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Abstract. This paper presents the modeling and control system of a flexible structure (plate)
subjected to a torque generated by hydraulic rotatory actuator controlled by an electro hydraulic
servo valve. The flexible structure consists of a plate fixed to a center post, which is supported on a
semi hemispherical gas-bearing table and is positioned to a desired angle by the hydraulic motor.
The actuating torque excites various natural vibration modes on longitudinal and transversal
directions allowing the coupling of several dynamic effects between the hydraulic actuation system
and the flexible plant. An analog servo-controller develops a control torque that may be used to
move the structure and minimize the amplitudes of the vibration. In this paper we use the
Hamilton’s Principle to derive the equations of motion of the slewing flexible plate coupled to the
dynamics of the servo-hydraulic system loaded by the central hub. The assumed modes method is
applied to discretize the dynamic system, using well-known shape functions of an Euler-Bernoulli
beam in two directions. The resulting equations are presented in a unified Bond Graph language,
resulting a unique model for the flexible structure and hydraulic actuation system, which is shown
to be useful to control the system.
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1. INTRODUCTION

The modeling process in control systems, is a loop of basic steps involving modeling, controller
design and controller validation. The system modeling is the first phase and its not an easy task
principally if involves multidisciplinary systems. The Bond Graph graphical language (BG) can be
applied with great advantage to the modeling of complex dynamic systems with many intervening
energy domains. This kind of dynamic system modeling is particularly interesting for the
development of analog or digital control projects of mechatronic systems. The advantages of the
method are related to the unified representation of different energy domains, and the simplified
manner of representing complex dynamic effects, for all type of physical systems. Changes on
projects or retrofitting can be made with few changes in the BG model. So in this sense, time and
effort can be minimized, resulting in a system design methodology compatible with the principles
of the Mechatronic Engineering, which is system functional optimization with minimal spent of
energy. This work focuses the dynamic BG modeling and identification of a hydraulic plant
controlling the slew motion of a flexible plate, which can be considered representative of many
practical problems in airborne satellites, aeronautical and naval structures, as well as in automobilist
systems and air conditioner products. The experimentally assembled system was used to test the
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adequacy of the BG model to represent the behavior of the hydraulic and flexible plant, by
comparing analytical derived transfer functions with the experimental ones. A BG model is
proposed by considering the details of the hydraulic and flexible plate separately, and finally
combining the effects to reach a BG that represents the full system. The State-space model of the
system is derived using the software CAMP-G.

2. SYSTEM DESCRIPTION

Figure (1) shows the experimental assembly of the flexible plate mounted on a semi-
hemispherical gas bearing table, and its rigid supporting structure manufactured at ITA/CTA.

 (a)  (b)

Figure 1. (a) View of the flexible structure experiment and supporting gas-bearing table;
(b) Detail of the electro hydraulic servo valve and rotary servo hydraulic actuator

2.1 The hydraulic plant and Bond Graph Model

The hydraulic plant consists of a pressure supply unit, an electro-hydraulic servo valve and a
rotary hydraulic actuator (vane motor). The output axis of the vane motor is coupled to a torsion bar
that drives the central hub. The hub is supported by a gas bearing system, and is attached to the
flexible plate by a central post. A feedback position control system is used to control the slewing
motion of the flexible appendage. Fig. (1b) shows the details of the hydraulic plant that generates
the control torque actuating on hub, trough the torsion shaft.

The electronic control circuit consists of linear power operational amplifier driven by an error
detector amplifier. The feedback signal is obtained from a potentiometer at the actuator axis, ypot(t).
The power amplifier signal, ein (t), is fed to the torque motor of a four-way, two-stage electro-
hydraulic servo valve. The servo valve spool position, xv(t), is controlled by the pressure difference
across the spool,  pc(t)-p3(t) , generated by the motion of a flapper-nozzle valve, xf (t). The flapper
motion is controlled by the displacement of the linear voice-coil actuator. The spool position
controls the line pressure (p1-p2) of the rotary actuator. A schematic view of the electro-hydraulic
servo actuator system is shown in Fig. (2a).

The Bond-Graph model of the servo actuator is shown in Fig. (2b). Here, BG1 is the BG
fragment of the voice coil actuator and flapper-nozzle control valve. The motor coil is modeled by a
resistor, Rbob, in series with the coil inductance, Lbob. The coil current is transformed in a linear
control force through a gyrator effect with transformation constant, kφ. The flapper dynamics is
modeled by an inertia, mf, a viscous friction, bf, and a spring, kf. The flow variable indicated in the
BG1 fragment is the flapper velocity, vf.



The integrated flapper velocity is the control signal of the BG2 fragment that represents the
dynamics of the flapper-nozzle (F-N) pressure circuit and spool motion. In this BG fragment we
consider the fluid compressibility effects in the inner chambers of the F-N valve, represented by the
capacitance, CH = VH/β, where VH is the control volume and β is the hydraulic fluid bulk modulus.
The pressure drop in the valve orifices are represented by nonlinear hydraulic resistors, R1, R2 and
R(xf). The pressure difference across the spool, is transformed into a force, that drives the spool
motion modeled by a standard second order mechanical system with parameters, mv, bv and kv.

(a) (b)

Figure 2. (a) Hydraulic plant sketch and (b) BG of the hydraulic plant

The BG3 fragment represents the dynamics of the rotary actuator system, where as in the case
before the hydro mechanical model takes in account the compressibility effects in the actuator
chambers, the inertia and the viscous friction of the rotor. The BG fragments are coupled through
the control signals. The analog controller consists basically of two operational amplifiers in

cascade, the error detector and the inverter configuration with gains 1A =2 and 2A =10 respectively.
Also shown in Fig. (2b) is the block diagram of the feedback control system for the position control
of the actuator rotor. The complete BG scheme shown in Fig. (2b) is denoted a controlled BG. This
system has a relatively high-order system since it represents the very fast dynamics associated with
the flapper and spool motion.

In order to validate the dynamic model through experimental testing an order reduction
procedure is proposed. After a linearization process and successive reductions in the order of the
hydraulic plant a Low Order Equivalent System (LOES) was obtained. This new model is presented
in Fig. (3) as follows.

Figure 3. Controlled Bond-graphs of the LOES



The feedback control system with the LOES in the direct path is described the following state
space equations:
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The dynamic model derived above was used to interpret the experimental observations of the
hydraulic system transfer function. The experimental results are shown in Fig. (4a) and Fig. (4b),
which show the magnitude and phase of the closed-loop transfer function, respectively. The
experimentally identified transfer function in the direct path of the closed loop system can be
described by the following parametric description estimated by standard least-square technique,
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Figure (4a) and Fig. (4b) also show the comparison between the estimated (green) and the
experimentally determined (blue) closed-loop hydraulic system frequency response function.

(a) (b)

Figure 4. (a) Gain versus frequency, experimental transfer function (blue), LOES (green);
(b) Phase versus frequency, experimental transfer function (blue), LOES (green)

From the above-identified frequency response functions one can estimate the physical
parameters of the proposed LOES model for the hydraulic actuation system. The dynamic

parameters are 3C = 5,28.10 –11 [m5/N], 6I = 0,0025 [kg.m2] and 7R = 3,8.107 [N.s/m5]. We point

out that the experimental identification of the hydraulic plant was realized with the motor uncoupled
to the torsion shaft.

2.2 The Flexible Plant

The flexible appendage consists of a thin rectangular plate made of aluminum foil, with the
following physical parameters:

Young’s modulus, E = 6,89 . 1010  [N/m] Mass density, =ρ 2795 [kg/m3]

Length, a = 1,41 [m] Weight, b = 46,85 [cm]
Plate thickness,  h = 2,65 [mm]



The vibrations of the flexible plate are measured with 12 piezoelectric accelerometers uniformly
distributed over the surface of the plate, as shown in the detail of Fig. (5a).

    
(a) (b)

Figure 5. (a) View of the instrumented flexible plate; (b) Schematic view and central hub

3. DYNAMIC MODEL OF THE FLEXIBLE APPENDAGE

The flexible plate is fixed to a central inertia, which is supported on a gas bearing system, as
depicted in the schematic view shown in Fig. (8b). The figure also shows the reference systems, and
the main parameters used in the description.

The plate has a thickness of h = 2,65 [mm], which is much smaller than its length a = 1,41 [m],
and width b = 46 [cm], and for this reason we consider the thin plate theory with the standard
Kirchhoff’s assumptions. To get the governing equations of motion of the plate and hub, we use the
Hamilton’s Principle:
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with  “ m ” the mass per unit area. The plate strain energy is computed by:
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and the work realized  by the torque “τ ” applied to the hub is θτ=ncW .

Applying the Lagrangean formalism one arrives at the following result for the dynamics of the
slewing plate, with the change of variables: θxtyxwtyxz += ),,(),,( :
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where PH III 2+= , with HI  the mass moment of inertia of the hub (3,5[kg.m2]), and Ip the

area moment of  inertia of the plate about the y axis, ∫ ∫=
b a

P dydxxmI
0 0

2 .

The distributed parameter system described by Eq. (6a,b) can be simplified by considering the
vibrations around a desired angular position, and taking an approximate solution to the flexible
displacements of the plate in terms of admissible functions expressed by the series:
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The shape functions are as of a flexible Euler-Bernoulli beam verifying the same boundary
conditions as a pinned-free beam in x-direction (named bending), and to free-free beam in y-
direction (named here as torsion), according Fig. (6). In this way, the mode shapes to bending (n =
1, 2, 3, ...) are:
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with the following boundary conditions:

x = 0: 0)0( =nxφ  and 0)0('' =nxφ ; x = a: 0)('' =anxφ  and 0)(''' =anxφ     (9.a,b)

and satisfying the orthogonality relations: np
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The torsional motion is described by (m = 1): 
yy Ay 11 )( =φ     and (m = 2): 
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and the mode shapes in torsion, (m = 3, 4, 5, ...) are given by:












+−+

−
−

= )cosh(cos)senh(sen
senhsen

coshcos
)( yyyy

bb

bb
Ay mymymymy

mymy

mymy

mymy ββββ
ββ
ββ

φ   (11)

with the boundary conditions  0)0('' =myφ ;   0)0(''' =myφ ;
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and the following orthogonality relations  
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Figure 6. (a) Plot of the shape functions of bending (n = 1, 2, 3) and
(b) Plot of shape functions of torsion (m = 3, 4, 5)



Substituting the assumed modes, described by Eq. (8) and Eq. (11), in the governing equations
of motion of the plate, Eq. (6b), one arrives at the matrix equation describing the free vibration of
the plate system

0=+ ηη KM !! (14)

where the mass and stiffness matrices are:
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The natural motion of the system is described by the natural modes obtained solving the
eigenvalue equation ( ) 021 =−− ηω IKM . Substituting the physical parameters of the plant, one

arrives at the following theoretical estimates for the first mode frequencies of the system, arranged
in descending order and expressed in [Hertz],

{fi; i = 1, 2, ... 7} = [ 86,1; 73,5; 66,8; 56,8; 33,2; 15,9; 4,91 ] (16)

3.1 BG Model of the Slewing Plate

In this section we propose a BG representation for the dynamics of the slewing plate supported
by a central rotating rigid hub, shown in Fig. (5). Introducing in the equation of motion, Eq. (6b), a
concentrated externally controlled moment )(),,( '

0 yTtyxT δ=  and a concentrated external

efforts:
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and making use of the mode shapes (8) and (11), multiplying by 
qypx

φφ  and integrating over the

area, we find the equations as follows bellow. The equation of motion considering just the
translation in y-direction, i e, m=1, is given by:

∫∫ ++=+
a

nx

a

nxnxn

T

nnn dxFdxFbkm
0

2
0

1

'

1111 )0( φφτφηη!! (18)

where the modal mass and stiffness coefficients are
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In rotation, (m = 2),  the equation of motion is described by:
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The flexible modes (n = 1,2,3,...;  m = 3,4,5...) are described by:
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The results described by Eqs. (18), (19) and (20) can be described in the BG language as shown
in Fig. (7).



Figure 7. Bond-Graphs representation of  the flexible plate

The BG description of the slewing link can now be coupled to the low-order equivalent system
(LOES) for the hydraulic actuation system as previously described. The complete representation of
the slewing flexible plate actuated by a servo hydraulic system is shown in Fig. (8).

Figure 8. BG of the Control System of a Flexible Structure with Hydraulic Actuation

The colored lines depict graphically the influence of the control torque at the hub and the
coupling forces and moments between the various flexible modes of the system. This is a unique
way to visualize a complex dynamic system that has rigid body modes coupled to flexural and
torsional energy in the system, besides the low order graphical description of the servo-actuation
system.



4. BOND GRAPH SIMULATIONS

Computational simulations were realized with the aid of a special Computer Aided Modeling
Program with Graphical Bond Graph input (CAMP-G). The BG model used in the simulation is
shown in Fig. (9a). In this model we take 021 == FF . The simulation results can be validated by

comparing the computed frequency response functions (FRF), calculated by taking the response of
an accelerometer fixed at the free edge of the plate at, x=a and y=b/2. The computed FRF,
[ ] )(/ ωjRW , is shown in Fig. (9b), where the output is computed as:
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Figure 9. (a) Simulation of the system in CAMP-G and (b) Frequency Response Function (FRF)
obtained with the linearized model described in the CAMP-G environment

4.1 Comparison with Experimental Results

In order to validate the computational BG simulation model, a comparison can be made between
the computed FRF and the experimental FRF estimated by standard modal analysis. The
experimentally determined FRFs are shown in Fig. (10). The plate was excited by an
electrodynamic shaker, with the central hub locked in a fixed position.

Figure 10. Experimental FRFs of the fixed plate, accelerometers 1, 2, 3 and 4

Figure (10) shows the FRFs obtained with four different accelerometers, distributed on the plate
surface, according Fig. (5a). The natural modes oh the flexible appendage estimated by the
resonance peaks of the experimental transfer functions can be compared with the analytical



frequencies given in Eq. (16), and with the frequencies of the resonance peaks of the FRF shown in
Fig. (9b). This comparison is summarized in Tab. (1) as follows.

Table 1. Resonance of frequencies of the flexible system, [Hz]

Analytical
frequencies

Frequencies from the
FRF of Fig. (9b)

Frequencies estimated from the FRF shown in
Fig. (10)

4,41 4,98 5,0
15,9 16,0 19,0
33,2 33,3 33,0
66,8 66,0 *
73,5 73 *
86,1 84 *

* Out of band analysis

5. CONCLUSIONS

This work presents a proposal for a BG model representation of a slewing flexible plate
controlled by a hydraulic servo control system. The BG model reproduced the principal
characteristics of this complex dynamic system, with the advantage of providing a direct
visualization of the principal dynamic effects and its coupling characteristics. The numerical results
of the BG simulation showed that the model is consistent and robust. The comparison between the
BG derived eigenvalues with the resonant peaks of the experimentally determined FRF show again
the good agreement between model results and experimental observations.

The BG derived analytical frequencies 4,9; 16,9 and 33,2 [Hz] can be associated with the
experimentally observed flexible modes (n, m) = (1,1), (2,1) and (3,1), respectively. Other
analytical frequencies at 73,5 and 86,1[Hz] are coherent with the modes (n,m) = (2,3) and (3,3),
respectively. The frequency at 66,0 [Hz] is associated with flexible mode (n,m) = (1,3).
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