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Abstract. This work presents a study of the oscillations of a non-rotating drillstring, represented
here by a vertical slender beam, clamped in its upper extreme, pinned in its lower one and con-
strained inside an outer cylinder in its lower portion. The beam is subjected to distributed axial
loads, due to its own weight, leading to geometric softening of its lower portion and thus yielding
a large number of vibroimpacts with the outer cylinder. This is due to the axial-bending coupling,
often called geometric stiffening and largely discussed in the last two decades. Here, it is accounted
for by using a non-linear finite element model proposed in a previous work, in which non-linear
strain-displacement relations are considered. To help understand this nonlinear coupled vibroimpact
problem, the Karhunen-Loéve decomposition, also known as the proper orthogonal decomposition,
is applied to its simulated dynamics. The results show that the micro-impacts, accompanying the
bottom-hole impacts and mainly due to the beam compressive softening, and the reaction forces at
the bottom position, are well represented only when using a non-linear axial/bending coupling. It is
also shown that 15 proper orthogonal modes are sufficient to reconstruct the dynamics of the impact-
ing beam under a 3% error margin.
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1. INTRODUCTION

It is well-known that flexible beams subjected to axial loads present strong stiffness variations.
This is due to what is often called geometric stiffening effect in the literature (Sharf, 1995). It may also
be seen as a consequence of the coupling between axial and bending strains. In the last two decades,
several methodologies have been proposed to account for the geometric stiffening effect. In particular,
Simo and Vu-Quoc (1987) showed that modeling beams under large rotations using linear beam the-
ories results in a spurious loss of stiffness and hence they proposed a “consistent” linearization using
steady-state values for the axial internal force. Kane et al. (1987) proposed a methodology, that uses
higher order strain measures, and applied it to the dynamics of a cantilever beam under prescribed
large translation and rotation. Some of these models were summarized and compared by Trindade and
Sampaio (2002) using a general non-linear model, resulting from non-linear strain-displacement re-
lations. Their conclusion is that a non-linear model with coupled axial/bending vibrations is required
for an accurate representation of the dynamics of slender beams.


CONEM UFPB



Due to the non-linearity induced by the geometric stiffening, augmented by the intrinsic non-
linear behavior of dynamics of structures subjected to impacts, one is obliged to consider non-linear
analysis techniques. The Karhunen-Loéve (KL) decomposition, also known as the proper orthogonal
decomposition, is a powerful tool for obtaining spatial information and providing a basis for model
reduction of non-linear structural systems (Sirovich, 1987). It consists in obtaining a set of orthogo-
nal eigenfunctions (or proper orthogonal modes) where the dynamics is to be projected. This set of
KL modes are optimal in the sense that it minimizes the error of the approximation for any number
of modes considered, meaning that no other linear expansion may lead to a better representation of
the response with the same number of modes. Indeed, Steindl and Troger (2001) concluded that KL
modes are by far the best choice for a standard Galerkin approximation. Practically, the KL decom-
position is obtained by constructing a spatial autocorrelation tensor from the simulated or measured
dynamics of the system. Thereafter, performing its spectral decomposition, one finds that the spatial
autocorrelation tensor eigenfunctions provide the required proper orthogonal modes and its eigenval-
ues represent the mean energy contained in that projection. This technique was previously used for
the analysis of vibroimpact problems by Azeez and Vakakis (2001) and Wolter and Sampaio (2001).

Here, the vibrations of a non-rotating drillstring, represented here by a vertical slender beam,
clamped in its upper extreme, pinned in its lower one and constrained inside an outer cylinder in its
lower portion, are studied. The beam is subjected to distributed axial loads, due to its own weight,
leading to geometric softening of its lower portion and, thus, to vibroimpacts with the outer cylinder.
To help understand this nonlinear vibroimpact problem, the KL decomposition is applied to its sim-
ulated dynamics, which is evaluated using an extension of the non-linear finite element (FE) model
proposed in a previous work (Trindade and Sampaio, 2002).

2. NON-LINEAR MODEL FORMULATION

Let us consider an initially straight and slender cylinder, of undeformed length L and outer and
inner radii Ry and R;, undergoing large displacements and small deformations.

2.1. Theoretical Formulation

Small deformations are assumed so that the beam cross-section rotation angle (3 is small. Also,
the assumption of negligible shear strains, leading to B = —V/, is considered. Notice that the prime
denotes the derivative with respect to the axial coordinate x. Consequently, the displacement vector p
of a given point with position X in the xz plane is

p:{u—vzw} | forX:{)Z(} O

where x and z directions are such that 0 < x < L and —Rq < z < Rq. Here, only the axial component
of the Lagrangian strain tensor €xx = E11 is considered. Therefore, defining the axial displacement as
Uo = u—2V/, the non-linear axial strain €4 may be written in the following form

fe= g+ 3 [(U0)% + (V)7 @

From the assumption of negligible shear strains and also neglecting the contribution of transverse
normal stress 0, the strain potential energy of the beam is
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where E is the Young’s modulus of the beam and by considering a symmetric beam cross-section
with respect to z-axis and using (2), the potential energy of the beam was written in terms of the
mean axial u and transversal v displacements only. A and | are the area and moment of inertia of the
beam cross-section. Single underlined terms in (3) are due to the presence of term (v')2, quadratic
in the cross-section rotation angle B = —V/, in the axial strain €. Notice that they appear only
in the membrane strain component, unlike double and triple underlined terms that are present in
both membrane and bending components of the strain energy. The term (u{))z, quadratic in the axial
displacement derivative, of the axial strain (2) leads to the double underlined terms in the strain energy
function, while triple underlined terms are due to the coupling between the two quadratic terms of the
axial strain. It is worthwhile to notice also that the assumption of linear strain-displacement relation
eliminates all underlined terms of (3).

In the present work, only the contributions of cubic and lower order terms in ug and V' are retained
in the potential energy (3). From the definition of ug, this leads to a potential energy,
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The kinetic energy of the beam may also be written in terms of the main variables u and v. Hence,
starting from the general form of the kinetic energy in terms of the total displacement of the beam and
then using (1) and assuming symmetric beam cross-section with respect to z-axis, the kinetic energy
of the beam, in terms of the main variables u and v, is

L
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where p is the beam mass density and p is the velocity vector. The terms in (5) correspond to inertia
contributions due to translation, in x and z directions, and cross-section rotation.

The beam is subjected to its own weight, which may be expressed as vertical forces (in x-direction)
due to the gravity field. Assuming symmetric cross-section, their work may be written as
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Using the expressions for strain (4) and kinetic (5) energies and work due to gravity forces (6)
presented above, a variational formulation is used in this section to derive the FE model.

The virtual variation of the simplified strain energy Hs is decomposed in linear and non-linear
contributions arising from the non-linear strain-displacement relations (2) and, hence, is written as

where the linear 8Hg and non-linear dHg, contributions are expressed in terms of the variations ou’,
oV and &V as follows
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Notice that the non-linear contributions dHg, come from the underlined terms in (4). On the other
hand, the linear contributions dHg are the standard ones for Euler-Bernoulli beams.

The virtual variation of the kinetic energy T may be derived from (5), which through integration
in time is equivalent to
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This expression may also be interpreted as the virtual work done by the inertial forces, composed of
translation in x and z directions and cross-section rotation in the xz plane.

The virtual work done by the gravity forces is obtained from (6) and is written in terms of du only
since these forces keep their vertical x direction under deformation.

L
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2.2. Non-linear Finite Element Model

The FE model is constructed through discretization of the virtual variations of strain (7) and kinetic
(10) energies. Although some terms in the strain energy (3) were still neglected, it is assumed for
now that the main contributions to the axial-bending coupling should be accounted for by the terms
considered in (4). The discretization is carried out using Lagrange linear shape functions for the axial
displacement u and Hermite cubic ones for the transversal deflection v. This leads to six degrees of
freedom q' = {ug v1 B1 u2 v2 B2}, where (B1,B2) = (V},V,). Moreover, the axial and transversal
displacements are discretized as follows

u=Nug ; v=Ny (12)

where, the operators N and Ny are written in terms of the adimensional axial position & = x/L, as
Ny=[1-&00&00] and Ny =1[01—38%2+283 EL(1—&)% 0 &(3—28) &2L(§ —1)]. Replac-
ing the discrete expressions for the displacements and their derivatives in the linear and non-linear
contributions to the virtual variation of strain energy, (8) and (9), leads to

SHy = 89" Keq ; 8Hsn = 8q" Kgq (13)

where these define the linear elastic stiffness Ke and non-linear geometric stiffness Kgq matrices.
The discretization of the virtual work of inertial (10) and gravity (11) forces, yields

t t
sTdt=— [ 5qTMgdt and W =5q"Fg (14)
1 1
Therefore, the discretized virtual variations may be introduced in Hamilton’s principle, which,
from (13) and (14) and after assembling all elements, yields the following equations of motion

Mq + [Ke+Kg(q)]q = Fqg (15)

where @ defines the acceleration vector. Point forces and damping matrices may be imposed a pos-
teriori to the system. The symmetric linear elastic stiffness matrix Ke corresponds to the standard
Euler-Bernoulli beam with axial and bending stiffnesses. Kg states for the geometric stiffness which,
as presented previously, depends on the configuration and thus corresponds to the non-linear terms
in the equations of motion. These mass and stiffness matrices are not presented here due to lack of
space. However, as shown by Trindade and Sampaio (2002), the bending stiffness varies linearly with
the relative axial displacement G = up — uy. That is, this stiffness increases when U is positive and
decreases in the opposite case. This is in agreement with the notion that the beam is stiffer when
under extension and, on the contrary, it is less stiff when under axial compression.

2.3.  Accounting for Initial Deformed Configuration

In this section, the non-linear FE model is applied to a vertical slender beam clamped at its top
position, axially sliding at its bottom position and subjected to its own weight. Hence, the boundary
conditions considered here are: all degrees of freedom locked at the top position and transversal
displacement locked at the bottom position. Figure 1 presents the idealized undeformed and deformed



configurations for the vertical slender beam. In addition to gravity forces, a negative axial force is
applied at the bottom position to simulate the static reaction force when the beam touches the bottom.
Therefore, the equations of motion (15) may be rewritten as

Mg + [Ke+ Kg(q)]qg = Fg —Fs (16)

In the practical case, the beam is lowered until its free end touches the bottom position, which is
inside the hole. In the event of continued lowering of the beam, the reaction force F¢, applied to
the beam free end, grows and the lower part of the beam is compressed. In the present work, it is
supposed that after this quasi-static lowering and when the reaction force reaches a given value, the
axial displacement of the beam tip is locked (Figure 1b). Therefore, further motions occur around this
deformed configuration, which is the solution of the following equation,

gs = Ke'(Fg—Fr) (17)
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Figure 1. Undeformed and deformed configurations for the vertical slender beam.

Let us define then a new displacement vector q relative to the static one gs, as q = q — gs. Substi-
tuting q by g + gs in (16) and accounting for (17), one may write a new set of equations of motion in
terms of the relative displacements vector g. The axial displacement of the beam bottom tip is then
locked into its static value, such that u- = 0, or u- = uk. The equations of motion then become,

M, + [Ker + Kgr (@ +0s)]ar =0 (18)

Notice that the reduced mass and stiffness matrices are those for axial and transversal displacements
locked at the bottom position (that is, a clamped-hinged beam, as shown in Figure 1c). The global
response is then obtained through summation of the relative displacements, augmented by the nil
relative axial displacement at bottom position {q] 0}, with the static displacements gs.

To account for bottom-hole impacts, an additional point force vector F is included in the model.
Since it is supposed that the impacts occur only after lowering and locking the beam, the impact forces
vector may be included directly in the equations of motion (18). Hence, the vector F¢ is composed
of nodal impact forces fd that depend on whether the corresponding node j is in contact with the
borehole, and respects the following law

o 0, if \Vj(t)] <E,
fe(t) = { —k{|VI(t)] —esignvi(t)]}, if [vi(t)|>e,

where ¢ is the distance between the outer surface of the beam and the borehole wall and v! is the
transversal displacement of the node j. One may notice from (19) that the impact force is supposed to
be linear elastic, with spring constant k, when there exists bottom-hole contact and zero otherwise. It
is also supposed to be composed of a transversal component only, that is, friction effect is neglected.
Hence, the equations of motion (18) are rewritten to account for the bottom-hole impact forces as

M, qr + [Ker + Kgr (0 +0s)]ar = Fe (20)

(19)



3. NUMERICAL RESULTS

In the two following sections, the dynamics of a slender beam of special interest is simulated with
MATLAB odel5s algorithm, using the non-linear FE model presented previously, and analyzed with
the help of the KL decomposition. The strategy shown in the previous section to account for the
initial deformation state is also used. A slender steel cylinder, representing a typical configuration
of a drillstring used for oilwell drilling (Sotomayor, Placido and Cunha, 1997), is considered here.
Its geometrical properties are: Ro; = 0.064 m, Rj; = 0.054 m, L1 = 1700 m; Rz = 0.064 m, Rj2 =
0.038 m, L, =100 m; and Roz = 0.102 m, Rj3 =0.038 m, L3 =200 m. The cylinder is divided in three
different cross-sections. The upper portion, composed of drill pipes, is normally subjected to large
traction forces and hence is much less flexible in bending than the rest of the drillstring, consequently
possessing small outer diameter and thin wall. On the other hand, the lower portion, denoted as drill
collars, is highly compressed by the weight of the upper part and thus is subjected to higher bending
effects. That is why its outer diameter is much larger and its wall much ticker. As for the transition
portion, denoted as heavy weight drill pipes, located between the drill pipes and the drill collars, it
has the outer diameter of the drill pipes and the inner diameter of the drill collars.

The lower portion of the drillstring is confined inside a borehole of radius R, = 0.156 m and has
two stabilizers located 25 and 50 meters away from the drill bit. In this work, the stabilizers are
accounted for by locking the beam transversal displacements at their positions. The spring constant
considered for the elastic impact forces is k = 108 N/m and the clearance € is obtained from the
difference between the radii of the borehole and drillstring sections, € = Rp, — Ro. As explained in
the previous section, the axial displacement of the drill bit is locked into its static deformed position.
A static axial reaction force at the bottom position of f = 200 KN is considered. In addition, a
sinusoidal perturbation moment, 50sin21t KN.m, is applied to the hinged bottom position to simulate
bit-formation induced lateral vibration. The axial displacements, which are supposed to be initially at
their static values, can be excited only through coupling with bending vibrations.

3.1. Drillstring Dynamics Simulation

The evolution of axial displacement at a position 6.25 m from the drill bit is shown in Figure 2,
for both linear and non-linear models. One may observe that the axial displacement is very small for
the linear model. This is due to the fact that, in this model, axial displacement is not coupled to the
transversal displacement, which is the only one excited by the perturbation force considered. Indeed,
these values for the axial displacement are believed to be due to numerical integration errors. On the
other hand, it is clear from the results for the non-linear model (Figure 2b) that the axial displacement
is not that small. Although much smaller than the static axial displacement, which is the reason why
it is generally neglected, the effect of its variation relative to the static one will be evidenced later.
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Figure 2: Axial displacement at 6.25 m from the drill bit using linear (a) and non-linear (b) models.



Figure 3 shows the transversal displacement on the bottom portion of the drill collar, evaluated
through integration in time of the linear (Figure 3a) and non-linear (Figure 3b) equations of motion.
The bottom portion-hole clearance is also shown in the figure, by which one may notice that the drill
collar is continuously under impact with the hole wall. This is in part due to the excitation at the drill
bit and in part due to the bending flexibility caused by the compression of the lower portion of the
drillstring. To improve clarity, the first impact instant is also shown in detail for linear and non-linear
models. A comparison between Figures 3a and 3b shows that the non-linear model leads to a larger
number of micro-impacts than the linear one. This is probably due to the higher flexibility of the
beam, caused by the axial-bending coupling, only accounted for in the non-linear model.
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Figure 3: Deflection at 6.25 m from the drill bit using linear (a) and non-linear (b) models.

The effect of non-linear coupling between axial and transversal vibrations is specially evidenced in
the following analysis of the reaction forces. Figure 4 shows the reaction forces at the bottom position
using linear (Figure 4a) and non-linear (Figure 4b) models. From Figure 4a, one concludes that the
reaction force at the bottom position may be positive. This means that the drill bit is pulled from the
bottom position, making it possible for the drill bit to loose contact with the formation for the larger
values of deflection. This is clearly prevented here, since the axial displacement of the drill bit is
locked into its static value. Nevertheless, the decrease in the force magnitude leads to a worse drilling
performance. On the other hand, analysis of Figure 4b shows an increase in the force magnitude
due to lateral vibration. This may be explained by the fact that the transversal displacement induces
an increase in the axial displacement, leading to an augmentation of the compression in the bottom
portion of the drill collar, instead of inducing its traction. This effect of compression or traction may
vary according to the drillstring parameters and to the static value of the reaction force.
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Figure 4: Reaction forces at the bottom position using linear (a) and non-linear (b) models.



3.2. Karhunen-Loéve Decomposition of the Response

In this section, the direct method of Karhunen-Loeve decomposition (Wolter and Sampaio, 2001)
is applied to the drillstring dynamics. For this purpose, the time response q(t) is subtracted from its
mean E[q(t)] to obtain the deviation qq(t) = q(t) — E[q(t)] of the time response. Consequently, the
new vector qq(t) has elements with zero mean. As the time response q(t), and thus also qq(t), results
from time integration of the discretized equations of motion (20), it is in fact sampled in M instants
of time t1,to, ..., tm, chosen in the time integration algorithm. Hence, the time response g(t) may be
written as a sampling matrix of dimension M x N,

qa(ty) gz2(t) ... an(ta)

q— qi(tz) ga2(t2) ... an(t2) 1)

Q1(Itlv|) Q2(It|v|) OIN(.tM)

where each column represents the time response of a given degree of freedom from the FE mesh,
with N being the total number of degrees of freedom or the dimension of q(t). Alternatively, each
row represents the spatial distribution of the response at a given time instant, that is, a point in the
N-dimensional phase space.

Using the ergodicity assumption, the mean value E[q(t)] may be obtained by the time average of
q, that is M q(ti) /M. Hence, the deviation qq(t) with respect to the mean may also be written as a
sampling matrix, obtained by subtracting from each line of g the time average of all rows,

Zi'\ilch(ti) ZihilCIZ(ti) Zi'\ilfIN(ti)

dd =q—Qe ; where ge = — (22)

sMiont) IMioat) ... IMian(h)

The spatial autocorrelation matrix is then written in terms of the zero-mean time response sam-
pling matrix as

1
EVEILE (23)

where R is, by definition, symmetric and positive semi-definite. Hence, its eigenvectors form an
orthogonal basis and its eigenvalues are non-negative. In this case, the eigenvectors W; are the coher-
ent structures or proper orthogonal modes (POMs) and the corresponding eigenvalues A j, or proper
orthogonal values (POVs), give a measure of the mean energy contained in each mode, defined as

RY =AW ; with¥ =[W; ¥, --- Yy] and A =diag(A1,A2,...,AN) (24)

Notice that the autocorrelation matrix & has dimension N x N. Hence, its dimension, and so the
number of proper orthogonal modes and values, depend only on the number of degrees of freedom
and not on the time instants used for the sampling of the time response.

The time response sampling matrix g may then be reconstructed, in a truncated basis, by express-
ing g in terms of its time average matrix qg and a reduced number K of evaluated POMs as

K
q= zAjoT+QE (25)
=1

where the vectors of time coefficients A; are easily found by projecting the time response onto each
POM W, that is, Aj = qW;. Notice that, by definition, the POVs also respect the following relation
with the time coefficients

1 M

Ni=1r AT A (26)
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Next, this procedure is applied to the drillstring dynamics response resulting from the integration
of the equations of motion (20). Moreover, one expects to obtain additional information through
analysis of the POMs and POVs. These are also used to construct an optimal basis, with minimum
dimension, that allows us to project the equations of motion and obtain a reduced order model, well
representing the main features of the response.

Figure 5 shows the first five POMs evaluated from the drillstring dynamics response g, zoomed
in its bottom portion, and the corresponding proper orthogonal values A j. It is worthwhile noting that
the POV's where normalized so their sum is unitary. One may observe that most of the energy (89%) is
contained in the first two POMs and that only the bottom portion of the drillstring presents transversal
deflections. This is clearly due to the fact that the upper portion of the drillstring is under traction and
thus is much stiffer in bending than the bottom portion that is under compression.
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Figure 5: First five proper orthogonal modes Figure 6: Reconstruction of the transversal dis-
evaluated from the transversal displacement re- placement response using the first five, nine, fif-
sponse. teen and thirty proper orthogonal modes.

The first five POMs are responsible for 97% of the response. However, it is generally recom-
mended to consider a number of modes sufficient to sum 99.9% of the response energy (Sirovich,
1987). Figure 6 shows the reconstruction of the transversal displacement response using the first 5,
9, 15 and 30 POMs. The percentage of the energy contained in these first POMs are respectively,
96.6567%, 99.1286%, 99.8613% and 99.9918%. Thus, 15 modes are needed to reconstruct the re-
sponse, which is a great reduction of the model dimension, since the FE model contains 87 degrees of
freedom. Nevertheless, one could also use other measures to quantify the quality of the reconstruc-
tion. Indeed, from Figure 6, one may observe that the overall behavior of the transversal displacement
is captured even with only 5 POMs, the effect of bottom-hole impact being the main source of error.
Another measure of the reconstruction quality was then considered, consisting of the time average of
the relative error modulus between the reconstructed response vg and the response of the full model
VF, e =311 |1—VE /vl /M. Using this measure, one may see that using only the first 5 POMs leads
to a reconstruction within 14% response error. This error drops to 8%, 3% and less than 1% when
using the first 9, 15 and 30 POMs respectively. The zoomed window in Figure 6 shows that there is
a clear improvement in the reconstruction of the response when the number of POMs is increased.
In fact, when using the first 30 POMs one may capture precisely all the micro-impacts observed in
the response. Nevertheless, although using only the first 15 POMs leads to small differences in the
response inside the impact region, one may observe that the main micro-impacts effects are accounted
for since this reconstructed response follows almost exactly the full model response just after the im-
pact. This means that this reconstruction, within a 3% error, may be reasonably accurate to consider
only the first 15 POMs in the reduced order model.



4. CONCLUSIONS

The oscillations of a non-rotating drillstring, represented here by a vertical slender beam, clamped
in its upper extreme, pinned in its lower one and constrained inside an outer cylinder in its lower
portion, were studied. The beam was supposed as being subjected to distributed axial loads, due to
its own weight, leading to geometric softening of its lower portion and, thus, to a large number of
vibroimpacts with the outer cylinder. It was shown that one should account for the axial displacement
dynamics, using non-linear strain-displacement relations, since the axial/bending dynamical coupling
is very important in slender beams dynamics. In particular, the micro-impacts, accompanying the
bottom-hole impacts and mainly due to the beam compressive softening, were well represented only
by the non-linear model. Moreover, standard linear beam models yield false predictions of the reaction
forces at the drillstring bottom position, that is the forces at the formation.

Then, the KL expansion was applied to the simulated dynamics to obtain additional information
on the system through analysis of the POMs and POVs and also to construct an optimal reduced order
model. The results have shown that at least 15 POMs are required to reconstruct the dynamics of
the impacting drillstring under a 3% error margin. This result is encouraging if one compares the
dimension of the reduction basis (15) with that of the original FE model (87). Future works are being
directed to the application of the reduced order model to other external and loading conditions.
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