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Abstract: This work is a preliminary study of dynamical response of a mechanical transmission system including two
coupled axis with one pair of gears. The mechanical model is represented by two flexible axis coupled with one pair of rigid
disks. The model is simplified and don’t consider elasticity of the teeth gear. Numerical analysis was performed utilizing the
Finite Element Method. Each axis is modeled with five one-dimensional elements. Five variables are considered at each
node — rotation due to torsion, two displacements due to bending in two orthogonal planes and two rotations due to bending
in the same planes. All calculus, deduction of the kinetics and potential energy equations, the application of Lagrange’s
equations for obtaining mass and stiffness matrixes for this model, were performed with ‘Mathematica 5’. The Newmark
method was used for solving of the differentials equations systems.
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1. Introduction

To design power transmission systems, it is essential to understand the dynamic behavior of gears. In the
literature, many studies of the dynamic behavior of gear systems can be found. The first vibratory models for
gear dynamics were given in the 1950", although the concern with gear loads back to the eighteenth century.
Experimental studies and more reliable models on the dynamics models on dynamic behavior of gears have been
reported in the past 30 years and heretofore (H.N.Ozguven, 1991, .A.Andersson, L. Vedmar.,2003).

Even though there are several mathematical models developed for gear dynamics.

It has been observed that dynamic models suggested for systems may vary considerably, and yet it may still
be possible to obtain similar predictions by using completely different models for certain systems. However, this
depends on the relative dynamic properties of the systems.

The present work is divided in two parts. Analysis of dynamic behavior of first shaft with disc was done
initially. The Finite Element Method is used, adopting beam element with two nodal points and five degree of
freedom for each node. The motion equations are obtained from Lagrange’s equations, and describe the motion
in two transverse planes. The shaft and disc are modeled with equal length finite elements. The mass and
stiffness matrixes of shaft and disc are different because of their unequal diameters. At first, mass and stiffness
matrixes for the shaft and for the disc, are separately calculates for each case, and adequately assembled into one
global mass matrix and one global stiffness matrix. In the following part of this work, matrixes for second shaft
and disc were assembled analogously. The final procedure is to couple the matrixes for the first axis and for the
second axis into global matrices for the full system. The present work is preliminary study of a more complete
problem that may include the stiffness of the gear teeth. The stiffness of the teeth is not considered presently.
The main assumption is that the linear velocity of the second disk is equal to the linear velocity of first disk at
the contact point.

2. Mathematical development

The model of analyzed system is presented in Fig.1. The model consist of two parts:

1) first shaft with disk;

2) second shaft with disk.

Each part is divided in five one-dimensions beam finite elements of equal length with two nodal points.
Every element has five degrees of freedom according to Fig.2, two displacements and three rotations. The finite
elements of this system can be examined as beam and torsion elements. The kinetic energy, bending strain
energy of element in Fig.2 can be expressed as

Ttotal (t) = Tbeamfxy (t) + Tbeamfxz (t) + Ttors (t) (1)
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Vtotal (t) = Vbeam—xy (t) +Vbeam—xz (t) +Vtors (t) (2)

where Viga(t), i (t) — the total strain and Kinetic energies

Theam-xys Tbeam-xz» Vbeam-xy» Vieam-xz — the Kinetic and strain energies in plains xy and xz
Tiors and Viors — Kinetic and strain energies of torsion
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Fig.1. Model of the system.
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Figure 2 — Nodal displacements for a two noded beam finite element

We now consider a beam element according to the Euler-Bernoulli theory. Figure 3 shows a uniform beam
element which may be subjected to transversal forces in both xy and xz planes, and torsional and flexural

moments. In this case, translational and rotational nodal displacements due to bending are labeled as w;(t), wx(t)
ws(t), wy(t). The transverse displacement within the element can be expressed as

w(x,t) = i N, (X)w (t) @)

where Ni(t) are shape functions. Since

won=w® , MOY_ @ wi=w w —w, () 4)

Ni(t) must satisfy the following boundary conditions:

NO =1 , N(@)=0 , %(O)=o , %a):o ®)
dx dx

NO <=0 . Nh=o , Mgy Wy g (6)
dx dx



N,0)=0 , N =1 , %(0)=0, %(l)zo (7)
dx dx

N,O=1 , N,()=0 |, @(0)=0, %(l)zl (8)
dx dx

where | — length of the element
Since four conditions are known for each Ni(t), we assume a polynomial involving four constants (that is, a
cubic equation) for Ni(t):

Ni(x)=aj+bix+cix°+dx® i=1,2,34 ©)

Substituting the four sets of boundary conditions from Egs.(5) to (8) into Eq.(9) one obtains the following
shape functions:

N,(x) =1— 3(1‘)2 + 2("‘)3 (10)

Nz(x)_x—ZI[TJZH[TjS (11)
N, (x) = 3[’;)2 - 2(?}3 (12)
N, (x) = —|(’I‘T + |(’I‘T (13)

Thus the transverse displacement within the element becomes
x* X x . x* X X2 X x* x®
w(x,t) = (1— BI—2 + 2|3le )+ [I - ZI—2 + I3JIW2 (t)+ (3|2 - 2|3JW3 t)+ [— I3 + lew4 (t) (14)

The kinetic energy can be expressed as (Meirovith, 1997):

Tocam o (1) = ;lf {aw(x t)} (15)

where p -is density of material
A —is transfers area of section
Replacing Eq (14) into (15) and integrating one obtains

Tpeam xy (1) = L Alp(78w’2(t)+2l W, 2 () + 78w (1) — 221w (t)w) (t) + 21 2w, * (1) +

(16)
w; (t)(22Iw;, (t) + 54w, (t) — 131wy, (t)) + Iw;, (t) (23w; (t) — 3lw, (t)))
The strain energy .(Meirovitch 1977) is
o°w(x,t)
Vi (1) = = IEI{ o } dx (17)

where E —is Young’s modulus
| —is area moment of inertia
Replacing Eq (14) into (17) and integrating one may obtain



Voean -y (1) = Iig (2E1(3Bw," () +17w,” (t) +3w,” (£) = 3Iw, (t)w, (1) +

(18)
12w, ? (t) + Iw, (£)(=3w, (1) + Iw, () + 3w, (1)(Iw, (1) — 2w, (t) + Iw, (1))))
Theam-z aNd Vipeamx: €aN be obtained analogously and are given by
Toom o (1) = 4%0 Alp(78u.? (t) + 21%u}? (t) + 78us’ (t) + 22lu} (t)ul, (t) + 21 2} (t) —

19)
luj (t)@3uj (t) + 3luy (t)) +u; (t)(—22lu} (t) +54u’ (t) +13u; ()
Vieam-x (1) = Iig (2E1(3u,” (t) +17u,” (t) + 3u,” (t) + 3lu, (tu, (1) +

(20)

12u,% (t) = 3u, (£) (1, (t) + 20, (£) + Iu, (£) +1u, () Bu, (1) +1u, (1))

Now, consider a uniform element with the x axis, taken along the centroidal axis. Let I, denote the polar
moment of inertia about the centroidal axis and GJ represent the torsion stiffness (J=I, for a circular cross
section). The torsional displacement within the element can be expressed in terms of the rotations &;(t) and 6&(t)
as

H(X: t) = N1(X)91 (t) +N 2 (X)'gz (t) (21)

where Ny(t) and N,(t) are the shape functions . Since &0,1)=0,(t) and &1,t)=6x(t), the shape functions must
satisfy the boundary conditions

N,(0) =1, N, (1) =0 (22)
N,(0)=0,N,(I)=1 (23)
N;i(t) is assumed to be a linear function as

N, (x) =a, +bx,i=12 (24)
By using boundary conditions (22) and (23) the constant @; and bi in Eq.(24) can be determined to obtain

N0 =1 (25)
N, (=

and hence, from Eq.(21),

0(x,t) = (1—"‘]91 (t) + Ilez ) (26)

The kinetic energy and strain energy for torsion are given by

T 0= [ p{a‘gg’t’} dx (27)




Substituting Eq (26) into (27) and integrating one may obtain

1 I r ’ ’
Tiors (1) = 5 18] () +6,(1)6; (1) + 6 (1) (28)
| 2
Ve =2 GJ{ a"(“)} dx (29)
2y OX
where G — is shear modulus
J —is polar moment of inercia
Substituting Eq (26) into (29) and integrating one may obtain
2
Vtors (t) _ GJ (91 (t) - 92 (t)) (30)

pAl

Replacing Egs (16),(19) and (28) into (1) and Egs.(18),(20) and (29) into (2), equations of total kinetic
energy and strain energy for element are obtained. Equations (1) and (2) can, finally, be expressed as a function
of the nodal displacements &;, wi, Wy, Uy, Uy, 6, W3, Wy, U3, Us TO accomplish the integrations involved in the
equations of kinetic and potential energies dependent on the variable x, software Mathematica® was used. In

order to obtain the equations of motion for the finite element, Lagrange’s equations were adopted (Meirovitch,
1986 and 1997):

o(oT ) or oV
—| = |-==*+===0
at(aun oqi oqi

To accomplish the differentiations involved in Lagrange’s equations, the software Mathematica® was

utilized. Taking the nodal displacements &, wi, Wy, U;, Uy, b, Wz, Wy, U3, Us as generalized coordinates in
Lagrange’s equations, the equation of motion can be derived and expressed in the matrix form:

[m]-{ai}+ [c]-{e}+ [k]-fa} = {Q}

(31)

(32)
where [m], [c], [K] - are mass, dumping, stiffness matrixes
{45, {a}, {a}, {Q} -areacceleration, velocity, displacemant, force vectors
For the matrix equation of motion, the following matrixes of the first shaft elements were obtained:
Vil 0 0 0 0 Jupl 0 0 0 0
0 13Alp  11Alp 0 0 9Alp  13Al%p o
35 210 70 420
0 11Al%p Al’p 0 0 0 13AI°p _Al’p 0 0
210 105 420 140
0 0 0 1BAlp 1A% 0 0 9Alp  13Al%p
35 210 70 420
0 0 0 7llAl|2p AlPp 0 0 0 713A1|2p B Al*p
m, = 210 105 420 140
JlT”' 0 0 0 0 JlT”' 0 0 0 0
0 9Alp  13Al%p 0 0 0 1BAlp  11Al% 0 0
70 420 35 210
0 _13Al%p Alp 0 0 _11Al%p Al’p 0 0
420 140 210 105
0 0 9Alp  13Al%p 0 0 13Alp  11Al%p
70 420 35 210 (33)
0 0 0 13A1%p B Al*p 0 0 1LAI%p AlPp
L 420 140 70 105




GlJl 0 0 0 0 7G|31 0 0 0 o |
12El,  6El, 0 0 o _12El,  6El 0 0
B B B B
6El AEI 6ElI, 2EI
Tl 0 0 0 Sl 0
0 0 12|§|1 _6EZI1 0 0 0 _12|§|1 _6EZI1
| [ | [
0 0 0 _elEzl1 4EI|1 0 0 0 6IE2I1 2?1
K, =
—GlJl 0 0 0 0 GlJl 0 0 0 0
12 El 6El 12El 6El
0 Bl 0 0 0 B = 0 0
0 GIE2I1 2El, 0 0 0 _G:Ezll 4EI|1 0 0
12El, 6El 12El 6El
0 0 T 0 0 0 T =
0 0 0 _e:zzl1 2EI|1 0 0 0 6IE2I1 4?1 |

(34)

The matrixes for the elements for the second axis are very much the same, and the only differences are due to
geometric dimensions. The global mass and stiffness matrix of two parts of the model can be obtained
assembling the element matrices into global matrixes (D. Norry, J de Freez,1987, Bismarck-Nasr, M. N, 1993),

witch consist of the sum of the matrixes of the several elements, and have the following form:

[, '
[Mi]= [ [] [Kil= [ [L

) !
By iy

(35)

The first part of model has two supporting points. The first support is located at the second node of the shaft
and second support is located at the fourth node. Therefore, only rotations are kept free at these nodes. In order
to apply these boundary conditions it is necessary to delete lines and columns of global mass and stiffness
matrixes for the second and for the fourth nodes, where linear displacements coefficients are situated.
Analogously, lines and columns corresponding to the second part of model are deleted. Those are the seventh,
ninth, seventeenth and nineteenth columns and lines for first part and twelfth, fourteenth, twenty second and
twenty fourth columns and lines for second part of model. At this stage, global mass and stiffness matrixes for

the complete system can be assembled.
[Klctopar=[K1]+[K]
[M]eioba=[M1]+[M:]
where [K]siobal, [M]ciobar - are stiffness and mass matrixes of the full system

[Kil, [K2], [M4], [M_]- are stiffness and mass matrixes of fist and second part of model
Its have form:

M1 K1

[Mlcioba= [Klciobai=

M2 K2

Neglecting the system damping (34) can be written as:

(36)

(37)

(38)



[M L - {01} + [K Joioa - {0} = {Q} (39)

For the sake of simplicity, considering that both gears have the same diameter, the angular velocity of second
disk is taken as reverse of the angular velocity of fist disk. To obtain the time domain response, the integration
procedure of Newmark was adopted. In order to apply this boundary condition, the system of equations has to be
altered. Considering that the angular displacement of the second disc is the opposite of the angular displacement
of the first disc, the corresponding line and column of this variable can be eliminated from the matrixes and the
column contributions are displaced to the right hand side of the matrix equation obtained from the Newmark
procedure.

3. Results

The free vibration solution was obtained in the time domain for the rotating model applying the finite
element method. The present model conciders that the absolut values of angular velocities of the disks are equal.
It allows the motion prediction of the second shaft.

The first and the second shaft are considered to have a constant cross-section. Both shafts are 80 mm long
and have 15mm diameter.The disks have equal diametr d=50 mm and wide 1=20 mm. The employed material is
steel with Young’s modulus E= 207 GPa, shear modulus G=79,6 GPa and density p=7800 kg/m®. The shafts
were modeled with five elements, considering that one of these elements are reserved for the disc. A tork T=1

N -m is applied at left end of the first shaft. The grafics of rotation and velocities are presented in
Figs.(3,4,5,6).
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Figure 3. Rotation of first disk. Figure 4.Rotation of second disk.
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Figure 5. Velocity of first disk. Figure 6. Velocity of second disk.



4, Conclusions

The present work is a preliminary study of a more complete problem that takes into account the influence of
the gear teeth stiffness. Presently, two shafts, coupled by two rigid discs are considered. The dynamic response
of the second shaft has been investigated. This study permits the determination of the dynamic response of any
nodal variable of the model. The main difficulty of the work concerns the consideration of a model which takes
into account the shaft bending. Althouth the bending stiffness does not play any role in the response of a pure
torsional excitation, as in the problem analyzed here, it will have a important contribution in future works where
transversal forces, wich may be caused by mislalinement of the shaft coupling, will be taken into account. A
predictible response of the angular displacement of the second shaft was obtained, which validates the applied
finete element model.
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