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Abstract. This paper presents the effects of some convective flux tatigmuschemes on boundary layer and shocked flow
solutions. For such study, centered and upwind convectixeeimputation schemes are discussed. The centered Jameson
scheme plus explicitly added artificial dissipation termsaonsidered. Three artificial dissipation models are addesl

in the paper. The 2nd-order Roe flux-difference-splittipg/ind scheme is also discussed. Some schemes requiretyroper
reconstruction to achieve second-order accuracy in spatech is obtained with an extended multidimensional lichite
MUSCL interpolation method. It is observed that artificisdgpation terms may strongly modify the flow solution.
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1. Introduction

The main interest in the present paper is to assess somea@edazcurate flux calculation methods suitable for tylpica
aerospace applications. A Jameson centered (JamesonX¥&il) and a Roe flux-difference splitting upwind schemes
(Roe, 1981) are available. In the centered case, expliditiad of artificial dissipation terms is required to cortro
nonlinear instabilities in the numerical solution. Bothcalgr and a matrix version of a switched second- and fourth-
difference model are available (Mavriplis, 1990; TurkellMfatsa, 1994), as well as the Convective Upwind Split Pressu
(CUSP) model (Jameson, 1995). The CUSP and Roe schemeserpgoperty reconstruction in the control volume
face to achieve 2nd-order accuracy in space. A multidinoeragilimited (Barth and Jespersen, 1989) MUSCL-type
reconstruction scheme is currently used. An extensionigina multidimensional limiter formulation is also progped.

A computationally cheaper and robust integration of thetéchMUSCL-reconstructed schemes is also proposed, which
allows for large computational resource savings while ta@ning the expected level of accuracy. Typical aerospavesf|
are currently presented to address the effect of the flux atetipn scheme at shock-wave and boundary-layer flows.

2. Theoretical Formulation

The flows of interest in the present context are modeled byBiBecompressible Reynolds-averaged Navier-Stokes
(RANS) equations. These equations can be written in dimetess form, assuming a perfect gas, as
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In this definition,Q is the dimensionless vector of conserved variables, whéséehe fluid densityy = {u, v, w} is the
Cartesian velocity vector andis the fluid total energy per unit of volume. In Eq. (1), tBe term is the dimensionless
inviscid flux vector, and,, is the dimensionless viscous flux vector. These vectorsiaea ¢n details in Bigarella and
Azevedo, 2005. Advanced eddy-viscosity turbulence maglétable for external aerodynamics applications, thaable
to predict flow separation with acceptable levels of acoyrae also available.

3. Numerical Formulation

The formulation of the method is obtained by an integratithe flow equations in a finite volume with the application
of Gauss’ theorem within each control volume. The impleragon uses a cell-centered, face-based structure anddiee co
can use hybrid meshes composed by tetrahedra, hexahedigesvand pyramids. The integration in time is performed
using a 2nd-order 5-stage Runge-Kutta type scheme. Thedtiepefor each volume is calculated for a constant CFL
number. A full approximation storage (FAS) multigrid scheeimavailable in order to accelerate the convergence tdytea
state. In order to improve the multigrid algorithm, a full kigrid (FMG) method is adopted, in which the simulations
start at the coarsest grid level until reaching the finegt.gfihe coarse mesh levels are generated by an agglomeration
technique. More details on the multigrid and agglomeraslgorithm, as well as on the numerical formulation, can be
found in Bigarella et al., 2004, and Bigarella and Azevedf)=2
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4. Spatial Discretization

Centered schemes require the explicit addition of artifdissipation terms in order to control nonlinear instalas
that may arise in the flow simulation. A description of theiklde models is presented in the forthcoming subsections.
The upwind scheme and the reconstruction formulation @@ discussed.

4.0.1 Mavriplis Scalar Switched Model (MAVR)

The centered spatial discretization of the convective 8u&g, in this scheme is proposed by Jameson et al., 1981.
The artificial dissipation operator is built by a switch oflivided Laplacian and bi-harmonic operators. In regionsigi
property gradients, the bi-harmonic operator is turnednoffrder to avoid oscillations. In smooth regions, the urtkid
Laplacian operator is turned off in order to maintain 2ndesraccuracy. The expression for the artificial dissipation
operator is given by

nb
Dz’ - {; (Am + A’L) [62 (Qm - Qv) — €4 (V2Qm - VQQz)] } ’ (2)
k=1

wherem represents the neighbor of th¢h element, attached to theth face, andub is the total number of neighbors of
thei-th control volume. Furthermore,

nb
Vi Q; = Z [Qm — Qi] , €2 = Komax (v, V) , €4 =max (0, Ky —e€2) , v; = w ©)
k=1 > =1 [Pm + pil

In this work, K> and K, are assumed equal g4 and 3/256, respectively. TheA; matrix coefficient in Eq. (2) is
replaced by a scalar coefficient (Mavriplis, 1990) suchias- ZZL [V - Sk| + ax [Sk|].

4.0.2 Matrix Switched Model (MATD)

The formulation for the matrix model is similar to the previty described one for the MAVR model, except for the
definition of theA ; terms. In this case, the flux Jacobian matrices (Turkel antsbyd994) are used instead of the scalar
term. TheA, term, re-interpreted for the present cell-centered, faased finite-volume framework, can be written as
A; =1L |A|ISk|, where

1 —1 1
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[A1] = max (Ju, + al, Vo), |A2] = max (Ju, — al, Vo A) , |As| = max (Jvn], VIA) , A= v, +a. 4)

In the previous definitionsy,, = v - n is the normal velocity component, whaiigs the unit area vector, arid,, arrays
are given in Bigarella and Azevedo, 2005. FurthermdfeandV; are used near stagnation and/or sonic lines to avoid
zero artificial dissipation. The recommended values foséHaniters aré/,, = 0.25 andV; = 0.025.

In the finite difference context in which the matrix-basetifigral dissipation model is presented (Turkel and Vatsa,
1994), its implementation is very cheap due to the advantagrm of thd A ;| matrix in terms of vector multiplications.
However, the artificial dissipation model in the currenttentis calibrated with the use of integrated coefficientshs
as in MAVR model. Therefore, the advantageous form of|#hg| matrix cannot be used because a surface integral of
the matrix coefficient must be evaluated. This is the stitfagivard extension of the scalar option to the matrix oneghe
termedM AT Dy. The finite difference-like option, named AT D ¢4, in which the attractive form of the scaling matrix
is used, can be readily obtained by replacing 0@\, + A;) coefficient in Eq. (2) by théA||S,| scaling matrix.
Another option in which the advantageous form of the scativagrix is kept while still using an integrated coefficient,
though in a nonconservative fashion, can also be obtairezd,termed\/ AT D,,. (Bigarella and Azevedo, 2005).

4.0.3 Convective Upwind and Split Pressure Scheme (CUSP)

Previously, the scalar and matrix-valued artificial diasipn terms have been constructed considering differlentia
in the conserved property array. For the CUSP model, th&csatidissipation terms are instead chosen as a linear
combination of the conserved property array and the fluxorsct The second-order accurate CUSP model artificial
dissipation term can be given by

D; Z{ a*ak|Sk| (Qr — QL) + 5( r—Pey) Sk| ®)
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a 1 (€+ M?n) it |M,| < e 3 = sign(M,,) min (1, max (0,2|M,,| = 1)) , a=a"+ 0M,. (6)

In these equations\,, = v, /a is the Mach number in the face normal direction, arid a threshold control in order

to avoid zero artificial dissipation near stagnation lindhe L and R subscript represent reconstructed neighboring
properties of thé:-th face. The definitions for such properties is presenteatiarforthcoming section about the MUSCL
reconstruction scheme. It is important to remark here e properties are computed using the Roe average procedure
(Roe, 1981).

The centered spatial discretization of the convective 8wan be built using reconstructed properties, here termed
CUSP,.. scheme. This does not seem to be the approach chosen by aiB& @ers (Jameson, 1995; Swanson et al.,
1998). In these references, reconstructed propertieseqbaare used only to build the dissipation terms, and t@oris
property distribution is assumed to build the convectivente This approach is naméd/ S P, in the present context.

4.1 Upwind Roe Flux-Difference Splitting Scheme (f ROE)

The upwind discretization in the present context is perfmoy the Roe flux-difference splitting method (Roe, 1981).
For this scheme, the numerical flux in theh face can be written as

Pek = %(PeL + PeR) - % ‘:&k‘ (QR - QL) ’ (7)

where‘f&k is the Roe matrix associated with theth face normal direction, defined %K) (Qr — QL) = |\i] b rs.
In this formulation, |)\;| represents the absolute values of the eigenvalues assbeigth the Euler equations, given

as|A| = [ lva| |va|l |onl |on+4a| |v.—al }T. Similarly, r; represents the associated eigenvectors to the right
(Bigarella and Azevedo, 2005). Thgeterm represents the element of projection of the propenypjat the interface over
the system eigenvectors, which is defineddas= L[ Ap A(pu) A(pv) A(pw) Ae }T, where the rows oL
represents the left eigenvectors. Properties in the vofaces are also computed using the Roe average procedure.

In the classical form in which the f ROE scheme is presentathedf ROE.;., (EQ. 7), the underlining argument is
the numerical flux concept. Therefore, each time the nurakfiex is built, the inherent numerical dissipation is also
evaluated. In an explicit Runge-Kutta-type multistageesad, this fact means that the Roe matrix defined in Eq. (7) is
computed in all stages. The present authors rather unddrdta f ROE scheme as the sum of a centered convective flux,
as used in the CUSP scheme, and an upwind-biased numessgation contribution, that is given by the subtracted
term in the right-hand side of Eq. (7). Therefore, the ativaccheaper alternate dissipation computation in the imult
stage scheme, as already used for the switched artificiipdison schemes (Bigarella and Azevedo, 2005), can also be
extended for the upwind flux computation, termedOE,,;;.

4.2 MUSCL Reconstruction

The linear reconstruction of properties is achieved thhcutylUSCL scheme (Bigarella and Azevedo, 2005), in which
the property at the interface is obtained through a limitetdegolation using the cell properties and their gradieirs
order to perform such reconstruction at any point insidectir@rol cell, the following expression is used for a generic
elementy, of the conserved variable vect@; ¢ (z,vy, 2) = ¢; + Vq- 7, where(z, y, z) is a generic point in théth cell;

q; is the discrete value of the generic properiy thei-th cell, which is attributed to the cell centroity is the gradient
of propertyq; and7 is the distance of the cell centroid to that generic point.

The expressions for the reconstructed properties inkttie face can be written a&y.), = ¢; + ¥;Vq; - 7 and
(qr)k = qm + YmVam - Tem, Wherei andm represent the-th andm-th cells, respectivelyy; and,, represent the
limiters in these cells; and,; and+,, are the distance vectors from these cell centroids td:ttieface centroid. The
1st-order CUSP or f ROE schemes can be readily obtained tiggstite limiter value to zero.

4.3 Limiter Formulations

The limiter computation workload is a very expensive tasikoanting to more than half of an iteration computational
effort in the present code. Therefore, the idea of freeziedimiter along with the dissipation operator at some stage
the multistage time-stepping scheme is very attractiverims of large computational resource savings.

4.3.1 Barth and Jespersen Multidimensional Limiter Implementation (MU SC Lg y)

In this method, the extrapolated property in th¢h face of thei-th cell is bounded by the maximum and minimum
values over the-th cell centroid and its neighbor cell centroids (Barth dadpersen, 1989). This TVD interpretation can
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be mathematically written ag < (¢:)x < q;, Whereg;” = max (q;, gneighbors) @aNdg; = min (¢, gneighbors). The
Barth and Jespersen limiter computation in kb cell is initiated by collecting the minimung, , and the maximum,
q;", values for the generig variable in thei-th cell and its neighbor centroids. A limiter is computeeath;-th vertex
of the control volume as
SR o e el R et ®
R BJ BJ) ,if dengy <0,

wheredenp; = (g:); — i, nump; = ¢ — ¢ andnumy,; = g; — g;. Thej-th vertex property is extrapolated from
thei-th cell centroid with the aid ofg;); = ¢; + V¢ - 7;;. Barth and Jespersen argue that the use of the property in the
cell vertices gives the best estimate of the solution gradiethe cell. The limiter value for theth control volumey);,

is finally obtained as the minimum value of the limiters coneglfor the vertices.

4.3.2 General Multidimensional Limiter Implementation (M USC L)

The current extension of the 1-D limiters to the multidimensl case is based on the work of Barth and Jespersen
(Barth and Jespersen, 1989). The Barth and Jesperserr lismdecomplete limiter implementation in itself, and it has
some advantages as well as disadvantages. This extensaonad at allowing for the user the choice of any desired
limiter formulation, and at solving some disadvantage$efW/ U SC L z ; limiter. The limiter options that are available
in the present context are tineinmod superbeeandvan Albadalimiters (Hirsch, 1991). One should aknowledge that
theminmodandsuperbedimiters require the evaluation of maximum and minimum fimres, which characterizes these
limiters as discontinuous. Thean Albadaimiter, on the other hand, is continuous.

The difficulty in implementing a TVD method in a multidimeosal unstructured scheme is related to how to defined
the gradient ratio of adjacent cefb. A generalization ofp to the k-th face of thei-th cell of an unstructured grid
(Bigarella and Azevedo, 2005) can be given by

(4 — a) /|Fmil ©)
((qi)k — @) /|Tril
where thek-th face is shared by theth andm-th cells; and the extrapolated property in the fa@g);, is given by
(@) = ¢ + Vi - T

In this formulation, considering a quasi-uniform grid, imieh |7,,,;| ~ 2|7%;|, we can write

1 " 1 + 1 (qi +a ) [

= 49 %)= o5\ —q) =S L —qi | = 5 —qi) 10

E (47 — @) 2] (4 — @) o 5 q ol (4 — @) (10)
whereq,f is the maximum and minimum properties obtained at the ciehtibthe faces that compose thh control
volume. Theq,iE variable can be mathematically definequg“s: max / min (g;, ¢races ), Where the property in the faces,

draces, 1S the arithmetic average of the properties in the neighigoecells. The multidimensional gradient ratio for an
unstructured grid face can be finally obtained as

o num™ /den ,if den > 0,
" | num™ /den ,if den <0,

O = (D), =

11)

whereden = (¢;) — ¢;, num™* = ¢ — i, num™ = q, — g;. Also, ® = 1 for den = 0.

The advantage of the gradient ratio definition in Eq. (11h& it can be directly used in any other limiter definition.
It can also be used to recast the original Barth and Jespinsiéer formulation, as previously discussed, with a stigh
modification though. As also discussed, the original Baril despersen limiter uses extrapolated properties in the
nodes to build the gradient ratio, while extrapolated proge in the faces are preferred in the current implemesmati
Considering the Barth and Jespersen vertex choice in thertigradient ratio definition (Eq. 11), it can be observed th

+ /1= = + = =

@(correct) _ num /|Tki| _ |rji‘ (num > _ |Tji|q)(implemented) = @limplemented) _ |rki|q)(cor7‘sct) (12)
den/|r5:|  |ki| \ den |7 |75l

In this formulation, the mesh intervals;;|/|7;;| cannot be canceled as in Eq. (10), and their ratio is lower tree,

which results is an implemented gradient ratio smaller ttencorrect one. This difference yields in smaller limiter

values, which can be interpreted as an undesired increatiffusivity in the limiter implementation. This issue car b

avoided with the use of extrapolated face properties, gsgsed in Egs. (9) and (10).
5. Results and Discussion

For this study, the influence of the numerical schemes inlsh@ve resolution is assessed with a 1-D shock-tube
problem, as well as transonic inviscid flows about a typicalescritical airfoil. Also, boundary layer flows are addred
through subsonic laminar flows about a flat plate configunatwith Reynolds numbeRe = 10° and Mach number
Moo = 0.254.
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Figure 1. Property distributions along the shock tube olei@iwith different flux computation schemes.

5.1 1-D Shock Tube Results

Numerical results are compared to the analytical solutotHis problem. The initial dimensionless density corufiti
for the left half part of the shock tube jg; . = 1, whereas on the right half?, = 20. The three possible implementa-
tion forms of the MATD artificial dissipation method are cemtly assessed. Dimensionless pressure distributiong alo
the tube longitudinal axis are presented in Fig. 1. One cearlyl observe in this figure that all MATD options allow
for pre- and post-discontinuity oscillation to build up. €ltess correct/ AT D4 option presents much larger oscilla-
tions, whereas th&/ AT D,,. presents the lowest levels. TR¢ AT D4 and M AT D,,. options require about0% less
computational time than th&/ AT D, ¢ formulation for this test case.

For CUSP results, thean Albaddimiter is used in the currently proposed multidimensidivaiter implementation.
Swanson et al., 1998 argue that the origi@él S P, formulation does not nominally provide oscillation-frdeosked-
flow results. The current authors believe this behavior s uthe use of constant properties in the cells to computate
the centered convective fluxes. The use of reconstructgaepies in the faces may rather overcome such limitation.
These arguments are corroborated by the CUSP pressurtsnesdented in Fig. 1. It can be observed that the original
CUSP,;; formulation allows oscillation to build-up near discontities, while the currently proposedU S P,... option
prevents such undesired behavi6tl/ S P,... implementation requires less thad% additional computational time than
CUS P, in this case.

The f ROE.;, implementation option for the Roe scheme is compared touheiatly proposed RO E,;; implemen-
tation. Limiter settings are exactly the same as used fopiteéious CUSP scheme simulations. Pressure distribufiions
the Roe scheme are not presented because no differenceeh¢t®OE ., and f ROFE,;; options can be observed. The
fROE,,, scheme, however, is about twice more expensive than thertlyrproposed RO E,;; implementation.

Finally, the original Barth and Jespersen multidimendibmater (M U SC L ;) is compared to the currently proposed
generic multidimensional implementatioh/{ SCL,.). Theminmod van Albadsandsuperbedimiters are considered
in order to demonstrate the capability of the current mirtehsional reconstruction scheme to handle various Ilmite
types. For this study, th ROFE,;; scheme is used with limiter computations at alternate staféhe Runge-Kutta
scheme. Pressure results for the previous limiter opticasizown in Fig. 1. It is clear that the current multidimemnsio
reconstruction scheme does allow for the use of variougdinfiormulations. No oscillatory behavior in the numerical
solutions can be observed in all presented results. The aosonm with the analytical solution is also good, with the
superbedimiter presenting crisper discontinuities, as expecte, to its less diffusive formulation. As already discussed
the Barth and Jesperselimiter recast thesuperbedimiter in the0 < ® < 1 range, in a 1-D case, and its results are
virtually equal to the latter limiter ones. Than Albaddimiter results lie within the more- and the less-diffusiméhnmod
andsuperbedimiters, respectively, as expected.

5.2 2-D Airfoil Results

Transonic inviscid flows about the Boeing A4 supercritigefbdl (Bigarella and Azevedo, 2005) are assessed. Inthese
analyses, the MATD model stands for théAT D,,. option; the CUSP model is actually tld&/ S P,... option with the
van Albada limiter computed at alternate time-steppingstd stages; and the f ROE scheme representg Riier,;,
implementation with the same previous CUSP limiter sestinghree C-type grids, with00 x 24, 150 x 40 and255 x 64
cells over the profile and along the normal direction, retpely, are used. The freestream Mach numbevlis = 0.768
and the angle of attack is = 1.4 deg.

Pressure coefficient distributions over the profile obtaingh different meshes and flux computation schemes are
presented in Fig. 2. One can observe that MAVR presents @eradile variations in the shock wave position as the grid
is refined. More consistent results can be obtained with tA@MMmodel. The CUSP and f ROE schemes present even
more consistent results, and the variations in the numesatation with grid refinement are much lower, with the CUSP
scheme presenting slightly better results.
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(c) CUSP model. (d) fROE scheme.
Figure 2. WallCp distributions over the supercritical airfoil obtained fvdifferent flux computation schemes and com-

putational grids.

5.2.1 MUSCL Results

The original Barth and Jespersen multidimensional limftefr/. SC' L ;) is compared to the currently proposed
generic multidimensional implementation/(V SCL,.). Cp distributions and residue histories for this study are pre-
sented in Fig. 3. No oscillatory behavior in the numericdlisons can be observed in all presented results. It iséster
ing to observe, however, in the residue histories in Fig) 8{at theminmod Barth and Jesperseandsuperbedimiters
present residue stall, due to their discontinuous formaratThe continuousan Albadaoption, on the contrary, allows
for automatic residue convergence.

5.3 Flat Plate Results

It is known that some schemes may have some influence in boutajeer flow solutions (Bigarella and Azevedo,
2005). The present effort has also been motivated by an dgpdmand in subsonic flat-plate boundary layers, more
precisely, in the bend of the boundary layer profile. Henbege consecutively refined grids have been generated for
this flow case. For the present case, different number of éedide the boundary layer, namely 10, 20 and 40 cells,
are considered. Figure 4 presents boundary layer resuténeld with the previously described computational grids,
compared to the Blasius analytical solution. The flux schegmnsidered in this figure are the same as used in the
previous 2-D airfoil subsection. One should observe thatffROE, MATD and CUSP schemes guarantee the correct
solution with all tested grids. The MAVR centered scheme@nés an anomaly in the bend of the boundary layer profile
for the grids with a smaller number of points in the layer. Tseillation, nevertheless, decreases with the increasing
number of such points.

6. Concluding Remarks

The paper presents results obtained with a finite volume dedeloped to solve the RANS equations over aerospace
configurations. Several flux computation schemes are ceresidn the paper. The convective fluxes on the volume faces
are computed by either a centered scheme plus explicitlgcddificial dissipation terms, or the 2nd-order Roe upwind
scheme. Three artificial dissipation models are consideredmpute the numerical diffusion for the centered scheine.
scalar and a matrix version of a switched model, and the CldBénse, are used. Several implementation approaches for
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Figure 3. Simulation results for the supercritical airfdiitained with different limiter implementations.

such methods are considered in the paper.

Multidimensional MUSCL interpolation techniques are usedrder to achieve 2nd-order accuracy for schemes which
require property reconstruction. An extension to the wdrRarth and Jespersen is currently proposed and verifiech Wit
such extension, various limiter formulations can be uséhinthe multidimensional unstructured code structuresdpter
integration of the Roe and CUSP schemes, as well as thellicuitestruction, is achieved through computation at alterna
stages of the Runge-Kutta time-stepping procedure, whileraintaining the quality level of the solutions.

Comparisons of numerical boundary layers for a flat plateidamflow with the corresponding theoretical Blasius
solution show the level of accuracy os the present formardatlt is observed that the scalar artificial dissipation glod
presents a very large dependency on the grid density antbtppavhile other more refined methods are less sensitive
to that. The ability of the flux computation schemes in caltin shock waves in the solution is also assessed. It is
observed that more consistent solutions can be obtainédiégtRoe and CUSP schemes, to which small variations with
grid refinement are verified. The scalar artificial dissipatinodel is not so effective in these analyses, and a comasilder
dependency of the numerical solution with the grid configareis observed.
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