid body kinematic compatibility equations.

On the other hand, as the excitation window time increases the influence of the displacement wave fronts are smoothed
and the peaks in the transient foundation response tend to disappear. This effect is clearly depicted in Figure (9). So, it has
been shown that the use of windows or Heaviside time loadings eliminate gradually the oscillations present in the rigid
foundation response in the case of a Dirac’s time loading.
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Figure 9. Detail initial of the transient response of the body rigid [u.../w.z2maz] (2, x; = 0,z = 0) - Heaveside’s Excita-
tions.
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Figure 10. The transient response of the body rigid (displacement and velocity) (x;, z; = 0,z = 0) - Heaveside’s Excita-
tions - 928 [s].

The normalized transient solution w.. (t) /u..ma fOr a very large time window, tending to the Heaviside function,
is shown in Figure (10). The time derivative of this solution is also presented. It can be seen that the transient rigid
foundation response to the Heaviside function is very stable and consistent. The derivative of the Heaviside solution
should reproduce the solution due to the Dirac’s excitation. This is also shown, correctly in Figure (10). A magnification
of the derivative of the Heaviside response for the initial time instants (zoom) is shown in the lower part of the picture.
The presence of the peaks in the response obtained by numerical derivation of the Heaviside solution, indicate that the
procedure presented in this article is consistent.
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5. Concluding Remarks

In this article the transient response of two-dimensional rigid foundation interacting with a half-space has been an-
alyzed. The transient response was obtained by superposing two distinct auxiliary states. The first auxiliary state was
obtained by solving a stress boundary value problem with constant spatial load distribution and a Dirac’s time excitation
loading. The second auxiliary state is synthesized by appliying a window of constant time loading. This window was
increased in length simulating a Heaviside function. A comparison between the response due to a Dirac’s Delta excitation
and a Heaviside function allows to explain the origin of the peaks in the Dirac’s solution. Furthermore it has been shown
that the Heaviside load smoothes the transient response peaks. The authors believe this to be an original research result.
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