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Abstract. An H-adaptive hierarchical panels method is proposed for investigating the 2-D incompressible inviscid flow

around arbitrary bodies. The method is based on a combination of distribution of source and doublet applied over the

boundary and using Dirichlet boundary condition to form the final system of equations. Initially, the singularities

distributions are quadratic also for the discretization of curved boundaries. Then, the H  strategy, that increase collocation

points, is applied where the solution is not satisfactory. The hierarchical concept accumulates the computations of each

iteration, reducing substantially computation time. A local error estimator used is based on the residue equation of each

element. Finally, based on one example, it can be shown the applicability of the method.
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1.  Introduction

Using the numerical techniques applications, it's possible to solve Laplace equation, which governs potential flow

through panels method. The panels method consists on the solution of equations, which provides the velocity field around a

given geometry, using singles panels distributed on the boundary element. Those techniques allow the treatment more

realistic of the given geometry through boundary condition on the surface of the body. The results are more economic, from

the computational point of view, than others methods that solve the flow with elements distributed on the whole volume of

fluid.

On the other hand, the adaptive program represents an area of great interest for researchers. Those techniques can be

seen as a way for automates procedures, seeking to reduce errors. The user provides the adaptive program with the

minimum necessary information to define geometry, loads and boundary conditions. Then, the program tries to generate the

best mesh distribution that gives the most accurate solution within a certain tolerance. This procedure has the advantage of

reducing the processing time and the dimension of the equation system and resulting in a great computational economy. At

the same time, adaptive strategy helps the engineering in the problem analysis, avoiding occasional evaluation errors in the

mesh distribution.
1

This paper is concerned with the development of an adaptive hierarchical panels method formulation, which applies the

concepts of adaptive developed in other areas, specially the hierarchical concept (Pessolani 2002), on a panels method based

on the distribution of quadratic sources and wavelets on the boundary.

2. The panels method

The fundamental formulation to develop a solution for the equation, which determines the potential in any flow, it's

based on considering a physical body submerged in a potential flow. The possibility of the flow be an incompressible (∇ ⋅ V
= 0, where V is the vector velocity) and irrotational field it's justified by the fact that the thickness of the boundary layer is

very small. Therefore, the viscous effects don't influence in the calculation of the pressure and lifting coefficients on the

surface. So, the Laplace equation is given by Eq. (1):

                                                          



                                                                                                                        (1)

The solution domain in the Panels Method must be determined to obtain an equation at each point of the mesh. The

method uses analytic solutions of the Laplace's equations through a combination of elementary flows, that involves the

distribution of sources, doublets and vortex in the segment which define the surface of the body (or panels), shown in the

Fig. 1. With the influence of a uniform flow (or free current), it's possible to obtain the final solution.

Figure 1. Panels on the body surface

Using the Green identity, it's possible to achieve the Potential general solution. This solution is given by the sum of a

combined local distribution of doublets µ and sources σ, on each panel:

(2)

where "S" represents on the body surface, w the wake, r is the vector position and n the vector normal outside the panel.

The Dirichlet boundary condition gives that the internal potential of the physical body is constant:

(3)

Putting a point P(x,y,z) inside the body and using the Dirichlet's boundary condition, the internal potential (three-

dimensional) in terms of the singularity distribution on the surface is given by Eq. (4):

(4)

Similarly, if the singularity distribution were placed inside a two-dimensional body, the boundary condition proposed by

Dirichlet becomes:

(5)

To construct a numerical solution, the body must be divided into N panels and the integration is performed at each panel

such that:

(6)

For constant strength singularity elements on each panel, the influence of panel j at a point P is given by:

(7)
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When a doublet and source distribution on each panel, the influence of panel j at a point P is given by:

(8)

The Eq. (6) becomes

(9)

where µj it's the doublet to be calculated, and the source strength is given by:

σj = nj ⋅⋅ Q∞                                                                                                                                     (10)

Let be φi
*
 = φ∞. The equation becomes

(11)

The coefficients B and C can either be calculated using numerical or analytical integration. Katz e Plotkin (2002) deduce

the B and C analytically expressions:

(12)

(13)

where x1, x2 and z are given in terms of local coordinates (Fig.1).

Figure 2. Local coordinates of each panel x1, x2, z

The wake influence is given by the Kutta condition, located at the trailing edge of the body. This can be seen below on

the Figure 3:
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x1 x2

z

Panel Points



Figure 3. Constant-strength doublet panel elements near a body's trailing edge

Considering the Kutta's condition, the circulation at the trailing edge must be zero. The doublet in the panel of the wake

added with the difference between the doublets of the first and last panels must be zero. The equation that represents this is

given by:

µw + (µ1-µN) = 0                             (14)

The elements cii of doublet matrix must be equal at 0.5, because they represent the performance strength of the doublet

of the panel on itself. So, it's possible to reduce the order of the matrix C by relating the doublet in the wake panel with the

doublet in the first and last panels. This relation is given by:

aij = cij,     j ≠ 1,N         

ai1 = ci1 - ciw,   j=1                                            (15)

aiN = ciN + ciw,  j = N     

where N is the last element matrix. The matrix system finally become:

 (16).

Once the strength of the doublets µj is known, the potential outside the surface can be calculated. Through of the

boundary condition proposed by Dirichlet we arrive the following equation for the external potential, as shown in the start.

Φu = Φi - µ                                      (17)

The local external tangential velocity component above each collocation point can be calculated by differentiating the

velocity potential along the tangential direction, or be:

(18)

where l  is the line along the surface.

The pressure coefficient can be calculated by using the following Eq. (19):

(19)

3. The h-adaptive hierarchical formulation

There are three types of adaptive formulations: The P adaptive technique increases the degree of the interpolation

function in the critical areas, whereas H refines the mesh of elements, and HP is a combination of H and P techniques.
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When the process is adaptive, several discretizations are necessary until the correct solution is found. Using

conventional interpolation functions, like Lagrange’s functions, any element subdivision or any increase of the number of

collocations points requires that the system be reassembled with the calculation of all the coefficients in matrices “A” and

“b” on the Fig. 4. For this reason, the classical method is not convenient to be applied to the adaptive procedure. An

alternative approach uses hierarchical families of interpolation functions. Those functions are accumulative, that is, the

higher order functions are generated without modifying lower order contributions. In the re-discretization, the new system is

set up, increasing the previous system with the new collocation points

A
11

A
21

A
12

A
22

x
1

x
2

=

b
2

b
1

Figure 4. Resulting matrix

The H Adaptive hierarchical formulation consists in include intermediary collocation points in the element with

interpolations functions of the same order of the previous, that can be the conventional Langrangeans. For a quadratic

interpolation is defined a set of interpolations functions N2, that is:

(20)

where Dη is half the element to be refined in natural coordinates, k the number of requested divisions, η11 is the natural

coordinate of the nodes used in the linear interpolation and η21 is the natural node coordinate used in the quadratic

interpolation.

For each degree λ, 2λ-1 Bubbles functions are generated with the corresponding collocation points arranged

symmetrically, equally spaced along the element. For example, the second hierarchical level would include collocation

points according to the Fig 5.
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Figure 5. Second level of hierarchical discretization.

The approximate solution ϕ on the element is expressed in terms of the previous and the new values on the nodes:
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Generically, let be the iteration λ, Λ the number of hierarchical levels and Πλ the list of integers indicating which pair of

hierarchical functions Π are being applied in the mesh (for each level λ there are 2λ-1 pairs). In iteration λ, it is:
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Also, tλ,n is the natural coordinate mapped in the interval [aλ,n,bλ,n] and it is defined by:

( ) 1212)(, +−+ηλ=ηλ nnt                       (25)

       To accelerate the convergence rate it is quite convenient that the starting point of the adaptive scheme be a refinement

that takes into account the points of singularity of the problem.

4. Example

An analysis of an uniform flow around a cylinder of 1m of radius is performed to see the applicability of the method.

Figure 6. Uniform potential flux around a cylinder

The analytical tangential velocity and the coefficient of pression on a surface are (Anderson, 1994) is given by:

                                                                                                            (26)

(27)

where r and θ are given in polar coordinates and represent the position of the point.
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The pressure distribution is shown on Fig. 7.

Figure 7. Distribution of the pressure on a cylinder surface

Since the results are symmetrical about the x and y axis, only a quarter of a cylinder is shown. The result with H strategy

is shown on the Fig. 8 with the initial and final meshes while that the Fig. 9 shown the error

The initial mesh distribution for H technique was 8 collocation points distributed over the quarter of circle. The H

refinement has 3 iterations with 24 collocation points equally spaced.. It can be demonstrated that it depends on how the

initial mesh approximates the geometry of the boundary.

Figure 8. H discretization

Figure 9. Error Cp over the quarter cylinder surface
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5. Conclusions

An H adaptive panels method formulation was proposed for the solution of potential flow around arbitrary bodies in two

dimensions. This program can automates process, and also can be executed in personal computers of small capacity, since it

requests less memory and computational effort than the conventional analysis.

The example showed the applicability and the precision that can obtained with few elements. Although, the method has

to be tested for more airfoils and extended for 3D problems.
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