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THE DETERMINATION OF THE VELOCITIES AFTER IMPACT
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Abstract. In this paper, a simple mathematical model for a constrained robotic manipulator is investigated. Besides the
fact that this model is relatively simple, all the features present in more complex problems are similar to the ones
analyzed here. The fully plastic impact is considered in this paper. Expressions for the velocities of the colliding bodies
after impact are developed. These expressions are important in the numerical integration of the governing equations of
motion when one must exchange from the set of unconstrained equations for the set of constrained equation. The
theory presented in this work can be applied to problems in which robots have to follow some prescribed patterns or
trajectories when in contact with the environment. It can also de applied to problems in which robotic manipulators
must handle with payloads.
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1. Introduction

There are several ways to deal with the problem of interaction between bodies. Impact dynamics and continuous
contact between bodies can both be included in the mathematical model of the constrained problem, or just one of these
effects can be considered. It depends, obviously, on the characteristics of the studied problem.

The investigations about the contact between bodies include (at least) two different kind of analysis (Pfeiffer and
Glocker, 1996): one associated with the beginning of contact and one associated with its termination. In the first
anaysis, the distance between the bodies must be checked in order to know when contact occurs; in the second analysis,
once the contact is established, the reaction (normal; compression) force between the bodies must be checked. In the
second analysis, contact finishes when the contact force is equal to zero.

One of the hardest parts in the study of contact problems involves the different models that must be developed for
contact and non-contact situations and the switching between these models when integrating the equations of motion
(Lanczos, 1970; Whittaker, 1965). The unconstrained problem and the constrained problem do not have the same
number of degrees of freedom. Dynamic systems when constrained have less degrees of freedom than when
unconstrained.

The transition between constrained and unconstrained motion is sometimes called contact (including impact) and
sometimes called just impact (mostly when the bodies separates after the collision). When contact occurs, the new
velocities of the bodies involved must be known in order to generate the initial conditions to the second part
(constrained problem) of the numerical integration. In the constrained problem, the concept of coefficient of restitution
is very important (Fufaev, 1972).

2. Geometric model of the system and governing equations of motion

The problem discussed here is depicted in Figure 1. According to thisfigure, in a part of itstrajectory the free end of
the bar moves aong the constraint represented by the mass named m,,. All the movements occur in the horizontal plane.
When contact occurs, impact and bouncing are also allowed to occur.

The mass in which the rigid bar is pivoted (ms) oscillates when excited by the movement of the bar (free and
constrained). In the axis Z, passing through the connection between the bar and m (perpendicular to the paper sheet),
thereis a prescribed moment, My, acting to turn the bar.

The dashed lines represent the position of the masses in which the springs and dampers are free of forces. The dotted
line represents the position from which one starts to count the angular displacement, 0.

In physical terms, this system may represent a robot with a trandational joint and a rotationa joint; m,, can be
thought as an obstructing wall on the robot’s trajectory (or some object this robot must handle or interact with) and Mg
can be thought as an external torque provided by a dc motor.



Figure 1 — Oscillating constrained bar.

According to (Fenili, 2005), the constrained governing equations of motion for this system are given by:

(mb + ms)ys + Csys + ksys - mbdAcmbéz Sine + rrlbdAcmbé COSG + 1::N = 0 (1)
mwyw + Cwyw + kwyw - FN = O (2)
(I bom + mbdf\cmb)é +m,d,..J.cos8+F,/cos8=M, ©))

and the constraint condition is given by:

d-y.+y, —¢sin6=0 (4)

where lpcm represents the bar moment of inertia around its center of mass, my represents the mass of the bar, dacmp
represents the distance from A to the cm of the bar, c,, represents the damping coefficient of m,,, cs represents the
damping coefficient associated with mass mg, ky, represents the stiffness coefficient of mass m, ks represents the
stiffness coefficient associated with ms, K, represents the amplitude of the normal force. It is assumed the there are no

friction forces involved and £ represents the total length of the bar.

Equation (1), Eq. (2) and Eq. (3) are the equations of motion for ys, Yy, and 8. Equation (4) is an additional
relationship between the generalized coordinates ys, 8 and y,, when contact occurs. The Egs. (1) to (4) provides four
equations and four unknowns (ys, 8, y, and F) considering the constrained problem and three equations and three
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unknowns (ys, 8 and y,,) considering the unconstrained problem. In the unconstrained case, Eq. (4) does not apply and
R =0.

3. The contact case

In contact, for this problem, there is the loss of one degree of freedom. In other words, one of the variables is
dependent of all the others. The best chaice is the elimination of the generalized coordinate y,,, which is not always
present into the system represented by the oscillating bar (Schéfer et all, 2004). The new set of equations (Fenili, 2005)
is given by:

1 0 . _ .
yor— c.+c,)y.+a (k. +k, )y, +ac,Ocosb+ak, /sn6-aa,B’sSnd
V.t amracege B G ra)ralkrk.)y.rag, ak, a3,
~M,C,,*dpy8c08*0 —mk, £°d,,,, SNBcOS’ 8+ myk,d¢d,,,, cos’ 8+ 7 (m, c, —M,d,,.C, )Y, Cos’ 0 ()
0 a, coso
+0(m, tky —myd, K cos’@-ak,d 0= ——2——
( w™ s b~ Acmb w)ys a:I.w E almt_'_ascosze <]
P R Ec ¢(my/-a,)0cos’ 8+k,¢(m,-a,)sinBcosd - k,d(m,/ —a,)cosd
am +a,cos’® 7 " v v
+(a,Mmyd e, — M, £ (M £ —a,)) 8 sinBcosB + (k,, (M, —a,) - a,k, )y, cos® ©)
0 m
+(c, (m/-a,)-a.c,)y, cos6 = ——
(w( t a2) azs)ys E almt+a3C0826 0

It is considered here the fully plastic impact case for the calculation of the velocities immediately after contact.
Separation will take place when the normal force is zero.

As soon as these two variables are known, the remaining variable, Y, , is also known through Eq. (4). Equations (5)
and (6) represent, respectively, the time behavior of the generalized coordinates Y, and © during the contact

condition. In (Fenili, 2005), an analytical expression to the reaction force, F , is also presented.

4. The determination of the velocities after contact (impact)

To better distinguish between velocities right before and right after impact, they are denoted with superscripts ‘+’
(after) and ‘-* (before). Their two components in X- and Y-direction are indicated by corresponding subscripts ‘x’ and
‘y’. The subscript ‘b’ is for the bar.

During impact, one has the additional equation, which relates the velocities before and after impact, in the direction
normal to the contact surface, i.e. in Y-direction:

g =—— 2 )

V;, = V. +6 ¢ cos8

vy, =i +67( cosB
(8)

Vo, =Y
Y

w
+ ot
2y w



where €, represents the coefficient of restitution in Y direction. In this work, it is assumed that there is fully plastic

impact, i.e. the impacting bodies maintain steady contact as far as the contact force is not zero (otherwise, they will
separate). Thisleaves €, = 0, and hence

+ +

vy, =V3, (C)
or
Yy =Y. +0'0cos=vy, +0" (£ —d,g, )cosd (10)

With these equationsit is possible to calculate all the vel ocities right after impact, given the velocities before impact.
Additionaly, but not needed here, it is also possible to calculate the appropriate linear impulses. Ax and Ay are

impul ses calculated at point A and |5y isthe impulse calculated at the point of contact.

To summarize, one has the following eight equations to determine al the five velocities right after impact
(Y2, Voo Vi Vi, 6), aswell astheimpulses (A, Ay, f’y):

m, ¥, —m,Y, = |5y (12)
MyVy, —MyV, = Ay - I5y (12)
MV, =MV, = Ax (13)
loon® ~loon® = A0, SINO-A d,., c0s8-P, (£-d,,, )cos® (14)
my; -m.y; =-A, (15
v, =-6'd,,,Sné (16)
vy, = Vi +6%d,,, cost (17)
Vi, = Vs +670cosb=v;, +6" (¢ ~d,,,, )cosb (18)

First, it is eliminated the impul ses. Ay is simply obtained from Eqg. (15) or by adding the two equations (11) and
(12), giving

A, =-(my: -my;)

. B . (19
=MyVvy, —Mmyvy +m,y, —myy,

A, asogoessimply with Eg. (13),

A, =myv, —myv, (20)
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and IE’y issimply obtained directly from Eq. (11) or by adding the two equations (12) and (15),

A~ .+ .-
I:)y - rnwyw _mwyw

_ + - .+ .-
- _(mbvby - mbvby ) - (msys - msys )

(21)

Comparing Eqg. (19) with (21), it is observed that both equations yield the same result for the linear momenta before
and after impact. To determine now the velocities right after impact, one can rely on the Egs. (14), (16), (17), (18) and

(19) (or (21), which is the same). Replacing vgx, ng and ij one arrives at the two equations for the unknown

velocities Y and 0"

(ms +m, +m, )y; =my, + me;y +m,y, — 0 (mbdAcmb + mWE)COSG (22)

Bb,cm + mbdicmb s‘nZ e + mwg (f - dAcmb )COS2 e@+ = y; ansdAcmb - mw (£ - dAcmb )g;ose

0 = MYy €056 — MV, du SINB+m,, Y, (£ dyg, )COSO

And with
V;y = y; + e_dAcmb Cose
and

vV, = —e_dAcmb sin@

(23

these equations can finally be express by means of the independent velocities, Y , Y,, and 6 , right before impact:

(mg+m, +m,)y: =(m+m, )y; +m,y, +m67d

2

cosB-6" (m,d,,, +m,)cosd (24)

Bb,cm + mbd/-\cmb S.nz e + rnwf (f - dAt:mb )COS2 e@+ = y; ansdAcmb - rnw (f - dAcmb )a:ose

+ (I b,cm + mbdicmb Sinz e)e_ - msy;d/-\cmb COSG + mw y\:v (f - dAcmb )Cose

With the abbreviations:
mtot = ms + mb + mw

tot

r=(ms+m,)y, +m,y, +m,8d,, cos8
r, = =M.y dugm, COSO+m, Yy, (£ —d,q, )COSO + (I
o, = (M,dgm, +M,,¢)cosd

GZ = ansdAcmb - I’nw (E - dAcmb )53039

= lyam + Mydag, SIN*B+m,, ¢ (£ —d,q, )cOS* 6

(25)

+m,d2,, sin”8)&"



one finaly obtains

. rl. . —ra

y;' - 1" tot 271 (26)
alaz + mtotltot

'e+ - rlaz + r2mtot (27)
GZLGZ + mtotltot

The denominator of these two equations then writes

cx:LGZ + mtotltot =

— 2 2 2 2 2 242 i 2
- msmbdAcmb + mtotlb,cm + mbmw H (E - 2dAcmb )COS e + dAcmb H+ msmwg Cos e + mbdAcmb sin e

In order to check Egs. (26) and (27), one case is investigated; i.e. for 6 =90° we should maintain the simple
translational impact between the combined rigid body consisting of the two masses M, and M,, and the wall with mass

m,,.
For the fully plastic impact one obtains from Egs. (26) and (27) with o, =0 and 0, =0:
s m,+m, )y, +m,y,
y: (6=90")=— =( )Y Y (28)
mtOt mtOt
. r l, +md3 . .
e (e - 900) -2 b,cm b~ Acmb e (29)

tot tot

where the first equation (for the trandational motion) coincides with the result obtained for simple impact of two rigid
bodies

5. Conclusions

The set of governing equations of mation for the constrained condition is quite different from the one that governs
the unconstrained movement of the system. One of these sets is aways generating the initial states for the other. The
number of degrees of freedom involved changes from one set of equations to the other. In this context, the
determination of the velocities after contact (impact) is very important. The velocity expressions presented in Egs. (26)
and (27) are the necessary corrections one must do when considering the fully plastic impact case. If this correction is
not taken into consideration in the numerical integration of the governing equations, the system will gain energy after
impact, which is not true.

The problem presented in this paper and the procedures developed for its analysis can be extended to many other
systems and situations (including more complex ones). The theory presented here can be applied to problems in which
robots have to follow some prescribed patterns or trajectories when in contact with the environment (like in painting
activities, for instance, or the ROKVISS experiment at DLR).

The next step is the development of the analytical expressions for the velocities after impact considering any vaue
for the coefficient of restitution.
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