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Abstract.Due to technical, environmental and performance requirements, internal combustion engines must operate with
higher combustion pressures. The engine parts shall be optimized to support these requirements as well the lubrication
system. The scope of the present work is to develop a mathematical model to determine the dynamic forces in the hydro-
dynamic bearings of internal combustion engines. For that purpose, the dynamics of one-cylinder has been developed
which includes the main crankshaft bearing and the small and big connecting-rod bearings. The Reynolds equations
of the hydrodynamic bearings have been solved by the Finite Element Method (FEM). The equations are solved by the
Newton-Raphson iterative procedure for a complete engine cycle. The kinematics and dynamic loads are calculated for a
constant rotation of the crankshaft. Results are presented to validate the model.
Keywords:Hydrodynamic bearings, Crank system dynamics, Reynolds equation, Newton-Raphson method, Finite Ele-
ment Method.

1. Introduction

Due to technical, environmental, legislation and performance requirements, internal combustion engines have had to
operate with higher combustion pressures. Because of that, lubrication is very important and it is desirable to know the
oil pressure and flow in any point of the lubrication circuit of the engine. For that purpose, it is necessary to calculate the
dynamic forces in the engine bearings along the engine cycle.

The traditional approach to calculate the dynamic forces is to decompose the inertia force of one cylinder as the sum
of oscillatory and rotating inertia forces [1]. Based on that, the forces acting in the bearings may be calculated and the
correspondent hydrodynamic pressures are determined by the solution of the Reynolds equations. This means that the
forces are calculated for a pinned system and bearing pressures that result in those forces are calculated.

In fact, it is the movement of the piston-conrod-crank elements that generate the pressures in the bearings and after
integration the real forces are determined. This approach is considered in this paper. The pressures are determined from
the finite element solution of the Reynolds equations. The tangential and normal velocity components of the independent
term of the Reynolds equations come from the dynamics of the piston-conrod-crank system. The detailed presentation of
the dynamic model is in [4].

Before presenting the model considered in this paper, a brief overview of the literature is considered.
Boneau and Grente (1999) [3] presented a formulation to optimize the elasto-hydrodynamic main bearings in internal

combustion engines. The Finite Element Method was used to solve the lubrication problem. A flexible model to analyze
the structural behavior of internal combustion engines, which considers the hydrodynamic lubrication on the main bear-
ings, was presented by Mourelatos [9]. The Reynolds equation were also solved by the FEM and the results compared
to experimental tests. Zheng-Dong and Perkins (2002) [5] studied an optimized model for the crank system mechanism
using Multiple Body Dynamics and hydrodynamic lubrication. Makino and Koga [7] presented a 3D model of the hy-
drodynamic lubrication of the main bearing of four-stroke engines. They used the FEM and Newton-Raphson method to
solve the problem.

A crankshaft model was presented by Mendes [8] for high power diesel engines. The crank system mechanism was
studied, considering the inertia and combustion loads and vibrations of the crankshaft and neglecting the hydrodynamic
lubrication. Ma and Perkins [6] presented the kinematics of the crank system and solution of the Reynolds equations.
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Analysis of rigid and elasto-hydrodynamic bearings of the conrod considering the inertia loads for high speeds was
developed in [11].

The paper is organized as follows. First the kinematics of the piston-conrod-crank mechanism is presented. After that,
free-body diagrams of the elements are considered and the equilibrium equations are determined. The system of equations
obtained from the kinematics and dynamics of the systems is presented. The Reynolds equations and velocity components
are considered. Finally, results for a pinned system is considered to illustrate the application of the dynamic model.

2. Kinematics

Fig. 1(a) shows the piston-conrod-crank system. The main, small end and big end bearings are indicated by the letters
O, A andB, respectively. Due to the hydrodynamic lubrication, the elements of the system can displace, as illustrated
in Fig. 1(a). Thus, the the crankshaft displaces toO’ and the small and big end connecting rod displace toA’ and B’
respectively. In addition, the connecting rod can rotate rigidly of theβb angle.

(a) Initial position. (b) Displaced position.

Figure 1. Piston-conrod-crank system.

The crankshaft angle isλ and the respective angular velocityλ̇ is considered constant. The connecting rod angle and
angular velocity areβ andβ̇, respectively.

The inertial reference system (X,Y ) and the two local coordinates systemsB1 (X1, Y1) andB2 (X2, Y2) are also
indicated in Fig. 3. The transformation matrices between the inertial and local systems are given by

Tλ =




cos λ sin λ 0
− sin λ cosλ 0

0 0 1


 => B1s = Tλ Is,

T(β+βb) =




cos(β + βb) − sin(β + βb) 0
sin(β + βb) cos(β + βb) 0

0 0 1


 => B2s = T(β+βb) Is.

The system kinematics is illustrated in Fig. 2 and the following vectorial equation is valid

I rOB + Idp + TT
(β+βb) Idβb + TT

(β+βb)B2L + TT
λ B1db + TT

λ B1r + Idm = 0. (1)

The vectorsdm, db andr b are, respectively, the crankshaft, big end and small end displacements;r b=dp + dβb; dp is
the piston displacement; anddβb is the conrod rigid rotation. Consideringβb small, the displacementdβb is in the−Y2

direction and its module is Lβb, where L is the length of the connecting rod.
Applying the transformation matrices, equation (1) assumes the final form



−rOB

0
0



 +




−xp

0
0



 +





−Lβb sin(β + βb)
−Lβb cos(β + βb)

0



 +





L cos(β + βb)
−L sin(β + βb)

0



 +
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Figure 2. System kinematics.





xb cos λ− yb sin λ
xb sin λ + yb cosλ

0



 +





r cos λ
r sin λ

0



 +





xm

ym

0



 =





0
0
0



 , (2)

whererOB , xp, β, βb, xb, yb, xm andym are the unknown variables. Differentiating twice the previous equation and as
λ̈ = 0, the terms related to the unknown accelerationsr̈OB , ẍp, β̈, β̈b, ẍb, ÿb, ẍm andÿm are obtained.

3. Dynamics

Fig. 3 presents the free body diagrams for the crank, connecting rod and piston. The crank and connecting rod are
considered rigid bodies and the piston is a particle [10]. The Newton-Euler method was used to determine the dynamic
loads of the system as follows.

(a) Body 1: crank. (b) Body 2: conrod. (c) Body 3: piston.

Figure 3. Free body diagrams.

• Body 1 (crank) - it has massm1 and is loaded by its weight (P1), the main bearing forces (F1), the connecting rod
forces (F2) and the moment (M1). The forceF2 are represented in the local systemB1, because the displacement
components (xb,yb) are defined in theB1coordinate system.

The Newton’s second law with the vectors represented in the inertial system is applied and

3∑

i=1

IFi = m1 Ia∗1 =>





m1g
0
0



 + TT

λ





F2x

−F2y

0



 +





F1x

F1y

0



 = m1





a∗1x

a∗1y

0



 , (3)

whereIa∗1 is the acceleration of the center of mass in the inertial system. Taking the pointO’ as the reference, that
acceleration is given by

Ia∗1 =I aO′ +I ω1 × (Iω1 × I r∗) +I ω̇1 × I r∗ + 2I ω̇1 × Ivrel + Iarel.

In the previous equation,IaO′ = ¨
Idm andI r∗ is the distance fromO’ to the center of mass (Fig. 3(a)). The term

related toλ̈ is neglected, becausëλ = 0. As the body is rigid, the distance betweenO’ and the center of mass is
constant and consequentlyIvrel = 0 andIarel = 0. Therefore,

Ia∗1 =





a∗1x

a∗1y

0



 =





ẍm

ÿm

0



 +





λ̇2r∗ cosλ

λ̇2r∗ sin λ
0



 . (4)
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The Euler’s equation in the baseB1 related to the pointO’ is

2∑

i=1

B1MO′i = B1IO′
d

dt
(B1λ̇)

︸ ︷︷ ︸
=0

+ B1λ̇× (B1IO′ I λ̇)︸ ︷︷ ︸
=0

+B1r∗ ×m1B1aO′

= B1r × B1F2 + B1r∗ × B1P1 + B1M1, (5)

whereB1r =
{

r 0 0
}T

is the distance between pointsO’ andA (Fig. 3(a)). The second term of the right side
is zero because the angular velocities of the body and systemB1 are equal.

• Body 2 (connecting rod) - it has massm2 and is loaded by its weight (P2) and big (F2) and small end (F3) forces.

The Newton’s second law, with the vectors represented in the inertial system, gives

3∑

i=1

IFi = m2 Ia∗2 =>





m2g
0
0



 + TT

λ




−F2x

F2y

0



 +





F3x

−F3y

0



 = m2





a∗2x

a∗2y

0



 , (6)

whereIa∗2 is the acceleration of the center of mass of the connecting rod indicated byL∗ in Fig. 3(b). It is defined
in the inertial system as

Ia∗2 =I aA′ +I ω2 × (Iω2 ×I L∗) +I ω̈2 ×I L∗ + 2Iω2 ×I vrel +I arel.

As pointsA’ and L∗ belong to the same rigid body, it is concluded thatIvrel = 0 andIarel = 0. From the kinematics

IaA′ = IaA + TT
λ B1d̈b = IaO′ +I ω1 × (Iω1 × I r∗) + TT

λ B1d̈b.

The application of the Euler’s equation based on the pointA’ results

1∑

i=1

B2MA′i = B2IA′
d

dt
(β̇ + β̇b) + B2(β̇ + β̇b)× [B2IA′B2(β̇ + β̇b)]︸ ︷︷ ︸

=0

+

B2L∗ ×m2B2aA′ = B2L × B2F3 + B2L∗ × B2P2. (7)

• Body 3 (piston) - it has massm3 and is loaded by its weightP3, bearing forcesF3, normal forceN and explosion
forceFe, as shown in Fig. 3(c).

Applying the Newton’s second law results

4∑

i=1

IFi = m3 Ia3 =>





m3g
0
0



 +




−F3x

F3y

0



 +





0
−N
0



 +





Fe

0
0



 = m3





Ia3x

0
0



 . (8)

It is observed thatIa3 =−(r̈OB + d̈p), because the piston acceleration is on the vertical directionX.

3.1 System of Equations

The total number of equations of the system is 16. But there are only 10 equations (two equations from the kinematics
and the eight equilibrium equations from the dynamics of the system). The solution of the Reynolds equations for the
hydrodynamic bearingsO, A andB result in the forcesFix andFiy (i=1,2,3). This reduces the number of unknowns to
10 and make the system of equations determined. Based on that, the following non-linear system of equations must be
solved to determine the 10 unknowns

[
A B
C D

]{
ζ
η

}
=

{
κ
ι

}
,

where

ζ =
{

ẍm ÿm ẍb ÿb ẍp β̈b N M1z r̈OB β̈
}T

,

η =
{

F1x F1y F2x F2y F3x F3y

}T
.
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As η is known, the previous equation is written as
[

A
] {

ζ
}

=
{

κ
}− [

B
] {

η
}

. (9)

The system of equations (9) is non-linear, because the coefficients are dependent ofβb andβ̇b, which are obtained by
integrations of̈βb. The Newton-Rapshon method [2] is used for the solution of (9). It is necessary to solve the following
system of equations iteratively

[
A

] {
∆ζ

}
=

{
φ

}
, (10)

where
{

φ
}

the residue vector.

4. Reynolds Equation and Velocity Components

Fig. 4 shows the geometry of the bearing. The mathematical model is developed considering the coordinate system
XYZon the bearing centerO and the angular coordinateθ.

Figure 4. Vistas em corte transversal (B-B) e corte longitudinal (A-A ).

The Reynolds equation is given by

1
r2
J

∂

∂

(
h3 ∂P

∂θ

)
+

∂

∂z

(
h3 ∂P

∂z

)
= 6µΩrJ

∂h

∂θ
− 12µ

∂h

∂t
, (11)

whereµ andh are the the oil viscosity and oil film thickness, respectively. The tangential sliding velocity isU = Ωr and
corresponds to the oil film shear effect. The normal squeeze velocity is given by the term∂h

∂t .

For the main bearing, the terms
dh1

dt
(ẋm, ẏm) andU1 are obtained, respectively, as

U1 = rJ1λ̇,

dh1

dt
=

d

dt
(h01 − |ε1| cos θ),

where r1 is the crankshaft major radius andh01 the initial oil film thickness. The equilibrium position of the rotor is

defined by the eccentricityIε1 = Idm =
{

xm ym 0
}T

and the attitude angleθ∗1 = sin−1 xm

|ε1| ; θ is the angular
coordinate with origin in theX axis as shown in Fig. 5(a).

(a) θ andθ∗1 . (b) Static equilibrium.

Figure 5. Main bearing.
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The evaluation of the Reynolds equation results in the main bearing pressureP1. The integration of the oil pressure
gives the force in the bearing. The radialFiR and tangentialFiT components (i = 1, 2, 3), may be evaluated by the
following integrals





FRi = 2
∫ L/2

0

∫ 2π

0

PiR cos θdθdz,

FTi = 2
∫ L/2

0

∫ 2π

0

PiR sin θdθdz.

Therefore, the resultant force in the bearing,Fi, is given by
Fi =

√
FRi

2 + FTi
2.

To obtain the componentsFix andFiy of the inertial system is necessary to describe the radial and tangential compo-
nents on the cartesian system.

The tangential and squeeze velocities for the conrod bearings may be determined analogously [4].

5. Results

The presented model was used to obtain the dynamic forces in one-cylinder of an internal combustion engine. The
crankshaft is driven at the constant speed of 2200 rpm and loaded by the combustion pressure curve given in Fig. 6(a).
The piston diameter, the conrod length and the crank radius are dp=85.5 mm, L=175.4 mm and r=58.7 mm, respectively.
The results were obtained considering pinned bearings and were compared with the software AVL/Excite. Fig. 6 presents
the vertical force components on the bearings.
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(b) Main bearing.

0 100 200 300 400 500 600 700

0

1

2

3

4

5

6

7

x 10
4

F
2x

 (
N

)

lambda (graus)

Newton−Euler
AVL

(c) Big end bearing.
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(d) Small end bearing.

Figure 6. Pressure curve and bearing forces in the vertical direction.
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6. Conclusions

A dynamic model of the piston-conrod-crank mechanism was presented considering the hydrodynamic bearings. Re-
sults were obtained for a pinned system and compared to those ones obtained by the AVL/Excite software. The model
presented has a better representation of the inertia forces when compared to the traditional approach. Examples with
hydrodynamic bearings have been validated. The dynamic model has been used to study the dynamics of four-stroke
engines.
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