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Abstract. Non-linear Burgers’ equation has no real flow meaning but it is a mathematical model of hydrodynamics.
This would be important in the study of turbulence, shock waves among other kind of flows. The non-linear term in the
Burgers’ equation contributes a wave of appreciable amplitude traveling in some direction. This wave eventually
dissipates, and the non-linear solution tends to the same form as the linearized solution, though with a smaller
amplitude. The non-linear term steepens the velocity gradient; however, because of the damping effect, no discontinuity
occurs.

The generalized integral transform technique (GITT) is a powerful tool to solve second order partial differential
equations that has been used to solve equations with special difficulties such as non-separable equation coefficients,
variable boundary condition coefficients, irregular domains, non-linearities, and so on. In this work we use the GITT to
solve the non-linear Burgers’ equation for two-dimensional lid-driven cavity.
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1. Introduction

Burgers equation is non-linear partial differential equation of diffusion-convection kind. It is considered as a
simplified form of Navier-Stokes equations, for the cases when the pressure gradient is null. This model defines a
non-solenoidal velocity field, e.g., a field with non-null divergence. The non-linear term in Burgers” equation gives rise
to a wave that moves in some direction. This wave eventually dissipates and the non-linear solution tends to the same
shape as the linearized solution, but with smaller amplitude.

In this work, the Burgers” equation solution is developed by applying the Generalized Integral Transform Technique
(GITT) to unsteady fluid flows of Newtonian fluids inside two-dimensional lid-driven cavity. Numerical results
obtained for Reynolds 100, 400 and 1000 are compared to those ones obtained by using finite difference method
(FDM). The integral transform (GITT) is a hybrid analytical-numerical method that consists in transforming a given
system of partial differential equations into a coupled infinite system of ordinary differential equations, which after
being truncated to a number of equations can be solved numerically. This technique is a powerful tool that allows
solving a variety of complex diffusive and convective-diffusive problems. Hydrodynamical or thermal purely diffusive
problems, modeled by linear elliptical partial differential equations, defined over irregular domains, e. g., those ones in
which it is not possible to find an orthogonal coordinate system that matches the domain boundary geometry, were
solved by Aparecido and Cotta (1987, 1990b), Aparecido, Cotta and Ozisik (1989), Cotta, Leiroz and Aparecido (1992),
and Aparecido, Viera and Campos-Silva (2000, 2001). Convective-diffusive problems involving hydrodynamically
developed and thermally developing convection are mathematically modeled by second order partial differential
equations of parabolic type. Such kinds of problems were solved by Aparecido (1997), Aparecido and Cotta (1990a,
1990c, 1992), Aparecido and Ozisik (1998), and Maia, Aparecido and Milanez (2000, 2001).

A work very used as reference is due to Ghia et al. (1982), in which the authors used the streamline and vorticity
formulation to simulate the solution of Navier-Stokes equation for a square lid-driven cavity and Reynolds numbers up
to 10000.

The problem geometry and coordinate system is shown in Figure 1, along with the domain height, L,, the domain

width, 7, and boundary conditions
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Fig. 1: Geometry and coordinate system for a lid-driven cavity.

2. Mathematical Formulation

Burgers” equation defined in the domain Q=0  ®€Q, , with Q € 97 and Q, =(t,,t,), subjected to boundary and
initial conditions, respectively, and considering the following dimensionless variables:
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The problem presented above involving the Burgers’ equation is solved by using the Generalized Integral
Transform Technique (GITT).

3. Applying GITT to Transform the Problem in Y Direction

In according with the methodology to apply GITT, described by Cotta (1993), it is considered the following
auxiliary Sturm-Liouville eigenvalue problems (Aparecido, 1997) associated to the velocities U(X,Y,7) and V(XY 1),
and its boundary conditions, as follow:
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d ¢ (Y) (,ul ) ¢ (Y) 0 CDI(O):O € q)l-(Ly):o- (Sa:b)

The orthonormal eigenfunctions ¥,(Y) and @,(Y); the normalization integrals 4, and 4, , and the eigenvalues

e u, , are expressed, respectively, by:
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In according with the eigenvalue problem defined above, it is obtained the transform-inverse pairs for U(X,Y, 7) and

V(X,Y, 7), regarding the y-axis, as follow:
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Once obtained the transform-inverse pairs, equations (1a) and (1b) are multiplied by its respective eigenfunctions
¥Y.(Y) and®,(Y), corresponding to velocities U(XY,7) and V(X,Y,7), and in the sequel equations (4) and (5) are
multiplied by U(X,Y,7)/Re and y(X,Y,7)/Re, respectively. Resulting equations are subtracted each other and then

integrated over the closed interval [0,L, ]. The final resulting equations are given by
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Equations (10) and (11) define a coupled system of infinite non-linear partial differential equations for the
transformed velocities U,(X,7) and V,(X,7).

The initial conditions (2a,b) and the boundary conditions (3a,b,e,f), are either transformed, doing the multiplication
of equations (2a) and (3a,b) by the normalized eigenfunctions ¥,(Y) and of equations (2b) and (3e,f) by the normalized
eigenfunctions @;(Y), respectively, and then integrating them regarding the axis-y, over the closed interval [0,L,],

obtaining the following formula:



Ui(Xty) =0 0,7, =0 0|, =0; (12a,b,0)
= =X

=0. (13a,b,c)

x=Ly

VX1, )=0; ixo| =%

The boundary condition (3g) is not homogeneous. Therefore, to improve the solution convergence rate it is adequate
to do the following variable change

171» X1)= I7i+ X o)+g;(1-X/L, ) ,where gi can be understood as a boundary condition source term.

Thus, equations (10) and (11), become
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4. Transforming the Problem in the X Direction

Analogously, to the auxiliary eigenvalue problems regarding the Y axis, it is considered in this section the
following eigenvalue problems, Eqgs. (16) and (17), and its respective boundary conditions associated to the X axis, for

the transformed velocities U (X, 7) and I7i+ X7):
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The eigenfunctions ¥, (X) and @, (X), the normalization integrals 4, and A, , and the eigenvalues A, and A, ,
for each eigenvalue problem, are given by:
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In according with the eigenvalue problems (16) and (17), it is determined the transform-inverse pair associated to
the X axis, as:
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0
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After, obtained the transform-inverse pairs, equations (20) and (21) are multiplied by the respective eigenfunctions
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Equations (22) and (23) define an infinite and coupled system of non-linear first order ordinary differential
equations for the, two times, transformed velocities U m(7) and N+( T), subjected to some initial conditions that are
gotten by transforming the problem initial conditions. Doing the transforms on the initial conditions one obtain
= = - Om
Un(tg)=0 e Vi(tg)=&(="=N,).
guarantee convergence

(24a,b)
In order to obtain numerical results for the infinite size system described by equations (22) and (23), subjected to the
transformed initial conditions, given by equations (24a,b), the series must be truncated to and order, big enough to



Once the system is truncated, it becomes finite and can be solved numerically. Therefore, the transformed velocities,
U,(t) and V,(z), are obtained. Utilizing the inverse formulae, it is obtained the velocity distributions

UX,Y,t )and V(X,Y,r ), building a solution to the original problem.

5. Results

The velocities series convergence rate is quite slow, being necessary truncating orders, relatively, high to obtain
more precise results. Otherwise, the strong non-linearity and the complexity in the system of differential equations
require a great amount of computer processing time. Therefore, it was considered truncating orders in the series of up to
35 terms for each direction, or 1225 equations associated with each velocity component. For the two components there
was a global system with 2450 first order non-linear ordinary differential equations. Aiming to compare results, the
same problem was solved by using the finite difference method (FDM), in its implicit scheme. To discretize the domain
it was used meshes with 401 nodes in each direction and for the time axis discretization it was used time intervals equal

to Ar=10".
Since Burgers” equation, for this application, has a trivial solution for the velocity component, U(X,Y,r)=0, the

diffusive effect is transmitted only through the viscosity property. As the Reynolds number increases, the velocity
gradient increases near the moving wall. This fact can be seen in Figures (2)-(4), where are shown the iso-velocity
curves. As can be seen, the results obtained by using GITT presented a wavy behavior mostly near the moving wall.
This fact is due to a relatively small number o terms considered in the truncated series. Such wavy effect could be
decreased by increasing the number of terms in the truncated series, but this overcame our present computer power.
Broadly, the numerical results obtained by using GITT show good agreement with those ones obtained by using FDM.

Re =100
t =40

(a) GITT (b) FDM
Fig. 2: Velocity component field V(X,Y,z7), for Re = 100 and t=40.

Re =400
t =40

(a) GITT (b) FDM
Fig. 3: Velocity component field V(X)Y,7), for Re =400 and t=40.
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() GITT (b) FDM
Fig. 4: Velocity component field V(X,Y,7), for Re = 1000 and t1=40.

In Figures 5, 6 and 7, are presented a comparison among the results obtained by using GITT and FDM for the
component V of the velocity profile along the line for y = 0.5 for Reynolds numbers, 100, 400 and 1000, respectively.
The agreement is fairly good. For a given dimensionless time and position in the domain, one can observe that as the
Reynolds number increases the velocity decreases.
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Fig. 5: Velocity component V(X,Y,7) , for Fig. 6: Velocity component V(X,Y,z), for  Fig. 7: Velocity component V(X,Y,7) , for
Re=100andy =0.5. Re=400andy =0.5. Re=1000 and y = 0.5.

In Figures 8, 9 and 10 are presented the velocity component V(x,y,t), at some given positions, as function of time,
for flows with Reynolds numbers, 100, 400 and 1000. The chosen domain position are along the medium line, y = 0.5,
and for x = 0.05, 0.1, 0.2 and 0.5. One can observe that the steady flow regime is achieved more quickly for the region
near the moving wall for cases analyzed.
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6. Conclusion

For Burgers” equation study the two-dimensional cavity problem is characterized by a perturbation, caused by the
displacement of a moving wall, which propagates through diffusion along the cavity. This kind of “imaginary” flow is
interesting because it retain the most of difficulties encountered when solving “real” flow problems, modeled by



Navier-Stokes equations. So, the numerical methods used to solve it, and the obtained results are useful to understand
and improve the solution of industrial flows.

It is noticed also that to solve the Burgers” equation problem, for a given geometry and constraining conditions, was
used the Generalized Integral Transform Technique (GITT). It was observed that, due to the equations non-linearity, the
series solution shown a relatively slow convergence ratio, mainly for the beginning of the flow and also for positions
near the moving wall. However, series expansion with 35 terms for each direction allowed obtaining fairly good results
for qualitative analysis.

Finally, in order to validate the whole process and compare results, the problems was also solved by using the
Method of Finite Difference, the details are not shown here due to lack o space. The agreement among the results
obtained using GITT and FDM are quite good.
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