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Abstract. In this work we present a model which overcomes the limits of the existing analytical ones in problems of the 
pollutant dispersion in atmosphere. The three-dimensional solution of the advection-diffusion equation is obtained 
applying the GILTT method (Generalized Integral Laplace Transform Technique) where the transformed problem is 
solved by the ADMM method (Advection Diffusion Multilayer Model). This is a promising result because this approach 
may be used for quantitative and qualitative estimations of pollutant distribution. 
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1. Introduction  
 

In the last years the dispersion of pollutants in the atmosphere has been study object and investigation in 
industrialized countries. The problems caused by the air pollution are complex and they affect natural processes, 
influencing in an outstanding way the ecological balance. For this reason, it is important to study and to understand the 
dispersion process of pollutant in the atmosphere to foresee the possible impact of the pollution on the several 
ecosystems. As a consequence, the computacional simulation becomes an important information source to describe the 
processes of pollutants dispersion in the Planetary Boundary Layer (PBL).  

Technical development and growth of scientific understanding has greatly accelerated in all types of empirical, 
analytical and numerical models to predict the concentration variations in a plume. For this purpose, the advection-
diffusion equation has been largely applied in operational atmospheric dispersion models. In principle, from this 
equation it is possible to obtain a theoretical model of dispersion from a source given appropriate boundary and initial 
conditions plus a knowledge of the mean wind velocity and concentration turbulent fluxes. 

In this work, we step forward presenting a solution for the three-dimensional advection-diffusion equation in order 
to simulate pollutant dispersion in atmosphere. To our knowledge, the novelty of this work, relies on the semi-analytical 
character of the solution, not available before in the literature. To accomplish this objective we solve three-dimensional 
advection-diffusion equation combining the well known ADMM and GILTT methods. To more details about these 
approaches see the works of: Vilhena et al. (1998), Moreira et al. (1999), Costa (2003), Wortmann (2003), Costa 
(2004), Buske (2004), Wortmann et al. (2005) and Moreira et al. (2005). 

To reach this goal, we outline the paper as follows: in section 2, we report the derivation of the solution for the 
three-dimensional advection-diffusion equation and finally in section 3 we present the conclusions. 
 
2. The solution methodology 
 

The advection diffusion equation of air pollution in the atmosphere is essentially a statement of conservation of the 
suspended material and it can be written: 
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where c denotes the average concentration, , v ,  are the Cartesian components of the wind and S is the source term. 
The terms 

u w
''cu , ''cv  and 'w  represent, respectively, the turbulent fluxes of contaminants in the  longitudinal, 

crosswind and vertical directions.  
'c

The concentration turbulent fluxes are assumed to be proportional to the mean concentration gradient which is 
known as Fick-theory: 
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This assumption, combined with the continuity equation, leads to the advection-diffusion equation. For a Cartesian 

coordinate system in which the z is the height, we rewritten the advection-diffusion equation like (Blackadar, 1997): 
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where , ,  are the Cartesian components of eddy diffusivity. In this work we are considering stationary 
conditions and v . Besides, its considered that the axis x is oriented in the direction of the mean wind. So, the 
Eq. (3) is rewritten as: 
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for 0 < z < zi ,  0 < y < L  and x > 0, subject to the boundary conditions: 
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and 

 
( ) )()(,0 yoyHz=Qz,yUc s −− δδ              at   x = 0                                                                                                      (4c) 

 
where Hs is the height source, zi is the height of the PBL and Q is the contaminant continuous emission rate. 

To solve the advection-diffusion equation for non-homogeneous turbulence we must take into account the 
dependence of the eddy diffusivity K and wind speed profile U on the height variable (variable z). Therefore, to solve 
this kind of problem by the Laplace Transform technique, we  perform a stepwise approximation of these coefficients 
(Vilhena, 1998, Moreira, 1999, Costa, 2003, Costa, 2004).  

To reach this goal we discretize the height zi of the PBL into N sub-intervals in such manner that inside each sub-
region, K(z) and U(z) assume respectively the following average values: 
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for  n = 1 : N. 

Now we are in position to solve the advection-diffusion equation by the GILTT and ADMM methods for each sub-
interval.  

Assuming that the non-homogeneous turbulence is modeled by an eddy diffusivity depending on the z-variable, we 
have to consider the stepwise approximation discussed above. Therefore, after this procedure the Eq. (4) has the form 
for every sub-interval : 1+<< nn zzz
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for n = 1,…,N-1, where  denotes the concentration at the nnc th sub-interval. To determine the 2N integration constants 
the additional (2N-2) conditions namely continuity of concentration and flux at interface are considered: 
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The formal application of  the GITT method (Cotta, 1993, Cotta and Mikhaylov, 1997) begins with the choice of the 

problema of associated eigenvalues (also known in the literature as the auxiliary problem) and their respective boundary 
conditions. Applying then the method in Eq. (7) we have that the auxiliary problem and the boundary conditions are: 
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The solution is ψi(y) = cos(λi y), where λi are the positive roots of the expression sen (λi L)=0. It is observed that the 

functions ψi(y) and λi,, known respectively as the eigenfunctions and eigenvalues associated with the problem of Sturm-
Liouville, satisfying the orthonormality condition:   
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where Nm is given by .                     2 dv ψ

v
m∫

Following the formalism of  the GITT method, the first step is to expand the variable c  into the following 
form:  
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Substituting Eq. (11) into Eq. (7) we obtain:  
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where '' is used to indicate the derivative of second order. 

The next step is to apply the operator dy
N
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 in the Eq. (12) and use the Eq. (9a) to observe that ψj”(y) = - λj
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ψj(y).  Recall that ψj = ψj(y). Then, 
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Using the property of  orthonormality given in Eq. (10) , Eq. (13) can be rewritten as 
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Dividing  the above equation by : 

nxK
 

0
,

,
,,

2

22

2

2

=
∂

∂
+−

∂

∂
−

∂

∂

z
z)(xc

K
K

z)(xc
K

K
x

z)(xc
K
U

x
z)(xc jn

nx

nz
jn

nx

jnyjn

nx

njn λ                                                                              (15) 

 
For the boundary condition of Eq. (4c), using the same arguments, we have that:  
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Then, performing the due substitutions and integrations, the boundary condition is: 
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In the traditional GITT (Cotta, 1993, Cotta and Mikhaylov, 1997) method the transformed problem, represented by 

the Eq. (17), is solved numerically. In the work of  Wortmann (2000) this problem was analitically solved  for the first 
time. Therefore, the GITT method with analitically solution of the transformed problem is called GILTT method 
(Wortmann, 2003, Buske, 2004, Wortmann et al., 2005, Moreira et al., 2005). So, following this idea, in this work the 
transformed problem is also solved applying the Laplace Transform technique: 
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 After the application of the Laplace transform procedure the Eq. (15) is:   
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Replacing Eq. (17) in Eq. (19) we have: 
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Now, taking in Eq. (21) 
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we have that 
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Dividing the Eq. (23) by An, the equation is rewriten as: 
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The general solution of the above equation can be writen in the following form: 
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where  is the particular solution and  is the homogeneous solution of the homogeneous equation associated. 
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So the solution of the homogeneous equation is given by: 
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The particular solution is: 
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Returning to Eq. (25) and adding Eq. (27) and Eq. (29): 
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The constants C1n and C2n are determined solving a linear system apllying the  (2N-2) interface conditions given in 

Eq. (8a) and Eq. (8b).  
In this moment its necessary to take the Laplace inversion of Eq. (30), so that: 
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this inversion is numericaly using the Gaussian Quadrature scheme.  

Applying Eq. (31) in Eq. (30) we finally found the solution of the transformed problem: 
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where wk and Pk are the Gaussian Quadrature parameters tabulated in the book of Stroud and Secrest (1966), Ni is the 
number of inversions, 
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Using the form of the inverse, 
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the final solution of the proposed problem is obtained. ψi(y) comes from the problem of Sturm-Liouville and c  
from the solution of the transformed problem:  
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This equation is then truncated in a suficiently large number os terms to obtain the final solution of the problem. 

Therefore the solution of problem (4) is expressed by equation (34). To this point it is relevant to underline that this 
solution is semi-analytical in the sense that the only approximations considered along its derivation are the stepwise 
approximation of the parameters, the numerical Laplace inversion of the transformed concentration and the series 
truncation in the inverse of the GITT (Eq. (33)). 
 
3. Conclusions 

 
Recalling the good computational performance of both GILTT and ADMM methods to simulate pollutant dispersion 

in atmosphere by solving the two-dimensional advection-diffusion equation, we are confident to point out that the 
proposed methodology, besides the novelty of the semi-analytical character of the solution, this approach is a promising 
technique to simulate contaminant dispersion in atmosphere for more realistic problems. We focus our future attention 
in the task of using this solution to solve the time-dependent problem and compare with results in the literature. 
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