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Abstract. The purpose of this paper is to numerically simulate the aircraft wake during the landing and take off 
operations using a new mesh-free two-dimensional discrete vortex method associated to a method of distributed 
singularities, the Panel Method. A pair of (Lamb) free vortex cloud is used to represent the free vortices at the wing 
tips. Lamb vortices are also generated along the airport ground, whose strengths are determined to ensure that the no-
slip condition is satisfied. The impermeability condition is imposed through the application of a source panel method. 
In order to keep the computational effort within a manageable range, the micro scale manifestations of the turbulence 
are taken into account using a second-order velocity structure function model which is adapted to the Lagrangian 
scheme. Numerical results showing the free vortex clouds trajectory and their interaction with the ground vortex cloud 
are presented, showing new vortex structures that result from this interaction. 
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1. Introduction  

 
Due the increasing frequency of operations and the size of airplanes, the landing and take off operations are 

becoming critical in almost all congested airports. The airplane wake vortices have circulation levels that scale directly 
with the size and speed of the generating aircraft and persist as tightly wound rotating flows for significant distances 
(Zheng and Ash, 1996). The reduction of the elapsed time between landing and take off as well as almost simultaneous 
operations in parallel runaways are vital for the efficiency of the airport operations. Therefore, to avoid the flight of an 
aircraft in the wake of another one is the main concern in airport operation (Machol, 1993). To this observation one 
should mention Critchley and Foot (1991), “Accidents occur in subsequent operations, mainly in the 30 ~ 70 m range 
above ground level, when strong vorticity structures are interacting with the runaway ground”. 

Because of the inherent difficulty in making measurements in the wakes of aircraft, computer codes have been 
developed and applied for analysis of behavior and predict vortex interaction. The analysis of the aircraft wake, near the 
ground, is the main concern of this paper. 

The incompressible inviscid fluid flow model, set up in a plane perpendicular to the airport runaway, have been 
used in many previous works. According to this model, the trajectory of the two free vortices, initially located at the 
wing tips, separates as a result of the ground effect, but does not rebound (Lamb, 1932). Donaldson and Bilanin (1975) 
present a thoroughly literature survey up to 1975 and most of the results are based on the inviscid model. 

Other phenomena are, however, observed due to the combined effect of the ground and the lateral winds. Viscous 
fluid flow models enable the simulation of the boundary layer, which develops on the ground surface and affects 
substantially the vorticity dynamic. In addition to the vortices rebound one can observe the deformation of the main 
structures as well as the development of secondary structures (Dee and Nicholas, 1968; Barker and Crow, 1977; Liu and 
Srnsky 1990). 

Using the viscous model, Zheng and Ash (1996) present an analysis of the influence of the Reynolds number and 
the atmospheric effects on the wake development near the ground. A matched asymptotic expansion technique is used 
to initialize the vortex flow system, prior to the finite difference numerical simulations. The prediction of the vortex 
trajectories is in good agreement with the experimental results and the vorticity contours show clearly the secondary 
structures; the influence of the Reynolds number on the vortex rebound trajectories is presented. Doligalski et al. (1994) 
present an analysis of the interactions that occur between the primary vortical structures with the ground boundary 
layer; in their analysis the boundary layer equations are used which does not allow the flow simulation beyond the 
separation points. 

Ricci et al. (2003) used an entirely different approach to analyze the wake interactions with the ground. Initially a 
pair of discrete vortex is used to simulate the free vortices from the wing tips; the time evolution of the vortices is 
followed in a Lagrangian description (the Vortex Method, e.g. references Chorin, 1973; Sarpakaya, 1989; Sethian, 
1991; Lewis, 1999; Kamemoto, 2004) as they interact with the nascent vortices near the ground – the ground vortex 
cloud (Hirata et al., 2002). As the pair of vortices separates and rebound, due to the ground effect, one can observe the 
change in the primary vortical structure as well as secondary structures that appear in the flow, near the ground. A pair 



Proceedings of COBEM 2005 18th International Congress of Mechanical Engineering 
Copyright © 2005 by ABCM November 6-11, 2005, Ouro Preto, MG 

 
of single discrete vortices, as opposed to a pair of vortex clouds, was initially utilized inasmuch as it allows one to 
easily follow their trajectories. However, they are too restrictive with respect to the deformation of the vorticity 
structures as can also be seen in their work. A pair of vortex cloud is then used instead. The vortex method is used to 
simulate the macro scale phenomena and the smaller scale ones are taken into account through the use of a second order 
velocity function (Alcântara Pereira et al., 2002). Lamb vortices are generated along the ground plane to ensure that the 
no-slip condition is satisfied. Images clouds are provided in the lower half ground to ensure that the impermeability 
condition is satisfied. With the images clouds the computation becomes expensive. This is a major source of difficulties, 
and it can only be handled through the utilization of method of distributed singularities, the Panels Method. 

In the present paper, the Vortex Method with turbulence modeling (Alcântara Pereira et al., 2002) is employed to 
simulate the airplane wake. The impermeability condition is imposed through the application of a source panel method 
and the no-slip condition is satisfied using discrete Lamb vortices to simulate the vorticity generated in the ground plane 
surface. 
 
2. Mathematical formulation 
 

The problem to be considered is that of aircraft wake interactions with the ground during the landing and takes off 
operations. The free vortices, starting at the wing tips, are defined by )bU(W aρ±=Γ , where W is the aircraft weight, 
b is the wingspan and Ua is the approaching velocity. The main quantities of the model used to simulate the 
phenomenon are illustrated in Fig. 1. The domain of interest is defined by boundary S = S1∪ S2 ∪ S3 ∪S4; S1 being the 
airport runway, with roughness ε1, S2 and S3 being the runway side ground, with roughness ε2 and ε3 and S4 the far away 
boundary. 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 1. Schematic of wake vortex representation and associated coordinate system. 

 
As the Newtonian fluid flow is supposed to be incompressible the governing equations are (Alcântara Pereira et al., 

2002) 
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where the summation convention applies. The above governing was filtered ( '
iuiuiu += , '

iu  denotes the fluctuation 

field), ν is the molecular viscosity, νt is the eddy-viscosity of the fluid,  ρ is the fluid density, ijS is the deformation 
tensor of the filtered field and p is the pressure. 

The large structures are governed by Eq. (2) and the eddy-viscosity assumption (Boussinesq’s hypothesis) is used to 
model the sub-grid scale tensor jijiij uuuuT −=  (Smagorinsky, 1963). 
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0uu 2n == , impermeability on y = 0                                                                                                                        (3) 

 
0uu 1 ==τ , no-slip on y = 0                                                                                                                                     (4) 

 
V→u at S4.                                                                                                                                                              (5) 

 
In order to take into account the local activities of turbulence, Métais and Lesieur (1992) considered that the small 

scales may not be too far from isotropy and proposed to use the local kinetic-energy spectrum E(kc) at the cut-off wave 
number (kc) to define the eddy-viscosity νt. Using a relation proposed by Batchelor (1967), the local spectrum at kc is 
calculated with a local second-order velocity structure function 2F of the filtered field (Lesieur and Métais, 1996) 
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From the Kolmogorov spectrum the eddy-viscosity can be written as a function of 2F   
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where Ck =1.4 is the Kolmogorov constant.  

The great computational advantage of above formulation over Smagorinsky (1963) model is that in Eq. (6) the 
notion of velocity fluctuations (diferences of velocity) is used instead of the rate of deformation (derivatives). The 
velocities ( )rxu +  are calculated over the surface of a sphere of radius∆. In this paper this formulation is adapted for 2D 
problems and to take advantage of the Lagrangian scheme (Alcântara Pereira et al., 2002). Therefore, for each vortex of 
the cloud, one has 
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In Eq. (8), Nv is the number of discrete vortices of the cloud found in the region defined by distances 01 1.0r σ=  and 

02 0.2r σ= from the centre of the reference vortex. A correction ( ) 3/2
i/σo r is necessary due to the fact that the Nv 

vortices are not located at equal distance from the center of the reference vortex. 
In the numerical simulation, consider a point vortex of the cloud, which is located at point L. The value of the 

velocity structure function 2F which measures the turbulence manifestations is statistically sound only if the 
neighborhood of L is sufficiently populated with other point vortices. After some numerical experiments with the flow 
around a circular cylinder, it was assumed that this happens if Nv / A > 100, where Nv is the number of point vortices in 
the region, of area A , defined by two circumferences centered in L and with radius 01 1.0r σ=  and 02 0.2r σ= . 

The relations below will be of interest are respectively (Ricci et al., 2003) 
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It is also worth to observe that the turbulence is essentially a 3-D phenomenon and yet one is modeling it using a 2-

D approach; obviously it is then assumed 2-D turbulence. With this procedure one are still left with important 
turbulence aspects and the final results are also improved. The use of 2-D turbulence may explain some numerical 
results that depart from the experimental values. 

 
3. The discrete vortex method with turbulence model 
 

From Eq. (1) and Eq. (2) one can write the non-dimensional vorticity equation in two dimensions as 
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where ω is the only component of the vorticity vector and  

 



Proceedings of COBEM 2005 18th International Congress of Mechanical Engineering 
Copyright © 2005 by ABCM November 6-11, 2005, Ouro Preto, MG 

 

ν
ν

=ν∗ t
t .                                                                                                                                                                   (10) 

 
The vorticity equation carries information about the convection and the diffusion of vorticity. For the numerical 

simulation, the viscous splitting algorithm, first proposed by Chorin (1973), says that, in each time step, these process 
are governed by 
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Convection is governed by Eq. (11) and the velocity field is given by  
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Here, u  and v  are the x and y  components of the velocity vector u  and 1-i = . The first term in the right hand side 
is the contribution of the crosswind; the summation of M  integral terms comes from the sources panels distributed on 
the ground surface. The second summation is associated to the velocity induced by the cloud of N  free vortices; it 
represents the vortex-vortex interactions.  

The process of vorticity generation is carried out from Eq. (4), so as to satisfy the no-slip condition. According to 
the discussion above the panels method guaranties that the impermeability condition is satisfied in each straight-line 
element, or panel, at pivotal point. At each instant of the time M new vortices are created a small distance ε of the 
ground plane surfaces, whose strengths are determined from Eq. (4) applied at M points right below the newly created 
vortices, along the radial direction. This procedure yields an algebraic system of M equations and M unknowns (the 
strengths of the vortices).   

In order to remove the singularity in the second summation of Eq. (13) Lamb vortices are used, whose 
mathematical expression for the induced velocity of the kth vortex with strength k∆Γ in the circumferential direction 

kuθ is given by (Mustto et al., 1998) 
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where σo  is the radius of the vortex core, which is updated according to 
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Each vortex particle distributed in the flow field is followed during numerical simulation according to the Adams-

Bashforth second-order formula (Ferziger, 1981)  
 
( ) ( ) ( ) ( )[ ] ξ+∆∆−−+=∆+ ttt0.5ut1.5utzttz                                                                                                                         (16) 

 
in which z is the position of a vortex particle, t∆  is the time increment and ξ  is the diffusion displacement. 

It is important to observe that the viscous diffusion of vorticity, governed by Eq. (12), was taken care of by using 
the random walk method, a molecular (laminar) diffusion process (Lewis, 1999). In our approach the variation of the 
core radius is only performed locally where the flow is turbulent, that means an additional (turbulent) diffusion process. 

 
4. Discussion and results 
 

Aiming at assessing the method capability to predict the main quantitative features of the flow we chose one value 
of the Reynolds for all cases, that is, Re=75000. The airport runway with roughness ε1, see Fig. 1, was represented by 
M=120 straight-line source panels with constant density. In each time step, a new free vortex is generated at a distance 
ε=σo =0.001 on a straight-line, passing by the control point, normal to the panels; these new free vortices are added to 
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the vortex cloud. All runs were performed with 800 time steps of magnitude ∆t=0.05. The time increment was evaluated 
according to ∆t=2πk/M, 0<k≤1 (Mustto et a.l, 1998). 

According to Ricci et al. (2003), from the wing tips free vortices are emanating with intensity ± Γ; these vortices 
are represented either as a pair of isolated Lamb vortices or a pair of free vortex cloud (each with 100 discrete Lamb 
vortices). The vortex clouds are first generated using a random walk procedure, which start with all the vortices 
concentrated at a single point and ends when the outermost vortex reaches 0.1bo (Hirata et al., 2002). 

We first present the results for the trajectory of the pair of vortex cloud. In a previous paper Hirata et al. (2002) 
used two isolated vortices with intensity ±Γ to simulate the free vortices from wing tips; the trajectory of the isolated 
vortices is in good agreement with experimental results for short time simulations; however, for long time simulations 
they showed some divergence. In their paper the simulation with a pair of isolated vortices was repeated with broader 
ground strips at both side of the runway; the results did not show a measurable improvement from the previous one. 
Even with the inclusion of the turbulence modeling there were no significant improvements. However, when using 
vortex cloud as primary structures and taken into account the local activity of turbulence one could observe a significant 
improvement of their numerical results. 

A comparison of the computed trajectory in this paper using vortex cloud as primary structures – each cloud was 
composed by 100 free vortices with a total intensity equal to the two isolated vortices – and taken into account the local 
activity of turbulence to the experimental results of Liu and Srnsky (1990) and the numerical results of Ricci et al. 
(2003) are shown in Fig. 2. As one can see, the agreement between the two numerical results is very good; one can 
clearly observe that the computed trajectory of the primary vortex structure does try to follow the experimental results, 
even for long time simulation. 
 

 
Figure 2. Comparison at Reynolds number Re=75000 of measured and computed vortex trajectories. 

 
The sequence of pictures of Fig. 3 adds important information and shows details of the time evolution of the vortex 

structures. 
The pictures from Fig. 3(a) to Fig. 3(e) shows the vorticity distribution without turbulence modeling, whereas in 

pictures from Fig. 3(a*) to Fig. 3(e*) the results refer to the simulation with turbulence modeling. The primary 
structures follow, as they are released, the same trajectory as the ones predicted by previous results – which were 
obtained using the potential flow theory, other numerical simulations and the Vortex Method – starting a downward 
motion until close to the ground, when they split moving toward x→±∞, this is the prediction of the potential model; 
see Ricci et al. (2003).  

One observe in Fig. 3(b) and Fig. 3(b*) that the vorticity distribution behaviour is almost the same, both for the 
simulation with and without sub-grid turbulence modeling. However, when the pair of vortex cloud interacts with the 
ground, the turbulence model is more sensitive; compare the simulations illustrated from Fig. 3(c) to Fig. 3(e) with the 
simulations from Fig. 3(c*) to Fig. 3(e*). It is ease to see that at point (3) in Fig. 2 the free vortex cloud starts to 
strongly interact with the ground vortex cloud giving rise to a secondary vortex structure. Also, during strong ground 
coupling, it is possible that the vortex bending and stretching can produce important flow effects that will not be 
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captured by the two-dimensional model. When compared to any type of inviscid approximation, the inclusion of ground 
coupling and the effects of turbulence are important features that can be gained within the present numerical simulation. 

 

   
3(a) t=0               3(a*) t=0 

 

   
3(b) t=10              3(b*) t=10 

 

   
3(c) t=20              3(c*) t=20 

 

   
3(d) t=30              3(d*) t=30 

 

   
3(e) t=40              3(e*) t=40 

 
computed without turbulence model   *computed with turbulence model 

 
Figure 3. Vorticity distribution along the flow simulation at Re=75000. 

 
From Fig. 3(c*), it is apparent that the vorticity distribution change radically between dimensionless times of 20 

and 40, at Re=75000. Those effects can be interpreted if we examine the vorticity contour prots at t=30, as shown in 
Fig. 3(d) and Fig. 3(d*). There we see that at t=30, though the left secondary vortices with turbulence model are weaker 
than primary vortex, they influence its motion (as they revolve around the primary vortex). 

One should observe, however, that, after the point where the secondary vortex structures are released from the 
ground, it is hard to identify the real trajectory of the primary structures in the sequence of experimental points, see Fig. 
2; the numerical simulation enables one to follow this trajectory as shown in figure. 

When crosswinds were considered for V=0.04, the pair of vortex cloud interacts no symmetrically with the ground, 
see Fig. 4(a). Figure 4(b) shows that the higher height achieved by primary structures at t=20 is equal to the initial 
(specified) pair of vortex cloud height. At t=30, see Fig. 4(c)  the vorticity contours indicate that a secondaries vortices 
has been shed form the ground region, while others secondaries structures are beginning to form. At the same time, the 
secondaries structures reside directly above the primaries vortices and can strongly retard its lateral motion. Finally, at 
t=40, see Fig. 4(d), the right primary vortex is strongly interacting with a secondary vortex and is located at the runway 
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side ground, with roughness ε2 . In the present paper the simulation with broader ground strips at both sides of the 
runway is not computed. 
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Figure 4. Vorticity contour plot for a crosswind V=0.04 at Re=75000 computed with turbulence modeling. 
 
5. Conclusions 

 
A new mesh-free-two-dimensional discrete vortex method coupled with a source panel method is implemented to 

simulate of an aircraft wake during the landing and take off operations. A new implementation for the impermeability 
condition on the ground plane surface was tested with good results. The differences encountered in the comparison of 
the numerical results with the experimental results are attributed mainly to the inherent three-dimensionality of the real 
flow for such a value of the Reynolds number, which is not modeled in the simulation. To this observation one should 
mention Zheng and Ash (1996), “To use a two-dimensional model, it is important to identify some of the flow features 
that are neglected a priori. Specifically, the initial wake vortices include high-velocity axial jets (in the direction 
opposite to the line of flight, Zilliac et al., 1993), and these axial jets that imply minimum pressure regions along the 
vortex axes probably burst immediately behind the aircraft, becoming low-speed axial wakes. There are rigorous 
theoretical links between the expansion of the vortex core regions and local axial pressure gradient, and those 
constraints are excluded automatically by a two-dimensional model. Also, during strong ground coupling, it is possible 
that vortex bending and stretching can produce important flow effects that will not captured by the two-dimensional 
model. When compared to any type of inviscid approximation, however, the inclusion of ground coupling and the 
ability to estimate decay rates are important features that can be gained within the two-dimensional approximations”. 

New simulations will be carried out with more straight-line source panels and with broader ground strips at both 
side of the runway. Use of a larger number of panels distributed on the ground plane surface can also improve the 
results, but for this it is necessary a larger number of free vortices in the cloud and consequently a larger computational 
effort. It is worth to mention that the smaller scale analysis leading to the turbulence modeling is a necessary step for 
the study of the ground roughness; this is a subject under present investigation and to be presented elsewhere. Also, the 
buoyancy effects must be included as a future work. The atmospheric stratification is typically the only mechanism that 
can reverse the downward motion of an aircraft wake away from the ground. When the atmosphere is stably stratified, 
the ambient temperature increases with height. As a result, buoyant forces act on the pair of vortex cloud, reversing 
their descent. 
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From the present study, it is confirmed that the methodology used in the present study is convenient for 

investigations of unsteady characteristics of the flow. 
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