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Abstract. The present work studies the MacCormack algorithm applied to the solution of the Euler equations in three-
dimensional space, solving aerospace problems. A finite volume formulation is used, as also a cell centered data
structure and structured spatial discretization of the flow equations. The scheme is second order accurate in space and
time. The time integration uses a predictor-corrector scheme with a forward spatial discretization in the predictor step
and a backward spatial discretization in the corrector step. An artificial dissipation operator based on the Azevedo
work is implemented to guarantee scheme numerical stability in the presence of shock waves and background
instabilities. A spatially variable time step is implemented to accelerate the convergence process to the steady state
solution. The physical problems of the supersonic flow along a ramp and of the “cold gas” hypersonic flow along a
diffuser are studied. In the ramp problem the shock wave is well detected and in the diffuser problem the shock
interference is well solved. A final analysis of the computational performance (cost, maximum CFL number and
iterations to convergence) is accomplished. The importance of this work is to describe numerical tools that can be used
to solve the steady state flowfield of physical problems of interest in the aeronautical and aerospace industry. In this
work, the MacCormack algorithm is presented and some results are presented that can be used as reference results to
the CFD community.
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1. Introduction

It is necessary to solve the Navier-Stokes equations in the three-dimensional space using turbulence models more
precise to obtain more realistic flow properties, inside a reasonable cost interval. Direct simulations or large eddy
simulation are still very expensive and require a high computational power which is still elevated to Brazil. Three-
dimensional studies start with inviscid simulations, aiming to check the solver to typical problems, and, posteriorly, are
intensified to the solution of the laminar Navier-Stokes equations and finally to the turbulent Navier-Stokes equations.

Pulliam and Steger (1980) performed studies with the Navier-Stokes equations, in its thin layer formulation, applied
to three-dimensional flows. An implicit finite difference scheme was used to simulations of unsteady flows in
configurations of arbitrary geometry through the use of a generalized coordinate system. An implicit approximated
factorization technique was employed aiming to obtain better stability conditions in the solution of the viscous flows.
The authors emphasized that the implemented scheme could be used to inviscid and viscous, unsteady and steady flows.

Long, Khan and Sharp (1991) developed a method to the solution of the Euler and the Navier-Stokes equations in
the three-dimensional space. The method was developed in a finite volume formulation and the spatial discretization
could be structured or unstructured to hexahedral or tetrahedral meshes, respectively. It was used a cell centered data
structure and the time integration was performed by a Runge-Kutta method of three, four or five stages. The scheme
could be symmetrical, with an artificial dissipation operator to guarantee numerical stability, or upwind. In the upwind
case, it was used the Roe (1981) scheme. Tests were accomplished with Delta and Lockheed/AFOSR wings.

As can be seen by these two references, three-dimensional algorithms are the objective of any CFD researcher due
to its more realistic description of the flowfield of physical problems of interest. As in the Long, Khan and Sharp (1991)
work, which used a Jameson and Mavriplis (1986) algorithm version to perform their simulations, the studies with CFD
in three-dimensions should start with an algorithm of simple numerical implementation. The Euler equations, as
explained above, should be initially considered to simulate flowfield of interest. So, the MacCormack (1969) algorithm
is a good choose to perform inviscid numerical experiments in the three-dimensional space due to its simplicity, good
solution quality and moderate cost.

In the present work, the MacCormack (1969) scheme is implemented, on the context of finite volumes and using a
structured spatial discretization, to solve the Euler equations in the three-dimensional space applied to the problems of
the supersonic flow along a ramp and of the “cold gas” hypersonic flow along a diffuser. The implemented scheme is
second order accurate in both space and time. It is necessary the introduction of a dissipation operator to guarantee the
scheme stability and the Azevedo (1992) model is implemented. The algorithm is accelerated to the steady state
solution using a spatially variable time step. The results have demonstrated that the MacCormack (1969) scheme
supplies satisfactory solutions, detecting the main flow characteristics, and its cost is comparable to two-dimensional
schemes.

Three-dimensional problems are the most realistic situation that can be expected to be simulated and also more
complex and the implementation of numerical tools to describe the flowfield of such problems is the objective of any
CFD researcher. So, the contribution of the present work is to describe the MacCormack (1969) algorithm in its three-



dimensional version, a popular algorithm in the CFD community due to its numerical simplicity, to solve aeronautical
and aerospace problems of interest, a ramp and a diffuser, and present some numerical results that can be used as
reference results by the CFD community.

2. Euler equations
The fluid movement is described by the Euler equations, which express the conservation of mass, of momentum

and of energy to an inviscid, heat non-conductor and compressible mean, in the absence of external forces. In the
integral and conservative forms, these equations can be represented by:
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where Q is written to a Cartesian system; V' is the cell volume; n,, n, and n. are components of the normal unity vector to
the flux face; S is the flux area; and E,, F, and G, are the components of the convective flux vector. The vectors O, E.,
F, and G, are represented by:
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where p is the fluid density; u, v and w the Cartesian components of the velocity vector in the x, y and z directions,
respectively; e is the total energy per unit volume; and p is the static pressure.

The Euler equations were nondimensionalized in relation to the freestream density, p., and the freestream speed of
sound, a., for the studied problems. Hence, the density is nondimensionalized in relation to p.,; the velocity components
u, v and w are nondimensionalized in relation to a.; and the pressure and the total energy are nondimensionalized in
relation to the product p.(a.,)’. The matrix system of Euler equations is closed with the state equation of a perfect gas

p=(y-1) e—0.5p(u2 +v7 4w’ )J, with ybeing the ratio of specific heats.
3. MacCormack (1969) algorithm

Using the Green theorem in Equation (1) and adopting a structured mesh notation to the fluid properties and of the
flow, it is possible to write that:
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with P = [E . F, G, ]’ , being the convective flux vector. A given computational cell in this notation is formed by the

following nodes: (i,j,k), (i+1,j.k), (i+1j+1k), (ij+1,k), (ijk+1), (i+1jk+1), (i+1j+1,k+1) and (ij+1,k+1). Details of
this representation are available in Maciel (2002) and in Maciel (2004). The calculation of the computational cell
volumes is based, in the more general case, on the determination of the volume of one deformed hexahedral in three-
dimensional space. This volume is determined by the sum of the volumes of the six tetrahedral which comprise the
given hexahedral. The division of the hexahedral in its six tetrahedral components, as well as the vertex nodes which
define each cell, can be found in details in Maciel (2002) and in Maciel (2004). In Maciel (2002) is also found details of
the calculation of a given tetrahedral volume.

The hexahedral flux area is calculated by the sum of the half areas defined by the norm of the external products

‘5xl; ‘ and ‘Exc? ‘, where a, I;, ¢ and d are vectors formed by the nodes which define a given flux surface, as

described in Maciel (2002) and in Maciel (2004). The physical quantity 0.5 q axb ‘+‘ ¢xd U determines the flux area
of each face, which is the area of a deformed rectangle. The normal unity vectors to each flux face are calculated
considering the external product Fxf/ |Fxf| where 7 and 7 are surface crossed vectors (they are the surface
diagonals). An additional test is necessary aiming to verify if the normal unity vector is inward or outward of the

hexahedral. This test is based on the scalar product l( Fxt)e f / |17 xt J, where f is the vector formed by two nodes: one

node refer to the flux face and the other node refer to the immediately opposite face. The positive signal indicates that
the vector is inward in the hexahedral. In this case, the vector should be changed by its opposite.
The explicit time march, using the explicit Euler method applied to Eq. (3), leads to the following expression:
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In the discretization of the surface integral, the Eq. (4) can be rewritten as:
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where, for example, 5,»‘ j—1/2 has the direction and the orientation of the 7, ;_;,,, and magnitude equals to the area
value S; ;_;,,; . The half indexes indicate fluxes calculated in the respective faces or cell surfaces. Discretizing space

and time together, following a Lax-Wendroff type method, dividing the resultant algorithm in two integration time steps
(one predictor and the other corrector) and adopting a forward spatial discretization to the predictor step and a backward
spatial discretization to the corrector step, it is possible to obtain the MacCormack (1969) algorithm, based on a finite
volume formulation, as follows bellow:
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An artificial dissipation operator of second and fourth differences (Maciel and Azevedo, 1998a) is subtracted from the
RHS flux terms in the corrector step aiming to provide numerical stability in the proximities of shock waves and
uncoupled solutions.

3.1. Artificial dissipation operator

The artificial dissipation operator implemented in the MacCormack (1969) code to simulate three-dimensional
flows follows the structure bellow:
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named biharmonic operator, is responsible by the background stability.
The following term VZQ;', k= [(Q i1k =G, k)+(Qi+1, k=9, j,k)+(Qi, ik~ 9, j,k)+ (QH, k=9, j,k)+(Qi, k19, j,k)+
(Q[,_/,k =0k )J is named Laplacian of Q;jy. In the operator d, v? O, ;« s extrapolated from its real neighbor every

time that it represents a special boundary cell, recognized in the literature as “ghost” cell. The ¢ terms are defined as
follows:
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represents a pressure sensor, responsible by the identification of regions of high gradients. The constants K and K
has typical values of 1/4 and 3/256, respectively. Every time that a neighbor represents a ghost cell, it is assumed that,
for example, v, ;_;, =V, ;; . The 4, coefficient was implemented as proposed by Azevedo (1992) and is defined as:

Ak =Vijk /Ati,j,k . (14)

4. Spatially variable time step

The idea of a spatially variable time step consists in keeping constant a CFL number in the calculation domain and

to guarantee time steps appropriated to each mesh region during the convergence process. The spatially variable time
step can be defined by:



CFL(4s), "

At = , 15

where CFL is the Courant number to method stability; (As)l., j« 1s a characteristic length of information transport; and
(|q| + a)ij ‘ is the maximum characteristic velocity of information transport, where a is the speed of sound. The

characteristic length of information transport, (As) can be determined by:
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where [y is the minimum side length which forms a computational cell and C,yy is the minimum distance of
baricenters among the computational cell and its neighbors. The maximum characteristic velocity of information

transport is defined by (|q|+a) .k,with g=Au’+v:+w? .
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5. Initial and boundary conditions
5.1. Initial condition

The initial condition adopted to the problems is the freestream flow in all calculation domain (Jameson and
Mavriplis, 1986). The vector of conserved variables is expressed as follows:
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where M., represents the freestream Mach number, & is the flow incidence angle downstream the configuration in study
and w is the angle in the configuration longitudinal plane.

5.2. Boundary conditions

The different types of implemented boundary conditions are described as follows.
a) Wall - The Euler case requires the flux tangency condition. On the context of finite volumes, this imposition is done
considering that the tangent velocity component to the wall of the ghost cell be equal to the tangent velocity component
to the wall of the neighbor real cell. At the same time, the normal velocity component to the wall of the ghost cell
should be equal to the negative of the normal velocity component to the wall of the neighbor real cell. Batina (1993)
suggests that these procedures lead to the following expressions to the velocity components #, v and w of the ghost
cells:
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where n,, n, and n, are normal unity vector components to the face pointing outward of the neighbor real volume.

The fluid pressure gradient in the direction normal to the wall is equal to zero for the inviscid case. The temperature
gradient is equal to zero along all wall, with this last situation according to the physical results, without impose,
however, the condition of adiabatic wall. With these two conditions, a zero order extrapolation is performed to the fluid
pressure and to the temperature. It is possible to conclude that the fluid density will also be obtained by zero order
extrapolation.

b) Far field - In the implementation of the boundary conditions in the mesh limit external region to physical problems
of external flow, it is necessary to identify four possible situations: entrance with subsonic flow, entrance with
supersonic flow, exit with subsonic flow and exit with supersonic flow. These situations are described bellow.

b.1)Entrance with subsonic flow — Considering the one-dimensional characteristic relation concept in the normal
direction of flow penetration, the entrance with subsonic flow presents four characteristic velocities of information
propagation which have direction and orientation point inward the calculation domain, which implies that the variables
associated with these waves can not be extrapolated (Maciel and Azevedo, 1997, Maciel and Azevedo, 1998b, Maciel,
2002, and Maciel, 2004). It is necessary to specify four conditions to these four information. Jameson and Mavriplis
(1986) indicate as appropriated quantities to be specified the freestream density and the freestream Cartesian velocity



components u, v and w. Just the last characteristics, “(g,-a)”, which transports information from inside to outside of the
calculation domain, can not be specified and will have to be determined by interior information of the calculation
domain. In this work, a zero order extrapolation to the pressure is performed, being the total energy defined by the state
equation of a perfect gas.

b.2) Entrance with supersonic flow - All variables are specified in the entrance boundary, adopting freestream values.
b.3) Exit with subsonic flow - Four characteristics which govern the Euler equations proceed from the internal region of
the calculation domain. So, the density and the Cartesian velocity components are extrapolated from the interior
domain. One condition should be specified to the boundary. In this case, the pressure is fixed in the calculation domain
exit, keeping its respective value of freestream flow.

b.4)Exit with supersonic flow - The five characteristics which govern the Euler equations proceed from the internal
region of the calculation domain. It is not possible to specify variable values at the exit. The zero order extrapolation is
applied to density, Cartesian velocity components and pressure.

¢) Entrance and exit — The entrance and exit boundaries are applied to both problems. Boundary conditions which
involve flow entrance in the calculation domain had the flow properties fixed with freestream values. Boundary
conditions which involve flow exit of the computational domain used simply the zero order extrapolation to the
determination of properties in this boundary. This procedure is correct because the entrance flow and the exit flow are
no minimal supersonic to both studied examples.

6. Results

Tests were accomplished in an ATHLON-2.6GHz and 64 Mbytes of RAM memory microcomputer. Converged
results occurred to 4 orders of reduction in the maximum residual value. The value used to y was 1.4. The configuration
downstream angle and the configuration longitudinal plane angle were set equal to 0.0°.

6.1. Ramp physical problem

The algebraic mesh used in this problem has 61 points in the £ direction, 60 points in the 7 direction and 10 points
in the g direction, which is equivalent to 31,860 real volumes and 36,600 nodes to the structured discretization of the
calculation domain. It was adopted a freestream Mach number of 5.0 as initial condition to this problem, ramp with 20°
of inclination.

The MacCormack (1969) scheme used in this simulation a CFL number of 0.5 and the convergence to steady state
solution occurred in 421 iterations. Figures 1, 2 and 3 show density, pressure and Mach number contours obtained by
this scheme. The Mach number contours present a pre-shock oscillation at the beginning of the ramp. The density and
pressure contours present good behavior, without oscillations.
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Figure 1 — Density field. Figure 2 — Pressure field.

Figure 4 show the negative pressure coefficient distribution along the ramp, at section k = kmax/2, where “kmax”
represents the maximum number of points in the z direction. The pressure peak reach its maximum value of Cp = 0.38.
The expansion fan formed at the ramp end is smooth, appearing a pressure oscillation at its end, which corresponds to
the value Cp = -0,05. There are some oscillations in the pressure landing which is typical of second order schemes that
can not smooth the pressure peaks originated from discontinuities. In second order TVD schemes, these pressure peaks
do not appear because they avoid the appearance of such oscillations in the solution using a modified function (Harten,
1983), for example. The computational cost of the MacCormack (1969) algorithm is 0.0000309s/per volume/per
iteration (this cost is the total time of the simulation divided by the number of volumes of the mesh and by the number
of iterations to obtain convergence).
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Figure 3. Mach number field. Figure 4. -Cp distribution.

6.2. Diffuser physical problem

The algebraic mesh has 21,600 real volumes and 25,010 nodes to the structured discretization of the calculation
domain. It is equivalent to a mesh of 61 points in the & direction, 41 points in the 7 direction and 10 points in the ¢
direction. The initial condition to the physical problem of the “cold gas” hypersonic flow along a diffuser with 20° of
inclination adopted a freestream Mach number of 10.0.

Figure 5. Density field. Figure 6. Pressure field.
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Figure 7. Mach number field. Figure 8. -Cp distribution.

Figures 5, 6 and 7 show the density, pressure and Mach number contours, respectively, obtained by the
MacCormack (1969) numerical scheme. Figure 7 show the pre-shock oscillation at the ramp beginning of the diffuser.
The density, pressure and Mach number contours present good symmetry and the shock interference between the upper
wall shock and the lower wall shock is well highlighted.

Figure 8 shows the —Cp distribution along the diffuser lower wall, to the section k = kmax/2. The peak of Cp at the
shock reaches a value of 0.33. The expansion fan in the proximity of the end ramp at the lower wall is smooth,



presenting a reduction in the value of Cp to approximately -0.01. Again, there are some oscillations in the pressure
landing which is typical of second order schemes as explained before. The CFL number used in this simulation by the
MacCormack (1969) scheme was 0.4 and the convergence occurred in 598 iterations.

7. Conclusions

This work presented the MacCormack (1969) algorithm implemented in its version to three-dimensions. The
algorithm is explicit, second order accurate in space and time and integrated in time in two steps: a predictor step, with
forward spatial discretization, and a corrector step, with backward spatial discretization. The Euler equations were
solved, using a finite volume formulation, with a cell centered data base, and a structured discretization of the flow
equations. The physical problems of the supersonic flow along a ramp and of the hypersonic flow along a diffuser were
solved. A spatially variable time step was implemented aiming to accelerate the convergence process to steady state
condition.

The obtained results were of good quality, occurring just some pre-shock oscillations in the Mach number contours.
The density and the pressure fields presented good behavior showing clearly well the shock in the ramp problem and
highlighting appropriately the shock interference in the diffuser problem. The -Cp distributions show clearly well the
shock and the expansion fan in both problems. Convergences were obtained in less than 600 iterations to both problems.
The computational cost of the present MacCormack (1969) algorithm is of 0.0000309s/per volume/per iteration.
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