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Abstract. This paper presents the method of supplementary variables for calculating the availability of nuclear safety
systems subject to aging. Particularly, the availability of the auxiliary feedwater system of a typical PWR plant was
calculated. In this context, it has been necessary to study systems of partial and ordinary first order differential
equations in order to represent a system subject to aging. Numerical solutions were obtained by the method of finite
differences using Euler’s implicit method and a new method named iterative method. A variant of this last method,
called Iterative + Euler was also developed. The integrals appearing in the system equations were solved by the
trapezoidal method and the numerical results were obtained using a computer code previously written. The integrals
appearing in the system equations were solved by the trapezoidal method and the numerical results were obtained
using a computer code previously written. This numerical solution is very helpful for considering the life extension of
nuclear plants, an issue currently under discussion. For systems under aging, like the auxiliary feedwater system
(SAAA), the supplementary variable method obtains numerically the availability and the failure probability for various
times and component ages. The best among the methods presented is the implicit Euler.
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1. Introduction

The reliability theory comprehends a group of mathematical and statistical methods, which, through the study of the
laws of occurrences of failure, aim at the prediction, analysis, prevention and mitigation of the failures throughout the
time (Pinho et al., 1996). It is verified that a lot of nuclear power stations (Angra I) in the world are in the aging period.
Therefore, the International Agency of Atomic Energy (IAEA) and CNEN (National Commission of Nuclear energy)
study criteria both for increasing the useful life of the plants and also to develop specific programs of maintenance and
one of the pillars of that study is the determination of the failure probabilities under aging condition.

According to Blashe (1994) and O'Connor (1998), a system can be defined as being a certain group of discrete
elements (components or sub-systems) interconnected or in dynamic interaction, organized and associated as a function
of an objective, this referred group being object of a control. The whole system, independent of its nature, is subject to
failures. Failure is the interruption of the aptitude of a system to accomplish a certain function, and is said to be present
in a system once it is no more in conditions of fulfilling its function. Failures in equipments, for instance, can represent
large economical and human losses, presenting, in many cases, significative trade-off for the institutional image of the
companies that uses them.

As such, the main parameter in the modeling of reliability of equipment (system) is the failure rate. Failure rate
means the number of failures in an interval of time. When equipment is under aging, the failure rate is growing.
Therefore, for the components which are no more in the useful life period, the use of an exponential model, implying
constant failure rate, may not be adequate, since it will overestimate the reliability. Therefore, the consideration of
component aging involves the adoption of models which take into account failure rates which are growing in time, as,
for instance, the Weibull and the lognormal distributions.

Frequently, non repairable components present failures as a function of time. The curve that describes the
probability distribution of this type of component is the so called bathtub curve. This curve, as shown in the fig. 1, has
three different time periods (Blashe, 1994).
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Figure 1. Bathtub Curve.

Mode | — period of precocious failure (infant mortality or early life): eventual period, in the beginning of the life of a
component, in which the failure is high and decreasing with the time.

Mode Il — Constant failure rate period (useful life): eventual period of the life of a component, in which the failure rate
establishes itself into a sensibly constant value, this failure being due to random phenomena.

Mode I - Period of failure due to wear (aging or wearout life): eventual period of the life of a component during
which the failure rate increases, rapidly, in comparison with that of the precedent period. It corresponds to the period of
aging of the component, in which is submitted to wear, where failure results from physicochemical alterations of the
materials.

The auxiliary feed-water system (AFWS) has two motor-driven pumps (A and B) and a turbine-driven pump (T).
Each motor-driven pump supplies 50% of the water needs for the steam generators and the turbine-driven pump
supplies 100% of the flow need. The system operates on average 4 hr a month, and the pump specifications and data
were described in Amaral Netto (1999). The motor-driven pump A has a failure rate equal to 1.604 x 10° hr' and a
repair time of 6.5 hr. The failure times of motor-driven pump B follow a Weibull distribution with a shape parameter
equal to 1.322, and a scale parameter equal to 795 hr, and a mean repair time equal to 6.8 hr. The turbine-driven pump
T has a failure rate equal to 5.547 x 10™ hr! and average repair time of 4.9 hr. The analysis of the system functions has
led to the definition of the following system states (Oliveira, 2001).

e Satel- (T, A, B) . The three pumps are working.

e Sate 2 - (T, A, B) . Only pump B is failed.

® Sate 3- (A, B, T) . Only pump T is failed.

e Sate 4 - (T, B, K) . Only pump A is failed.

® Jate 5 - (T, K, E) . Only pump T is working. This state is due to the failure of pump A in state 2.
® Sate 6 - (T, E, K) . Only pump T is working. This state is due to the failure of pump B in state 4.
® Jate 7 - (T, E, K) . All pumps are failed and this is a system failure state.

The dynamic methodologies in the reliability and risk analysis studies are necessary for equipments that are under
aging, where the age of the component becomes an important variable. So, two methods which consider aging; namely,
the method of stages (which approximates the distributions by using fictitious states), and the supplementary variables
method (Pinho et al., 1996 and 1999), that add auxiliary variables, in order to turn the problem into a Markovian
problem (Cox, 1967, 1955 and 1995a), are commonly used.
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In this work the modeling of maintenance rate (Pinho, 2000) follows the strategy as good the new. In other words,
the maintenance presupposes that the equipment will be in good condition (identical to a new one). Work developed by
using the as bad as old criterion, developed by Oliveira (2001), results in a strategy that leads to smaller availability,
when compared to results presented in Pinho (2000).

2. Sthocastic Model

A stochastic process is a family of random variables observed in different times t, that is, this process is indexed by
the parameter t and defined in a specific probability space. A state is a value assumed by a random variable, and the
space of state of a stochastic process is the group of all the possible values that the random variable can assume. A
special type of stochastic process whose probability of being in a state in the future is only determined by the present
state is called a Markov process. With the inclusion of the Markov property, the problems are simplified considerably,
since the knowledge of the present is uncoupled with the past and the future. A stochastic Markovian process with
discrete state space of and with discrete time is referred to as a Markov chain (Cox, et. el., 1965; Ross, 1996).

When a system follows a constant failure rate, its failure times follow an exponential distribution. For the case in
which the system is not governed by the exponential distribution, the process is non-Markovian, because the probability
of going from an initial state i to a final state j does not depend only on both these states. To analyze these processes,
one must cast them into Markovian processes. If two or more exponentially distributed states are combined, the
resulting state will not be exponentially distributed. In other words, the model will not be Markovian anymore. For the
solution of the stochastic problem the method of supplementary variables has been chosen, Cox, €et. al. (1965), Ross
(1996). The analytical solution of the resulting linear system in some cases may be difficult (or even impossible) to
obtain. Because of that, it becomes necessary to use numerical methods to find approximate solutions. These numerical
methods are described in Pinho ef. al. (2004) and Pinho (2000). Figure 2 shows the representative outline of the
proposed stochastic problem.

Pinho et al. (2004) presented a numerical solution for the supplementary variables model to evaluate the availability
of the auxiliary feed-water system of a nuclear power plant under aging, according to Fig. 2. In this context, it was
necessary to study systems of partial and ordinary differential equations of first order to represent the systems under
aging. Numerical solutions were obtained by the method of finite differences using the implicit method of Euler and a
new method, named iterative method. A variant of this last method, named Iterative + Euler was developed.

Figure 2. State diagram for auxiliary system for feed water (SAAA).

Equations (1) to (7) below represent the system model and the initial conditions are shown in equations (8) to (13)
(Pinho, 2000 e 2004).
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Developing the above equations, one obtains the discretized AFWS system as shown in eq. (14):
i+l j+1 i1+ i+l AL o
K K_+ 7K K= A P, VK =1...6
2AX At (14)

However, the system is coupled only by the boundary conditions, that is: the p;..ps calculations are coupled via
pl(0,t)... p6(0,t). In this way, the matrix of this system will not be tri-diagonal. To overcome that difficulty, the
following strategy was adopted at i = 1, as shown in equation (15):

2,j+1_p 0,j+1 Lj+l_ ALj
K K K K _ Lj+1 —
; = A VK =1...6
2AX At e (15)

In equation (15) p(0,j+1) was approximated by p(0,j), so that the system could be uncoupled. After the calculation of
the p(i,j+1), fori=1,..., X, the linear system formed by the p(0,j+1) Eq. (7 to 13) was solved. A variation of the Euler’s
implicit method is to iterate in p", so that equation (16) can be cast into equation (16), where p0,* is an initial estimate
for px".
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The algorithm for iterative method is described as follows:

1) An Qstimated initial vector pOki,j is supplied, in accordance to the initial conditions,
2) p0 >t is calculated by equations (8) to the (13)
3) p i, k2 1 "are calculated by equation (16)

4) pt JH G p T are calculated by equation (15)
5) If || p b JH pO i || < tolerance, repeat the process for the next level of time if not,
6) Set p0, "' = p ! and
7) Go back to step 2

A variant of this algorithm was also developed, where the initial estimate (step 1) was obtained by the Implicit Euler
Method, in the hope of accelerating the convergence of the process.

3. Results and Discussion

The results for a simulation considering a 20-year aging period and an average operating time of 0.1 years, for the
auxiliary feed-water system are presented in tables 1 and 2. Table 3 shows the result of a simulation for a 40-year period
and an average operating time of 0.2 years. In these tables, the data refer to discretization (X), time (t), the average

availability, and maximum failure probability for the Lax, implicit Euler and the iterative method proposed in this work.

Table 1. Simulation 1 for a 20-year aging period with average operating time mof 0.1 years (part 1)

Method Discretization Time (years) Mean Availability Maximu_m failure
(Age - years) (%) probability (%)
Lax AX =6.67.107 At=220.10"* 96.80 5.81
Euler Implicit AXx =6.67.107 At=220.10" 97.05 5.18
Iterative Ax = 6.67.107 At=2.20.10" 96.97 5.98
Iterative+Euler AX =6.67.107 At=220.10" 96.96 5.18

Table 2. Simulation 2 for a 20-year aging period with average operating time mof 0.1 years (part 2)

Method Discretization Time (years) Mean Availability Maximu_m failure
(Age - years) (%) probability (%)
Lax Ax =5.00.107 At=1.10.10" -
Euler Implicit Ax =5.00.107 At=1.10.10" 97.62 4.66
Iterative Ax =5.00.10" At=1.10.10" 97.67 497
Iterative+Euler Ax = 5.00.10° At=1.10.10" 97.67 4.98
Table 3. Simulation 3 for a 40-year aging period with an average operating time m of 0.2 years.
Discretization . Mean Availabilit Maximum failure
Method (Age - years) | 1IMe(years) ) | probability (%)
Lax Ax = 1.00.107 =2.20.10"
Euler Implicit Ax =1.00.10" At=220.10" 92.35 14.91
Iterative Ax =1.00.107 At=2.20.10" 9231 14.93
Iterative+Euler Ax =1.00.10~ At=2.20.10"* 92.31 14.93

According to tables 2 and 3, the results obtained from the Lax’s method are not reasonable, since a stability
condition was not derived for the AFWS problem modeling, and for the values of X and t presented the stability was
violated. We are still developing research on this subject. The numerical differences between the mean availabilities and
the maximum failure probabilities in tables 1 and 2 are due to decrease in the values of X and t. With implicit Euler’s
method it is possible to work with fewer points, because it is unconditionally stable. It can be verified in tables 1 and 3
that the best precision was obtained by using the iterative method.



We hope that better results will be obtained if the numeric integration is performed by the 1/3 Simpson’s method,
instead of the repeated trapezoidal method. This improvement of the program is necessary since the results for the
failure probability and the availability for the 40 year-old period indicate that the best solution from the engineering
point of view would be pump B replacement after 20 years of use. This issue is currently under investigation.

Results of a simulation considering ages of 1, 5, 10, 15, 20, 25, 30, 35, 40 and 45 years for the were also obtained,
see Figure 3. Figures 4 to 7 show the results for the failure probability for the ages 30, 35, 40 and 45 years, obtained by
the Euler, iterative and Euler + Iterative numerical methods, respectively.
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Figure 3. AFWS availability.
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Figure 4. Failure probability for an operation time of 30 years.
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Figure 5. Failure probability for an operation time of 35 years.

The results of the numerical simulation presented in figures 3 to 7 were obtained by considering the discretization
(x=5.00.10", t=1.10.10"*), the mean availability and the maximum failure probability (p7) by the Euler’s, Iterative and
Euler’s + Iterative numerical methods.

It should be noticed from Fig. 3 that the results are practically the same for all the tested methods for the 35 year
age, when the iterative and Euler’s + iterative methods predict an availability slightly larger than the one given by the
Euler’s method. This difference is not significant (0.2%) and should be explained by the truncation error between the
Euler’s, iterative and iterative + Euler’s numerical methods (which have the same truncation error). As the Euler’s
implicit method is computationally faster, we concluded that it is the method that should be used to model problems of
aging of components, such as the one under discussion here.
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Figure 6. Failure probability for an operation time of 40 years.
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Figure 7. Failure probability for an operation time of 45 years.

Regarding the behavior of the failure probability with age and time of operation, Figs. 4 to 7 indicate a behavior that
agrees with the one obtained for the availability. In other words, the method of Euler predicts larger failure probabilities
than the iterative and the Euler’s + iterative methods, which implies a smaller availability for the Euler’s method, as
previously obtained. The differences regarding the failure probabilities are also small and are attributed to the different
truncation errors between the Euler’s, the iterative, and the Euler’s + iterative methods.

4, Conclusions

For systems undergoing aging, such as the auxiliary feed-water system (AFWS) modeled in this work, the method of
supplementary variables allows to numerically obtain the availability and the failure probability for several times of
operation and ages of components. The numerical method that is recommended is the Euler’s implicit method, since it
is computationally faster than the other methods tested in this work.
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