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Abstract. This work concerns with a theoretical investigation of the pair-interacting of magnetic particles in a dilute
sedimenting suspension. The suspension is composed of magnetic spherical particles of different radius and density
immersed in a Newtonian fluid. The particles settle relative to one another under the action of gravity. When in close
contact, the polarized particles may exert on each other an attractive van der Waals force and a magnetic force due to
particle magnetization. The numerical simulations are based on direct computations of the hydrodynamic interactions
among the rigid spheres in the regime of low particle Reynolds number. Depending on the relative importance of the
interparticle forces and gravity, the collisions may result in aggregation or simply in a break of particle relative trajectory
symmetry imposed by time reversibility. The rate at which aggregates are formed is calculated in order to evaluate
suspension-stabilization by particle magnetization.
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1. Introduction

In a dilute dispersion, the probability of a third sphere influencing the relative motion of two interacting particles is
small, and so we only need consider binary interactions of particles. This relative motion, in sedimenting suspensions,
is promoted by the different sizes and densities of the particles. If Brownian motion, inertia and interparticle forces are
negligible, two spherical particles collide in a sedimenting dilute suspension in a reversible way returning to their initial
streamlines. However, when the interparticle forces are significant, like in this study, the particles in close contact may
exert on each other an attractive van der Waals force and a magnetic force due to particle magnetization. As a result of
these forces, the particles are submitted to a lateral migration and hence the collisions may result in aggregation or simply
in a break of particle relative trajectory symmetry imposed by time-reversibility.

The relative trajectories that not result in aggregation are used to determine dispersion of particles across the stream-
lines generated by the sources of irreversibility of the suspension under gravity or submitted to a shear flow. The migration
of non-colloidal particles in a suspension give rise to a dispersive process which may be characterized as self-dispersion
owing to the random of nature of collision among the suspended particles. The first experimental investigation were car-
ried out by Eckstein, Bailey & Shapiro (1977), who determined the lateral shear-induced coefficient of self-dispersion of
spherical particles in a Couette device. In subsequent studies, more accurate experiments for evaluating the self-dispersion
coefficient are carried out by Leighton & Acrivos (1987). Acrivos et al. (1992) have calculated the component of the hy-
drodynamic diffusivity in the flow direction for a dilute suspension undergoing simple shear flow. In addition, Cunha &
Hinch (1996) presented results for the transverse shear-induced self-diffusivity and gradient diffusivity in the direction of
the velocity gradient for simple shearing of a dilute suspension of rough spheres and their theory has been extended by
Loewenberg & Hinch (1997) to study self-dispersion of deformable drops. For a sedimenting suspension, the diffusiv-
ity has been determined for a heavy sphere falling through a dilute suspension of neutrally buoyant spheres by Davis &
Hill (1992). Similar results were carried out by Davis (1992) for rough spheres. Two-particle relative trajectory are also
presented by Couto, Abade & Cunha (2004) for the case when the van der Waals forces are relevant.

For the cases in which the aggregation occurs, the quantity of interest is the rate of doublet formation. The pioneer
studies to estimate the rate of aggregation of a dispersion were developed by Smoluchowski (1917). In his model, the
particles are submitted only to a sticking force on contact, i.e. without any hydrodynamic interaction or interparticle force.
On the other hand, Zeichner & Schowalter (1977) included the effects of hydrodynamic interaction and interparticle force,
computing the rate of aggregation of a dispersion of equal spheres subject to simple shear and to uniaxial extensional flow.
Furthermore, Curtis & Hocking (1970) have performed a similar calculation for shear flows, and reported experimental
results showing the importance of van der Waals forces in particle-aggregation. For gravity-induced aggregation of rigid
spheres, Davis (1984) developed a theoretical model to investigate the influence of van der Waals and Maxwell slip
in the collision efficiency. Using a boundary integral formulation, the interaction and the collision of two deformable
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drops was computed by Loewenberg & Hinch (1997). At arbitrary Péclet numbers, using the full solution of the Fokker-
Planck equation for the pair distribution of particles function Zinchenko & Davis (1992) evaluated the coalescence of
drops induced by gravity. Moreover, Zinchenko & Davis (1994) and Cunha, Almeida & Lowenberg (2003) computed the
collision rates of spherical drops in a shear flow.

In this paper we develop a theoretical calculation of the relative trajectories of pairwise interacting magnetic particles in
a dilute sedimenting suspension with low particle Reynolds number. From the pairwise trajectories analysis the influence
of particle magnetization on the rate of particle aggregation and the break of relative trajectory symmetry imposed by
time-reversibility is examined for different conditions of the parameters that considers the relative importance between
interparticle forces and gravity. We investigate the influence of the attractive van der Waals force and the magnetic
interaction between two particle-dipoles as new sources of irreversibility for breaking symmetry after particle come into
contact in creeping flows.

2. Formulation of the problem

Consider twoArigid smooth magnetic particles of radius a; e a9, densities p; e po and magnetizations M ; = Mldl
and M, = Msd, immersed in a Newtonian fluid of density p and viscosity p. A uniform gravitational force per unit
mass g = —ges acts on the dispersion. Fig. (1) shows a scheme of the pairwise particle interaction.
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Figure 1. Schematic of the coordinate system used for the relative motion of two different-sized polarized particles.

The pairwise collision of particles are gravity-induced due to different particle radius and densities. The polydispersity
of the pair of particles is characterized by the radius ratio A and reduced densities ratio -, defined as follows

=% and L=P2"P (1)
a pL—p
The centres of the particles 1 and 2 are located in X e Y, respectively, where »r = X — Y = r# denotes the vector
joining the centres of the two particles. Furthermore, the dimensionless distance is denoted by s = 2r/(a; + a2). The
settling velocities of a isolated particle of species i corresponds to the Stokes velocities UZ(.O) = 2a?(p; — p)g/9u, being
Ugo) = 7/\2U§0). The relative velocity due to gravity are defined by U&OQ) = Ugo) - U&O), and its modulus U{;’) will be
used as a velocity scale of the mation.
We suppose that the particles are sufficiently small for inertial forces to be negligible in the particles and in the fluid.
Then the particle Reynolds number Re; = aiUi(O)p/u (¢ = 1, 2) is vanishingly small so that the Stokes equations are used
in the formulation, namely

V.ou=0 and V.o +pg=0. (2

Here, wu is the Eulerian velocity field and o the local Newtonian stress tensor, expressed by o = —pI + 2uE, where p
denotes the pressure and E is the rate of strain tensor, defined as E = (1/2)[(Vu) + (Vu)7T].

It should be important to note that, in this work, we restrict our attention to dispersions where the Péclet number is
large (negligible Brownian motion). This condition is represented by

la; +
Pelg = = a@ az Ul(g) >1 (3)

2 Dgg)

where DQ = (kT /6mpu)(1/a1 + 1/az) denotes the relative diffusivity due to Brownian motion.
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2.1 Creeping flow solution in terms of mobility functions

Since the Stokes equations are linear and quasi-steady, the velocity of each sphere depends only on the instantaneous
relative location of the two spheres, and is linear with respect to the applied forces, F'; and F'5. Both spheres are torque
free. Thus, the translational velocities U e U5 are determined by the following mobility relations (Kim & Karrila, 1991):

U b1 b2 Fy 1 T rr
= and b, :714@_ B, I-— ) 4
{Uz} {521 bzz][Fz] 77 3rulae + ag) st ﬁ( TQ)} @
where the square matrix is the global mobility, that contains the second order tensors b,g (o, 5 = 1,2) and I denotes
the unity second order tensor. The two-sphere mobility functions A,z(s, A) and B,g(s, A) depend only on X and the
dimensionless s. These functions are given in Appendix A. Numerical values of the mobility functions for arbritrary
A and s have been made available by Jeffrey & Onishi (1984) and Kim & Karrila (1991) to the near field and far field
of particle configurations. It can be shown from the reciprocal theorem that these functions are unchanged when \ are
replaced by the reciprocal A~! (Happel & Brenner,1967). Acting on the particles are the F'; force that includes the net
weight, the attractive van der Waals force and the magnetic interaction force. Therefore, F'; is expressed in the following
form
4
Fi=2mai(pi = p)g + (20 = 3)(Voa + Vou), =12, )
where ¢ 4 and ¢y, are the interparticle potentials of the van der Waals and magnetic forces, respectively.

2.2 Interparticle forces
2.2.1 van der Waals interaction

The van der Waals force between two particles was first calculated by Hamaker (1937). However, the Hamaker calcu-
lation neglected electromagnetic retardation and hence it is valid only for separations less than the London wavelength Ay,
that is typically 0.1um for hydrosol dispersions. This retardation effect was considered by Schenkel & Kitchener (1960)
that proposed the following approximations:

A A when h <
- — 7
126(1+ 11.2R/Ag) (14 A)?’ e T

ba = (6)
103A{ 6.5 0.305 0.0057} 4\ h
_ when — >

— + ,
& Lh/Ae (h/Xe)?  (R/A)? ) (1+A)? Ae
where A is the composite Hamaker constant and & is the gap between the particles. The dimensionless gap is expressed
by &, so that ¢ = s — 2. In Eq. (6) the term K/, can be expressed in an appropriated form showed below

h 2h aq +ag aq +ag
A = A 7
by, (aa + ag) ( 2y ) ¢ ( 2y ) ( )

According to Eq. (6) the influence of electromagnetic retardation on the short-range potential interaction associated to
van der Waals force is considered in our two-particle trajectories simulation. Thus, we define a retardation coefficient
€r = a, /)¢ Obtaining the following expression

h (14 X)
)\—Z*S 9 €R- 8

For hydrosol dispersions the typical radii of a particle is a,, ~ 1um and hence eg = an/ ¢ ~ 10.

2.2.2 Magnetic interaction

For the magnetic interaction between two dipoles, the far-field expression given in Rosensweig (1985) is used, namely

_ po(M1 V1) (M2 Va)
Sur = :
47r
where 77 = »/r is the unit vector along the line of centres of the particles, V; and V5 are the particle volumes and p is the
magnetic permeability of the free space and has the value g = 47 x 10~7H - m~". For the non-dimensionalizing Egs.
(6) and (9), we chosen A and 1.0 M?2V; as a measure of the strength of the van der Waals and magnetic forces, respectively.
Then, Eqg. (9) can be rewritten in a dimensionless form as being

[di - da — 3(d1 - 7)(dy - 7)] - ©

3
v = % <12+—/\)\> [‘il ~dy —3(dy - 8)(d2 - 3) |, (190

where M7, = Ms/M; is the magnetization intensity ratio and the dimensionless distance vector are defined as § = s/s.
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2.3 Relative trajectory governing equation

Since inertia forces are neglected in the present analysis, the equation of the motion of the two spheres consists in the
balance between the hydrodynamic force on each particle and the applied force F';. Thus, the vector s time evolution, in
a dimensionless form, is governed by the following differential equation

—_— = U12 = U2 — Ul. (11)

By substituting (5) into (4), one obtains an expression for the relative velocity U 5 that, in terms of dimensionless quan-
tities, is given by

Upb=g- [z—jL(s) n (I - ‘Z—j) M(s)} . (% n v;;) : [‘Z—jG(s) + (I . E) H(s)} (12)

where L(s), M(s), G(s) and H (s) are scalar functions of s given by

AL+ A 4A A2
Gls) = 1+ N 1+ N2’ (13)

_ ’}/AQAQQ — All 2(1 — ’}/)\B)Alg

L(s) A2 1 (N2 — 1)1+ A)

_ 7)\2322 — BH 2(1 — 7)\3)312
A2 —1 (A2 = 1)(1+N)’

\B B 4)\B
H(s) = 11 + Da2 B 12 (14)

M(s) (I+X) (1+M)2°

Similarly, the functions L(s), M (s), G(s) and H (s) are unchanged when X and ~ are substituted by their reciprocals A !
and v~'. The two terms on right-hand side of (12) represent the contributions of gravity and interparticle forces to the
particle relative motion, respectively. Their relative importance may be measured by the following physical parameters,
HA and HM

(15)

Using Eq. (15) with Dgg) definition we can obtain that H4 = (67ma1a2U1(3))/A. This parameter can be interpreted
as a relation between two energy scales; one associated with the work done by the viscous forces and other with the
potential energy of the attractive van der Waals force represented by the Hamaker constant A. Similarly, the parameter
Hy = (67rua1a2U1(g))/qu12V1 can be seen as a measure of the relative importance between the work done by the
viscous forces and the magnetic potential associated to the dipole-dipole interaction.

3. Numerical results

The governing equations for the relative trajectories of two interacting particles were integrated by using a fourth-order
Runge-Kutta scheme. The asymptotic forms of the mobility functions for widely separated spheres given by Jeffrey &
Onishi (1984) were used for s > 2.3. Otherwise, the near field mobilities giving by the same authors were used. Several
time scales are involved in this computations and so particle overlapping needed to be avoided. We then use an adaptative
time-step which takes into account the relative distance of the particles. To make a prediction for the smaller time-steps
it is considered the balance between lubrication and the interparticle forces for the particles at closing contact. According
to Cunha (2003) and Kim & Karrila (1991), the typical scales for the lubrication and the van der Waals forces are given
by 6rua®U,/h and Aa/h?, respectively. Here, Uy is a velocity scale associated with the lubrication and @ = (a1 + a2)/2
a typical length scale of the relative motion. Similarly, we consider that p.o M2V a/h? is a typical scale for the magnetic
interaction force. Therefore, we obtain the following balances at near particle-contact region.

6rua’l,  Aa and 6rpatl,  poM?Va
h h? h hz

(16)

Considering t, ~ a/U, a time scale associated with the lubrication and non-dimensionalizing this time using the typical
settling time scale ¢4 ~ a/U{;” we obtain the typical time-step used in our simulations

I _
5t = 1—0m1n{10 2 &Ha, EHy) . (17)

Using this scheme, the errors in the numerical integration were less than 103,
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3.1 Typical relative trajectories

The particle migration explored here is governed by six dimensionless parameters. Thus, we have examined of each
one on the particle relative trajectory. The gravity direction are indicated in all the figures by the g vector. The circle
plotted with the relative trajectories represents the collision surface, whose radius is the sum of the particles radii, given
by a1 + as. Figs. (2) and (3) show the relative trajectories of particles under action of gravity in the presence of attractive
van der Waals forces, for H; > 1. Fig. (2.a) presents the results of trajectories for different initial conditions z; . We
identify a critical value for =7 °°, so that for values of = > below than the critical distance =7 *° < z, the trajectories
always results in aggregation. Otherwise, for 1 °° > z the trajectories are opened only. For A = 0.5, v = 1.0 and
H 4 = 0.01, shown in Fig. (2.a), the critical value obtained was x* = 1.37. For smaller values of 27 > < z the point of
collision occurs in smaller angle on particle surface, implying in shorter closed trajectories before collision (i.e. shorter
times for collision).

X 4

3 L

Figure 2. The influence of the physical parameters on the relative trajectories of the particles. (a) Effect of the initial
condition ;> for A = 0.5, v = 1.0 and H4 = 0.01; (b) Different values of the van der Waals parameter H 4 for
7 =08 A=0.5andy = 1.0.

In addition, the effect of the parameter H 4 on the particle trajectories is shown in Fig. (2.b). For z7°° = 0.8, A = 0.5
e~y = 1.0, when H4 = 0.01 or 0.1 the collision between the particles occurs, because the van der Waals force dominates
the gravity action and the viscous interactions due to lubrication. On other hand, for z7°° = 0.8, A = 0.5ey = 1.0
H,4 = 10.0 the particle pass through the other following a reversible trajectory. Between these two limits for H 4, an
important phenomena is also identified; the break of the particle relative trajectory time-reversibility, that represents a
lateral particle displacement without formation of doublets of particles.

In order to evaluate the polydispersity effect on the net transversal displacement we need to consider the radius ratio A
and the reduced densities ratio ~. Fig. (3.a) shows that for increasing )\ the probability for an eventual collision to occurs
decreases. For A = 0.5and z; *° = 1.5, v = 1.0, H4 = 0.01 the relative trajectory are irreversible, resulting in collision.
However, for A\ = 0.25 or 0.125, the particle pass through the other producing irreversible two-particle trajectories, but, in
this case, these trajectories are opened. From the Fig. (3.b), we see that when ~ increases, the relative velocities increases,
dominating the attractive forces. For z7°° = 1.2, A = 0.5, H4 = 0.01, the trajectories plotted for v < 1.5 are all
aggregative. However, for v = 1.9 the two-particle trajectory are irreversible and opened. In particular, for v = 2.0 the
effect of van der Waals is negligible, resulting in a reversible opened relative trajectory.

Now, we show some results of relative particle trajectories for the case in which pairwise magnetic interaction is
present in the suspension. The van der Waals forces are negligible, i.e., H4 > 1. For characterization of the magnetic
aggregation three additional physical parameters are considered. Fig. (4.a) depicts the influence of the magnetization
intensity ratio M7, on the relative particle trajectories. From these plot we can see that an increasing in the magnetization
rate M, of the particles may lead to a rapid coagulation. The Fig. (4.a) shows that for A = 0.5, v = 1.0, ] >° = 2.5,
dy = dy = (1,0,0), Hy; = 0.01and M, = 1.0 and 0.75 the relative particle trajectories collide whereas for My, = 0.5
the trajectory even not being aggregative is strong irreversible as can be seen by the no null net transversal displacement.
This trajectory configuration is an indicative that a magnetic-induced diffusion arises in the flow suspension of magnetic
particles even at dilute regimes in which pairwise interactions dominates. The value of M2 = 0.25 however produces
only a slightly irreversible trajectory.
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Figure 3. Influence of the physical parameters in two-particle relative trajectory. (a) Variations with the radius ratio A
for z;7° = 1.5,y = 1.0e Hy = 0.01; (b) Variations with the reduced densities ratio v para z;*° = 1.2, A = 0.5,
H4 = 0.01.

Figure (4.b) shows the results of the influence of the potential magnetic interaction parameter, Hj;. For A = 0.5,
v = 1.0, 27> = 2.0, M2 = 1.0, dy = dy = (1,0,0). For the lower value Hy; = 0.01 we note that aggregative
closed trajectories occurs. In contrast, for Hy; = 0.1 and 1.0 the relative trajectories are irreversible. This suggests
that two magnetic particle encounters can lead to a gravity-induced diffusion produced by the magnetization effect of
the particles. Only for high values of the magnetic parameter H; = 10.0 the relative trajectory are foun to be fully
reversible. Comparing these results with those shown in the Fig. (2.b), we can argue that the gravity-induced diffusion
arising from magnetic interaction produces net transversal displacement at two order of magnitude greater than the ones
arising from the the van der Waals attraction under the same physical conditions. This indicates that the relative particle
trajectories tends to be more diffusive rather than aggregative in a suspension of magnetic particles undergoing a settling
motion. Otherwise, we can conclude that the two-particle trajectories tends to be more aggregative when these particles
are attracted by the van der Waals forces.
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Figure 4. Relative trajectories of pairwise interacting magnetic particles. Influence of the physical magnetic parameters

in the net transversal displacement. (a) Magnetization intensity ratio M;s for A = 0.5, v = 1.0, 27> = 2.5, d; =

dy = (1,0,0) and Hjp; = 0.01; (b) The parameter of magnetic aggregation H,; para A = 0.5, v = 1.0, 27 *° = 2.0,
My =1.0,d; = dy = (1,0,0).

As exposed in the Eq. (9) the magnetic interaction force between two magnetic dipoles can be both attractive and
repulsive natures, depending on the magnetization directions d; e d,. Thus, some simulation results showing the effect
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of the magnetization orientation on the two-particle encounters is presented in Fig. (5), for different configurations.

X

(d)

%
Figure 5. Effect of the magnetization orientation on the two-particle trajectories for Hy, = 0.01, A = 0.5, v = 1.0,
x1°° = 2.0 and M;2 = 0.5. Particles oriented in the same directions (a) di = d2 = (1,1,0); (b) d1 = d2 = (0,1,0);
(c) dy = dy = (1,0,0). Particles oriented in opposed directions (d) d; = —d> = (1,1,0); () di = —ds = (0,1,0);
and (f) d; = —d, = (1,0,0).

We see that for Hy; = 0.01, A = 0.5,y = 1.0, 27 *° = 2.0 and M35 = 0.5 and dy = —dy = (1,1, 0) corresponding
to the condition of the opened trajectory (d) the net transversal displacement is approximately two orders of magnitude
greater than the values obtained with configurations (e) and (f). This finding indicates that particle dipoles oriented in
opposed direction such described in (d) produces several diffusive opened trajectories, and it would be the most important
situation for producing mixing in the suspension. On the other hand the case (a), corresponding to particle dipoles oriented
in the same direction with d; = d, = (1,1,0), produces particle encounter after a time shorter than corresponding times
for collision observed from the closed trajectories shown for the cases (b) and (c). The plots of Fig. (5) show that the
potential forces generated by interacting magnetic particles in a suspension may have an important role for controlling
irreversible particle flocculation in order to guarantee the processing of stable suspension

4. Collision efficiencies

The collision rate Jy2 is the flux of pairs into the collision surface a; + a2 and is expressed by Davis (1984) and
Zinchenko & Davis (1992) as

J12 = 7711712/ p(r) U12 ‘ndA (18)
r=ai+a2

where n; is the density number of the particle ¢ and p(r) is the pair-distribution function, that satisfies, in the dilute limit,
the quasi-steady Fokker-Planck type equation V - (p(r)U12) = 0. In the inner boundary condition, we shall assume that
the colliding spheres aggregate upon contact (no subsequent separation occurs) and the absence of far-field correlations
yields the outer boundary condition. Mathematically, these conditions are expressed as follows

p(r) =0 for r=a;+as and p(r) =1 for T — 00 (19)

The integral in Eq. (18) is taken over the surface which encloses the volume occupied by all the trajectories that
originate at » = oo and terminate with the particles coming into contact. The cross section of this volume at » = co is a

circle with radius =}, and, since, p =l and U2 = Ugg) at r = oo, the rate of doublet formation is then
Ji2 = ning Uy m(ay + a2)? E, (20)

where E. = z /(a1 + a3)? is the collision efficiency. E. = 1.0, corresponds to the ideal model proposed by Smolu-
chowski (1917) where the particles are assumed to move without hydrodynamic and interparticle interaction.

The problem here is reduced to the one of computing the parameter = which is the largest horizontal displacement
from the vertical axis of symmetry (g is in the vertical direction) possible for two widely separated particles eventually
collide. In Fig. (6) shows evaluated the effect of polydispersity on the collision efficiency for non-magnetic particles, i.e.
Hyr > 1. We see that, for larger values of ~, the collision efficiency are reduced significantly. This effect is clearly seen
in the (c) curve, that for A\ = 0.5, v = 2.0 and H 4 = 100 the collision efficiency is E. =2 10~

The appreciable difference between the values of E.. for different A was first observed by Adler (1981) for aggregation
in shear flows and by Davis (1984) in sedimenting suspensions. In the plot of Fig. (6) the collision efficiency for A = 0.5,
v = 1.0 and H4 = 100 is about three times greater than the corresponding value of E. for A = 0.25, v = 1.0 and
H,4 = 100.
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Figure 6. The collision efficiency as a function of the parameter H 4 for the cases: () A = 0.5e~v =1.0;(b) A =0.5¢
v=15;()A=0.5ey=2.0;e(d) A =0.25e v = 1.0. The insert shows the curve (c), not detailed in the main plot.

In a suspension, when the repulsive force dominates, the particles remain dispersed, and the dispersion is said to
be stable; when the attractive forces dominate, the dispersion is unstable and the particles flocculate (Davis, 1984). As
observed previously, the magnetic interaction force can be used as a repulsive force in order to promote the stabilization
of the suspension, avoiding the doublet formation. According to the Fig. (7), this effect may be significant. We note
that the collision efficiency can be reduced, for the limit H4 = 100, in 80% for the case (c), where A = 0.5, v = 1.0,
dl = d} =(1,0,0), Hy; = 0.1 and M;2 = 1.0, when compared with the case (a) under the same conditions but in the
absence particle magnetization. This finding may be of interest in processes of magnetic separation, when non-magnetic
particles are captured using magnetic carries (Stratulat et al., 2000), or in environmental processes that use the magnetic

particles to remediation of oil spills (Sobral & Cunha, 2005).

Control of aggregation
using magnetic particles

0OLL -

0.01 0.1 1
Ha

Figure 7. Analysis of the influence of magnetic particles in the dispersion on the collision efficiency for A = 0.5, v = 1.0,
dy = ds = (1,0,0): (@) Hy > 1 (non-magnetic particles); (b) Hy; = 1.0 and M7, = 1.0; and (c) Hy, = 0.1 and

M5 = 1.0.
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5. Reversibility diagrams

In practice a number of effects are able to break the symmetry of the relative particle trajectories imposed by the
time reversibility of creeping flow; small amount of particle roughness (Cunha & Hinch, 1996; Davis, 1992), particle
deformation (Loewenberg & Hinch, 1997), particle inertia (Davis, 1984) and the presence of interparticle forces. In this
work we have explored the possibility of other physical forces acting between the particles; the short range van der Waals
attractive force and the force arising from interacting particles carrying a magnetic moment.

In this section, we are interested in the net displacement across streamlines caused by a collision. To represent the
net streamline displacements, we plot in Fig. (8) the final absolute coordinates (X, >°, X, *°) of the incident sphere
with initial positions (X; °°, X3 °°) on a regular grid in [0, 3] x [0, 3]. In this case, the particles are non-magnetic, i.e.
Hy; > 1. InFig. (9) we present similar result, however, in this case, the regular grid is [0, 3.5] x [0, 3.5] and only the
magnetic interaction effect is computed, then H 4 > 1.
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Figure 8. Reversibility diagrams for A = 0.5, v = 1.0 and Hj; > 1. The grid points shows the distributions of final
streamlines (X,™°°, X, ) for the incident sphere which started with (X, *°, X5 °°). The dotted line represents the
frontier between the reversible and irreversible trajectories. The different panels correspond to different values of H 4: (a)
H4 =10.0;(b) H4 = 1.0;and (c) Ha = 0.1.

The dotted lines in the Figs. (8) e (9) show the limit between reversible and irreversible trajectories. This bound-
ary is defined as the all limit positions at which the difference between the transversal distances given by AX; =
|X;F>° — X;7°°| < 1073, with (i = 1,3). This constraint was imposed based on the numerical error obtained in the
simulations O(10~3). The depleted regions shown in these plots represent those trajectories that result in irreversible
closed trajectories and doublet of spheres.

The heterogeneous points in the grid shown in the plots of Fig. (8) corresponds to the break of time-reversibility of
the flow. We see that, when the gap between the particles decreases, the grid points are attracted for the plane origin
(X1, X5 °°) = (0,0) due to the attractive van der Waals force. Furthermore, lower values of the parameter H 4, leads
to a higher density of closed trajectories and a greater probability of doublet formation. Besides, Fig. (8) also reveals that
even for H 4 = 10.0, the particles are still submitted to cross-flow migration as a consequence of the slow decayment of
the van der Waals potential, i.e. O(s™2).

It is seen, in Fig. (9), that magnetic force resulting from particle interaction produces a more effective break of
trajectory symmetry imposed by time-reversibility than the van der Waals attractive force. This is possible because
the magnitude of the magnetic force o M32V; is at least one order of magnitude greater than van der Waals potential
energy A even with th e magnetic potential interaction ¢,, having a more rapid decaiment O(s~?) if compared with the
van der Waals potential. In particular, the results indicate that the lateral migration produced by the magnetic force is
strongly dependent on the parameter H ;. The particle returns in a reversible way when the flow change its direction if
hydrodynamic interactions are the only kind of interaction present in the suspension.

The diffusivity is half the rate of change in time of the variance of the displacement of the random walk. In this
work, the random walk is across the streamlines and is due to collision with other particles under the gravity action.
According to the theory of Cunha & Hinch (1996), we argue that the characteristic diffusivity of this mechanism is
givenby D ~ ¢ U1z @ f(Ha), where @ = (a1 + a2)/2. The function f(H 4) is obtained from an analysis of the all
possible configurations of the particles for certain H 4 that produce irreversible opened trajectories. In the same way, for
suspensions composed of magnetic particles we propose that the dispersion coefficients of the magnetic-induced diffusion
phenomenon identified here should be evaluating as being D ~ ¢ U 12 @ f(H ). These diffusivity calculations certainly
will be the subject of a future publication.
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Figure 9. Reversibility diagrams for A = 0.5, v = 1.0 and H4 > 1. The grid points shows the distributions of final
streamlines (X;°°, X3 ) for the incident sphere which started with (X; *°, X5 °°). The dotted line represents the
frontier between the reversible and irreversible trajectories. The different panels correspond to different values of Hy;:
(@) Har = 10.0; (b) Hyr = 1.0; and (¢) Hyr = 0.1.

6. Final remarks

In this article, we have developed theoretical studies on the irreversible collision of pairwise interacting particles
in dilute suspensions. The computations of the particle trajectories have shown the existence of opened and closed
trajectories associated with attractive van der Waals forces and magnetic force arising from the magnetization of the pair
of particles. The magnetic interaction can be used as an efficient way to avoid irreversible aggregates in a suspension,
promoting the suspension stabilisation. In particular, our studies has pointed out that magnetic interactions produces
irreversible opened trajectories in the suspension leading to a magnetic-gravity-induced diffusion. Our next research step
will compute the diffusivities in order to characterize these dispersion phenomena using the theory proposed by Cunha &
Hinch (1996), comparing with those obtained from other sources of irreversibilities.

Appendix A: Expressions for the mobility functions

In this appendix, we present the asymptotic forms for the mobility functions in conditions of nearly touching spheres
and widely separated spheres

A.1: Nearly touching spheres (s < 2.3)
Aap = d') +d0)e + de2 me + dHe? + 0(E2(ne)?), (21)
and

b Jap e+ e + 1
af (Iné&1)2 +eMIng—1 4 €@

+0(£(In¢)), (22)

where the geometric coefficients dS), fc(yg e e that depends only on X are presented by Jeffrey & Onishi (1984) and
Kim & Karrila (1991).
A.2: Widely separated spheres (s > 2.3)
o0 1 o0
A= f N1+ X)) "5 and Ay = —5 (14N D forrr (W) 4 X)L (23)
k=0 k=0
where
fo=1, fi==3, fa=0, fs=4+4)° fi=-060"% [f5=0, f5=480\"—128)°

fr=—2400\3, fg = —960X% 4+ 4224X° — 576X\,  fo = 192013 4+ 1920)°,

fro = —17920\5 4 96000\° + 30720\7 — 2304)°,  fi1 = —15360A% + 2319265 — 153607,
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and
oo 1 oo
Biy =Y fa(N(1+X) " s and By, = 51+ D forpr W)L+ )T gL (24)
k=0 k=0

where
fo=1, f1=3/2, fz3=2+2)% fo=—68\°, fg= —320)\+ 288)\° — 288)\7,
fro = —6720\% 4+ 345607 — 1152)\°,  f11 = 8960A% — 8848\° + 89607, fo= f1 = f5 = fr = fo =0.
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