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Abstract. In this paper an efficient numerical algorithm for isothermal and non-isothermal incompressible flows 
simulation is presented. In large scale computations, such as 3-D fluid-structure interaction problems, CPU time and 
memory savings are essential and then the numerical scheme must be chosen carefully. Moreover, some intrinsic 
characteristics of flows, such as the presence of turbulence and buoyancy effects for example, may reduce the number 
of options with respect to the scheme that may be used. It is observed that implicit schemes may be inappropriate for 
highly unsteady problems and they are usually very expensive methods in terms of memory costs. Semi-implicit 
schemes are very competitive when flows with low Reynolds numbers are analyzed. However, at higher Reynolds 
numbers efficiency of semi-implicit schemes is lost owing to turbulence effects (turbulence phenomenon must be 
simulated with small time steps). Explicit schemes request a minimum amount of memory when they are compared to 
other schemes. On the other hand, the time step is strongly restricted by the stability condition. Even so, they are yet 
the best choice when it is compared to implicit or semi-implicit schemes, mainly in real unsteady flows where turbulent 
regimes are observed. In the present model a Taylor-Galerkin scheme with an explicit-iterative solver for the 
momentum and energy balance equations is used, reducing considerably the processing time when it is compared to 
the two-step and the semi-implicit Taylor-Galerkin models. The pressure is solved explicitly with a continuity equation 
obtained invoking the pseudo-compressibility hypothesis. The turbulence is simulated using Large Eddy Simulation 
(LES) with the Smagorinsky’s sub-grid model. In the non isothermal problem buoyancy forces, obtained from the 
classical Boussinesq’s approximation, are considered. The Finite Element Method (MEF) is employed for the spatial 
discretization with the eight-node isoparametric hexahedral element and analytical expressions are obtained for the 
element matrices. Classical examples are presented to validate the numerical model. 
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1. Introduction 
 

In recent years the demand for computational codes to simulate engineering problems have grown considerably. 
This is owing to advances in numerical methods and computer technology. Moreover, experimental works have been 
gradually replaced by numerical algorithms that can reproduce the experimental conditions reliably (see, for example, 
Braun and Awruch, 2005). Nevertheless, such problems request a great computational effort in terms of CPU time and 
memory. Hence, drawbacks of each numerical scheme must be carefully evaluated in order to obtain an efficient code 
for the case which will be analyzed. 

The Taylor-Galerkin scheme in the context of the Finite Element Method (FEM) has been widely employed in fluid 
flow simulations by several authors (see, for example, Zienckiewicz and Taylor, 2000). It is also used in the present 
work and many numerical simulations performed at the Computational Applied Mechanics Center laboratory of the 
PPGEC/UFRGS. It is observed that recent advances concerning the FEM are related to reduced numerical integration of 
element matrices. In this technique the matrices are evaluated analytically and the full quadrature rule may be 
circumvented by the implementation of an hourglass control algorithm. 

Concerning the Taylor time discretization procedures, they can be basically classified in three different methods 
according to Yoon et al. (1998): fully implicit, semi-implicit and fully explicit. Fully implicit algorithms are appropriate 
in steady state problems and they are also recommended for problems with high nonlinearities and algorithms where the 
pressure variable is implicitly considered. However, they have an important limitation related to the memory storage, 
which is very high in large scale simulations. Semi-implicit schemes were created in order to use the main advantages 
of the fully implicit and fully explicit schemes. Meanwhile, it is observed that the semi-implicit model works well at 
moderate Reynolds numbers (Re) only. Braun and Awruch (2004) have recently studied this model. Although they 
obtained good results at high Reynolds numbers in a lid-driven cavity analysis, it was later verified that in open 
boundary flows, such as the flow over an immersed cylinder, the model presented severe stability restrictions even at 



intermediate Reynolds numbers. Fully explicit schemes are restricted by stability conditions in terms of the time step 
adopted. Nevertheless, the time step in turbulent flows is intrinsically restricted by physical reasons, so that the main 
drawback of this model becomes meaningless. 

The two-step Taylor-Galerkin model, presented by Kawahara and Hirano (1983), is a classical way to solve the 
governing equations of fluid flows explicitly (Braun, 2002). However, in the work presented by Braun and Awruch 
(2004), where a semi-implicit code was used, it was verified that the number of iterations to solve the momentum 
equation is greater than one only at early stages of the analysis, generally two or three iterations are necessary. 
Consequently, the two-step method is clearly less economic when it is compared to an iterative-explicit procedure to 
solve the momentum and energy equations. Hence, the authors suggest a small modification of the algorithm presented 
by Braun and Awruch (2004). In this new algorithm the pressure is solved in an explicit single step instead of an 
implicit procedure used in the former model. Besides, the components of the pressure gradient are also incorporated in 
the iterative process of the momentum equation. All the remaining characteristics of the model are maintained. The 
continuity equation is obtained invoking the pseudo-compressibility hypothesis. Large Eddy Simulation (LES) with the 
Smagorinsky’s sub-grid model is employed in the turbulence modeling. In the non isothermal problem, buoyancy 
forces, obtained from the classical Boussinesq’s approximation, are considered. Eight-node isoparametric hexahedral 
finite elements are used in the spatial discretization and analytical integration of the element matrices with hourglass 
control (Christon, 1997) is performed. 
 
2. The governing equations of the fluid flow 
 

The governing equations of a non-isothermal incompressible flow of a Newtonian fluid are given by the following 
expressions: 

Momentum equations: 
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where vi are the velocity components in the direction of the axis xi, p is the pressure, ρ is the specific mass, u is the 
internal specific energy, µ is the molecular dynamic viscosity, λ is the volumetric viscosity, c is the sound propagation 
speed, K is the thermal conductivity constant, Q is the source term and δij is the Kroenecker delta. Ω is the domain 
where the flow is analyzed. 

In order to solve the system of differential equations above, it is necessary to define initial conditions and boundary 
conditions given by: 
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where p
iU , pp and up are prescribed values of Ui, p and u in the parts ΓU, Γp and Γu of the total boundary, respectively. 

q  and ti are the boundary flux and the boundary load components in the direction of the axis xi, respectively, and nj are 
the cosine of the angles formed by the normal at a point on Γσ or Γq with respect to the coordinates system. 

In this work the thermal effects over the momentum equations are considered as buoyancy forces according to the 
Boussinesq’s approximation, given by: 
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where β is the volumetric expansion coefficient of the fluid, gi are the components of the gravity vector acting in the 
direction of the axis xi and cv is the specific heat coefficient at constant volume. ρ∞ and u∞ are the reference values of 
specific mass and internal specific energy, respectively. The energy conservation equation and the body force vector 
must be disregarded in isothermal problems. 

A turbulence closure model must be incorporated in the numerical code if turbulent flows are analyzed. In this work 
it is used the Large Eddy Simulation (LES) with the Smagorinsky’s sub-grid model (Smagorinsky, 1963). More details 
about LES models may be found in Murakamy (1997) and Petry (2003). In the present model an eddy viscosity (µt) 
must be added to the molecular viscosity µ in the viscous stress tensor. Moreover, a turbulent thermal conductivity is 
also added to the thermal conductivity in the energy equation. The eddy viscosity, proposed by Smagorinsky (1963), is 
given by: 
    ( ) ( ) ( )1 22 2

2t S S ij ijC S C S Sµ ρ ρ= ∆ = ∆                                                                                                                   (11) 

where ijS  is the strain rate tensor of the fluid, CS is the Smagorinsky’s coefficient ( 0.10 0.25SC≤ ≤ ) and ∆  is a 
characteristic dimension of the filter. When the Finite Element Method (FEM) is used, element sizes may be considered 
as filters, separating large and small turbulence scales, and in this case, ( )e∆  is given by: 

( )1 3( ) ( )e e∆ = Ω                                                                                                                                                    (12) 

where ( )eΩ  is the volume of the element (e). The overbars are related to the filtered variables. 
The turbulent thermal conductivity Kt may be obtained from the following expression: 
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t
tK

µ
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where Pr is the Prandtl number. 
 
3. The explicit-iterative Taylor-Galerkin scheme 
 

A modified version of the algorithm presented by Braun and Awruch (2004) is implemented in this work. The 
governing equations are expanded in Taylor series up to second order terms, according to Yoon et al. (1998), and the 
classical Galerkin technique is then applied with the FEM. Equal order shape functions are used for pressure and 
velocity components approximations at element level. Element matrices are evaluated analytically using one-point 
quadrature. Hourglass control, similar to that presented by Christon (1997), is implemented in order to avoid spurious 
modes. 

The following expressions are obtained after the time discretization: 
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where (fu)i = vi(ρu). Index n and I, are time step and iteration counters, respectively. 
The numerical algorithm used in this work may be summarized by the following steps: 



1. Compute { }1n
iU

∗+∆  with Eq. (14) using an explicit-iterative process. Observe that a pressure term (which 
was not considered in Braun and Awruch, 2004) is included here; 

2. Compute 1np +∆  with Eq. (16) using an one-step explicit process; 

3. Compute ( )1n
iU

∗∗+∆  with Eq. (15). Incremental pressure terms, omitted in Eq. (14), are included here; 

4. Compute ( ) ( )1 1 1n n n n
i i i iU U U U

∗ ∗∗+ + + = + ∆ + ∆  
; 

5. Compute ( ) 11 nn np p p ++ = + ∆ ; 

6. If a non-isothermal analysis is performed, compute ( ) 1nρu +∆  with Eq. (17) using an explicit-iterative 
process; 

7. Compute ( ) 11 nn nu u ρu ρ++ = + ∆ ; 
8. Return to the first step to initiate the process for a new time interval. 

Concerning the numerical algorithm presented above, it was verified that the processing time is significantly 
reduced when the pressure gradient term, corresponding to the time interval n, is set in Eq. (14) instead of including 
only increments of the pressure terms in Eq. (15) (Braun and Awruch (2004) omitted pressure terms in Eq. (14), using 
them only in Eq. (15)). Although the time step restrictions ( ( )t x c V∆ ≤ ∆ + ∞ , where ∆x = element characteristic 
dimension and V∞ is the characteristic velocity) become more rigorous when the pressure equation (Eq. 16) is solved 
explicitly, the processing time and memory requirements are obviously smaller when it is compared to a semi-implicit 
scheme. In addition, the iterative process to solve the momentum equation of the present model eliminates the need to 
solve the governing equation twice in each time step as it is performed in the two-step explicit Taylor-Galerkin 
algorithms (Kawahara and Hirano, 1983; Braun, 2002). 
 
4. Numerical examples 
 
4.1. Isothermal flows 
 
4.1.1 The 3-D lid-driven cavity 
 

The geometrical characteristics and the boundary conditions used in the cavity analysis are depicted in Fig. 1 - left. 
Three cases were considered with different Reynolds numbers ( Re = B 0ρ u µ ) and aspect ratios (B:H:L). Some 
important parameters related to the cases presented in this work are shown in Tab. 1. The fluid properties employed in 
the analysis are the following: ρ = 1.0 Kg/m3, u0 = 10 m/s, c = 100 m/s and λ = 0. Consequently, the dynamic viscosity 
is defined according to the Reynolds number as follows: µ = 10/Re. The Smagorinsky’s constant is Cs = 0.15 at Re = 
10000. 
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Figure 1. Geometry and boundary conditions; left: 3-D cavity flow and right: flow over a square cylinder 

 
Table 1. 3-D cavity flow: mesh and physical parameters 

 
Case Re Aspect Ratio (B:H:L) Grid Points (x,y,z) Time increment – ∆t [s] 

1 1000 1:1:1 (32,32,32) 1.4x10-4 
2 3200 1:1:1 (32,32,32) 1.4x10-4 
3 10000 1:1:0.25 (simmetry cond.) (64,64,16) 7.5x10-5 
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The velocity profiles on the mean plane of the cavity (z = 0.5 and z = 0.25) are presented in Fig. 2. The results are 

compared to the work of Tang et al. (1995) for Re = 103 and Prasad and Koseff (1989) for Re = 3.2x103 and Re = 104. 
The last reference is an experimental work. It is important to notice that the results referred to Re = 104 are time-
averaged values because fluctuations occurs due to turbulence effects. The pressure fields on the mean plane are 
presented in Fig. 3. 
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Figure 2. Velocity profiles on the mean plane of the cavity 

 

  
 

Figure 3. Pressure fields on the mean plane; left: Re = 1000, middle: Re = 3200 and right: 10000 
 
4.1.2 2-D flow over a rectangular cylinder 

 
The geometrical characteristics and the boundary conditions used in the case of a 2-D flow over a square cylinder 

are presented in Fig. 1 - right. The numerical analysis was performed at a Reynolds number ( Re = H 0ρ u µ ) equal to 
22000. The fluid properties used in this study are: ρ = 1.0 Kg/m3, u0 = 10 m/s, c = 100 m/s, µ = 4.5x10-4 and λ = 0. The 
Smagorinsky’s constant is Cs = 0.15. The time-step adopted is 4.0x10-5s for a mesh of 31125 elements and 63020 nodes. 

Time-averaged aerodynamic results obtained by the present model are compared to those of other authors and 
summarized in Tab. 2. The aerodynamic coefficients CD (drag – x direction) and CL (lift – y direction) are obtained from 
the evaluation of the expression (8) on the surface of the square cylinder. The force coefficients are normalized with 
respect to the fluid dynamic pressure at an undisturbed position and the cylinder dimension H. The Strouhal number (St) 
is defined as fH/u0 , where f is the vortex shedding frequency obtained from the time history of the lift coefficient. 

The normalized time-averaged streamwise velocity distribution along the wake centerline is shown in Fig. 4 - left 
and compared to other works. Finally, Fig. 4 - right shows the time-averaged pressure field and streamlines obtained by 
the present study. 
 
 
 



Table 2. Flow over a square cylinder: aerodynamic results 
 

Aerodynamic results Work 
CD (CL)rms St 

Present 2.19 1.75 0.142 
Lee (1998) – num. 2.15 1.6 0.134 

Lyn et al. (1995) – exp. 2.1 - 0.134 
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Figure 4. Flow over a square cylinder; left: streamwise velocity profile and right: pressure field and streamlines 

4.2. Non-isotheral flows 

4.2.1 The 3-D thermal-driven cavity 

The natural convection driven by buoyancy forces in a 3-D cubic cavity with unit dimensions is analyzed. No-slip 
and adiabatic boundary conditions are imposed on the cavity walls, except for the walls perpendicular to the x-axis 
where a unit temperature gradient is prescribed along the x direction (see Fig. 1 - left). Two different analyses are 
performed according to the Rayleigh number ( ( ) 3Ra ig T L Kρ β µ= ∆ , where L = characteristic dimension): Ra = 
1.0x104 and Ra = 1.0x106. The Prandtl number is kept equal to one in both simulations. The mesh used in the analyses 
contains 38x38x38 elements. The time step used in both examples is equal to 1.0x10-3 s. 

Results referred to temperature and velocity profiles on the mid plane (y = 0.5) of the cavity are presented in Fig. 5. 
An excellent agreement with Wong and Baker (2002) is observed. 
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Figure 5. Thermal-driven cavity flow; left: temperature profile, middle: v1 velocity profile and right: v3 velocity profile 

4.2.2 2-D flow over a heated/cooled circular cylinder 

Thermal effects over the vortex shedding phenomenon around a 2-D circular cylinder is analyzed. The geometrical 
domain and the boundary conditions are illustrated in Fig. 6. Five different situations are studied according to the 
Richardson number ( ( )Ri ig T D Vβ ∞= ∆ where V∞ is the characteristic velocity): Ri = - 1.0, Ri = - 0.5, Ri = 0.0, Ri = 
0.5 and Ri = 1.0. The Prandtl and Reynolds numbers are chosen to be equal to 0.71 and 100, respectively, in all 
simulations. The mesh is constituted by 6800 elements and 13980 nodes and the time step is equal to 1.0x10-4 s. 
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Figure 6. Non-isothermal flow over a 2-D circular cylinder: domain and boundary conditions 
 

Results related to temperature fields and streamlines for the five cases studied here are presented in Fig. 7. As it can 
be noticed, negative range of the Richardson number are characterized by a well-defined vortex street, which gets 
narrower as the Richardson number increases. Increasing the Richardson number from zero to one, the vortex street 
disappears and the flow becomes steady with two static vortices behind the cylinder, which get smaller as the 
Richardson number increases owing to the buoyancy forces that push downstream the separation points.  

 
                         Ri = - 1.0                         Ri = - 0.5                              Ri = 0 

                             
                                          Ri = 0.5                 Ri = 1.0 

Figure 7. Isothermal fields and streamlines according to the Richardson number 

Finally, results referred to the Strouhal number (St) are present in Tab. 3. They are compared to the numerical work 
by Hatanaka and Kawahara (1995). 

Table 3. Strouhal number according to the Richardson number 

Strouhal number (St) Work 
Ri = -1.0 Ri = -0.5 Ri = 0 Ri = 0.5 Ri = 1.0 

Present 0.110 0.154 0.181 - - 
Hatanaka & Kawahara (1995) 0.100 0.150 0.175 - - 

5. Conclusions 
 

An explicit-iterative algorithm to solve isothermal and non-isothermal incompressible flows was presented in this 
paper. As it was expected, the iterative procedures to solve the momentum and energy equations presented a single 
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iteration in most of the numerical process. The convergence rate was enhanced setting the pressure gradient term in the 
iterative process of the momentum equation (Eq. 14). The numerical model was able to simulate CFD (Computational 
Fluid Dynamics) classical examples. Turbulent flows were studied successfully, where the same characteristics related 
to the efficiency of the numerical solver were also observed. The thermal effects over the flow characteristic were 
correctly simulated and the aerodynamic parameters of the immersed bodies, such as force coefficients and Strouhal 
numbers, were obtained in agreement with other works. Hence, the model proved to be an efficient and accurate 
numerical algorithm to analyze large-scale problems. In future works it is expected to use the present model in 
applications to Computational Wind Engineering (CWE) problems. 
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