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Abstract. Stack disposal of phosphogypsum copes with environmental issues concerning radon-222 transport into local 
atmosphere. An existing finite-volume computational simulator for heat and mass transfer in media fully or partially 
filled with porous matrix has been continuously adapted to predict radon-222 exhalation rates from phosphogypsum-
bearing materials. This paper numerically investigates the effect of different aspect ratios on the steady-state two-
dimensional natural-convective transfer of such gaseous radionuclide from a phosphogypsum stack into surrounding 
air. The supposedly laminar buoyancy-driven fluid flow is modeled following Darcy-Brinkman-Boussinesq approach 
while the stack is approximated as a dry rectangular porous matrix with uniform porosity and isotropic permeability. 
Differential governing equations are cast in dimensionless form so as to encompass simultaneous effects from entailed 
physical parameters. Besides the aspect ratio, Darcy number is allowed to vary for exploratory purposes whereas the 
remaining controlling groups are fixed at representative values. Heat and species (radon-222 activity) transfer rates 
are expressed by means of suitably defined Nusselt and Sherwood numbers respectively. Numerical results are 
compared to an attainable analytical solution corresponding to a stratified limiting scenario. 
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1. Introduction 
 

Phosphogypsum (CaSO4⋅2H2O) is a by-product from phosphate fertilizer industries with little (if any) economic 
value. As a result, huge amounts of such waste have been simply disposed off in stacks nearby industrial units, raising 
environmental concerns related to 222Rn exhalation. Belonging to the 238U chain, 222Rn results from the α-decay of 
226Ra, which is a radionuclide commonly found in phosphogypsum as an impurity. In view of that, 226Ra trapped within 
phosphogypsum decays to 222Rn, which is able to percolate through stack layers, reach up the open atmosphere and 
finally be inhaled by nearby humans. While the progeny of this radioactive noble gas is likely to decay to 210Pb before 
being removed by clearance mechanisms, higher lung cancer risk has been assigned to the radiation released by those 
short-lived decay products (Nero, 1988). Along with its short-lived decay products, 222Rn responds to most of human 
exposure to radiation from natural sources (UNSCEAR, 2000). 

Understanding 222Rn generation and transport in porous media can be useful to analyze environmental issues related 
to phosphogypsum because radiological protection design is based on 222Rn exhalation rates. Researches have been 
conducted so as to measure 222Rn concentration in air, correlating it to involved physical parameters such as emanation 
rate, moisture content, temperature, mass diffusivity, material porosity and permeability. Models for 222Rn transport in 
porous media have considered both diffusion and convection though early models have basically accounted for air flow 
driven by pre-defined pressures differences and Darcy’s law (Loureiro, 1987; Yu et al., 1993). This approach has yet 
been followed (Riley et al., 1999; Andersen, 2000) as it yields a Poisson (transient) or a Laplace (steady-state) transport 
equation to be solved for pressure instead of separate momentum equations, which simplifies numerical implementation 
of related transport equations into computational code. 

An existing finite-volume simulator has been continuously improved to simulate comprehensive 222Rn generation 
and transport in porous media (Rabi and Mohamad, 2005). Accordingly, this paper considers two-dimensional steady-
state diffusive-convective 222Rn transport from a phosphogypsum stack, where buoyancy-driven air flow follows Darcy-
Brinkman-Boussinesq approach. As an attempt to deal with concurrent effects of entailed physical factors, governing 
equations are written in dimensionless form and numerically solved with the help of the aforesaid simulator so that 
222Rn exhalation rates from the stack into local air can be predicted. Effects of different aspect ratios are investigated for 
two distinct Darcy numbers (i.e., stack permeabilities). 
 
2. Test case definition and dimensionless mathematical modeling 
 

A representative elementary volume (REV) in a phosphogypsum stack may comprise grains and interstices filled up 
with air and water. Although the cross-section of a stack usually assumes a trapezoidal shape, as sketched in Fig. 1(a), 
this paper approximates it by a rectangle of aspect ratio A (= half-width / height), as shown in Fig. 1(b) along with 
related dimensionless Cartesian coordinates. The stack is regarded sufficiently large in the direction normal to the plane 
of Fig. 1(b), composed of dry phosphogypsum whose porosity and isotropic permeability are allegedly constant. 
 



 

(a) 
 

(b) 
 

Figure 1. (a) Typical composition of a REV inside a phosphogypsum stack and (b) schematic diagram and 
dimensionless coordinate system for the rectangular-shaped phosphogypsum stack under numerical investigation. 

 
Local thermodynamic equilibrium is evoked so that the temperature of phosphogypsum grains and that of interstitial 

air are equal. Boussinesq hypothesis is assumed for the buoyancy-driven air flow, namely, all thermophysical properties 
are constant apart from air density for the buoyant term in vertical momentum equation, for which a linear dependence 
on local temperature is supposed. Adopting Darcy-Brinkman formulation (convective inertia terms included) and taking 
into account 222Rn sources (emanation from evenly distributed 226Ra particles) and sinks (222Rn self decay), it has been 
shown elsewhere (Rabi and Mohamad, 2004a) that the steady-state two-dimensional Cartesian governing equations for 
bulk air mass, momentum, energy and species (222Rn activity) concentration are dimensionless written as: 
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where dimensionless variables are indicated as X and Y for Cartesian coordinates, U and V for velocity components, P 
for pressure, θ for temperature and φ for 222Rn activity concentration. A dimensionless parameter n is introduced to 
denote whether air flows outside (n = 0) or inside (n = 1) the porous matrix (Mohamad, 2003). With respect to Eq. (5), 
the dimensionless activity level φ0 is proportional to 222Rn activity concentration in air suitably far away (Rabi and 
Mohamad, 2004a, 2005). The present paper assumes φ0 = 0 for the sake of simplicity. For dry phosphogypsum without 
grain sorption (which is presumed to be the case), the so-called partition-corrected porosity εc (which depends on the 
partitioning of radon-222 between air, water and solid grains) reduces to the ordinary stack porosity ε (Andersen, 2000). 

Typical dimensionless groups related to natural-convective heat-mass transfer in porous media arise as expected, 
i.e., Darcy, Grashof, Prandtl and Schmidt numbers (Da, Gr, Pr, Sc). Additional dimensionless controlling parameters 
include bulk-to-fluid property ratios, namely for kinematic viscosity Γ, thermal diffusivity Λ and mass diffusivity Ψ 
(Mohamad, 2003) Apart from those parameters, Eq. (5) puts forward dimensionless groups R and S to measure the 
relative importance respectively of decay and of emanation in relation to diffusion, whereas a surrogate dimensionless 
group can be proposed as M = S/R, which is interpreted as an emanation-to-decay ratio (Rabi and Mohamad, 2004a, 
2005). The aforesaid dimensionless groups are defined in terms of the stack permeability K and height H, the gravity 
acceleration g, air thermal expansion coefficient β, kinematic viscosity ν and thermal diffusivity α, radon-222 decay 
constant λ, diffusivity in open air Do and activity generation rate G

~
 per unit of REV, as well as scaling values ∆T and 

∆c for dimensionless temperature and radon-222 activity concentration, according to the following expressions: 
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For a more detailed discussion on the definitions and representative values for the previous dimensionless groups, the 
reader is referred to (Rabi and Mohamad, 2004a, 2005). In terms of R and M and assuming φ0 = 0, Eq. (5) is recast as: 
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Solution domain comprises air and half of the phosphogypsum stack, as sketched in Fig. 1. Its top horizontal (Y = 2) 

and left vertical (X = 0) boundaries are free surfaces for velocity. The later is subjected to fresh (i.e., 222Rn-free and 
“cold”) incoming air while developed profiles are adopted for the former. Symmetry is assumed about the right vertical 
boundary (X = 3) and no-slip condition is applied to the impermeable ground (Y = 0), whose temperature underneath the 
stack is presumed to be higher than that of exposed ground. Furthermore, an arbitrary steep exponential drop is 
considered between these two temperature levels instead of a stepwise function. Wind (i.e., forced convection), pressure 
fluctuations or heat sources (external or internal) are disregarded in the present study. All such boundary conditions can 
be expressed in dimensionless form as 
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3. Dimensionless heat-mass transfer rates and representative values for test case 
 

As previously stated, radiation exposure assessment and radiological protection design are based on 222Rn exhalation 
rates, taking into account both diffusive and convective fluxes (Andersen, 2000). Dimensionless (i.e., normalized) 222Rn 
exhalation rates from top and left surfaces of the phosphogypsum stack are assessed by means of average Sherwood 
number. Along the lines of (Rabi and Mohamad, 2004b), the corresponding expressions are 
 

 ∫
=







∂
φ∂−φ

Ψ
=

L HY
top d

Sc1
Sh X

Y
V

L
          and          ∫

=






∂
φ∂−φ

Ψ
−=

H 1.5X
left d

Sc1
Sh Y

X
U

H
 (12) 

 

 ∫
=







∂
θ∂−θ

Λ
=

L HY
top d

Pr1
Nu X

Y
V

L
          and          ∫

=






∂
θ∂−θ

Λ
−=

H 1.5X
left d

Pr1
Nu Y

X
U

H
 (13) 

 
whereas total counterpart numbers are simply calculated as 
 
 Shtotal  =  Shtop  +  Shleft                    and                    Nutotal  =  Nutop  +  Nuleft (14) 
 

Though distinct factors concurrently influencing 222Rn transport might be grouped into dimensionless parameters, a 
systematic analysis of the effects from each controlling parameter is unfeasible. Representative figures are thus adopted 
for the scenario examined: Pr = 0.71, Sc = 1.25, Γ = Λ = 1, Ψ = 0.1, R = 0.5, S = 1 and εc = 0.5 (Rabi and Mohamad, 
2004b). Conversely, Grashof number is fixed at Gr = 107 while two Darcy numbers are assumed, namely, Da = 10−13 for 
typically compact stack and Da = 10−8 for extremely loose stack. In addition, this paper focuses on the effects related to 
the following different aspect ratios: A = 1.0, 1.5, 2.0, 2.5 and 3.0. It should be mentioned that both the solution domain 
dimension (X = 3 and Y = 2) and the stack left-boundary coordinate (X = 1.5) are kept fixed. In other words, only the 
stack top-boundary coordinate (Y = H) is allowed to vary. 
 



4. Analytical solution for diffusion-dominated 222Rn transport 
 

Comprehensive 222Rn transport in porous media does not render itself simple modeling inasmuch as it may include 
natural convection, transient phenomena and be extended to 3-D domains. Nazaroff et al. (1988) pointed to two distinct 
approaches to this problem: approximate analysis and numerical methods. As far as the former is concerned, analytical 
solutions are only feasible for limiting scenarios, although they may play a major role for numerical validation. 

Recalling the low permeability of phosphogypsum stacks, a common simplification is to disregard interstitial air 
flow (U ≈ V ≈ 0) so that inner 222Rn transfer becomes diffusion-dominated. In view of that, species equation, Eq. (5) or 
(7), is the single governing one whose left-hand side reduces to zero. For a vertically stratified stack, it is reasonable to 
suppose that considerably higher 222Rn transfer rates take place along the vertical direction, i.e., (∂φ/∂Y) >> (∂φ/∂X). 
The same rationale might be applied for a stack whose half-width L is significantly greater than its height H, i.e., whose 
aspect ratio obeys the limiting condition A >> 1. It can be readily verified that Eqs. (5) and (7) applied to points within 
the porous matrix (n = 1) respectively simplify to 
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Assuming that boundary conditions for the above differential equation include impermeability at the stack base (Y = 0) 
as well as stack top (Y = H) subjected to fixed 222Rn activity concentration, it can be shown (Rabi and Mohamad, 2004a) 
that the corresponding analytical solution is expressed as 
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Recalling that interstitial fluid flow was neglected (U ≈ V ≈ 0), disregarding the contribution from the left boundary and 
introducing the above solution into Eq. (12), the expression for average Sherwood number for a stratified stack results: 
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5. Numerical results and discussion 
 

Numerical results are achieved after adapting a simulator that has been used to solve heat-mass transfer problems in 
media partially or fully filled with porous material (Mohamad, 2003). Governing equations are discretized following a 
finite-volume method on orthogonal regular grid, SIMPLER algorithm couples continuity and momentum equations 
and staggered grid arrangement is adopted to prevent pressure oscillations (Patankar, 1980). Algebraic equations are 
relaxed by TDMA algorithm and under-relaxation factors are 0.7 for U and V velocity components and set to unity for 
the remaining primitive dimensionless variables. Convergence is based on local and global conservation criteria within 
pre-established error tolerances. Details about the simulator are presented elsewhere (Mohamad, 2003). 

For mesh sensitivity analysis, 5000 iterations using Da = 10−8 (for which convective influences are more likely to 
occur) and A = 1.5 were performed on the following grid refinement sequence: 77 × 52, 92 × 62, 107 × 72, 122 × 82 
and 137 × 92. Table 1 presents total Nu and Sh as calculated according to Eqs. (12) through (14) and the absolute 
relative difference between the numerical values yielded from two consecutive mesh sizes (as distinguished by 
subscripts “next” and “prev”). Small differences between numerical results from successive grids are observed even for 
a mesh sensitivity analysis using Da = 10−13, whose results are not shown for brevity but they are very similar to those 
in Table 1. Bearing in mind that the stack height H reduces inasmuch as the aspect ratio A increases (since the stack 
length L is held fixed), simulations presented in this paper were performed employing the 122 × 82 regular grid as a 
compromise between accuracy and computational effort. 
 

Table 1. Total Nusselt and Sherwood numbers for mesh sensitivity analysis. 
 

Mesh size Number of 
grid points 

Mesh size 
increase Nutop + Nuleft 

prev

next

Nu
Nu

1−  Shtop + Shleft 
prev

next

Sh
Sh

1−  

77 × 52 4004  1.95  5.51  
92 × 62 5704 42.6% 1.97 1.0% 5.54 0.5% 

107 × 72 7704 35.1% 1.97 0.0% 5.56 0.4% 
122 × 82 10004 29.9% 2.00 1.5% 5.65 1.6% 
137 × 92 12604 26.0% 2.00 0.0% 5.66 0.2% 



 
 

Numerically simulated streamlines for both Da = 10−13 (typically packed stack) and Da = 10−8 (extremely loose 
stack) for A = 1, 2 and 3 are presented in Fig. 2. No significant differences are observed concerning the flow field as 
Darcy number increases from Da = 10−13 to Da = 10−8, given the same aspect ratio. For A = 1, a recirculation cell occurs 
on the top of the stack whereas the flow field follows basically the same structure for the other two presented aspect 
ratios (A = 2 and A = 3). For all cases depicted, incoming fresh air hardly penetrates into the stack but it rather flows 
around the stack, being the ascending buoyancy-driven air flow essentially concentrated over the stack middle (i.e., 
around the symmetry line). 
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Figure 2. Numerically simulated streamlines for Da = 10−13 and Da = 10−8, as aspect ratio increases (A = 1, 2, 3). 
 
 

As a consequence, the abrupt change in permeability (by increasing Darcy number from Da = 10−13 up to Da = 10−8) 
seems to barely affect either dimensionless temperature or 222Rn activity concentration fields inside the stack. Figure 3 
depicts both isotherms and isoconcentration lines (respectively, left and right columns) numerically simulated using 
only Da = 10−13. The corresponding numerical results for Da = 10−8 are basically the same and they are here omitted for 



brevity. It is worth noting the unusual pattern exhibited by isoconcentration line φ = 1 as well as by isotherm θ = 0.1. 
Such isolines (and the ones in their vicinity) are rather sensitive to the streamline pattern as they are able to extend away 
from the stack top or to be responsive to the recirculation cell. 
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Figure 3. Numerically simulated isotherms (left column) and isoconcentration lines (right column) for Da = 10−13 only, 

as aspect ratio increases (A = 1, 2, 3). Corresponding isolines for Da = 10−8 are fundamentally the same. 
 
 

The results for A = 1 indicate that the recirculation cell just above the stack (as observed for either Da = 10−13 and 
Da = 10−8, Fig. 2) has some influence on both temperature and concentration distributions over the stack. As an attempt 
to check whether such recirculation is provoked by the close solution domain boundary (i.e., Y = 2), new simulations 
were carried out for A = 1, Da = 10−8 and vertically extending the solution domain up to Y = 3 and Y = 4. Figure 4 
shows the corresponding simulated streamlines and it is verified that the circulation cell over the stack top still occurs. 
However, a deeper investigation on such issue is beyond the scope of the present paper. 
 



 
 

A = 1 and Da = 10−8 

  
 

Figure 4. Numerically simulated streamlines for A= 1 and Da = 10−8, as the solution domain is vertically extended. 
 
 

Last but not least, Fig. 5 compares analytical (i.e., stratified-stack) average Sherwood numbers, Shstrat as given by 
Eq. (17), to their numerical counterparts, Shtop and Shtotal as calculated by Eqs. (12) and (14), concerning contribution 
from stack top boundary and total value (= top + left), for all aspect ratios, A = 1.0, 1.5, 2.0, 2.5 and 3.0, and Darcy 
numbers, Da = 10−13 and Da = 10−8, investigated in the present paper. It is worth remembering that the stack half-width 
was held fixed at L = 1.5 in all cases simulated so that the stack height H = L/A is the variable one, which is properly 
introduced in Eq. (17) along with Ψ = 0.1, R = 0.5, S = 1 and εc = 0.5. 

It is observed that Shstrat, Shtotal and Shtop notably reduce inasmuch as H diminishes (or, equivalently, as A increases). 
Because L is fixed, this is basically due to the reduction of the stack volume and consequently due to the reduction of 
the amount of exhaling porous material (i.e., phosphogypsum). Besides being sensitive to the quantity of material, Shtotal 
is additionally proportional to the stack height H as it comprises contribution from Shleft. Since Shtotal is two-fold 
sensitive to H, a faster decrease is verified particularly related to more permeable stacks (Da = 10−8). For such relatively 
loose stacks, incoming fresh air from left penetrates slightly more (as compared to the infiltration into less permeable 
counterparts, Da = 10−13), which corresponds to a larger negative “contribution” from Sh left, as indicated by Eq. (12). 
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Figure 5. Average Sherwood numbers for stratified-stack (analytical expression) and numerically simulated at stack top 

boundary and total value (top + left boundaries) for Da = 10−13 and Da = 10−8 and different stack heights. 
 
 

Moreover, Fig. 5 also depicts the expected trend that Shstrat, Shtotal and Shtop will converge to the same value as H → 
0 (i.e., for A >> 1), since Shleft becomes more and more suppressed. Recalling that tanh(x) → x as x → 0, Eq. (17) 
provides such limiting value, namely, 
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6. Concluding remarks 
 

Radon-222 exhalation from phosphogypsum entails many physical parameters and comprehensive approach is 
likely to rely on numerical methods. This paper outlines dimensionless model equations for 222Rn transport from a 
rectangular dry phosphogypsum stack, which are numerically solved by means of an adapted finite-volume simulator 
that has been successfully used to solve heat and mass transfer problems in solution domains partially or fully filled up 
with porous material. Allegedly laminar buoyancy-driven air flow is modeled following Darcy-Brinkman-Boussinesq 
approach. Effects due to different aspect ratios are investigated for two Darcy numbers, which are related to a typically 
packed stack and to a hypothetical relatively loose stack. The remaining controlling dimensionless parameters are fixed 
at representative values. 

Stratified 222Rn transport is a limiting scenario for which negligible interstitial air flow is a required assumption. A 
corresponding analytical solution was deduced for boundary conditions including null activity concentration at the stack 
top and no-flux condition (impermeability) at its base. For this particular case, an analytical expression for the average 
Sherwood number could be properly inferred (which measures normalized 222Rn exhalation rates). 

For each aspect ratio investigated, similar streamlines were numerically simulated for both Darcy numbers, so that 
isotherms and isoconcentration lines remained roughly unchanged inside the phosphogypsum stack. Although this 
indicates that 222Rn transport is diffusion-dominated, stratification can only be observed for stacks whose (half-)width is 
considerably larger than its height (i.e., whose aspect ratio tends to infinity). Nevertheless, 222Rn transport through the 
stack side boundary might compensate differences from Sherwood numbers as calculated at the stack top boundary 
(alone) and from the stratified (analytical) concentration distribution. 
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