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Abstract. This paper presents an analysis of the macroscopic heat and mass transport equations for laminar flow in 
permeable structures. Two driving mechanisms are considered to contribute to the overall momentum transport, 
namely temperature driven and concentration driven mass fluxes. Double-diffusive natural convection mechanism is 
investigated for the fluid phase in laminar regime. Results are presented for temperature and concentration fields as a 
function of number Darcy e buoyancy ratio. 
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1. Introduction  
 

The study of double-diffusive natural convection in porous media has many environmental and industrial 
applications, including grain storage and drying, petrochemical processes, oil and gas extraction, contaminant 
dispersion in underground water reservoirs, electrochemical processes, etc (Bennacer et al, 2001, Goyeau et al, 1996, 
Mamou et al, 1995, Mamou et al, 1998) and (Mohamad and Bennacer, 2002). In some specific applications, the fluid 
mixture may become turbulent and difficulties arise in the proper mathematical modeling of the transport processes 
under both temperature and concentration gradients. Modeling of macroscopic transport for incompressible flows in 
rigid porous media has been based on the volume-average methodology for either heat (Hsu and Cheng, 1990) or mass 
transfer (Bear, 1972, Bear and Bachmat, 1967, Whitaker, 1966 and Whitaker, 1967).  

If time fluctuations of the flow properties are considered, in addition to spatial deviations, there are two possible 
methodologies to follow in order to obtain macroscopic equations: a) application of time-average operator followed by 
volume-averaging (Kuwahara et al, 1996, Kuwahara and Nakayama, 1998), or b) use of volume-averaging before time-
averaging is applied, (Lee and Howell, 1987). This work intends to present a set of macroscopic mass transport 
equations derived under the recently established double-decomposition concept (Pedras and de Lemos, 2000, Pedras 
and de Lemos, 2001, Pedras and de Lemos, 2001b, Pedras and de Lemos, 2001c), trough which the connection between 
the two paths a) and b) above is unveiled. That methodology, initially developed for the flow variables, has been 
extended to heat transfer in porous media where both time fluctuations and spatial deviations were considered for 
velocity and temperature (Rocamora and de Lemos, 2000). Buoyant flows (de Lemos and Braga, 2003) and mass 
transfer (de Lemos and Mesquita, 2003) have also been investigated. Recently, a general classification of all proposed 
models for turbulent flow and heat transfer in porous media has been published (de Lemos and Pedras, 2001).  

More recently, a full turbulence model for porous media including double-diffusion transport has been published (de 
Lemos and Tofaneli, 2004). As such, the present contribution intends to validate a developed numerical tool for 
applying such model, simulating here only laminar flow. Therefore, the study herein should be seen as a first step in 
order to validate a turbulence model for double-diffusive transport in porous media. Nevertheless, results herein showed 
good agreement with the literature, as presented below. 
 
2. Local Instataneous Transport Equation 
 

The steady-state microscopic instantaneous transport equations for an incompressible binary fluid mixture with 
constant properties are given by: 
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where  is the mass-averaged velocity of the mixture, u ∑=
l

lluu m ,  is the velocity of species l ,  is the mass 

fraction of component l , defined as 
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ρρll =m ,  is the mass density of species l  (mass of  over total mixture 

volume), 
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ρ  is the bulk density of the mixture ( ∑=
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lρρ ),  is the pressure, p µ  is the fluid mixture viscosity, g  is 

the gravity acceleration vector,  is the specific heat,  is the temperature and pc T λ  is the fluid thermal conductivity. 

The generation rate of species l  per unit of mixture mass is given in (4) by . 
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An alternative way of writing the mass transport equation is using the volumetric molar concentration  (mol of l  

over total mixture volume), the molar weight  (g/mol of l ) and the molar generation/destruction rate  (mol of l  
/total mixture volume), giving: 
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Further, the mass diffusion flux  (mass of  per unit area per unit time) in (4) or (5) is due to the velocity slip of 

species l , 
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where  is the diffusion coefficient of species l  into the mixture. The second equality in Eq. (6) is known as Fick’s 
Law, which is a constitutive equation strictly valid for binary mixtures under the absence of any additional driving 
mechanisms for mass transfer (Hsu and Cheng, 1990). Therefore, no Soret or Dufour effects are here considered. 

lD

Rearranging (5) for an inert species, dividing it by  and dropping the index l  for a simple binary mixture, one 
has, 
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If one considers that the density in the last term of (2) varies with temperature and concentration, for natural 

convection flow, the Boussinesq hypothesis reads, after renaming this density ρT, 
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where the subscript ref indicates a reference value and β  and  are the thermal and salute expansion coefficients, 
respectively, defined by, 
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Equation (8) is an approximation of (9) and shows how density varies with temperature and concentration in the 

body force term of the momentum equation. 
Further, substituting (8) into (2), one has, 
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 Thus, the momentum equation becomes, 
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where  is a modified pressure gradient. gρ−∇=∇ pp *)(

As mentioned, there are, in principle, two ways that one can follow in order to treat turbulent flow in porous media. 
The first method applies a time average operator to the governing Eq. (4) before the volume average procedure is 
conducted. In the second approach, the order of application of the two average operators is reversed. Both techniques 
aim at derivation of a suitable macroscopic turbulent mass transport equation. 
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Volume averaging in a porous medium, described in detail in references (Gray and Lee, 1997) and (Whitaker, 
1969), makes use of the concept of a Representative Elementary Volume (REV), over which local equations are 
integrated. After integration, detailed information within the volume is lost and, instead, overall properties referring to a 
REV are considered. In a similar manner, statistical analysis of turbulent flow leads to time mean properties. Transport 
equations for statistical values are considered in lieu of instantaneous information on the flow. 

Before undertaking the task of developing macroscopic equations, it is convenient to recall the definition of time 
average and volume average. 
  
2.1. Volume Average Operator 
 

The volume average of ϕ  taken over a Representative Elementary Volume in a porous medium can be written as: 
 

∫
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The value vϕ  is defined for any point x surrounded by a Representative Elementary Volume, of size V∆ . This 

average is related to the intrinsic average for the fluid phase as: 
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where VV f ∆∆=φ  is the medium porosity and fV∆  is the volume occupied by the fluid in a REV. Furthermore, one 
can write: 
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with . In Eq. (14),  is the spatial deviation of 0=〉〈 iiϕ ϕi ϕ  with respect to the intrinsic average iϕ . 

Further, the local volume average theorem can be expressed as (Gray and Lee, 1997) and (Whitaker, 1969): 
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where  is the unit vector normal to the fluid-solid interface and  is the fluid-solid interface area within the REV. It 
is important to emphasize that Ai should not be confused with the surface area surrounding volume . 
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2.2. Macroscopic Equations for Buoyancy Free Flows 
 

 
Momentum transport 
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Heat transport 
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The subscripts f and s refer to fluid and solid phases, respectively, and coefficients K’s come from the modeling of 
the following mechanisms: 
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• Thermal dispersion:       (20) i
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The coefficients  in (21) appear due to the nonlinearity of the convection term. They come from the modeling 

of the following mechanisms: 
dispD

 
• Mass dispersion:        (24) i
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where here we do not account for the thermal and mass dispersion effects, taking in to account only the diffusive and 
convective ones. Thus,  ,   and  are null. torK dispK dispD
 
 

2.3. Macroscopic double-diffusion Effects 
 

Mean Flow 
 
Focusing now attention to buoyancy effects only, application of the volume average procedure to the last term of 

(11) leads to, 
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Expanding the left hand side of (25) in light of (14), the buoyancy term becomes, 
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where the third and forth terms on the r.h.s. are null since . Here, coefficients 0=〉〈 iiϕ φβ  and 

φ
βC  are the 

macroscopic thermal and salute expansion coefficients, respectively. Assuming that gravity is constant over the REV, 
expressions for them based on (26) are given as, 
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Including (26) into (16), the macroscopic time-mean Navier-Stokes (NS) equation for an incompressible fluid with 
constant properties is given as, 
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3. Results and Discussion 

 
The presents work refers to the study of natural convective flows in a porous cavity (height H , width , aspect 

ratio 
L

LHA = ), saturated by a binary fluid ( such as aqueous solutions, as in numerous experimental studies related to 
solidification processes). Horizontal temperature and concentration differences are specified between the vertical walls 
(  and  at the left wall,  and  at the right wall), and zero mass and heat fluxes are imposed at the horizontal 
wall. All boundaries are impermeable. The binary fluid is assumed to be Newtonian and to satisfy the Boussinesq 
approximation. The flow is incompressible, laminar, 2D and the steady state is considered. 

1T 1C 2T 2C

In this work, equations were derived for laminar double-diffusive natural convection in porous media. Extra terms 
appearing in the equations needed to be modeled in terms of  , Du 〉〈T  and 〉〈C . 

The numbers: Lewis, Nusselt, Prandtl, Rayleigh, Schmidt, thermal Grashof, solutal Grashof, Darcy and buoyancy 
ratio are given as, 
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Figures 1 and 2 show the corresponding fields for 0=N ,  and 100* =Ra 10=Le , with  and , 

respectively. It’s clearly seen from Figs 1 and 2 that the streamlines show thicker dynamic boundary layers when high 
Darcy numbers are considered, and consequently, the concentration gradients at the wall are smaller. The concentration 
field shows a classical stratified structure for flows within cavities. However, the isotherms show a non-stratified 
behavior for the temperature field. 

710−=Da 310−=Da

Figures 3 to 6 show the fields for different values of N  ( , 100* =Ra 100=Le , ). One can note from the 
streamlines behavior that the structure of the flow changes significantly as  increases. According to Goyeau et al, 
1996, for lower values of , the whole enclosure is affected by the flow and a boundary layer regime progressively 
appears with larger values of . Further, the figures indicate that changes of these flow structures have also a direct 
consequence on the concentration field. Therefore, results herein are in agreement with Goyeau et al, 1996, indicating 
correctness of the computer code developed. 

710−=Da
N

N
N

Table 1 further presents calculated values for average Nusselt and Sherwood numbers, which are compared with 
those obtained by Trevisan and Bejan, 1985, and Goyeau et al, 1996, also showing good agreement.  

 
4. Conslusions 

 
The presented numerical results were compared with those found in the literature and seem to indicate that 

qualitatively good agreement was obtained. As such, this work was a first step towards applying the model proposed by 
de Lemos and Tofaneli, 2004, which considers turbulent double-diffusive transport in porous media.  

Future steps in this research program shall simulate fully turbulent regime in porous cavities. 
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Figure 1 – Streamlines, isotherms and 

isoconcentration lines ( ; 100* =Ra 10=Le ; 1=A , 
). 710−=Da
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Figure 2 –  Streamlines, isotherms and 

isoconcentration lines ( ; ; 10=
, ). 3−10=Da=A
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Figure 3– Streamlines, isotherms and isoconcentration 
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Figure 4– Streamlines, isotherms and 

isoconcentration lines ( ; ; 3=N 100* =Ra
100=Le ; 1=A , ). 710−=Da
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Figure 5 – Streamlines, isotherms and 

isoconcentration lines ( ; ; 
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5=N 100* =Ra
100=Le 1=A , ). 710−=Da

 
Figure 6– Streamlines, isotherms and 

isoconcentration lines ( , ; 10=N 100* =Ra
100=Le ; 1=A , ). 710−=Da

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1: Average Nusselt and Sherwood numbers ( N=0 only thermal drive, Le=10, A=1). 

 
*Ra   100 200 400 1.000 2.000 

Present Results 3.11 4.90 7.65 13.22 19.54 
 Goyeau et al, 

1996 3.11 4.96 7.77 13.47 19.90 Nu  
Trevisan and 
Bejan, 1985 3.27 5.61 9.69 - - 

Present Results 14.76 22.02 32.55 53.37 76.58 
Goyeau et al, 

1996 13.25 19.86 28.41 48.32 69.29 Sh 
Trevisan and 
Bejan, 1985 15.61 23.23 30.76 - - 

 
5. Acknowledgement 
 

Both authors are thankful to CNPq and FAPESP, Brazil, for their invaluable financial support during the preparation 
of this work. 

 
6. References 
 
Bear, J., 1972, “Dynamics of Fluids in Porous Media”, Dover, New York. 
Bear, J. and Bachmat, Y., 1967, “A generalized theory on hydrodynamic dispersion in porous media”, I.A.S.H. Symp. 

Artificial Recharge and Management of Aquifers, Haifa, Israel, P.N. 72, I.A.S.H., pp. 7-16. 
Bennacer, R., Tobbal, A., Beji, H. and Vasseur, P., 2001, “Double diffusive convection in a vertical enclosure filled 

with anisotropic porous media”, International Journal of Thermal Sciences, Vol.40, Nº.1, pp.30-41. 
Bennacer, R., Beji, H. and Mohamad, A.A., 2003, “Double diffusive convection in a vertical enclosure inserted with 

two saturated porous layers confining a fluid layer”, International Journal of Thermal Sciences, Vol.42, Nº.2, 
pp.141-151. 

de Lemos, M.J.S. and Braga, E.J., 2003, “Modeling of turbulent natural convection in porous media”, International 
Communications Heat Mass Transfer, Vol.30, Nº.5, pp.615 - 624. 



de Lemos, M.J.S. and Mesquita, M.S., 2003, “Turbulent mass transport in saturated rigid porous media”, International 
Communications Heat Mass Transfer, Vol.30, pp.105 - 113. 

de Lemos, M.J.S. and Pedras, M.H.J., 2001, “Recent mathematical models for turbulent flow in saturated rigid porous 
media”, Journal of Fluids Engineering, Vol.123, Nº.4, pp. 935 - 940. 

de Lemos, M.J.S., Tofaneli, L.A., Modeling of Double-Diffusive Turbulent Natural Convection in Porous Media, 
International Journal of Heat Mass Transfer, 47(19-20), (2004) 4221-4231. 

Goyeau, B.,  Songbe, J.P. and Gobin, D., 1996, “Numerical study of double-diffusive natural convection in a porous 
cavity using the Darcy-Brinkman formulation”, International Journal of Heat and Mass Transfer, Vol.39, Nº.7, 
pp.1363-1378. 

Gray, W.G. and Lee, P.C.Y., 1997, “On the theorems for local volume averaging of multiphase system”, Int. J. 
Multiphase Flow, Vol.3, pp.333 -340. 

Hsu, C.T. and Cheng, P., 1990, “Thermal dispersion in a porous medium”, International Journal Heat Mass Transfer, 
Vol.33, pp.1587-1597. 

Kuwahara, F., Nakayama, A. and Koyama, H., 1996, “A numerical study of thermal dispersion in porous media”, 
Journal of Heat Transfer, Vol.118, pp.756. 

Kuwahara, F. and Nakayama, A., 1998, “Numerical modeling of non-Darcy convective flow in a porous medium”, Heat 
Transfer 1998: Proc. 11th Int. Heat Transf. Conf., Kyongyu, Korea, Vol.4, pp.411-416, Taylor & Francis 
Washington, D.C.. 

Lee, K. and Howell, J.R., 1987, “Forced convective and radiative transfer within a highly porous layer exposed to a 
turbulent external flow field”, Proceedings of the 1987 ASME-JSME Thermal Engineering Joint Conf., Honolulu, 
Hawaii, Vol.2, pp.377-386, ASME, New York, N.Y.. 

Mamou, M., Vasseur, P. and Bilgen, E., 1995, “Multiple solutions for double-diffusive convection in a vertical porous 
enclosure”, International Journal of Heat and Mass Transfer, Vol.38, Nº.10, pp.1787-1798. 

Mamou, M., Hasnaoui, M., Amahmid, A. and Vasseur, P., 1998, “Stability analysis of double diffusive convection in a 
vertical brinkman porous enclosure”, International Communications in Heat and Mass Transfer, Vol.25, Nº.4, 
pp.491-500. 

Mohamad, A.A. and Bennacer, R., 2002, “Double diffusion natural convection in an enclosure filled with saturated 
porous medium subjected to cross gradients; stably stratified fluid”, International Journal of Heat and Mass 
Transfer, Vol.45, Nº.18, pp.3725-3740. 

Nithiarasu, P., Sundararajan, T., Seetharamu, K.N., 1997, “Double-diffusive natural convection in a fluid saturated 
porous cavity with a freely convecting wall”, International Communications in Heat and Mass Transfer, Vol.24, 
Nº.8, pp.1121-1130. 

Pedras, M.H.J. and de Lemos, M.J.S., 2000, “On the definition of turbulent kinetic energy for flow in porous media”, 
Internernational Communications Heat and Mass Transfer, Vol.27, Nº.2, pp. 211 - 220. 

Pedras, M.H.J. and de Lemos, M.J.S., 2001, “Macroscopic turbulence modeling for incompressible flow through 
undeformable porous media”, International Journal Heat and Mass Transfer, Vol.44, Nº.6, pp.1081 - 1093. 

Pedras, M.H.J. and de Lemos, M.J.S., 2001, “Simulation of turbulent flow in porous media using a spatially periodic 
array and a lowre two-equation closure”, Numerical Heat Transfer - Part A Applications, Vol.39, Nº.1, pp. 35. 

Pedras, M.H.J. and de Lemos, M.J.S., 2001, “On the mathematical description and simulation of turbulent flow in a 
porous medium formed by an array of elliptic rods”, Journal of Fluids Engineering, Vol.23, Nº.4, pp. 941 - 947. 

Rocamora Jr., F.D. and de Lemos, M.J.S., 2000, “Analysis of convective heat transfer for turbulent flow in saturated 
porous media”, International Communications Heat and Mass Transfer, Vol.27, Nº.6, pp. 825 - 834. 

Slattery, J.V., 1967, “Flow of viscoelastic fluids through porous media”, A.I.Ch.E. J., Vol.13, pp.1066 - 1071. 
Trevisan, O. and Bejan, A., 1985, “Natural convection with combined heat and mass transfer buoyancy effects in a 

porous medium”, International Journal Heat and Mass Transfer, Vol.28, pp.1597-1611. 
Whitaker, S., 1966, “Equations of motion in porous media”, Chem. Eng. Sci., Vol.21, pp.91. 
Whitaker, S., 1967, “Diffusion and dispersion in porous media”, J. Amer. Inst. Chem. Eng, Vol.3, Nº.13, pp.420. 
Whitaker, S., 1969, “Advances in theory of fluid motion in porous media”, Indust. Eng. Chem., Vol.61, pp.14 - 28. 
 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Symbol
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


