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Abstract. This is a review of some of the methods developed by the Team for Advanced
Flow Simulation and Modeling (T?AFSM) [http://www.mems.rice.edu/TAFSM/] in the
recent past. These methods enable us to address certain classes of problems in environ-
mental fluid mechanics, such as unsteady flows with interfaces and air circulation and
contaminant dispersion. The methods we developed for two fluid-interfaces are in both
interface tracking (moving mesh) and interface-capturing (non-moving mesh) categories,
and which one is more effective to use depends on the nature of the class of problems
being addressed. Advanced mesh moving methods that reduce the frequency of remeshing
have been developed for mesh update in interface-tracking techniques. In the case of the
interface-capturing approach, special methods have been developed to increase the accu-
racy in representing the interface. These methods have been designed and implemented
for parallel computing, and therefore are suitable for simulation of complex, large-scale
problems. The numerical examples we highlight here cover problems from air circulation
and contaminant dispersion, flows past river dams, and free-surface flows with complex
and very unsteady free-surface configurations.
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1. INTRODUCTION

In the recent past, the Team for Advanced Flow Simulation and Modeling (T?AFSM)
[http://www.mems.rice.edu/TAFSM/] developed a number of computational methods
that enable us to address certain classes of applications in environmental fluid mechanics.
These applications include those in the categories of unsteady flows with interfaces and
air circulation and contaminant dispersion.

Unsteady flows with interfaces can involve two-fluid (such as two different liquids or a
liquid and a gas) or free-surface flows. For example, simulation of the water falling down
over a river dam is a challenging application in this class of problems. The main challenge



here is that the location of the free-surface is also an unknown and must be determined
together with the solution of the Navier-Stokes equations. This class of problems is a
subset of a larger class flow problems with moving boundaries and interfaces, where the
location of these boundaries or interfaces is an unknown that needs to be computed as
part of the overall solution.

An example of air circulation and contaminant dispersion problems is how air cir-
culation in a subway station can be simulated and how a contaminant introduced in
that subway station spreads under those air circulation conditions. This class of simula-
tions involve solution of the Navier-Stokes equations interior or exterior to some complex
geometries. After the flow field is determined, using the velocity field computed, a time-
dependent advection-diffusion equation is solved to compute the time-evolution of the
passive contaminant.

The methods developed to support simulation and modeling of the classes of problems
described above include: special numerical stabilization methods, methods for moving
boundaries and interfaces, advanced mesh update methods, iterative solution techniques
for large nonlinear equation systems that need to be solved at every time step of a com-
putation, and parallel implementations. All methods developed are for flow problems
involving complex geometries, and all software was developed and implemented on paral-
lel platforms by the T?AFSM.

What method we propose to use for a specific class of problems depends on the na-
ture of that class of problems. For general flow problems with free surfaces or two-fluid
interfaces, stabilized finite element interface-capturing techniques (see [1]) can be used
effectively in cases where the geometry is complex and the interface is also complex
and unsteady. The Deforming-Spatial-Domain/Stabilized Space-Time (DSD/SST) for-
mulation (see [2]), on the other hand, can be be used effectively with relatively coarser
meshes if the interface is not as complex or as unsteady. For comparable mesh refine-
ment, the DSD/SST formulation results in more accurate representation of the interface
compared to an interface-capturing technique (ICT). On the other hand, an ICT is more
flexible and applicable to a larger class of problems compared to the DSD/SST formu-
lation. The Enhanced-Discretization Interface-Capturing Technique (EDICT) [1] can at-
tain increased accuracy at the interface while maintaining flexibility. The contaminant
dispersion problems are simulated by solving, in addition to the flow equations, the time-
dependent advection-diffusion equation governing the transport of the contaminant. The
advection-diffusion equation is solved with a stabilized formulation. This formulation can
be supplemented with the EDICT for more accurate computation of the contaminant-air
interfaces.

2. GOVERNING EQUATIONS

Let Ωt ⊂ IRnsd be the spatial fluid mechanics domain with boundary Γt at time t ∈
(0, T ), where the subscript t indicates the time-dependence of the spatial domain and its
boundary. The Navier-Stokes equations of incompressible flows can be written as

ρ(
∂u

∂t
+ u · ∇∇∇u− f)−∇∇∇ · σσσ = 0 on Ωt ∀t ∈ (0, T ), (1)

∇∇∇ · u = 0 on Ωt ∀t ∈ (0, T ), (2)

where ρ, u and f are the density, velocity and the external force, respectively. The stress
tensor σσσ is defined as

σσσ(p,u) = −pI + 2µεεε(u). (3)



Here p, I and µ are the pressure, identity tensor and the viscosity, respectively. The strain
rate tensor εεε(u) is defined as

εεε(u) =
1

2
((∇∇∇u) + (∇∇∇u)T ). (4)

Both Dirichlet- and Neumann-type boundary conditions are accounted for:

u = g on (Γt)g,

n · σσσ = h on (Γt)h. (5)

Here (Γt)g and (Γt)h are complementary subsets of the boundary Γt, n is the unit normal
vector at the boundary, and g and h are given functions. A divergence-free velocity field
is specified as the initial condition.

If the problem does not involve any moving boundaries or interfaces, the spatial domain
does not need to change with respect to time, and the subscript t can be dropped from
Ωt and Γt. This might be the case even for flows with moving boundaries and interfaces
if in the formulation used the spatial domain is not defined to be the part of the space
occupied by the fluid(s). For example, we can select a fixed spatial domain, and model the
fluid-fluid interfaces by assuming that the domain is occupied by two immiscible fluids,
A and B, with densities ρA and ρB and viscosities µA and µB. With this approach, we
can also model a liquid-gas interaction by letting, for example, Fluid A be the liquid and
Fluid B the gas. If we are modeling a free-surface problem where Fluid B is irrelevant,
we simply assign to Fluid B a sufficiently low density.

In these models, an interface function φ serves as a marker identifying Fluid A and B
with the definition φ = {1 for Fluid A and 0 for Fluid B}. The interface between the two
fluids is approximated to be at φ = 0.5. In this context, ρ and µ are defined as

ρ = φρA + (1− φ)ρB, (6)

µ = φµA + (1− φ)µB. (7)

The evolution of the interface function φ, and therefore the motion of the interface, is
governed by a time-dependent advection equation:

∂φ

∂t
+ u · ∇∇∇φ = 0 on Ω ∀t ∈ (0, T ), (8)

3. INTERFACE-TRACKING AND INTERFACE-CAPTURING

In computation of flow problems with moving boundaries and interfaces, depending on the
nature of the problem, we can use an interface-tracking or interface-capturing method. An
interface-tracking method requires meshes which “track” the interfaces. The mesh needs
to be updated as the flow evolves. In an interface-capturing method, the computations
are based on fixed spatial domains, where an interface function, such as the one described
in Section 2, needs to be computed to “capture” the interface. The interface is captured
within the resolution of the finite element mesh covering the area where the interface is.
The stabilized finite element interface-capturing techniques described in [1] fall into this
category of methods.

The Deforming-Spatial-Domain/Stabilized Space-Time (DSD/SST) formulation is an
interface-tracking method, and was first introduced in [2–4]. In the DSD/SST method the



finite element formulation of the problem is written over its associated space-time domain.
This automatically takes into account the motion of the boundaries and interfaces. At each
time step of a computation, the locations of the boundaries and interfaces are calculated
as part of the overall solution.

The interface-tracking and interface-capturing methods described in this paper are
based on stabilization techniques. These stabilization techniques are the streamline-
upwind/Petrov-Galerkin (SUPG) [5], pressure-stabilizing/Petrov-Galerkin (PSPG) [2],
and Galerkin/least-squares (GLS) [6] formulations. The PSPG formulation assures nu-
merical stability while allowing us to use equal-order interpolation functions for velocity
and pressure and other unknowns.

4. DSD/SST FORMULATION

In the DSD/SST method, the finite element formulation of the governing equations is
written over a sequence of N space-time slabs Qn, where Qn is the slice of the space-time
domain between the time levels tn and tn+1. At each time step, the integrations involved
in finite element formulation are performed over Qn. The finite element interpolation
functions are discontinuous across the space-time slabs. In the computations reported
here, we use first-order polynomials as interpolation functions. We use the notation (·)−n
and (·)+

n to denote the function values at tn as approached from below and above respec-
tively. Each Qn is decomposed into space-time elements Qe

n, where e = 1, 2, . . . , (nel)n.
The subscript n used with nel is to account for the general case in which the number of
space-time elements may change from one space-time slab to another.
The trial function spaces for velocity and pressure will be denoted by (Ŝhu)n and (Ŝhp )n. The
weighting function spaces corresponding to momentum equation and incompressibility
constraint will be denoted by (V̂hu)n and (V̂hp )n (= (Ŝhp )n). The DSD/SST formulation

of Equations (1) and (2) can be written as follows: given (uh)−n , find uh ∈ (Ŝhu)n and
ph ∈ (Ŝhp )n such that ∀wh ∈ (V̂hu)n and ∀qh ∈ (V̂hp )n:

∫
Qn

wh · ρ
(
∂uh

∂t
+ uh · ∇∇∇uh − f

)
dQ+

∫
Qn
εεε(wh) : σσσ(ph,uh)dQ

+
∫
Qn
qh∇∇∇ · uhdQ+

∫
Ωn

(wh)+
n · ρ

(
(uh)+

n − (uh)−n
)
dΩ

+
(nel)n∑
e=1

∫
Qen

τLSME

1

ρ

[
ρ

(
∂wh

∂t
+ uh · ∇∇∇wh

)
−∇∇∇ · σσσ(qh,wh)

]

·
[
ρ

(
∂uh

∂t
+ uh · ∇∇∇uh − f

)
−∇∇∇ · σσσ(ph,uh)

]
dQ

+
(nel)n∑
e=1

∫
Qen

τLSIC∇∇∇ ·wh ρ∇∇∇ · uhdQ =
∫
Pn

wh · hhdP. (9)

Here τLSME and τLSIC are the stabilization parameters.
The solution is obtained sequentially for all space-time slabs Q0, Q1, Q2, . . . , QN−1,

and the computations start with
(uh)−0 = uh0 . (10)

The first four integrals, together with the right-hand-side, represent the time-
discontinuous Galerkin formulation of (1)–(2), where the fourth integral enforces, weakly,



the continuity of the velocity field in time. The two series of element-level integrals in
the formulation are the least-squares stabilization terms corresponding to momentum
equation and incompressibility constraint.

5. MESH UPDATE FOR INTERFACE-TRACKING METHODS

In interface-tracking methods, as the computations proceed, the mesh needs to be updated
to accommodate the changes in the spatial domain. It is essential that this is accomplished
as effectively as possible. How the mesh can best be updated depends on several factors,
such as the complexity of the interface and overall geometry, how unsteady the interface
is, and how the starting mesh was generated. In general, the mesh update could have two
components: moving the mesh as much as it is possible, and remeshing (i.e. generating
fully or partially a new set of nodes and elements) when the element distortion becomes
too high.

Most real-world problems require simulations with complex geometries. A complex
geometry typically requires an automatic mesh generator to start with. Automatic mesh
generation might become an overwhelming cost especially when the number of elements
become very large or when frequency of remeshing has to be high. Sometimes special-
purpose mesh generators designed for specific problems can be used. Depending on the
complexity of the problem, such mesh generators might involve a high initial design cost,
but minimal mesh generation cost.

In mesh moving strategies, the only rule the mesh motion needs to follow is that at the
interface the normal velocity of the mesh has to match the normal velocity of the fluid.
Beyond that, the mesh can be moved in any way desired, with the main objective being
to reduce the frequency of remeshing. In 3D simulations, if the remeshing requires calling
an automatic mesh generator, the cost of automatic mesh generation becomes a major
reason for trying to reduce the frequency of remeshing. Furthermore, when we remesh, we
need to project the solution from the old mesh to the new one. This introduces projection
errors. Also, in 3D, the computing time consumed by this projection step is not a trivial
one. All these factors constitute a strong motivation for designing mesh update strategies
which minimize the frequency of remeshing.

In general, we use an automatic mesh moving scheme [7] to move the nodal points,
as governed by the equations of linear elasticity. The motion of the internal nodes is
determined by solving these additional equations, with the boundary conditions for these
mesh motion equations specified in such a way that they match the normal velocity of the
fluid at the interface. The structured layers of elements generated around solid objects
move “glued” to these solid objects. No equations are solved for the motion of the nodes in
these layers, because these nodal motions are not governed by the equations of elasticity.
This also results in some cost reduction. But more importantly, the user continues to
have full control of the mesh resolution in these layers.

6. EDICT

With interface-tracking methods, sometimes the interface might be too complex or un-
steady to track while keeping the frequency of remeshing at an acceptable level. Not being
able to reduce the frequency of remeshing in 3D might introduce overwhelming mesh gen-
eration and projection costs, making the computations with the interface-tracking method
no longer feasible. In such cases, interface-capturing methods, which do not normally



require costly mesh update techniques, could be used with the understanding that the
interface will not be represented as accurately as we would have with an interface-tracking
method (for related discussions see [1]). Not needing a mesh update strategy makes the
interface-capturing methods more flexible than the interface-tracking methods. However,
for comparable levels of spatial discretization, interface-capturing methods yield less accu-
rate representation of the interface. These methods can be used as practical alternatives
to carry out the simulations when compromising the accurate representation of the in-
terfaces becomes less of a concern than facing major difficulties in updating the mesh
to track such interfaces. The desire to increase the accuracy of our interface-capturing
methods without adding a major computational cost lead us to seeking techniques with
a different kind of “tracking”.

The Enhanced-Discretization Interface-Capturing Technique (EDICT) was introduced
in [1] with this kind of philosophy. The objective was to enhance the spatial discretization
around an interface so that we could have higher accuracy in representing that interface.
We start with the basic approach of an interface-capturing technique such as the volume
of fluid (VOF) method [8]. The Navier-Stokes equations are solved over a non-moving
mesh with an interface function serving as a marker identifying the two fluids.

In writing the stabilized finite element formulation for the EDICT (see [1]), the no-
tation we use for representing the finite dimensional function spaces is very similar to
the one we used in Section 4. The trial function spaces corresponding to velocity, pres-
sure and interface function are denoted, respectively, by (Shu)n, (Shp )n, and (Shφ)n. The
weighting function spaces corresponding to the momentum equation, incompressibility
constraint and time-dependent advection equation are denoted by (Vhu)n, (Vhp )n (= (Shp )n),
and (Vhφ)n. The subscript n in this case allows us to use different spatial discretizations
corresponding to different time levels.

The stabilized formulations of Equations (1), (2), and (8) can be written as follows:
given uhn and φhn, find uhn+1 ∈ (Shu)n+1, phn+1 ∈ (Shp )n+1, and φhn+1 ∈ (Shφ)n+1, such that,
∀wh

n+1 ∈ (Vhu)n+1, ∀qhn+1 ∈ (Vhp )n+1, and ∀ψhn+1 ∈ (Vhφ)n+1:

∫
Ω

wh
n+1 · ρ

(
∂uh

∂t
+ uh · ∇∇∇uh − f

)
dΩ

+
∫

Ω
εεε(wh

n+1) : σσσ(ph,uh)dΩ +
∫

Ω
qhn+1∇∇∇ · uhdΩ

+
nel∑
e=1

∫
Ωe

(
τSUPGuh · ∇∇∇wh

n+1 +
τPSPG

ρ
∇∇∇qhn+1

)

·
[
ρ

(
∂uh

∂t
+ uh · ∇∇∇uh − f

)
−∇∇∇ · σσσ(ph,uh)

]
dΩ

+
nel∑
e=1

∫
Ωe
τLSIC∇∇∇ ·wh

n+1ρ∇∇∇ · uhdΩ =
∫

Γ
wh
n+1 · hhdΓ, (11)

∫
Ω
ψhn+1

(
∂φh

∂t
+ uh ·∇∇∇φh

)
dΩ

+
nel∑
e=1

∫
Ωe
τφu

h ·∇∇∇ψhn+1

(
∂φh

∂t
+ uh ·∇∇∇φh

)
dΩ = 0, (12)

where τSUPG, τPSPG, τLSIC and τφ are the stabilization parameters:



τSUPG =

(2 ‖ uh ‖
h

)2

+
(

4ν

h2

)2
− 1

2

, (13)

τPSPG = τSUPG, (14)

τCONT =
h

2
‖ uh ‖ z, (15)

where z =

{ (
Reu

3

)
Reu ≤ 3

1 Reu > 3
,

τφ =
h

2 ‖ uh ‖
, (16)

where Reu is the cell Reynolds number.
In Equation (11), the first three integrals, together with the right-hand-side, represent

the Galerkin formulation of (1)-(2). The first series of element-level integrals in the
formulation are the SUPG and PSPG stabilization terms. The second series of element-
level integrals are the least-squares stabilization terms based on the incompressibility
constraint. In Equation (12), the first integral represents the Galerkin formulation of (8),
while the series of element-level integrals are the SUPG stabilization terms.

To increase the accuracy in representing the interface, we use function spaces corre-
sponding to enhanced discretization at and near the interface. A subset of the elements
in the base mesh, Mesh-1, are identified as those at and near the interface. A more re-
fined mesh, Mesh-2, is constructed by patching together second-level meshes generated
over each element in this subset. For each element in this subset there will be a unique
second-level mesh. If an automatic mesh generator is used to generate that, the mesh will
be generated only once and stored, to be used later if that element needs a second-level
mesh again. The trial and weighting functions for velocity and pressure will all have two
components each: one coming from Mesh-1 and the second one coming from Mesh-2.
To further increase the accuracy in representing the interface, we construct a third-level
mesh, Mesh-3, for the interface function only. This is done by identifying a subset of the
elements in Mesh-2 as those at and very near the interface. The construction of Mesh-3
from Mesh-2 will be very similar to the construction of Mesh-2 from Mesh-1. The trial and
weighting functions for the interface function will have three components, each coming
from one of these three meshes.

We re-define the subsets over which we build Mesh-2 and Mesh-3 not every time step
but with sufficient frequency to keep the interface within the zones covered by these
subsets of elements.

7. NUMERICAL EXAMPLES

Contaminant dispersion in a model subway station. The subway station has two
entrances on each side and four vents located on the upper surface. This 3D parallel
computation is carried out in two stages. First, the Navier-Stokes equations are solved
to obtain the flow velocity field. This velocity field is used in the second stage in the
time-dependent contaminant advection-diffusion equation to obtain time-evolution of the
concentration of the contaminant. The contaminant is released from a point source with
constant strength. The unstructured mesh used in this simulation consists of 187,612



nodes and 1,116,992 tetrahedral elements. The steady-state solution of the flow equations
is obtained by solving over 0.65 million coupled, nonlinear equations at every pseudo-time
step. For the contaminant dispersion, at every time step, we solve a linear system with
more than 0.15 million equations. Figure 1 shows shows the mesh and the contaminant
concentration at an instant. For more on this simulation see [9].

Mesh Contaminant Concentration

Figure 1. Contaminant dispersion in a model subway station.

Flow past the spillway of a dam. The model represents a 48 feet-wide section of the
navigation pass crest and stilling basin. It includes a long upstream channel, the spillway
crest, and a set of underwater obstacles designed to dissipate the flow energy. This 3D
parallel computation is based on the DSD/SST formulation. The mesh is updated using
our automatic mesh moving method. The mesh consists of 139,352 space-time nodes
and 396,682 tetrahedral space-time elements. Figure 2 shows the water pressure and
streamlines, and the steady shape of the free surface achieved in the final stages of the
simulation. For more on this simulation see [9].

Figure 2. Flow past the spillway of a dam. Water pressure and streamlines, and the
steady shape of the free surface.

Liquid-liquid impact. This is an axisymmetric test computation. We have a container



in the shape of a circular cylinder. The lower half of the container is filled with a liquid.
The upper half is filled with air. At t = 0.0 s we start injecting the same liquid through a
circular section positioned concentrically at the top of the cylinder. The injection stream
has a uniform flow speed. The computation is carried out with the EDICT. The base mesh,
Mesh-1, consists of 30,000 triangular elements and 15,251 nodes. Mesh-2 and Mesh-3 are
generated in the same way as they were generated in the previous test problem. The
trial and weighting functions for velocity and pressure come from Mesh-1 ⊕ Mesh-2, and
for the interface function from Mesh-1 ⊕ Mesh-2 ⊕ Mesh-3. Figure 3 shows a sequence
of air-liquid interactions seen at different instants during the simulation of this problem.
The pictures show the injection stream impacting the still liquid, formation of surface
waves, and entrapment of air in the liquid. For more on this simulation see [1].

Air

Liquid

Air

Liquid

Air

Liquid

Figure 3. Liquid-liquid impact. Injection stream impacting the still liquid.
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