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Abstract.This work focuses the system identification process which is a general procedure to match the observed input-
output response of a dynamic system by a proper choice of an input-output model and its physical parameters. From
this point of view, the aircraft system identification comprises proper choice of aerodynamic models and the development
of parameter estimation techniques by minimization of the mismatch error between the predicted and the real aircraft
response. Another focus of this work is the problem of Flight Path Reconstruction (FPR) which arises naturally when the
main goal is an accurate identification of the aircraft parameters, because, in this case, the proper characterization of the
flight sensors constitutes a fundamental preliminary step. This method is applied to obtain the aerodynamic and control
derivatives of the sailplane SZD-50-3 Puchaz from flight test data with measurement noise and bias. Experimental results
are reported, with flight test data acquired by probes, inertial sensors and GPS receivers.
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1. Introduction

One of the most important phases of the design and evaluation process in the aeronautical design nowadays concerns
modeling and simulation. In order to accomplish this task, the system identification and parameter estimation consti-
tutes a fundamental step. System Identification is a general procedure to match the observed input-output response of a
dynamic system by a proper choice of an input-output model and its physical parameters. From this point of view, the
aircraft system identification or inverse modelling comprises proper choice of aerodynamic models, the development of
parameter estimation techniques by optimization of the mismatch error between predicted and real aircraft response and
the development of proper tools for integration of the equations of motion within the system simulation and correlated
activities [3].

A fundamental preliminary step for an accurate identification of the aircraft parameters is the proper characterization of
the sensors. For example, if the bias of a certain sensor is not adequately estimated, the accuracy of the ensuing parameter
identification may be degraded. The Flight Path Reconstruction (FPR) technique is specially useful in the validation of
the acquisition instruments applied in a aircraft. The interpretation of its results can furnish important information with
respect to sources of problems. Additionally, it decreases the uncertainties about the quality of data, which is one of the
main causes of poor flight tests results.

One of the first approaches for FPR may be found in [5]. The authors employ the kinematic model of an aircraft, with
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6 degrees of freedom, and then consider an augmented state vector, incorporating the parameters to be identified. This
procedure leads to a general problem of state estimation with nonlinear dynamics, solved by the extended Kalman filter
approach. A more detailed investigation of the problem is conducted by [9]. Experimental results are reported for the
approach based on extended Kalman filter, but the GPS readings are not used.

In this work, the FPR problem and the system identification are investigated by parametric estimation of a nonlinear
model, based on the Output-error method and Gauss-Newton optimization algorithm using the software ESTIMA. The
results are reported for a sailplane, the SZD-50-3 Puchaz. The Output-error with Gauss-Newton algorithm is used here to
determine the stationary aerodynamic derivatives of the aircraft, using a nonlinear longitudinal model. The effectiveness
of the implemented parameter estimation method was tested by matching real flight test data with the predicted response
of the aircraft.

This work is structured as follows: in the first part, the parametric estimation method is described with special attention
to the Gauss-Newton algorithm. In section 3, the kinematic model for FPR and the results obtained are used to model the
sensor errors. The experimental results obtained in the parameter estimation are analyzed in section 4.

2. Parametric Estimation by the Output-Error Method

In this section, the parametric identification, in particular the parameter estimation applied to a nonlinear model of
the longitudinal motion of an aircraft in space state formulation is presented. The output-error method is one of the
most used estimation methods in aircraft identification and aerodynamic parameter estimation [6], [7], [8]. It has several
desirable statistical properties, including its applicability to nonlinear dynamical systems and the proper accounting of
measurements noise [8].

The structure of the model is considered to be known, and the identification process consists in determining the
parameter vectorΘ, which gives the best prediction of the output signaly(t), using some sort of optimization criteria.
The attainment of an estimate through optimization of a cost function based on the prediction error of the plant requires,
usually, the minimization of a nonlinear function. Thus, the Gauss-Newton method is used here to estimate the parameters
in the model. Therefore, the cost function to be minimized involves the prediction error,

e(k) = ŷ(k)− y(k) (1)

whereŷ(k) is the output prediction based on the actual estimateΘ̂ of the parameter vectorΘ.

2.1 Maximum Likelihood Estimation Criteria

Consider a dynamic system, identifiable, with model structureM(Θ) defined and outputy. Suppose thatp(y|Θ) is
the conditional probability gaussian distribution of the random variabley with dimensionm, meanf(Θ) and covariance
R, with dimensionm×m. p(y|Θ) is known as the likelihood functional, and in [2] the authors attribute its name due to
the fact that it is a measure of the probability of occurrence of the observationy for a given parameterΘ. The Maximum
Likelihood Estimate is defined as the value ofΘ which maximizes this functional, in such a way that the best estimate of
Θ, according to the MLE criteria is

Θ̂ = Arg Max p(y|Θ) (2)

Thus, the likelihood functional is

p(y|Θ) =
1

(2π)m/2|R|n/2
.exp

{
−1

2

n∑

k=1

[e(k, Θ)]T [R]−1[e(k, Θ)]

}
(3)

whose maximization is equivalent to the minimization of

J(Θ) =
n∑

k=1

1
2
{[e(k, Θ)]T [R]−1[e(k, Θ)] + ln|R|} (4)

since, in the optimization process,J(Θ) is equivalent to−ln p(y|Θ), except for a constant term.

2.2 Minimization of the Cost Function by Gauss-Newton

The identification algorithms based on the Gauss-Newton method is of second order. This method, although complex,
is suitable for a quadratic cost function, and is expected to converge quickly. First, we approximateJ(Θ) by a parabolic
functionJL(Θ) under the conditionΘL (retaining only the 3 first Taylor series terms),

JL(Θ) ∼= J(ΘL) + (Θ−ΘL)T∇T
ΘJ(ΘL) +

1
2
(Θ−ΘL)T [∇2

ΘJ(ΘL)](Θ−ΘL) (5)
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The optimization condition is obtained when,

∇ΘJ(Θ∗) = 0 (6)

Applying (6) to equation (5), results, forΘ close to the local minimaΘ∗,

∇ΘJL(Θ) ∼= ∇ΘJ(ΘL) + (Θ−ΘL)T [∇2
ΘJ(ΘL)] = 0 (7)

which can be used to find the minima of the original cost function through the recursion,

Θi+1 = Θi − [∇2
ΘJ(Θi)]−1∇T

Θ
J(Θi) (8)

The complexity in the calculation of the Hessian matrix,∇2
ΘJ(ΘL) in (8), is avoided through the Gauss-Newton

method, which uses the approximation,

∇2
ΘJ(Θ) ≈

n∑

k=1

[∇Θŷ
k
(Θ)]T

[
R̂

]−1

[∇Θŷ
k
(Θ)] (9)

where the terms involving the second derivative are discarded. The gradient of the estimated output,∇Θŷk(Θ), is called
Sensibility Function.

The inversion in (8) is not performed in an explicit manner, i.e., typically the original equation
[∇2

ΘJ(Θ)
]
∆Θ̂ = ∇T

Θ
J(Θi) (10)

is solved via SVD.

3. Flight Path Reconstruction

The aim of a data compatibility check, often called flight path reconstruction, is to ensure that the measurements used
for aerodynamic model identification are consistent and error free. For example, the measured angle of attack must match
that reconstructed from the measured linear accelerations and angular rates. Such a verification is possible in the case of
flight data because the well defined kinematic equations of aircraft motion provide a convenient mean to bootstrap the
information through a numerical procedure. Unlike aerodynamic modeling, since there are no uncertainties involved in
the kinematic model, the compatibility check provides an accurate information about the aircraft states. In addition, it
provides estimates of scale factors, zero shifts, i.e., biases, and time shifts in the recorded data.

3.1 Kinematic Model for FPR

The kinematic equations of aircraft motion consist of a set of first order ordinary differential equations which, instead
of physical variables, use observed variables (accelerations and angular rates) as forcing functions. Once the aircraft mass
(or any other physical properties) does not belong to the set of equations, this consist on a set of kinematic relations. The
solution of these equations is obtained using the components of acceleration (ax, ay, az) and angular rates (p, q, r) as input
variables, which are measured by the sensors installed on the aircraft. These direct measurements allow the application of
the FPR technique before the parameter identification of the aircraft motion.

State equations:

u̇ = (ax −∆ax)− (q −∆q)w + (r −∆r)v − gsenθ
v̇ = (ay −∆ay)− (r −∆r)u + (p−∆p)w + g cos θsenφ
ẇ = (az −∆az)− (p−∆p)v + (q −∆q)u + g cos θ cosφ

φ̇ = (p−∆p) + (q −∆q)senφ tan θ + (r −∆r) cos φ tan θ

θ̇ = (q −∆q) cos φ− (r −∆r)senφ

ψ̇ = (q −∆q)senφ sec θ + (r −∆r) cos φ sec θ

ḣ = usenθ − v cos θsenφ− w cos θ cosφ

(11)

where (u, v, w) are the velocity components along thex, y andz body-fixed axes respectively, (φ, θ, ψ) are the Euler
angles,h is the altitude, (ax, ay, az) are the linear accelerations along the three axes, and (p, q, r) are the rotational rates
about the three body-fixed axes.

In eq. (11), the three linear accelerations (ax, ay, az) and the angular rates (p, q, r) are the input variables, which are
assumed to be biased. The systematic errors, i.e. constant biases, in the measurements of the input variables are denoted
by (∆ax, ∆ay, ∆az, ∆p, ∆q, ∆r) respectively.

The kinematic equations are derived referred to some suitable reference point. In the present case, the aircraft center
of gravity is assumed to be the reference point. Accordingly, the linear accelerations must also be referred to the center of
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gravity. Since the accelerometers are not mounted exactly at the CG, but at some convenient location, the accelerations at
the CG are computed from the accelerations (axa, aya, aza) measured at a point away from the CG through the following
relation:

ax = axa + (q2 + r2)Xa − (pq − ṙ)Ya − (pr + q̇)Za

ay = aya − (pq + ṙ)Xa + (r2 + p2)Ya − (rq − ṗ)Za

az = aza − (pr − q̇)Xa − (qr + ṗ)Ya + (p2 + q2)Za

(12)

where (Xa, Ya, Za) denote the offset distances of the accelerometer from the current CG. These distances are specified as
a part of the aircraft mass characteristics and geometry.

Themeasurement equationsare given by:

φm = Kφφ + ∆φ
θm = Kθθ + ∆θ
ψm = Kψψ + ∆ψ

Vmtas = KVtas

√
u2

tas + v2
tas + w2

tas + ∆Vtas

αmaoa
= Kαaoa

arctan
(

waoa

uaoa

)
+ ∆αaoa

βmaos = Kβaosarcsen
(

vaos√
u2

aos+v2
aos+w2

aos

)
+ ∆βaos

h = Khh + ∆h

VCAS = 340.294

√
5

[(
pdyn

p0Akt
+ 1

)2/7

− 1
]

1
0.51444

(13)

where the subscriptsm denotes the measured values appearing on the left hand side of eq. (13). The quantities appearing
on the right side of eq. (13) are the state variables obtained by integration of the state equations.

Each measurement is assumed to be erroneous, and hence provision is made to calibrate them through a linear scale
factorK, a bias∆ and a time delayτz. Ideally, the scale factor should be unity and the bias and time delay negligible.
For the sake of notation simplicity and clarity, the time delays are not shown in eq. (13).

The velocity components, for example, (uaos, vaos, waos) at the angle of sideslip 1 are given by:

uaos = u− (r −∆r)Yaos + (q −∆q)Zaos

vaos = v − (p−∆p)Zaos + (r −∆r)Xaos

waos = w − (q −∆q)Xaos + (p−∆p)Yaos

(14)

where (Xaos, Yaos, Zaos) denote the offset distances from the center of gravity to the angle of sideslip.
System parameters:
In the model given by eqs. (11) and (13), the parameter vector to be estimated is formed by the 19 unknown scale

factors, biases and initial conditions denoted as follows:

Θ = [∆ax ∆ay ∆az ∆p ∆q ∆r Kα ∆α Kβ ∆β KVT
∆VT u(0) v(0) w(0) φ(0) θ(0) ψ(0) h(0)]T (15)

The other parameters not listed here, like scale factors and biases of the other output variables that appear in eq. (13),
are considered to be constant and equal to one and zero, respectively, since these sensors are very accurate.

3.2 Aircraft Information and Data Acquisition System

The SZD-50-3 PUCHACZ (pronounced poo-hots, which means owl in Polish) is a two-place training and aerobatics
sailplane designed primarily for clubs and soaring schools. The Puchacz features beautifully finished fiberglass construc-
tion, a quiet and comfortable tandem cockpit, and exceptional handling qualities. This combination of characteristics has
established the Puchacz as one of the world’s favorite two-place sailplanes. It is fully aerobatic and approved for spins,
inverted flight, slow rolls and even snap rolls. As shown in the Fig. 1 three-view, its cantilevered taper wings are slightly
swept forward to place both cockpits ahead of the wing, thereby providing excellent visibility from both cockpits. In Fig.
1 we show also the inertial and geometric data of the aircraft.

The instrumentation used to perform the data acquisition consists in: i) autonomous acquisition system using micro
controllers; ii) solid state inertial platform; iii) pitot probe ; iv) attack and sideslip angle indicators; v) potentiometer
on command system; vi) load cell on command system; vii) barometer; viii) thermometer and ix) GPS. CEA UFMG is
developing an autonomous acquisition system to be used in unmanned air vehicles and in light aircraft flight tests called
CEA/FDAS (Flight Data Acquisition System). This system is microcontroller based, and uses PDAs to control and store
all data acquisition. In Fig. 2 we have some pictures of this instrumentation.
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Figure 1. Three view of the SZD-50-3 Puchacz sailplane and table with inertial and geometric parameters.

Figure 2. Pitot probe, inertial platform and autonomous acquisition system.

3.3 FPR Results

A flight test was performed and data was gathered with sampling time t=0.1 s. Two time segments were used to perform
the FPR procedure. One with maneuvers exciting the longitudinal motion and the other exciting the lateral-directional
motion.

Based on the input signals and on the measured variables according to the output equations (13), the identification
algorithm was used to determine the parameter vector containing the 19 parameters indicated in eq. (15).

The values obtained are:∆ax = −0.0214 [G], ∆ay = −0.0277 [G], ∆az = −0.0298 [G], ∆p = −0.141 [deg/s],
∆q = 0.593 [deg/s], ∆r = −0.0709 [deg/s], Kα = 0.892, ∆α = 11.811 [deg], Kβ = 1.353, ∆β = −1.1029 [deg],
KVT

= 0.9, ∆VT = −2.2889 [KTS].
These values of scale factors and biases are validated by the match of the observation variables, showed in Fig. 3.

Then they are used as constants in the phase of parametric estimation of the longitudinal motion, where they appear in the
output equations only, eq. (19).

Figure 3. Measured values of the observation variables (dashed line) and predicted values (solid line).
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4. Parametric Identification

4.1 Dynamic Model of the Longitudinal Aircraft Motion

Thestate equationspertaining to the longitudinal mode of aircraft motion are given by:

q̇ = 1
Iy

[
q̄SlµCCG

m − Ixz

(
p2 − r2

)
+ (Iz − Ix) pr

]

θ̇ = q cos φ− r sin φ

u̇ = −qw + rv − g sin θ + q̄S
m CX

ẇ = −pv + qu + g cos θ cos φ + q̇S
m CZ

ḣ = u sin θ − v cos θ sin φ− w cos θ cos φ

(16)

whereCX , CZ andCCG
m denote the aerodynamic coefficients of longitudinal force, vertical force and pitching moment.

The longitudinal and vertical force coefficients,CX andCZ , are obtained from the lift and drag coefficients,CL and
CD and the pitching moment coefficientCCG

m referred to the CG is given by:

CX = −CD cosα + CL sin α
CZ = −CD sin α− CL cosα
CCG

m = CRP
m + CX

zrpcg

lµ
− CZ

xrpcg

lµ

(17)

whereCRP
m is the aerodynamic pitching moment referred to the aerodynamic reference point (usually the aerodynamic

center), and(xrpcg, zrpcg) are the distances of the reference point to the CG along thex andz axes.
The kinetic pressure is given bȳq = 1

2ρV 2
t where the density of air,ρ, is specified as a part of the aircraft mass

characteristics. The true air speed,Vt is computed using the state variablesu andw; the componentv is obtained from
the measurements of the flow quantities and treated as an input variable.

Aerodynamic Model:
Theunknown aerodynamic derivativesappear in the following postulated model:

CL = CL0 + CLαα + CLq

qlµ
Vt

+ CLδE
δE

CD = CD0 + 1
πeΛC2

L

CRP
m = Cm0 + Cmαα + Cmq

qlµ
Vt

+ CmδE
δE

(18)

The drag is modelled using a drag-polar. The Oswald-factore characterizes the increase in drag over the ideal condi-
tions caused by non-elliptical lift distribution.

Response equations:

qm = q + ∆q

αaoam = Fα tan−1
(

waoa

uaoa

)
+ ∆αaoa

θm = θ + ∆θ
hm = h

Vtm =
√

u2
tas + v2

tas + w2
tas

q̇m = q̇
axsm = aCG

x − xbscg(q2 + r2) + ybscg(pq − ṙ) + zbscg(pr + q̇) + ∆ax

azsm = aCG
z + xbscg(pr − q̇) + ybscg(qr + ṗ)− zbscg(p2 + q2) + ∆az

(19)

where (xbscg, ybscg, zbscg) are the distances of the accelerometer from the CG alongx andz axes. The accelerationsaCG
x

andaCG
z at CG are given by:

aCG
x = 1

m (q̄SCX + Xtw)
aCG

z = 1
m (q̄SCZ + Ztw) (20)

The velocity components (uaoa, vaoa, waoa) at the angle of attack sensor are given by:

uaoa1 = u− (r −∆r)Yaoa1 + (q −∆q)Zaoa1

vaoa1 = v − (p−∆p)Zaoa1 + (r −∆r)Xaoa1

waoa1 = w − (q −∆q)Xaoa1 + (p−∆p)Yaoa1

(21)

where (Xaoa, Yaoa, Zaoa) denote the offset distances from the center of gravity to the basis angle of attack sensor.
System parameters:
Equation (18) has 10 unknown parameters that need to be estimated, givingΘ ∈ R10, i.e.,

Θ = [CL0 CLα CLq CLδe
CD0 e Cm0 Cmα Cmq Cmδe

]T (22)
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4.2 Experimental Results

The aerodynamic derivatives associated with the longitudinal model, as shown in eq. (16) and (19), were estimated
by matching the real flight test data with the model predicted simulation. Traditional maneuvers, like doublet and 3211,
were applied to a sailplane to investigate the effectiveness of the discussed Output-error method, applied to estimate the
aerodynamic parameter vector defined in eq. (22). The aircraft measured input signal is the elevator deflection,δe(t). The
time history of the aircraft input-output relationship was measured with a sampling time of 0.1s, and the measured points
gives an observation time window of 40s.

Table 1 shows the final values of the non-dimensional aerodynamic derivatives obtained by the method. To initialize
the algorithm we use values calculated based on the aircraft geometrical and inertial information and [12].

Since the flight data employed to generate Table 1 was obtained experimentally and no wind tunnel tests are available,
an indirect measure of performance is used, based on the convergence of the parameters and the prediction error. So, the
main focus of the present inverse aerodynamic modeling is to check that this local minimization procedure can provide
good matching to the experimental flight data and stable input-output modeling for the aircraft. This prediction capability,
as obtained by the output-error method, can be accessed from the model validation results shown fig. 4, where we can
observe that all the parameters present excellent convergence properties, and in fig. 5, where the estimation error are small
for most of the output variables.

Table 1. Estimation results of the non-dimensional longitudinal stability and control derivatives.

Coefficient Initial values GN method
CL0 0.40000 0.96149
CLα 5.00001 4.97876
CLq 7.00000 11.64880
CLδe

0.71000 1.05414
CD0 0.01000 0.01150

e 0.90000 0.90000
Cm0 - 0.13000 0.02727
Cmα - 2.00000 -0.29364
Cmq -0.70000 -2.56731
Cmδe

- 3.10000 - 0.39591

Figure 4. Convergence plots of the parameters and determinant of the covariance matrix,R.
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Figure 5. Measured values of the observation variables (dashed line) and predicted values (solid line).

5. Conclusions

Based on the small prediction error and good agreement between the calibrated values, we can conclude that the pro-
posed procedure for FPR, based on parametric identification via optimization using the Gauss-Newton method, exhibited
satisfactory performance. Thus, the proposed procedure constitutes a relevant alternative for practical applications.

This work also presented the estimation of the aircraft aerodynamic derivatives of the longitudinal motion, which
presented good convergence properties and good matching to the experimental flight data. The results obtained with the
Output-Error method and Gauss-Newton algorithm demonstrate the feasibility of the identification procedure.
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