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Abstract. This paper presents comparisons of different boundary layer laminar-turbulent transition onset and transition
length models implemented on a boundary layer code. The test cases are ¤at plate with zero pressure gradient and
favorable and adverse pressure gradient cases and a test case for the boundary layer over a elliptic cylinder. Different
turbulent levels are considered. The onset models are simple empirical correlation models and the transition length
models are based on the intermittency factor. The results show that the transition length is reasonably captured by the
models, but the onset models should be used with care and the resulting onset location considered as trends rather than
precise results.
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1. Introduction

A boundary layer developing over an airfoil is initially laminar close to the leading edge. Due to forced disturbances
the boundary layer is led to a turbulent state. These disturbances may be related to velocity, pressure or temperature
¤uctuations and are known as rotational, acoustic and entropic modes. They may also be connected to wall vibration or
wall roughness.

The skin friction coef£cients for laminar and turbulent boundary layers are different by orders of magnitude. Therefore,
airfoil design procedures must take into account boundary layer transition related to both the transition onset and the
transition length. The estimation of transition onset and transition length is particularly important in low Reynolds number
applications such as high lift devices and for the correct interpretation of wind tunnel results.

In the present paper an assessment of different transition length and onset models is performed. In Sec. 2 dif-
ferent test cases are used to evaluate the performance of the transition length model presented by Cebeci and Smith
[Cebeci and Smith, 1974]. Section 3 presents a comparison of five transition onset models and five different intermit-
tency models. Conclusions are presented in Sec. 4.

2. Transition Model Evaluation

This section presents the results for the evaluation of the transition length model suggested by Cebeci and Smith
[Cebeci and Smith, 1974] and implemented in a boundary layer code. In order to evaluate the transition model, six
test cases were chosen. The first three consider the ¤ow over ¤at plates with no pressure gradients, but with different
turbulence levels in the free-stream (Baek e Chung [Baek and Chung, 2001]). The fourth test case considers the ¤ow
around an elliptic cylinder (Schubauer [Schubauer, 1955]). The two last test cases consider the ¤ow over a ¤at plate with
pressure gradient (Suzen and Huang [Suzen and Huang, 1999]).

The test cases 1, 2, 3, 5 and 6 are test cases of the Special Interest Group in Laminar-turbulent Transition (ercof-
tac.mech.surrey.ak.uk) of the "European Research Community on Flow, Turbulence And Combustion" (ERCOFTAC).
These cases are called T3A, T3B, T3AM, T3C1 e T3C2 respectively.

2.1 Test Cases T3A, T3B, T3AM

The results presented in this section correspond to the results for the ¤ow over ¤at plates without pressure gradient.
The test conditions for each case T3A, T3B, T3AM are respectively: U0 = 5.2, 9.4, 19.8 (m/s); L = 1.495, 1.495, 1.552
(m); Tu = 3.0, 6.0, 1.0 (%); XTR/L = 0.25, 0.05, 0.85. Where U0 is the free-stream velocity, L is the plate length, Tu is
the free-stream turbulence level and xTR is the transition starting position.

Figure 1 presents the skin friction coef£cient Cf = (µ∂u/∂y)/(0.5ρU20 ) versus local Reynolds number Re =
U0x/ν, for the three cases considered . A good agreement with the experimental and theoretical results can be ob-
served. The streamwise position where transition starts was selected to give the best agreement with the experimental
data, since the transition model available in the code does not predict the transition starting point. Suzen and Huang
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[Suzen and Huang, 1999] give an estimate of the transition starting point slightly different than the ones chosen for the
present results. This estimate is based on the experimental data, using as criterion the minimum skin friction. Neverthe-
less, the experimental data does not allow a great precision in the determination of minimum skin friction.

The transition region extent is predicted with good accuracy, despite the fact that the available model does not take
into account the free-stream turbulence level. The free-stream turbulence changes both the transition starting position and
the transition length. The model predicts a shorter transition region, not been able to capture the initial gradual departure
from the laminar state observed experimentally.

The end of the transition region predicts an overshooting in the skin friction coef£cient. Further investigations has
shown that this error is associated with the turbulence model implemented in the code and not to the intermittency model.
The turbulence model implemented in the code considers a modi£ed Van Driest dumping function, which is made depen-
dent on the momentum thickness Reynolds number. Changing the original turbulence model for the classic Cebeci and
Smith [Cebeci and Smith, 1974] it was possible to arrive at better results for the region close to the end of the transition
and beginning of the turbulent region, avoiding the overshooting.

2.2 Elliptic Cylinder

The next text case considers the experimental data from Schubauer [Schubauer, 1955] for the boundary layer on an
elliptic cylinder. This test case tests the transition model with respect to favorable and adverse pressure gradients with
a turbulent separation region. The elliptic cylinder has major and minor axes of 0.2992 m and 0.1011 m respectively.
The far field velocity is 18.29 m/s. The non-dimensional pressure distribution around the elliptic cylinder is given in
[Schubauer, 1955] in therms of (p− ps)/q,

where ps is the undisturbed stream static pressure and q = .5ρU0 is the undisturbed stream dynamic pressure. The
Reynolds number based on the cylinder major axis is Re = 364840 and the free-stream turbulence is Tu = 4.8%.
Separation takes place at the streamwise position over the cylinder equal to x = 0.2942 m. The transition region extends
from x = 0.1264 m to x = 0.2295 m. The streamwise extent of the elliptic cylinder surface is xL = 0.3339 m

Figure 2 shows the skin friction variation along the surface of the cylinder. The transition starting position was imposed
at the same streamwise position reported by Schubauer. The results are in reasonable agreement with the experimental
results. Considering the scatter of experimental points, the length of the transition region was captured by the model with
good accuracy. The turbulent skin friction is well predicted, even close to the separation point. The separation region
predicted by the boundary layer code is in good agreement with the experimental observation.

Schubauer also report streamwise velocity pro£les at different streamwise positions. The velocity pro£les are com-
pared with numerical results in Figure 3. Good comparisons are obtained for the laminar, transitional and turbulent
velocity pro£les. In the region of strong adverse pressure gradient and close to the separation point, the predictions are
slightly off.

In summary, regarding the transition region, the model was able to capture with good accuracy the transition length
and the skin friction variation.

2.3 Test Cases T3C1 and T3C2

Test cases T3C1 and T3C2 correspond to the ¤ow over ¤at plates with variable pressure gradient that starts favorable
in the beginning of the plate and becomes adverse in the end region of the plate. The test conditions for each case T3C1
and T3c2 are respectively U0 = 5.9, 5.0 (m/s); L = 1.495, 1.495 (m); Tu = 6.6, 3.0 (%); XTR/L = 0.13, 0.53.

Figure 4 presents the skin friction coefficient versus the dimensionless coordinate, x/C (C -length of the plate), for case
T3C1. The results are presented for the classic Cebeci and Smith turbulence model and a similar model with a modified
Van Driest dumping function, which is made dependent on the momentum thickness Reynolds number. The modified
model is the one originally implemented in the boundary layer code. It can be noticed that the original model predicts
a higher skin friction than the experimental values and the Cebeci-Smith model predicts lower values. These results are
consistent with the previous zero gradient results, where the original model presented an overshoot in the skin friction
values, but here the modified model showed a better agreement with the experimental values in the end region of the plate.

The transition is taken into account in the boundary layer model by the intermittency factor. This factor is the same
in both turbulence models. So the transition length is the same in both versions. The results near x/c=0,3 may be and
indication that the calculated intermittency is increasing faster than the experimental values.

Figure 5 presents the velocity profiles for case T3C1. The numerical results are indicated by a solid line and were
obtained with the classic Cebeci and Smith model. It can be noticed that the agreement between the velocity profiles is
very good, although the agreement between the skin frictions was not so good. The results obtained with the original
turbulence model were very close to ones of the classical model and are not presented.

In figure 6 the skin friction for case T3C2 is presented. In this set of results the transition is starting much further
downstream than in the previous set of results. This is due to the Reynolds number reduction of about 20% and mostly
because of the turbulence intensity outside the boundary layer, which is reduced from 6% to 3%. It can be noticed that
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also in this case the original turbulence model presented a better agreement with the experimental values in the end region
of the plate. In these results also, the calculated intermittency seems to be increasing faster than the experimental values
just after the beginning of transition, resulting in higher predicted Cf values around x/C=0,65.

In £gure 7 the velocity pro£les for case T3C2 are presented. In these results also a close agreement with the experi-
mental values were obtained. It seems that the velocity pro£les are not so sensitive to imperfections in the model as the
skin friction.
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Figure 1: Skin friction coefficient along the plate. Test cases T3A, T3B and T3AM. Original turbulence model.

3. Alternative Transition Models

This section presents the test results for five transition onset correlations and the five intermittency correlations that
have been implemented in the boundary layer code. The onset position computed with the different models are compared
to the experimentally observed transition onset for six different test cases. The intermittency correlations are evaluated by
comparing the skin friction distribution results obtained with each one for two variable pressure gradient test cases.

3.1 Transition Onset Models

Five different transition onset prediction models were implemented. They provide an estimated value for the stream-
wise position where the transition starts. Out of the five correlations the ones that are theoretically the more appropriate
for aeronautical applications are by Dey and Narasimha [Dey and Narasimha, 1990] and Govindarajan and Narasimha
[Govindarajan and Narasimha, 1991], where the free-stream turbulent intensity is usually low. The correlations by Abu-
Ghannam and Shaw [Abu-Ghannam and Shaw, 1980], Mayle [Mayle, 1991] and the correlation by Suzen and Huang
[Suzen and Huang, 1999] are more appropriate for applications with a high free-stream turbulent intensity, which would
result in by-pass transition. The five correlations are presented below.

3.1.1 Abu-Ghannam & Shaw [Abu-Ghannam and Shaw, 1980]

Transition starts when the momentum thickness Reynolds number Reθ is greater than:

Reθtr = 163 + exp

[

F (λθ)

(

1−
Tu

6.91

)]

. (1)

Where λθ = (θ2/ν)dUe/dx, θ is the momentum thickness, ν is dynamic viscosity, dUe/dx is the freestream velocity
gradient and

F (λθ) = 6.91 + 12.75λθ + 63.64λ
2
θ λθ ≤ 0, or F (λθ) = 6.91 + 2.48λθ − 12.27λ

2
θ λθ > 0. (2)
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Figure 2: Skin friction along the surface of an elliptic cylinder.

3.1.2 Suzen & Huang [Suzen and Huang, 1999]

Transition starts when the momentum thickness Reynolds number is greater than:

Reθtr = (120 + 150Tu
−2/3)coth

[

4(0.3−Kt × 10
5)
]

. (3)

Where Kt is the maximum absolute value of the acceleration parameter K = ν
U2

e

dUe

dx and Tu the freestream turbulence
intensity in %.

3.1.3 Govindarajan & Narasimha [Govindarajan and Narasimha, 1991]

The momentum thickness Reynolds number is correlated to the onset position by:

Reθtr = Reθtr0

[

1 + 0.17e−(Tu
2+Tu2

0
) 1− e

−60λ

1 + 0.4e−60λ

]

, (4)

λ = (θ2/ν)dUe/dx Reθtr0 = 100 + 340/(Tu
2 + Tu20)

1/2). (5)

Where Tu0 depends on the residual free-stream turbulence of each specific wind tunnel. On average one can assume
Tu0 = 0.3.

3.1.4 Dey & Narasimha [Dey and Narasimha, 1990]

The momentum thickness Reynolds number is correlated to the onset position by:

Reθtr = 0.9Reθtr0
[

1 + 0.15(e−Tu + 2)(1− e−60λ)
]

, (6)

Reθtr0 = 100 + 310/(Tu
2 + Tu20)

1/2. (7)

Where Tu0 depends on the residual free-stream turbulence of each specific wind tunnel. On average one can assume
Tu0 = 0.3.

3.1.5 Mayle [Mayle, 1991]

Transition starts when the momentum thickness Reynolds number is greater than:

Reθtr = 420.Tu
−0.69. (8)
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Figure 3: velocity distribution in the boundary layer along a elliptic cylinder.

Table 1: Transition onset prediction

T3A T3B T3AM Cylinder T3C1 T3C2
Tu % 2.5 5.6 0.7 3.4 4.0 2.0

Abu-Ghannam 0.27 0.07 0.49 0.24 0.12 0.40
Suzen 0.26 0.10 0.16 0.29 0.13 0.24
Dey 0.18 0.05 0.23 0.26 0.13 0.37

Govindarajan 0.27 0.07 0.35 0.27 0.13 0.33
Mayle 0.23 0.04 0.32 0.23 0.10 0.29

Experiment 0.26 0.05 0.85 0.41 0.13 0.56

3.2 Transition Onset Results

The same six test cases presented in Sec. 2 are used to test the transition onset models. Table 1 presents the computed
onset position for all five models and the observed transition position. Also indicated are the turbulence intensity Tu
used in the computation, which correspond to the turbulence intensity at the onset position. The results show that all
models perform similarly, but the model by Dey and Narasimha tend to estimate an earlier transition. None of the models
performed well for the low free-stream turbulent intensity test case (T3AM). These models be used with care. preferably
for ¤ows with turbulence intensity higher than 1%. For wing applications a much better onset prediction could be obtained
with the eN [Mendonça, 2000] method, which has not been implemented in this work.

3.3 Intermittency Models

Five different intermittency models have been implemented and tested. The £rst one from Arnal [Singer, 1993], the
second from Narasimha [Stock and Haase, 2000], the third from Stock e Haase [Stock and Haase, 2000], and the last
two from Chen and Thyson [Stock and Haase, 2000] and Abu-Ghannam and Shaw [Abu-Ghannam and Shaw, 1980]. The
models by Arnal and by Narasimha are theoretically the most adequate for low free-stream turbulence intensity. The other
models are applicable, but were originally developed for by-pass transition.

3.3.1 Arnal

The variable γ in this case is not exactly the intermittency factor defined by the turbulent spot formation theory of
Emmons ([Narasimha, 1985], but a transition function.
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Figure 4: Skin friction coefficient for test case T3C1.

The transition function is governed by the parameter:

χ =
θ/θt0 − 1.+ 0.005Ma2

1 + .02Ma2
. (9)

Where Ma is the free-stream Mach number, θ is the local momentum thickness and θt0 is the momentum thickness at the
transition onset.

The transition function is computed by the following relations:

0 < χ ≤ 0.25, γ = 1− exp
{

−4.5
[

χ
(

1 + .02Ma2
)

− 0.005Ma2
]2
}

, (10)

0.25 < χ ≤ 0.75, γ = 18.628χ4 − 55.388χ3 + 52.369χ2 − 16.501χ+ 1.893, (11)

0.75 < χ ≤ 3, γ = 1.25− 0.25 sin [π (0.444χ− 0.833)] , (12)

χ > 3, γ = 1. (13)

3.3.2 Narasimha

This is originally a linear combination transition region model, which considers that all ¤ow properties should be
weighted by the intermittency factor. In the present implementation the intermittency factor is used as a transition function
such that the effective viscosity µeff is given by:

µeff = µ+ γµt. (14)

In practice, many investigators use the intermittency factor as the transition function, and the same will be done in this
work.

The universal turbulent intermittency function proposed by Dhawan and Narasimha [Dhawan and Narasimha, 1958]
is given by:

γ = 1− exp
(

−0.411ξ2
)

. (15)

Where:

ξ = (x− xtr)/λ, xtr = xγ=0 (xonset), λ = ∆x/3.36. (16)

Where ∆x is computed from the empirical relation:

Re∆x = 13.4Re
3/2
δ∗

tr

. (17)

Where Reδ∗
tr

is the displacement thickness Reynolds number.
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Figure 5: Velocity profiles for test case T3C1.
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Figure 6: Skin friction coefficient for test case T3C2.
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3.3.3 Stock and Haase

Stock and Haase proposed a model for the transition length to be used with the Narasimha intermittency function. It
is given by:

Re∆x = 4.6Re
3/2
δ∗

tr

. (18)

3.3.4 Chen and Thyson

Using the same intermittency function, Chen and Thyson proposed a transition length model that takes into account
the effect of compressibility. The correlation is given by:

Re∆x = (110.9 + 8.65Ma1.92)Re
4/3
δ∗

tr

. (19)

3.3.5 Abu-Ghannam and Shaw

The transition function is given by:

γ = 1− exp
(

−5η3
)

, (20)

for Reθs ≤ Reθ < Reθe, where Reθs is the Reynolds number based on the momentum thickness at the start of the
transition region, and Reθe is the momentum thickness Reynolds number at the end of the transition region. The value of
Reθs is the onset value given by Eq. 1, or by a specified value. The end of the transition Region is related to the Reθs by
Reθe = 2.667 Reθs.

The parameter η is given by:

η =

(

Reθ −Reθs
Reθe −Reθs

)1/1.35

. (21)

3.4 Intermittency Results

Two test cases were chosen to evaluate the performance of the five intermittency models implemented, the Schubauer
elliptic cylinder and the ERCOFTAC test case T3C2. The results are presented in Figures 8 and 9. In all test cases the
transition onset was specified equal to the experimentally observed values.

On both test cases the correlation by Arnal strongly overestimate the skin friction coefficient, with a short transition
region. Arnal’s model is tunned to vary between 0 and 1 at the start and end of the transition region. But in order to capture
the overshooting of Cf at the end of the transition region observed in certain wing configurations tested by the developers
of this correlation, it is allowed to reach a maximum value of 1.5. This may be the cause of the overshooting in the present
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Figure 8: Friction coefficient distribution for test case T3C2 [Suzen and Huang, 1999].

test cases, since the model was not calibrated for the given turbulent intensities or pressure gradient distribution. The
Stock and Haase’s correlation also present a very short transition with a strong overshooting in the predicted Cf .

The correlations by Narasimha and Chen and Tyson performed relatively well for the T3C2 test case, with a better
agreement for the Narasimha correlation.

For the ¤ow around the elliptic cylinder the same trends are observed. The best results are obtained with the Narasimha
correlation. Comparing the results of all the new correlations with that of the original Cebeci and Smith transition model
indicates no advantage in changing from Cebeci to any of the new correlations.

4. Conclusions

The transition model proposed by Cebeci and Smith [Cebeci and Smith, 1974] is able to predict the transition region
with good accuracy, but in all ¤at plate test cases the transition region was shorter than the experimental observation.

Five transition onset correlations and five intermittency correlations were introduced in the boundary layer code and
compared with experimental results and results from the original Cebeci and Smith correlation. The results show that, as
long as the test cases presented are considered, the original correlation by Cebeci and Smith implemented in the boundary
layer code gives the best results.

Regarding the transition onset, very good results were obtained for some of the test cases. But error as large as 100%
were observed on other test cases. This correlations should be used with care and understood as trends in transition onset
rather than precise values.
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