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Abstract. In this work an extension of the Immersed Boundary Method with the Virtual Physical Model for simulations 
of high Reynolds number flows over stationary cylinders is presented. The flow is simulated through the numerical 
solution of Reynolds Averaged Navier-Stokes Equations and filtered Navier-Stokes equations, using the immersed 
boundary method to model the cylinder. This methodology, which allows the modeling of immersed complex 
geometries in the flow, uses two independent meshes: an Eulerian mesh to represent the fluid domain and a 
Lagrangean mesh for the solid-fluid interface. Two turbulence models have been used: the Smagorinsky subgrid-scale 
model and the one-equation Spalart-Allmaras turbulent viscosity model. The Smagorinsky model was implemented and 
used in the context of LES, while the Spalart-Allmaras was implemented and used in the context of URANS and DES. 
The methodologies LES and DES are, by definition, applied for three-dimensional flows. In the present work they were 
applied to two-dimensional flows as an approximation. Preliminary results are shown comparing the implemented 
models results with experimental data. 
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1. Introduction 

 
Fluid flow over immersed complex geometries always has been one of the main interests in computational fluid 

dynamics (CFD). In fact, most of the existing real problems involve complex geometries, e.g., bioengineering, 
aerodynamics, multiphase flow, etc. Two main approaches are being used to handle these problems: the unstructured 
grid methods and the immersed boundary methods (IB). This last one was proposed by Peskin (1977) to simulate blood 
flow in heart valves, a high complex problem that involves moving boundaries and complex geometries. 

The main idea of the Peskin method is to use two meshes. The Eulerian mesh is used to solve the fluid flow 
equations while an independent Lagrangean mesh represents the immersed body. The interaction between the two 
meshes is made through a force source term added to the Navier-Stokes equations. This procedure allows to model 
complex geometries immersed in a fluid flow, avoiding the use of complex meshes to fit the grid to the immersed body. 
The main advantages of the immersed boundary method are memory and CPU savings and easy grid generation 
compared to the unstructured grid method (Kim et al. 2001).  

The main issue in the methods based on the concept of immersed boundary is how to compute the force term. In the 
present work, a new model named Virtual Physical Model (VPM) proposed by Lima e Silva et al. (2003), is used. It is 
based on the calculation of the force field over a sequence of Lagrangean points, which represent the interface, using the 
Navier-Stokes equations. The immersed boundary method, using the Virtual Physical Model, has allowed to obtain 
good results in simulations of different cases. For example, in problems involving simple geometries, like flows over a 
stationary circular cylinders, at low Reynolds numbers (Lima e Silva et al. 2003); complex flows around bluff bodies 
and multi-body (Lima e Silva et al. 2004). Silva et al. (2004) simulated fluid flows over a rotating and oscillating 
cylinders at Reynolds numbers up to 1000. Arruda (2004) used immersed boundary method to simulate induced flows 
in an assembly channel-cavity with a periodic moving bottom. Oliveira et al. (2004) presented flow simulations around 
a cylinder of variable diameter in time below critical Reynolds number. 

In the present work, the IB/VPM is used to simulate flow over a stationary cylinder at Reynolds numbers above 104. 
Three different turbulence modelling methodologies were used: URANS, DES and LES. To calculate the turbulent 
viscosity, the Smagorinsky algebraic sub-grid scale model was used to perform LES and the Spalart-Allmaras (S-A) 
one-equation model to perform URANS and DES. The LES and DES methodologies were used in the two-dimensional 
approximation. The simulation results were compared between with each other and with the results of others authors. 



2. Mathematical Formulation 
 
The main idea in the IB/VPM methodology is to solve the flow over immersed bodies using two independent 

meshes: a fixed Eulerian mesh for fluid domain and a Lagrangean mesh to represent body-fluid interface. Related to the 
mesh building, there are no difficulties to represent complex immersed bodies. 
 
2.1. Mathematical Model for Fluid Domain 

 
The fluid domain is always rectangular and is discretized with an Eulerian grid. The flow inside this domain is 

modeled by the Navier-Stokes equations, Eq. (1), and the continuity equation, Eq. (2), for viscous and incompressible 
flows: 
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It must be stressed that Eq. (1) is already the filtered Navier-Stokes equation. Also, the Boussinesq hypothesis was 

used to model the subgrid Reynolds stress tensor. These equations are solved on Eulerian mesh and the coupling 
between two meshes are made by the force source term fi that is different from zero only over the immersed boundary. 
Equation (3) models the interaction between the immersed boundary and the fluid flow, by the distribution of the force 
field on the fluid: 

 
( ) ( ) ( )k k kf x F x , t x x dx ,

Ω

δ= −∫  (3) 

 
where F  is the Lagrangean force density placed on kx  points over  the interface and k( x x )δ −  is a Dirac delta 
function. 

In order to discretize the Dirac delta function that appears in Eq. (3), it must be replaced by the distribution function 
ijD . This function acts like a Gaussian weight function with a unitary integral over the interval [ ,−∞ +∞ ]. Therefore, 

Eq. (3) is replaced by: 
 
( ) ( ) ( ) 2

ij k kf x D x x F x , t s ,Δ= −∑  (4) 

 
where sΔ  is the distance between two Lagrangean points. 
 
2.2. Solid-Fluid Interface Model 

 
The VPM performs dynamic evaluation of the force exerted by the fluid flow over the immersed body (see Fig. 1). 

The force density kF( x ,t )  is calculated over the Lagrangean points using all the Navier-Stokes terms. The Lagrangean 
force should be expressed by: 
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The different terms on the right side of Eq. (5), are referred to as: acceleration force, pressure force, inertial force 

and viscous force. The four components of force density kF( x ,t )  are calculated on a control volume centered at a 
Lagrangean point, as illustrated in Fig. (1). 

To evaluate the different terms described by Eq. (5) the pressure p( x,t )  and the velocity V( x,t )  fields must be 
known a priori. These fields are calculated on the Eulerian grid while the force terms must be calculated over the 
interface. One of the possible ways to do that is to interpolate V( x,t )  and p( x,t )  over appropriate auxiliary 
Lagrangean points near the interface, as illustrated by Lima e Silva et al. (2003). 
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Figure 1. Control volume centered at a generic Lagrangean point. 
 

For pressure field, only external grid points to the interface and at a distance less than or equal to 2 xΔ  are used in 
the interpolation process; for the velocity fields external and internal points are taken, because the internal velocity field 
helps to model virtually the no-slip velocity condition on the immersed boundary. The pressure and velocity derivatives 
that appear in Eq.(5), are calculated using a second order Lagrange polynomial approximation. 

 
3. Turbulence Modelling 

 
The Navier-Stokes equations are able to simulate, with fairly good agreement, a wild range of engineering problems 

including high complex unsteady turbulent flows. However, it is necessary to solve all degrees of freedom of the flow, 
which is proportional to 9 4/Re . This technique is called DNS (Direct Numerical Simulation) and it is obviously 
restricted to low Reynolds number due to the high mesh resolution required, considering the nowadays computers. 

An alternative way to handle this problem is the use of Reynolds decomposition or general filtering process of 
Germano (1986). The governing equations are suitably filtered, this procedure gives rise to the closure problem. This 
closure problem is nowadays solved using turbulence models. Different methodologies have been employed in the 
turbulence modeling, based RANS (Reynolds Averaged Navier-Stokes) models are considered as the most practical 
turbulence handling technique with available computational resources (Kapadia and Roy, 2003). The RANS equations 
are derived by decomposing the dependent variables of Navier-Stokes equations into filtered components and 
fluctuating components and then filtering all equation terms. It is necessary to use additional assumptions to the closure 
of equations system, i.e., the turbulence modeling. A common terminology used is the Unsteady-RANS (URANS) to 
refer the classical RANS equations in which the transient terms are added, (Silveira-Neto et al., 2002). 

The LES (Large Eddy Simulation) methodology is philosophically close to DNS than it is to URANS. The largest 
turbulent structures are solved from the filtered equations and only the smallest structures are modeled. These small 
structures are more homogeneous and isotropic (Silveira-Neto, 2003). The scale of the small structure is evaluated from 
the mesh used to solve the filtered equations, i.e., the filter width becomes a function of the grid. The turbulent 
structures that are smallest than grid resolution are modeled by the so-called subgrid-scale models. 

DES (Detached Eddy Simulation) was proposed by Spalart et al. (1997). This is a conceptual hybrid method and is 
not linked to any specific turbulence model. The main idea is combining the best features of URANS and LES and 
generating a hybrid methodology used as a single model. The URANS model is used in the regions near wall, where 
these models show good results with less mesh refinement as compared with LES. For regions away from the walls, 
LES is used, because it is able to predict complex physical phenomena like separated flow. 

In the present work two turbulence models, the Smagorinsky subgrid-scale model and a Spalart-Allmaras turbulence 
model were employed. The formulation of theses models are discussed in the following sections. 

 
3.1. Smagorinsky Sub-grid Scale Model 

 
In the present work LES methodology proposed by Smagorinsky (1963) is applied. The sub-grid scale model, which 

is based on the balance of production of sub-grid scale turbulent kinetic energy and dissipation of isotropic turbulence 
energy, is used. 

The turbulent viscosity is computed as function of strain rate ( ijS ) and the length scale ( ): 
 

2 2t s ij ij( C ) S S ,ν =  (6) 

where 0 18SC .=  is the Smagorinsky constant and x yΔ Δ=  is the characteristic sub-grid length. 



3.2. Spalart-Allmaras Model 
 
Spalart and Allmaras (1994) proposed a new one-equation URANS model (S-A model). This model solves a single 

transport equation for turbulent viscosity. The equation for the turbulent viscosity is assembled "using empiricism and 
arguments of dimensional analysis, Galilean invariance and selected dependence on molecular viscosity". This model 
has being successfully used in aerodynamic flow simulations and separation prediction. 

The S-A model uses a work variable ν  given by the following transport equation: 
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where the right side terms represent: turbulence eddy viscosity  production, a wall destruction term that reduces the 
turbulent viscosity in the laminar sublayer, and turbulent and molecular diffusion process. The last term is the turbulent 
viscosity dissipation. The original S-A model includes also trip terms that provides a smooth transition to turbulence, in 
the present work trip terms are neglected. 

The turbulent viscosity function is defined in terms of a work variable ν  and a wall function 1vf , as follows: 
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The S  parameter, from the production term in Eq. (7), can be written as: 
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where wd  is the distance to the closest wall and S  is the magnitude of strain rate. The wall destruction function wf  is: 
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The model constants are: 
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The S-A model was originally based on the URANS philosophy. In this model the distance to the closest wall is 

used as the length scale wd . However, in the S-A based DES model the variable wd  is replaced by a new length scale 
d , defined as: 

 
( ) ( )w DESd min d , C where max x, y .Δ Δ Δ Δ≡ ≡  (12) 

 
If wd d= , i.e., in boundary layer region, the model works as a standard S-A model. In the regions away from solid 

boundaries, the length scale becomes grid dependent DESd C Δ=  and the model acts as a subgrid-scale model. When 
production and destruction terms balance each other, this model reduces to an algebraic Smagorinsky-like model 

2( S )ν Δ∝ . Shur et al. (1999) set the additional model constant 0 65DESC .=  for homogeneous turbulence. This value 
is used without modification in the present work. 

 
4. Numerical Method 

 
The governing equations, Eq. (1) and (2), were discretized using the central second-order finite difference method in 

space and a Runge-Kutta second-order scheme in the time. The pressure-velocity coupling was performed using a 
pressure correction method, as proposed by Chorin (1968). 
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The linear system for the pressure correction was solved using the iterative solver MSI (Modified Strongly Implicit 
Procedure) of Schneider and Zedan (1981). The interface force field calculation and the momentum equation solution 
are performed in an explicit way. 

All the simulations were carried out on the non-uniform grid. The calculation domain has a length of 50D and a 
width of 25D. These dimensions were chosen in order to minimize the boundary effects on the flow development. A 
grid refinement study was done to verify the result independence, based on this study the mesh was defined. The non-
uniform grid has three distinct regions in each direction, as can be observed with more details in Fig. (2), on the x 
direction the first section has 80 meshes and is extended until 15.5D, the last section has 32.5D of length with 140 
meshes. In the y direction the two non-uniform sections are identical with 11.5D of length and 96 meshes. Around the 
cylinder a uniform mesh inside a box of side 2D is used. 

 
Figure 2. View of the calculation domain. 

 
The immersed cylinder of diameter D has its center placed at 16.5D from the left boundary and centered vertically at 

12.5D, see Fig. (2). A constant velocity profile U∞  was imposed at the domain inlet, in such a way that the fluid goes 
from the left to the right boundary. Neumann conditions were imposed for velocity at all other faces. For the pressure 
correction, null derivative was employed at the domain entrance and it was set as zero in the other faces. 

 
5. Results and Discussions 

 
In this section the preliminary results are presented for the two-dimensional unsteady flow past a circular cylinder. 

The immersed cylinder was represented by IB/VPM methodology. Three turbulence models (S-A based URANS,  
S-A based DES and Smagorinsky-LES) where employed to simulate five different Reynolds from 410  up to 610 , two 
test cases above drag crisis region ( 52 10DRe ≈ × ) was also simulated. 

Figure 3 presents the temporal evolution of the drag and the lift coefficients for a Reynolds number of 410 . The 
numerical results are presented for a total non-dimensional time of 180 tU / d  with a fixed time step of 0.001, Fig. 3. 
The mean drag values were calculated only with the last 80 tU / d  because the statistical regime is well defined.  
Figure 3-b shows the lift for the three methodologies. It can be observed that the LES result have higher amplitude of 
oscillation as compared with URANS and DES but the mean lift coefficient is very close one to the other. 

 
Figure 3. Temporal evolution of the drag (a) and the lift (b) coefficients. 



The mean drag coefficient obtained in the present work are shown in Tab. 1 and compared with experimental results 
from the literature. The Sucker and Brauer correlation (White, 1991) is worth for Reynolds numbers in the range of 

4 51 0 10 2 0 10D. Re .−× ≤ ≤ × . Above this range the numerical results were compared with the experimental results of 
Wieselsberger and presented by Schlichting (1979). Figure 4 shows the numerical results compared with the 
experimental results obtained by Wieselsberger. 

 
Table 1. Drag coefficient obtained with the three methodologies and compared with the experimental ones. 

 
Mean Drag Coefficient ( DC ) 

Present work Sucker and Brauer 
(White, 1991) 

Wieselsberger 
(Schlichting, 1979) DRe  

URANS DES LES Curve-fit 
(Exp. Data) Exp. Data 

1 x 104 0.8782 0.9840 1.2203 1.091 1.139 
5 x 104 0.8958 0.9332 1.1930 1.166 1.209 
2 x 105 0.8746 0.9422 1.1900 1.178 1.139 
5 x 105 0.8751 0.9394 1.2184 –––– 0.295 
1 x 106 0.8787 0.9434 1.2082 –––– 0.350 

 
The two-dimensional numerical simulation could not to capture the drag crisis as expected, because the three-

dimension effects of the boundary layer transition cannot be obtained. 
Before the drag crisis, the results of LES presented good accuracy with the experimental results, as shown in Fig. 4. 

The results of DC  obtained with DES and URANS are very close. However these methodologies underestimate the 
drag force over the cylinder. 

The last two simulate cases are on the drag crisis region and it can be observed that the three methodologies cannot 
preview the decrease of the drag coefficient with the increase of the Reynolds number. Therefore the numerical results 
do not reproduce the experimental results at the drag crisis region. It is well known that the drag crisis is associated with 
the boundary layer transition to the turbulent regime and that at this kind of phenomena the three-dimensional effects 
prevail. It was not expected that a two-dimensional code could reproduce this behavior without any specific correction. 
The main difference of the LES and DES results when compared with URANS can be due to the turbulence model used 
to calculate the turbulent viscosity. 

 
 

Figure 4. Drag coefficient as function of the Reynolds number. 
 
The drag force over the cylinder is produced by the viscous forces ( D fC ) and by the asymmetric pressure 

distribution along the surface of the cylinder ( D pC ): 
 

D D p D fC C C= +  (13) 
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However the effects of viscous friction forces become negligible beyond 310DRe ≥ , (Zdravkovich, 1997). The 
Smagorinsky model used with the LES methodology has the characteristic of to overestimate the turbulent viscosity 
( tν ) in the regions near the cylinder wall. In the vortices street region the tν  is substantially smaller than the calculated 
with DES and URANS. Due to the LES modeling be less viscous, at this region the downstream pressure is lower than 
that of the other models. That imply a higher adverse pressure gradient that increases the total drag force. 

 
Table 2. Drag coefficient obtained with the three methodologies and compared with the experimental ones. 

 
Strouhal Number (St) 

Present Work Roshko 
(Zdravkovich, 1997) DRe  

URANS DES LES Curve Fit 
(Exp. Data) 

1 x 104 0.1877 0.2125 0.2507 0.2117 
5 x 104 0.1752 0.2125 0.2569 0.2119 
2 x 105 0.1877 0.2125 0.2451 0.2120 
5 x 105 

0.1877 0.2125 0.2463 0.2120 
1 x 106 0.1857 0.2125 0.2403 0.2120 

 
The Strouhal number ( St ), the dimensionless vortices shedding frequency, is shown in Tab. 2. Experimental data 

obtained by Roshko (1967) are also presented. The results of St  obtained with DES presents very good agreement with 
the experimental results. This parameter is constant, for this Reynolds number range which is maintained around 0.2. 
The difference among the numerical results can be associated with the characteristics of each turbulence model, as 
reported by other authors. 

 

 
 

Figure 5. Instantaneous viscosity and vorticity fields obtained for 41 0 10DRe .= ×  
for: LES (a), DES (b) and URANS (c). 

 
The methodology URANS is not adequate to analyze transient behavior of the flow, due to the high level of 

turbulence viscosity associated to this class of models. Only the average behavior of the flow can be obtained and 
consequently, it captures less physical phenomenon. In fact the Strouhal number obtained with URANS methodology is 
under predicted when compared with experimental results, as presented in Tab. 2. Large Eddy Simulation methodology, 



in the other hand, presents a small level of turbulence viscosity as can be observed in Fig. 5-a. As a consequence the 
Strouhal number is over predicted, presenting Strouhal number greater than the experimental results. The DES 
methodology, with is a kind of URANS and LES blending presents an intermediated level of turbulent viscosity (see 
Fig. 5-b. The Strouhal number is very well calculated with this hybrid methodology, as can be observed in Tab. 2. 

Figure 5 shows effective viscosity and vorticity fields for flow at 41 0 10DRe .= × . The effective viscosity near wall 
computed by URANS model has the same magnitude as the molecular viscosity, for regions behind the cylinder, the 
wake region, the effective viscosity assumes high values. This inhibits the vortex shedding as can be observed in 
vorticity field in Fig. 5-c. Differently the effective viscosity computed by Smagorinsky model has high values near 
parietal regions. This is due to the fact that the Smagorinsky model does not dump the turbulent viscosity close to walls. 
However, for regions away from walls LES capture a large spectrum of physical phenomena. We can observe in Fig. 5-
a that structures behind the cylinder, in vorticity fields calculated by LES methodology, are more coherent. 

DES methodology shows an intermediary behavior, between LES and URANS. The effective viscosity computed by 
S-A based DES model, in the wake region, is less intense than values calculated by the standard S-A model, a 
consequence we can visualize vortices being transported by the fluid flow behind the cylinder; however the DES is still 
more viscous than the LES model in this flow region. The S-A based DES model computed maximum effective 
viscosity values in the zone nearest solid walls (like Smagorinsky model). But these high viscosity values are 
concentrated only over a small wall region where high stress rates appear. For all other interface points DES provides 
results similar to URANS model, i.e., the turbulent viscosity is near zero. 

 
6. Conclusions 

 
In the present work, it was shown that the extension of Immersed Boundary Method/Virtual Physical Model 

(IB/VPM) to simulation unsteady, viscous incompressible flows at high Reynolds numbers. A brief comparative study 
between different turbulence models (S-A based URANS, S-A based DES and Smagorinsky-LES) implemented with 
the IB method is also presented. The obtained results is considered quite good for a 2D code. The main parameters of 
fluid flow across a cylinder: Strouhal number, drag and lift coefficients is predicted with good accuracy for the region 
up to drag crisis. Simulations at supercritical Reynolds numbers present poor results, however, we believe that a 2D 
simulation without a wall-layer model is incapable to give realistic results for this Reynolds number region. For this 
reason the methodology seems to be suitable for investigate problems at high Reynolds evolving complex geometry, 
e.g., flows over airfoil in transient pitching motions. 
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