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Abstract.We employ a recently proposed viscosity function (Souza Mendes and Dutra, 2004) to analyze the fully developed
flow of yield-stress liquids through tubes. We first show that its dimensionless form gives rise to the so-called jump number,
a novel material property that measures the shear rate jump that the material undergoes as the yield stress is reached. We
integrate numerically the momentum conservation equation that governs this flow together with the generalized Newtonian
Liquid model and the above mentioned viscosity function. We obtain velocity and viscosity profiles for the entire range of
the jump number. We show that the friction factorf.Re curves display sharp peaks as the shear stress value at the tube
wall approaches the yield stress. Finally, we demonstrate the existence of sharp flow rate increases (or apparent slip) as
the wall shear stress is increased in the vicinity of the yield stress.
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1. Introduction

Flows of viscoplastic liquids are found in numerous industrial processes. In drilling and cementing operations of oil
wells, are viscoplastic liquids both the drilling fluids and the cement slurries. In the food industry, mayonnaise, butter, ice
cream are examples of viscoplastic liquids.

Until rather recently, these materials were modeled as if their viscosity were infinite at stress values below the yield
stress. With the advent of extremely sensitive and accurate optical encoders, it has become possible to measure non-zero
deformation rates of the order of10−7s−1, which occur at stress values below the yield stress (Barnes, 1999; Roberts et al.,
2001). In other words, the last-generation rheometers allowed the rheologists to unveil the very-high-viscosity Newtonian
plateau that exists in the viscosity function of these viscoplastic liquids at stresses lower than the yield stress.

Recently Souza Mendes and Dutra (2004) proposed a four parameter viscosity function for viscoplastic liquids that
describes accurately and in the whole range of shear stress (or rate) the recently discovered behavior of viscoplastic
liquids. These authors also proposed a robust method for measuring the yield stress.

In this paper we revisit the laminar fully-developed flow of viscoplastic liquids in tubes to include the interesting
transition that occurs when the wall shear stress value is in the vicinity of the yield stress. These features cannot be
predicted with the classical viscosity functions, and are clearly related to the often observed and so far not fully understood
phenomenon of wall slip.

2. Analysis

2.1 Momentum balance and constitutive hypothesis

For the fully developed flow through a tube of radiusR, driven by an axial pressure gradientdp/dz, an overall force
balance yields

τR = −dp

dz

R

2
(1)

whereτR ≡ τ(R) is the wall shear stress,
τ ≡

√
tr τ 2/2

being the intensity of the extra-stress tensor fieldτ . For this simple flow, of courseτ = −τrθ, whereτrθ is the rθ
component ofτ .

The momentum conservation principle also dictates that the shear stressτrθ is a linear function of the radial coordinate
r. We can thus write:

τ = τR
r

R
(2)

Equations (1) and (2) must hold for the fully developed flow of all materials in tubes.
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2.2 The dimensionless SMD equation and the jump number

In this paper we assume that the material behaves according to the following equation (Souza Mendes and Dutra,
2004), referred to in this text as the SMD equation for shortness:

τ =
(

1− exp
[
−ηoγ̇

τo

])
(τo + Kγ̇n) (3)

In this equation,̇γ ≡
√

tr γ̇2/2 is the intensity of the rate-of-deformation tensor field,γ̇ ≡ ∇u + ∇uT , andu is the
velocity vector field. For this flow,u = u(r)êz, and

γ̇ = −γ̇rθ = −du

dr
(4)

The parameters that appear in Eq. (3), namely,ηo, τo K, andn, are respectively the low shear rate viscosity, the yield
stress, the consistency index, and the behavior or power-law index. The physical meaning of these material parameters is
discussed in detail by Souza Mendes and Dutra (2004).

It is interesting to note from the SMD equation that, when the stressτ reaches the yield stressτo, there is a sharp
increase of the shear rate with no appreciable change in stress, i.e. the shear stress remains roughly equal toτo while the
shear rate value jumps from a value aroundγ̇o to an often much larger value in the vicinity ofγ̇1, where

γ̇o ≡
τo

ηo
; γ̇1 ≡

( τo

K

)1/n

(5)

We can now define thejump number J , which gives a relative measure of the shear rate jump that occurs atτ = τo:

J ≡ γ̇1 − γ̇o

γ̇o
=

ηoτ
1−n

n
o

K1/n
− 1 =

γ̇1

γ̇o
− 1 =

1− γ̇∗o
γ̇∗o

(6)

It is worth emphasizing that the jump number is a dimensionless rheological property of a given viscoplastic liquid.
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Figure 1. The dimensionless SMD shear stress function.

Choosingγ̇1 as characteristic shear rate andτo as the characteristic shear stress, so thatτ∗ ≡ τ/τo andγ̇∗ ≡ γ̇/γ̇1 are
respectively the dimensionless versions of the shear stress and shear rate, then we can write the following dimensionless
form of Eq. (3):

τ∗ = (1− exp [−(J + 1)γ̇∗]) (1 + γ̇∗n) (7)
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This function is shown forn = 0.5 in Fig. 1, for the full range of jump numbers0 ≤ J < ∞. WhenJ = 0, there is no
shear rate jump, and the SMD equation becomes suitable to represent shear-thinning, Carreau-type liquids. AsJ → ∞,
the SMD equation approaches the Herschel-Bulkley equation.

The viscosity functionη is defined asη ≡ τ/γ̇. Accordingly, the dimensionless viscosity function is given by

η∗ =
τ∗

γ̇∗
=

η

ηo
(J + 1) = (1− exp [−(J + 1)γ̇∗])

(
1
γ̇∗

+ γ̇∗n−1

)
(8)

3. Method of solution

The dimensionless versions of Eqs. (2) and (4) are respectively

τ∗ = τ∗Rr∗ (9)

and

γ̇∗ = −du∗

dr∗
(10)

whereu∗ ≡ u/γ̇1R is the dimensionless axial velocity. Combining Eqs. (7) and (9), we get

τ∗Rr∗ = (1− exp [−(J + 1)γ̇∗]) (1 + γ̇∗n) (11)

We then combine Eqs. (10) and (11) to obtain an ordinary differential equation for the velocity profileu∗(r∗). The
problem is solved numerically with the aid of a uniform mesh of 100 nodal points along the radial coordinater. This mesh
was shown to yield mesh-independent results for all cases investigated. To handle the non-linear nature of this equation,
for each set of values of the parameters{τ∗R, J, n}, the following solution strategy is adopted:

1. for each nodal point, we solve Eq. (11) iteratively forγ̇;

2. we then integrate Eq. (10) using finite-differences, using the axial symmetry and no-slip boundary conditions,
namely,γ̇∗(0) = 0 andu∗(1) = 0.

4. Results and discussion

We now present and discuss the results obtained in the form of velocity and viscosity profiles. We also discuss the
influence of the wall shear stressτ∗R on both the average axial velocitȳu∗, obtained from

ū∗ = 2
∫ 1

0

u∗r∗dr∗ (12)

and the productf.Re of the friction factorf ≡ −4(dp/dz)R/ρū2 with the Reynolds number2ρūR/ηR, whereρ is the
mass density,̇γR ≡ γ̇(R), andηR = η(γ̇R). The expression forf.Re becomes

f.Re

64
=

γ̇∗R
4ū∗

(13)

Figure 2 illustrates the shape of the axial velocity profile as a function ofJ , n, andτ∗R. It is seen from the first two
graphs (τ∗R = 10) that, for wall shear stress values much larger than the yield stress, the jump number has essentially no
effect on the profile shape, which is the one obtained with the classical Ostwald-de Waele (power-law) model. However,
as illustrated in the graphs pertaining toτ∗R values closer to unity, the jump number dictates the shape of the velocity
profile, especially at larger values of the power-law indexn.

The viscosity profiles shown in Fig. 3 illustrate the dramatic viscosity changes that occur for high jump numbers in
the vicinity of the radial position where the shear stress equals the yield stress. When this radial position is close to the
tube wall, a thin layer of low-viscosity, lubricating liquid is observed, yielding the steep wall velocity gradients observed
in Fig. 2.

The productf.Re is shown in the graphs of Fig. 4 as a function of the wall shear stressτ∗R. It is firstly observed that
for τ∗R << 1 the Newtonian resultf.Re = 64 is obtained, because in this range of stress the liquid is Newtonian with a
viscosity equal toηo (or else,η∗ = J +1). In the other extreme ofτ∗R >> 1, the power-law resultf.Re = 64(3n+1)/4n
is obtained, because the unyielded region in the neighborhood of the tube axis in this case becomes very small, not
affecting the wall velocity gradient. In the range0.1 < τ∗R < 10, however, the jump number has a striking effect onf.Re,
especially for larger values ofn. The maximum peak value expected isf.Remax = 64(J + 1), which corresponds to the
case of discontinuous derivatives atγ̇∗ = γ̇∗o and γ̇∗ = 1 (bi-viscosity model, Beverly and Tanner (1992), see Fig. 1).
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Figure 2. Dimensionless velocity profiles.

Because the SMD equation has continuous derivative throughout theγ̇∗ range, the transitions atγ̇∗ = γ̇∗o andγ̇∗ = 1 are
smooth and hence the peak values are smaller and smoother. The actual shape of the bumps depends directly on the shape
of the correspondingτ∗ × γ̇∗o curve in Fig. 1.

The peak values off.Re occur asτ∗R → 1 and when the shear rate jumps up but the thickness of the low-viscosity
layer is still negligibly small. Asτ∗R is increased further, but still in the neighborhood ofτ∗R = 1, this thickness departs
from zero and hence the average velocity undergoes a steep increase, which causesf.Re to decrease (see Eq. (13)). As
τ∗R is increased even further, thef.Re value approaches asymptotically its power-law value.
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Figure 3. Dimensionless viscosity profiles.

Figure 5 shows the dimensionless average velocity as a function of the dimensionless wall shear stress for different
values of the jump number. A sharp flow rate increase is observed for high jump number values just beyondτ∗R = 1. It is
seen that the dimensionless velocity jumps up by a factor roughly equal to the jump number value, that is

ū∗+ ' Jū∗− (14)

whereū∗− andū∗+ are the values of the dimensionless average velocity for wall shear stress values just below and just
above the yield stress, respectively.
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Figure 4. Friction factor as a function of the dimensionless wall shear stress.

5. Conclusions

We have employed the SMD viscosity function to analyze the fully developed flow of yield-stress liquids through
tubes. We have first introduced the concept of jump number, a novel material property that gives a relative measure of the
shear rate jump that the material undergoes as the yield stress is reached. We have integrated numerically the momentum
conservation and constitutive equations to obtain velocity and viscosity profiles for the entire range of the jump number.
When the wall shear stress is slightly larger than the yield stress, a thin low-viscosity layer at the wall is formed, which
causes steep velocity gradients., If observed experimentally, the flow under these conditions could give the erroneous
appearance of the occurrence of wall slip. Finally, we have shown that the friction factorf.Re curves display sharp peaks
as the shear stress value at the tube wall approaches the yield stress.
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