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Abstract.The main objective of this paper is to propose a mixed variational formulation (Hellinger-Reissner) and mixed
finite element with a solution algorithm for elasto/viscoplasticity problems, where the rheologic phenomenon occurs only
after the elastic phase. With the mixed formulation proposed, we present a finite element where we impose continuity
and quadratic interpolation for velocities and geometry, but we allow an element discontinuity for stresses rates, stresses,
viscoplastic strain rates, equivalent viscoplastic strain rates and accumulated viscoplastic strain. We present a solution
algorithm for discrete problem based on Newton-Raphson method with global iterations for the constitutive equations
and one step Euler scheme for the flow laws integration. The element discontinuity for the fields cited above has as
consequence the constitutive matrix decoupled by triangle vertex. This fact is important for the computational viability,
because we only have to invert a [3x3] or [4x4] matrix for stress or strain plane states, respectively. A numerical
application is presented using the Von Mises criteria and the Perzyna constitutive model for isotropic hardening materials
(softening). The result is compared with numerical solution in the literature.

Keywords:viscoplasticity, finite element, mixed model.

1. Introduction

The main objective of this paper is to propose a mixed variational formulation (Hellinger-Reissner) and mixed finite
element with a solution algorithm for elasto/viscoplasticity problems, where the rheologic phenomenon occurs only after
the elastic phase.

As it is well known, viscoplasticity in metals is an important phenomenon when the absolute temperature exceeds one
third of the absolute melting temperature. Nevertheless, because certain important materials also exhibit rate dependent
deformation behavior at moderate temperatures, there exists an increasing interest in that deformation process not only
under high temperatures. Also, the failure process in many engineering problems can be model by adopting the consti-
tutive equation related to these time-dependent plasticity materials. As examples of these processes the propagation of
Lüders bands and Portevin Le Chatelier effects in metals and shear banding and creep in geo-materials are mentioned
(Heeres et al., 2002).

Viscoplasticity in its own right is the interest of this paper, but it is worth remembering that viscoplasticity can also be
used to generate plasticity solutions. Particulary, it is very efficient as a regularized model to describe rate-independent
plasticity in process in which the pure plasticity models usually fail. For example, for the above refereed processes, mainly
in perfect plasticity materials, or in strain softening situation, in which strain localization is present (Díez et al., 1998,
Sluys, 1998).

A triangular finite element with quadratic and continuous interpolations for velocities and geometry and linear dis-
continuous interpolations for stress rate and viscoplastic strain rate is proposed. The element, herein proposed in the
elasto/viscoplasticity context, comes from large experience with it in limit analysis applications and thermo-elasticity in
incompressible materials (Costa and Borges, 2002, Borges et al., 1995).

The outline of this paper is as follows. The variational principle to describe the infinitesimal elasto/viscoplasticity
problems is proposed in Section2. The solution of the equation system, defined by the equilibrium, kinematics, constitu-
tive equation and the flow laws are optimality conditions of aninf-supmixed variational principle. In Section3, based on
space discretization generated by the finite element method and on the variational formulation of Section2, the discrete
mixed principle is presented. Finally, in Section4 it is shown the solution algorithm for the discrete problem. In Section
5 a numerical application is presented to validate the formulation.

2. Mixed variational principle for infinitesimal elasto/viscoplasticity

The objective of this Section is to propose a variational principle to describe elasto/viscoplasticity problems. The field
solution of the equation system, defined by equilibrium, kinematics, constitutive equations and flow laws (Costa, 2004
and Costa and Borges, 2003), are optimality conditions of aninf-supmixed variational principle (Hellinger-Reissner).
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The elasto/viscoplasticity problem consists in determining paths of displacementu(t), stressT(t) and strainE(t),
developed in an elasto/viscoplasticity body during a load program. If, at a momentt of the process, one considers all
state variable, total strainE, viscoplastic strainEvp, internal variableχ and temperature variationΘ fields as known, then
from the constitutive relations, (Costa, 2004 and Costa and Borges, 2003), the dual variables(T, A) might be able to be
determined. Therefore, the next step will be obtaining the stress rate, strain rate, internal variable rate and temperature
variation rate fields that occur in the body when it is submitted to variation in force systemF or/and in the displacement
constraints̄u, during a time intervaldt.

In turn, at each moment, this problem consists in finding a stress rate fieldṪ ∈ W ′, a kinematic hardening rate field
χ̇kin ∈ IRn x IRn, a isotropic hardening rate fielḋχiso ∈ IR, a strain rate fielḋE ∈ W , a viscoplastic strain rate field
Ėvp ∈ W and a velocity fieldv ∈ V , such as the following equation system holds

(Ėvp, χ̇) ∈ ∇(T,A)D
c
vp(T, A) (1)

Ė = D v (2)
〈
Ṫ , D (v∗ − v̄)

〉
=

〈
Ḟ , (v∗ − v̄)

〉 ∀v∗ ∈ V (3)

(Ṫ,−Ȧ) = ∇(Ė,χ̇)J (Ė, Θ̇, Ėvp, χ̇) ⇐⇒ (Ė,−χ̇) = ∇(Ṫ,Ȧ)J c(Ṫ, Θ̇, Ėvp, Ȧ) (4)

The Equation (1) represents the flow laws defining the viscoplastic strain rate and the hardening rate parameters. The
second Equation (2) represents the kinematic principle. The equilibrium principle is defined by Eq. (3). The fields
(Ṫ, Ȧ), solutions for this system, are associated with the total and viscoplastic strain rate fields and with the kinematic
and isotropic hardening rate fields by the constitutive relation Eq. (4).

For a tridimensional continuum, under infinitesimal strain assumption, the tangent deformation operatorD, matches
the symmetric part of the gradient∇s. The parameter̄v is an element of the prescribed velocity fieldΓv. The potentialsJ
andJ c and the dual dissipated functionDc

vp that defines the internal variable evolutive laws are defined in Costa (2004)
and Costa and Borges (2003).

In Costa (2004) and Costa and Borges (2003) one can see that a solution for this system is also the solution for a mixed
variational principle, defined in function of velocity and stress rate fields, which is denoted as the Hellinger-Reissner
Principle, that is

Findv ∈ V , Ṫ ∈ W ′ such that

Π̂HR(v, Ṫ) = inf
v∗∈V 0

sup
Ṫ∗∈W ′

[
−1

2
〈
Ṫ∗, ID−1Ṫ∗

〉
+

〈
Ṫ∗,Dv∗

〉− 〈
Ṫ∗, Ėvp

〉−

−〈
α Θ̇, tr(Ṫ∗)

〉
+

1
2
〈
Hχ̇, χ̇

〉
+

〈
Ṫ∗,Dv̄

〉− 〈
Ḟ,v∗

〉] (5)

where(Ėvp, χ̇) complying with the flux law Eq. (1) andV 0 = {v∗ ∈ [H1(B)]3 / v∗|Γu= 0}.

3. Finite element models for mixed formulation

In this Section a brief description of the discretization procedure is presented for the purpose of characterizing the
structure of the discrete viscoplastic problem arising from the mixed principle which was presented in Section2. Finite
element models are considered for plane stress and plane strain conditions in bodies composed by materials obeying the
von Mises yield criterion and Perzyna-like viscoplastic model. For the sake of brevity, only the isothermal process and
isotropic hardening materials are considered.

3.1 Two-dimensional models

In two-dimensional models the deformation process can be described by means of the velocity field and a scale
parameteṙ̄εvp represented the equivalent viscoplastic strain rate

v = [ vx vy ]T and ˙̄εvp = [ ˙̄εvp] (6)

For the model adopted̄̇εvp = −χ̇iso (Costa, 2004). Under plane stress condition the other comprised fields are

Ṫ = [ Ṫx Ṫy

√
2 Ṫxy ]T Ė = [ Ėx Ėy

√
2 Ėxy ]T Ėvp = [ Ėvpx Ėvpy

√
2Ėvpxy ]T (7)

and for the plane strain are

Ṫ = [ Ṫx Ṫy Ṫz

√
2 Ṫxy ]T Ė = [ Ėx Ėy 0

√
2 Ėxy ]T Ėvp = [ Ėvpx Ėvpy Ėvpz

√
2Ėvpxy ]T (8)

whereṪ, Ė andĖvp are vectors which represent stress rate, total strain rate and viscoplastic strain rate fields, respectively.
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Because of the vector representation of the tensorial fields the deformation operators for plane stress and plane strain
states are set as

D =




∂
∂x 0

0 ∂
∂y

1√
2

∂
∂y

1√
2

∂
∂x




and D =




∂
∂x 0

0 ∂
∂y

0 0

1√
2

∂
∂y

1√
2

∂
∂x




(9)

In the notation of these two-dimensional models and with the isotropic hardening hypothesis, the Von Mises yield
functionf(T, ε̄vp) is written as

f(T, ε̄vp) =

√
3
2
‖S‖ − σY −Aiso(ε̄vp) ‖S‖ =

√
1
2
CT ·T (10)

whereσY is the material yield limit in pure traction andS is the deviatoric part of the tensorT. the functionAiso(ε̄vp) is
given by a non-linear function (Simo and Hughes, 1997)

Aiso(ε̄vp) = (1− β)H ε̄ ξ
vp + (σ∞ − σY ) (1− exp−δ ε̄vp) (11)

whereβ ∈ (0, 1), ξ ≥ 0, σ∞ ≥ 0 andδ ≥ 0 are material properties. WhenH > 0 the parameter express the hardening
material; whenH < 0, the softening material. It is important to observe forδ = 0 andξ = 1 this law is reduced to a
linear hardening law.

For plane stress and plane strain state the matrixC is set, respectively, as

C =




4/3 −2/3 0
−2/3 4/3 0

0 0 2


 C =




4/3 −2/3 −2/3 0
−2/3 4/3 −2/3 0
−2/3 −2/3 4/3 0

0 0 0 2


 (12)

For Mises criterion the yield function is regular and if, additionally, an exponential law for the Perzyna model is
adopted (Alfano et al., 2001, Angelis, 2000 and Perzyna, 1998), the evolution relation can be written as

Ėvp = λ̇(T, ε̄vp)∇Tf(T, ε̄vp) and ˙̄εvp =

√
2
3
‖Ėvp‖ (13)

where

λ̇(T, ε̄vp) = η

(
f+(T, ε̄vp)

σY

)n

and ∇Tf =
1
2

√
3
2
CT
‖S‖ (14)

in whichn is a material property andη ∈ (0,∞) represents the viscosity coefficient.

3.2 Mixed discretization

Here a general procedure for the discretization of the mixed formulation Eq. (5) is discussed and some the particular
features of proposed mixed triangular are emphasized. A curved triangular mixed element, denoted V2T1, is proposed
(Costa and Borges, 2002 and Borges et al., 1995), having six nodes intended for theC0 quadratic interpolation of geometry
and velocities and three nodes, at vertices, for the discontinuous linear interpolation of viscoplastic strain rates and stress
rates. The viscoplastic strain rates are imposed locally in the element vertices by the collocation method. The adoption
of the discontinuous linear interpolation of viscoplastic strain rates in continuum field is chosen for feasibility algebraic
operations.

Hereinafter, the following notation is adopted: a superimposed hat is used to distinguish variables or parameters of the
continuum model from their discrete counterparts. A discrete version for the flow laws are obtained by the collocation
method, that is, a set of points are chosen in each element to enforce this rule. The points selection is addressed by
the yield function behavior. It is because the convexity of the yield functionf(T̂(x), ̂̄εvp(x)) and the piecewise linear
interpolation assumed for the stress fieldT̂(x) and the accumulated viscoplastic strain̂̄εvp(x) assure that the vertices of
the triangles are the points in which the Mises yield function may be maximum. Therefore, the vertices are the natural
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chosen points to impose the flow laws. As a consequence, the vectorĖe
vp is assembled from three disjoint vectorsĖek

vp,
which represents the viscoplastic strain rate at each vertex, and are determined by

Ėe
vp = [Ėek

vp] ≡ Λe Ge k = 1, 2, 3 (15)

where the diagonal matrixΛe is defined by

Λe = diag
[
Λek

]
and Λek = diag

[
λ̇(Tek, ε̄ek

vp)
]

k = 1, 2, 3 (16)

with λ̇(Tek, ε̄ek
vp) defined by Eq. (14)1 for Perzyna model. The vectorGe is defined by

Ge =
[Gek

]
and Gek = ∇Tf+(Tek, ε̄ek

vp) k = 1, 2, 3 (17)

with the vector∇Tf(Tek, ε̄ek
vp) defined by Eq. (14)2. The parametersTek and ε̄ek

vp are, respectively, the stress and
the accumulated viscoplastic strain parameters at each vertex of elemente. Notice that because one can regard inter-
element stress and accumulated viscoplastic strain discontinuities and the coordinatesxk as coinciding with the vertices
coordinates, the vectoṙEek

vp ∈ IRq̂ is only dependent on a separate set,Tek, elementary vectorTe components and
dependent on a separate setε̄ek

vp, elementary vector̄εe
vp components.

Coherently with the flow laws imposed in the vertex, the vector˙̄εe
vp is assembled from three disjoint scalars˙̄εek

vp, which
represents the equivalent viscoplastic strain rates at each vertex

˙̄εe
vp = [ ˙̄εek

vp] and ˙̄εek
vp =

√
2
3
‖Ėek

vp‖ =

√
2
3
‖Λek Gek‖ k = 1, 2, 3 (18)

where‖Ėek
vp‖ represents the module of the viscoplastic strain rate at each vertex of elemente.

Finally, the hypothesis of isothermal process and isotropic hardening material with the substitution of the assumed
interpolations in the continuum mixed principle Eq. (5) leads to its discrete version.

Findv ∈ IRN e Ṫ ∈ IRq such that

ΠHR(v, Ṫ) = min
v∗∈IRN

max
Ṫ∗∈IRq

[
−1

2
ID−1Ṫ∗ · Ṫ∗+ Ṫ∗ ·Bv∗− Ḟ ·v∗+ Ṫ∗ · B̄v̄− Ṫ∗ ·MĖvp +

1
2
Hiso ˙̄εvp · ˙̄εvp

]
(19)

where the flow laws are imposed at each element by Eqs. (15) and (18). The parameterN is the number of degrees of
freedom in velocities, assuming that all rigid motions are ruled out by prescribed kinematic constraints. The deformation
operatorB̄ contains only the columns associated with the prescribed degrees. Additionally, the continuity for velocities
and the inter-element discontinuity for stress rates, viscoplastic strain rates and equivalent viscoplastic strain rates are
imposed by properly collecting the element vectorsve, Ṫe, Ėe

vp and ˙̄εe
vp in global vectorsv, Ṫ, Ėvp and ˙̄εvp. The

vectorsĖe
vp and ˙̄εe

vp are parameters, not model variables. The variableq represents the total number of stress parameters,
consequently,q = 3 nel q̂, wherenel is the total number of elements in the mesh.

The matricesID−1, B, M, Hiso and the vectoṙF are assembled from elementary contributions of

ID−1e
=

∫

T e

NT
T ÎD

−1
NT dT Be =

∫

T e

NT
T DNv dT Me =

∫

T e

NT
T NT dT (20)

He
iso = diag

[ (
dAiso

dε̄vp

)ek
]

k = 1, 2, 3 Ḟe =
∫

T e

NT
v ḃ dT +

∫

Γe
τ

NT
v ȧ dΓτ (21)

whereÎD
−1

is the constitutive matrix constrained to the bidimensional model for the stress or strain states (Costa, 2004
and Costa and Borges, 2003). The functionsNv(x) andNT (x) are, respectively, the matrices of quadratic and linear
shape functions. The parametersḃ andȧ are body and surface load rates, respectively.

It is worthwhile mention that although the global matricesID−1, B, M andHiso are defined, they do not explicitly
assembled through the interactive process. Due to the elementary uncoupling of the problem, only the elementary matri-
ces, Eqs. (20) and (21), are calculated. The elementary uncoupling of stress rate, viscoplastic strain rate and equivalent
viscoplastic strain rate have important consequences on the structure of these elementary matrices, being fundamental in
the computational feasibility of the discrete algorithm developed to solve this problem.

For Ḟ ∈ IRN , v = v̄ ∈ Γv, it is easy to show that themin−max principle, Eq. (19), is equivalent to the solution of
the following system

Find Ṫ ∈ IRq andv ∈ IRN , such that

ID−1 Ṫ−Bv − B̄ v̄ + MĖvp = 0
BT Ṫ − Ḟ = 0
Ėvp = ΛG
˙̄εvp = [ ˙̄ε1

vp ... ˙̄εe
vp ... ˙̄εnel

vp ]T , where ˙̄εek
vp =

√
2
3 ‖Λek Gek‖ k = 1, 2, 3

(22)
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The flow laws are imposed by the adequate elementary assembling of the vectors, with˙̄εe
vp given by Eq. (18). The

parameteṙEvp has the matricesΛ andG definided by

Λ = diag(Λe) and G = [Ge] e = 1, ..., nel (23)

asΛe andGe given by Eqs. (16) and (17), respectively.
The system above can be seen as a discrete version of continuum system Eqs. (1-4) for isotropic hardening materials

applications in an isothermal process.

4. Solution algorithm

In this Section it is presented an algorithm solution, based on Newton-Raphson formula for the solution of the discrete
problem defined by the system of Eq. (22). The algorithm has global iterations, with sub-increment for calculate the
constitutive and equilibrium equations, Eqs. (22)1 and (22)2; and an one-step Euler scheme for integration of flow laws,
Eqs. (22)3 and (22)4 (Sluys, 1998).

4.1 Time discretization

The solution of the discrete problem, Eq. (22), begins with the subdivision of the interest time interval,t ∈ I ⊂ IR+,
in a finite number of steps∆t. If the Equation (22)2 is considered valid at each time instant and if one can define the stress
rate as a stress variation at a time interval∆t, the incremental form of the equilibrium condition is given by

BT ∆T = Ft+∆t −BT Tt (24)

Resembling with the stress rate, one can define the velocity, the viscoplastic strain rate and the total strain rate as a
variation of the displacement, viscoplastic strain and total strain at a time interval∆t, respectively.

The viscoplastic strain variation is estimated with the generalized Euler method

∆Evp = [(1− γ) Ėt
vp + γ Ėt+∆t

vp ] ∆t (25)

whereγ is the interpolation parameter for which0 ≤ γ ≤ 1. The viscoplastic strain rate at the end of the time interval is
expressed in a limited Taylor series expansion as

Ėt+∆t
vp = Ėt

vp + Gt ∆T + ht ∆ε̄vp (26)

where the matrixGt and the vectorht represent the viscoplastic strain rate gradient with regard to the stress and the
equivalent viscoplastic strain, respectively, that is,

Gt = ∇T Ėt
vp and ht = ∇ε̄vp

Ėt
vp (27)

With some algebraic developments (Costa, 2004) one can lead to define the stress variation as

∆T = IDt
vp M−1 [B∆u + B̄∆ū ]− qt (28)

where

IDt
vp =

[
diag

(
ÎD
−1

+ γ ∆tGt
)]−1

and qt = IDt
vp

(
Ėt

vp∆t + γ ∆tht∆ε̄vp

)
(29)

The matrixIDt
vp and the vectorqt are time dependents. The sequence of the algebraic substitutions associated with the

discontinuous interpolation assumed for the stress field are fundamental to assure the nodal decoupled of the matrixIDt
vp.

This procedure have important consequences on the computational feasibility whereas this matrix have to be inverted at
each new iteration. With this procedure, only[3x3] or [4x4] matrix is inverted for stress or strain plane states, respectively.

For assurance of the system symmetry, one can adopt the symmetric matrix

ĨD
t

vp =
1
2

[IDt
vp M−1 + M−1IDt

vp] (30)

The displacement increment,∆u, is defined by the solution of the system

Kt
vp ∆u = Ft+∆t − Ft

i (31)

where

Kt
vp = BT ĨD

t

vpB and Ft
i = BT (Tt − qt) + BT IDt

vp M−1 B̄∆ū (32)

represent the viscoplastic stiffness matrix and the internal force at instantt, respectively.
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4.1.1 Newton-raphson method for equilibrium calculation

The Table1 presents an algorithm solution, based on Newton-Raphson formula (an incremental-iterative process) for
the solution of the discrete problem (Sluys, 1998). The Table2 presents the algorithm used in this work for time integration
of flow laws (an one-step Euler scheme). Hereinafter, the superscript is used to identify the number of iteration at a fixed
time and no more identify the time interval.

Table 1. Time integration of the equilibrium equation

For each load or displacement increment:

j = 0

F = Ft+∆t = Ft + ∆F ∆u0 = 0 K0
vp = Kt

vp F0
i = Ft

i T0 = Tt

Ė0
vp = Ėt

vp ε̄0vp = ε̄t
vp ∆ε̄0vp = ∆ε̄t

vp R0 = F− F0
i

Repeat

Solve the linear system:Kj
vp δuj+1 = Rj

ζ = 1
Repeat

Compute increment: ∆uj+1 = ∆uj + ζ δuj+1

For each elemente

Compute strain increment:∆Ej+1 = B∆uj+1 + B̄∆ū

Compute new matrices:IDj+1
vp , qj+1 and Kj+1

vp (Table2)

Compute stress increment:∆Tj+1 = IDj+1
vp M−1∆Ej+1 − qj+1

Compute total stress:Tj+1 = T0 + ∆Tj+1

Update at each nodek

Yield function:f j+1 = f(Tj+1, ε̄0vp)

If f j+1 > 0 then

Constitutive function:̇λj+1 = λ̇(Tj+1, ε̄0vp)

Viscoplastic strain rate:̇Ej+1
vp = λ̇j+1∇Tf j+1

Equivalent viscoplastic strain rate:˙̄εj+1
vp =

√
2
3
‖Ėj+1

vp ‖
Accumulate viscoplastic strain increment:∆ε̄j+1

vp =
[
(1− γ) ˙̄ε0vp + γ ˙̄εj+1

vp

]
∆t

End-If

Next nodek

Next elemente

Compute internal force vector:Fj+1
i = BT (Tj+1−qj+1) + BT IDj+1

vp M−1B̄∆ū

ζ = 0, 7 ζ

Until
(
Rj+1/Rj

)
< 1

j = j + 1

Until |F− Fj
i |2 ≤ ε |F− F1

i |2

5. Numerical application

The problem considers a slab subject to traction with a circular imperfection (Díez et al., 1998). In order to induce the
strain localization in the specimen, a geometric imperfection must be introduced.

The rectangular slab with a small circular hole is submitted to an increasing prescribed displacementū(t) considering
the plane strain problem. The geometry of the problem, withR/H = 0.111 andL/H = 2.111, the loading conditions
and the mesh adopted are showed in Fig. 1. For symmetry reasons the analysis is performed for one quarter of the section
with appropriate boundary conditions.

The mechanical properties of the material are: elastic modulusE = 2.1011Pa, Poison’s ratioν = 0.3, yield limit
σY = 2.108Pa, Perzyna linear behavior and softening material,Hiso = −2.1010Pa. The imposed displacement has
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Table 2. Time integration of the constitutive equation

For each elemente

∆Ee = Be∆ue Te = [Te]0 Ėe
vp = [Ėe

vp]
0 ε̄e

vp = [ε̄e
vp]

0 ∆ ε̄e
vp = [∆ ε̄e

vp]
0

Compute trial stress state:Te
trial = Te + ID∆Ee

For each nodek

If f(Tek
trial, ε̄

0
vp) < 0

Then IDek
vp = ÎD

Else IDek
vp = [ÎD

−1
+ γ ∆tGek]−1

End-If

qek = IDek
vp

(
Ėek

vp + γ ht∆ε̄0vp

)
∆t

Next nodek

Assemble elementar matrix and vector:IDe
vp = [diag(IDek

vp)] qe = [qek]

Compute symmetric part: ĨD
e

vp =
IDe

vp M−1e + M−1e IDe
vp

T

2
Compute elementar stiffness:Ke

vp = BT ĨD
e

vp B

Assemble elementar matrixKe
vp in global matrixKvp

Next element

been given in 20 single steps∆u = 0.0065mm up to a final displacementumax = 0.13mm. The imposed velocity is
v = 1m/s.

The force-displacement curve is plotted in Fig. 1, where the force is the sum of the nodal reactions on the bounded right
edge. In the graphics, Fig. 1, the dashed line represents the numerical values obtained by Díez et al. (1998). The discrete
points represent numerical values obtained by the proposed mixed model. The softening behavior is observed. As both
works present numerical solutions for the problem, the results are considered satisfactory, because different numerical
models and different finite element meshes are compared.

The Figure 2 shows the countour plots of the accumulated viscoplastic strain field,ε̄vp, obtained foru = 0.065; 0.091
and0.117mm, respectively. The collapse mechanism in this example is formed by the strain localization band and almost
all the deformation is localized along the band.

Figure 1. Geometry of the problem, loading conditions, mesh adopted and force-displacement curve

6. Conclusions

A mixed model and an algorithm to deal with elasto/viscoplasticity problems was proposed. This mixed (min-max)
principle is written as function of stress rates and velocities. The viscoplastic strain rate and the hardening rate are obtained
from the flow rule and appears in the functional only as parameters.

A mixed discretization process, based on a triangular mixed element, is proposed. The element holdsC0 quadratic
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Figure 2. Contour plot of thēεvp at prescribed displacementsu = 0.065; 0.091 and0.117mm

interpolation for geometry and velocities and an element discontinuity for stresses rates, stresses, viscoplastic strain rates,
equivalent viscoplastic strain rates and accumulated viscoplastic strain.

The results indicate the viability of the presented mixed methodology. More advanced applications need to be carried
out in order to consolidate the formulation as an effective procedure for elasto/viscoplasticity. These advanced model
must include adaptivity meshes and other cycle load programs. Such advanced features are now being preformed and will
be subject of a future report.
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