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ABSTRACT
The State Space Formulation for linear elasticity is revisited in the realm of two-dimensional orthotropic
configurations. The stress and displacement distributions are determined by reducing the boundary value problem
of classical elasticity to an initial value problem. The method relies on casting into an initial value formulation
the integral transform solution of two-dimensional elasticity.

1. INTRODUCTION

The terminology State Space has been mainly used in system dynamics and Control
Theory. This methodology has been used in these areas to solve initial value problems. In this
case. the state of a dynamic or control system is completely determined by the knowledge of
the initial conditions to be imposed in the equation governing the problem. If a minimum of n
field variables are necessary to model the response of a physical system, then these variables
are called State variables and treated as components of a State vector. The n-dimensional
space is the State Space. (see Ogata,1970).

Within the framework of elasticity, the estate of a given boundary value problem may
be interpreted as the smallest set of variables which, once known at the boundary, combined
with the knowledge of the geometry and material properties, defines the solution to the
problem.

The potential function approach for the solution of problems in the classical theory of
elasticity 1s based in reducing the solution of the problem to the determination of the smallest
number of potential functions from which all field variables (stresses, strains and
displacements) can be derived. This is not always an advantage. Such a formulation is not
based on the real field variables and boundary conditions that are naturally associated with the
problem, but relies on recasting the physical problem in terms of potential functions, therefore
imposing mixed boundary conditions is not straight-forward because the have to be
determined in terms of potential functions. In addition, the potential function formulation
requires stronger convergence requirements than those that must be imposed on actual field
variables. It should be noted that some potential functions may diverge, or converge weakly in
the sense of distributions, while the field quantities derived from such potentials converge.
(see Lur’e, 1964).



Some roots of the State Space formulation in the framework of continuum mechanics
can be traced in the work of Vlasov (1957 and1966), who introduced concepts of the State
Space Method in problems of plates and Shells. This approach 1s based in expressing the
equations of elasticity in a mixed form containing stresses and displacements. The solution of
a boundary value problem is produced in terms of infinite series for each variable involved.
Although the aforementioned method produces mixed responses (stresses and displacements)
at the same time, in general, 1t is difficult to identify closed form solutions to which the
infinite series converge. A major step to circumvent this difficulty was achieved by Bahar
(1972) , who introduced the State Space formulation in terms of integral transforms as the
method to change the partial differential equations into ordinary differential equations and
used for the first time the Cayley-Hamilton theorem to integrate the resulting ordinary
differential equations directly in closed form, as opposed to determining the function to which
a complicated infinite sum would converge.

The State Space approach has many advantages over the usual potential function
approach. In this case, the imposition of boundary conditions is natural in the sense that the
formulation is based on the actual physical variables. Another major advantage of the present
formulation is that, due to the introduction of integral transforms, the analytical solution is
found without the necessity of guessing the format of the function ahead of time.

Furthermore, in the tradicional potential approach to plane elastic problems, a solution
for the stresses is sought and then used in the calculation of displacements through integration
of the constitutive equations. This process is, specially for the case of anisotropic elasticity,
not an easy task. With the State Space Formulation, stresses and displacements are obtained at
the same time with solutions that involve direct expressions for all physical variables
involved, whithout having to go back to the constitutive equations.

2. MATHEMATICAL FORMULATION

We consider plane Strain conditions in the transversely isotropic (and orthotropic) x -
y plane. Under these conditions, the constitutive equations can be written as
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Equations (2) are suplemented by equations of elastic equilibrium, where the absence
of body forces is assumed, thus
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The five equations represented by (2) and (3) can be reduced to only four by

eliminating the normal stress o,, . As a result one obtains
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where it is noted that mixed derivatives have been eliminated. Denoting by
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D,=—.,D, = :c- ,and D? = - = the system (4) can be written in matrix form as
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where k) =Cgi, k,; =-C;3Cy, k3=Cp e k;=ChCn-C,.
Taking the Fourier Transform of (5), which is defined as (see Sneddon,1951)
(6)
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one obtains the system of ordinary differential equations, namely
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Introducing the transformed State Vector

u
_ v
(7) can be written in compact form as
ds(c.y) _
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where now the transformed variables are functions of £ and y. Furthermore, to arrive at (7) it
has been assumed that the quantities u, v, oy, and oy, tend to zero as x — c. The solution of
(9) is given by (see Bronson, 1989)

S(&,y) =€ 8(£,0) (10)
in which the exponential matrix
emi}_\ ZB(g,}’) (ll)

is the transfer matrix that propagates the initial transformed vector S(&,0) on the bounding

surface into the field at any depth y. The next step is to determine the explicit form of the
matrix B. Toward this end, we start by expanding (11) in a Taylor’s series as
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We note, however, that only a finite number of terms will be necessary in (12) , due to
Cayley-Hamilton Theorem, which asserts that a matrix satisfy its own characteristic equation.
The characteristic equation of the determinant associated with the matrix A(£) is found to be

A +al’At +pE =0 (13)

where
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with the above inequalities holding for any physically admissible orthotropic material.
As stated before, matrix A also satisfies (13), thus

A +af’AY +BE =0 (15)

Equation (15) allows any power of A larger or equal to the fourth power to be written as a
linear combination of the powers of A lower or equal to the third power. Taking advantage of



such property, we can reduce the transfer matrix given by an infinite sum in equation (12) to
the following finite form

AlShy
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where the coefficients a;, j=0...3, are unknown functions of & which can be determined using
the fact that the eigenvalues of A also satisfy (16), that is

Ay - 2 3
e =ay+a A +a, A +a, A
e =agva, A vay A va, Ay’ (17)
Ay 2 - 3
e =as+a A, +a, A +a, A,

1 3
eV =gy +ra Ay +a, A +ay

where the eigenvalues of A can be expressed in the form of
I
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which can be rewritten as

=AY (=1,234) (19)

As a consequence of the inequalities expressed in equations (14), A; are all real. Furthermore,
it i1s clear that x, =-X;and A, =—hi,. Using this property, the solution of the system of

algebraic equations expressed in (17) is given by
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Substituting these values into (16), we can determine explicitly the transfer matrix B(&,y)
whose entries are of the form .
B, =E, cv:nsh(/l1 y)+F‘_.,. cosh(4,y) for(i+ j) even

(21)
B, = E,sink(2,y)+ F,sinh(2,y) for(i + j) odd

where the coefficients E;; and Fj; are functions of the material properties and the transformed
variable &.



Finally, the transformed state vector is found from the relation
S(&,y) = B(&,)S(&,0) (22)

where the transformed initial vector S(&,0) contains the boundary conditions of the specific

elastic boundary value problem which is being analyzed.
The physical variables and therefore , the state vector S(x,y) are obtained by inverting

the transformed state vector S(&, y) using the inverse Fourier Tansform (see Sneddon,1951)

J(x,y)= :21; _E f(& ) eﬂ.:xdg (23)

It should be noted that each one of the components of the state vector (displacements u
and v and stresses oy and oy, ) is obtained independently of the other component which is one
of the major advantage of the methodology proposed in this paper.

3. CONCLUDING REMARKS

The purpose of the present paper is to show how the State Space formulation can be
applied to orthotropic elastic materials and to show the advantages of this method, which is
based on actual physical variables, over potential function formulations (Airy’s Stress
function for example).
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Abstract
In the present article the viscoelastic, dissipative properties of a system are described by means of the
convolution integral. This representation of the damping mechanism allows the inclusion of experimentally
determined properties as well as data obtained from analytical models. This general formulation is applied to
describe the transient response of a one-dimensional continuum (a bar). The formulation leads to an integer-
differential equation . A numerical algorithm, related to the Newmark algorithm family, is presented to solve
this integer-differential equation. Numerical studies using the one-dimensional system are presented to validate
the proposed methodology and to show its potentiality. The proposed scheme is readily extended to more
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1. INTRODUCAO

As formulagdes e implementagdes do Método dos Elementos Finitos para sistemas
idealmente elasticos tém sido extensivamente pesquisadas e, atualmente, constituem-se em uma
tecnologia consolidada. Uma modelagem mais aprimorada do comportamento de estruturas
reais pode ser obtida incluindo-se um mecanismo dissipativo nas equagdes constitutivas do
meio, resultando em um sistema viscoeldstico. A técnica mais utilizada para inclusio do
amortecimento na formulagdo de Elementos Finitos para meios elasticos lineares € através do
chamado amortecimento proporcional. Nesta abordagem inclui-se uma matriz de
amortecimento C, proporcional ao vetor das velocidades du/dt, que ¢ a combinagao linear das
matrizes de massa e rigidez do sistema, C=aM+BK, (Nashif, 1985). Esta formula¢do ndo esta
baseada em nenhuma consideragdo associada a modelagem fisica do problema, mas traduz uma
vantagem matematica do sistema final, qual seja, a possibilidade de se proceder um
desacoplamento modal das equagdes de movimento (Clough et al., 1975).
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Uma alternativa para se introduzir amortecimento linear em sistemas eldsticos € através da
representagdo integral, na qual o mecanismo de dissipagdo € descrito em termos da integral de
convolugdo de Stieltjes (Gurtin, 1962). Esta representa¢do esta associada ao problema fisico
da dissipagdo através de fungdes de relaxagdo ou fluéncia (Findley, 1989). Estas fungdes
podem ser determinadas, tanto experimentalmente como também através da escolha de um
modelo matematico para representar a dissipagdo do sistema em questdo. As equagdes de
movimento no dominio do tempo, tanto para sistemas transientes quanto quase-estaticos,
resultam em equagdes integro-diferenciais, que geralmente sao resolvidas através de técnicas
numericas.

No presente artigo apresentam-se as principais etapas para formulagdo das equagdes de
movimento de sistemas viscoelasticos lineares transientes, nos quais o mecanismo dissipativo €
descrito pela representacdo integral. O artigo reporta ainda um algoritmo, baseado no método
de Newmark, para solugdo numérica das equagdes integro-diferenciais resultantes da
modelagem proposta. A equagdo integro-diferencial que descreve o comportamento
viscoelastico de uma barra é utilizado para ilustrar a formulagdo mencionada. Apresenta-se
também as equagdes resultantes da transformagao da barra continua em um Elemento Finito
unico, o qual serd analisado numericamente. As fungdes de relaxagao utilizadas nos exemplos
incluem o modelo de trés parametros (Findley, 1989), bem como suas particularizagdes para os
modelos de Kelvin e Maxwell (Christensen, 1982, Findley, 1989).

2. REPRESENTACAO INTEGRAL DAS EQUACOES CONSTITUTIVAS VISCOELATICAS
A equagdo constitutiva que descreve uma relagdo entre o tensor de tensdes oii(t) e o tensor de

deformagdes lineares &(t) e considera o mecanismo de dissipagdo pode ser expressa
utilizando-se a integral de convolugdo de Stieltjes e € dada por (Christensen, 1982)

t oe, (1)
o 0=|_ Eijk,(t-r)—gt—dr (1)
(o] Nesta equagdo, Eju(t) representa o
T tensor de relaxagdo. Este pode ser
t 1 1 determinado através de experimentos no
el E: dominio do tempo ou no dominio da
£l &1 ! %’Eu £0 ﬁequéjlcia ou amdq, .alravés da solugdo das
P equagdes diferenciais que governam os
en Th 3 o :
modelos viscoelasticos escolhidos para

. representar o mecanismo de dissipagao. No
1 a presente artigo escolheu-se um modelo de
trés parametros, mostrado na Figura 1.
Figura | - Modelo viscoelastico de trés
parametros (Kelvin-Maxwell).

A equagdo integro-diferencial que descreve o comportamento do modelo unidimensional
mostrado na Figura 1 € andloga a equagdo (1) onde os tensores oij(t), €x(t) e Eju(t) sdo
substituidos pelas componentes escalares of(t), €(t) e E(t). A fungdo de relaxagdao pode ser
obtida a partir do equilibrio de tensdes e deformagdes do modelo resultando,
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Eqt

E(t)=E,+E.e /" (2)

Na equagdo (2) Ey e E, representam constantes de mola e n, € o tempo de relaxagdo do
modelo, associado ao inverso do coeficiente de amortecimento material. Este modelo (de trés
pardmetros) apresenta a vantagem de poder ser modificado para representar um fluido
viscoelastico, modelo de Maxwell, ou um solido de Kelvin pela simples alteragio de seus
parametros constitutivos. Estas alteragdes sdo, respectivamente, Eq=0 (Maxwell) e E;=o
(Kelvin). Os modelos resultantes estdo mostrados nas Figuras 2a e 2b abaixo. As fungdes de
relaxagao sdo dadas por (Findley, 1989) Ey(t)=E*exp(-Et/n) (Maxwell), e Ex(t)=E+n3(t)
(Kelvin), onde &(t) representa a distribui¢do Delta de Dirac.

1° "
1 i3 l=
EZ =7 & " —t w7
ls o
Figura 2.a - Modelo de Kelvin Figura 2.b - Modelo de Maxwell

3. EQUACAO INTEGRO-DIFERENCIAL PARA BARRA VISCOELASTICA

Nesta se¢do ¢ deduzida a equagdo integro-diferencial que governa uma barra viscoeldstica
continua. Na sequéncia esta equagdo ¢ transformada nas equagdes matriciais de um Elemento
Finito. As equagdes que governam o equilibrio de uma barra retilinea de se¢do transversal
constante e densidade p e submetida a uma forga normal distribuida por unidade de volume F,

2
gg+szau

s 3
ox ot? )

Substituindo-se a equagdo (1) em (3) e com a defini¢ao da deformagao e=du/dx obtem-se:

o' u

= dt+F=p— 4

ox? P ot )
Neste artigo o ponto sobre a varidvel representa derivagdo em relagdo ao tempo. Sobre a
expressdo (4) pode ser aplicado um procedimento padrdo de Elementos Finitos (Hughes,

1987), resultando nas equagdes de um unico elemento:

L‘ E(t—1)

KLE(t—T) adwlr:lvnu (5)

onde K representa uma constante. A equagdo (5) governa o comportamento de uma barra
viscoelastica linear na qual o mecanismo dissipativo € descrito através da fungdo de relaxagao
E(t). Nesta secdo esbogou-se uma formulagdo unidimensional, para um unico elemento. A
generalizagdo para outros sistemas eldsticos € imediata e transparente.
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4. ALGORITMO PARA SOLUCAO DA EQUACAO INTEGRO-DIFERENCIAL

Nesta se¢do € descrito um algoritmo para solucionar numericamente as equagdes (4,5).
Desenvolveu-se um algoritmo, baseado na premissa de aceleragdo média constante, que faz
parte da familia de métodos de Newmark. Em particular o método da aceleragdo média €
definido através das constantes B=1/4 e y=1/2, (Hughes, 1987). Definindo-se o intervalo de
tempo entre um instante n € um instante n+l, At = ty - t, pode-se obter expressdes para
aceleragoes, velocidades e deslocamentos dadas por:

At At?

+u .+.l'jn)_ ULy =u, +1u At"‘(u +1U )T (6)

. _ mav T!+'| .o .
u(t)_ l'ln 2 ? un-HI n n+l

Substituindo-se as fungdes u(t), u(t) e ii(t) nas equagdes (4) ou (5) e, apds uma manipulagado
relativamente longa, obtem-se uma equagio com a seguinte estrutura, (Capello Sousa, 1997)

2
{il M+ K{K,“*'AH KZ‘}—Z—}uM, =F, + M{ij (u, +u,At)+ Zﬁn}+
At At At

i=n-1
+K{(K?+'A[+K;)§(u“ +l‘]nAt)+K;1+ Kouﬂ + Z UHE-I-LI }

1=2

(7)

onde, K (t,)=K] = J; E(t,—7)d7 eK,(t,)=K] =" _[‘: E(t-t)dtdt (8)

A equagdo acima representa um sistema do tipo K, u= F_., onde K¢ que pode ser

entendida como uma matriz de rigidez equivalente do sistema, enquanto F.q representa o
vetor forga equivalente, o qual é determinado a partir todas as variaveis ja conhecidas nos
passos de tempo anteriores ao que esta sendo analisado. Finalmente o vetor ‘u’ representa o
vetor deslocamento no passo de tempo em questdo. Portanto, esta equagdo pode ser
solucionada para u_,,, pois esta € a unica incognita. Este algoritmo permite a solugdo passo a
passo do problema transiente descrito pelas equagdes (4) e/ou (5), (Capello Sousa, 1997).

5. EXEMPLOS NUMERICOS

Nos exemplos abaixo a equagao integro-diferencial € resolvido numericamente utilizando
o modelo tedrico viscoelastico de trés parametros (modelo Kelvin-Maxwell). A estrutura,
definida por um elemento de barra, estd fixa em uma extremidade e possui uma for¢a externa
F(t) aplicada na outra. As caracteristicas geométricas, area de se¢do transversal € comprimento
da barra, sdo definidas com valores unitarios (utiliza-se o Sistema Internacional de Unidades).

Nos primeiros trés exemplos, valida-se a solugdo numérica da equagdo viscoelastica
transiente, comparando-se as respostas obtidas com as solugdes analiticas existentes. Nos
exemplos seguintes obtem-se as respostas dinamicas da barra, mostrando a potencialidade da
formulagdo para representar o comportamento dindmico de meios viscoeldsticos.

Exemplo 1: Neste exemplo analisa-se o problema da vibragédo livre da barra (F(t)=0), ou
seja, a resposta da barra sem amortecimento (n => ), sujeita a condigdes iniciais nao
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homogéneas, prescritas abaixo. As propriedades de rigidez do modelo de trés parametros sio
Eo=1.e E, =1.eamassa M = 1. As condigdes iniciais do problema sdo up = 0. e vo = 1.

08 "
06}

' __uft)

++ uanl(t)

o
I~

+

<
[

deslocamento u(t)
Q@

-06
-08

0 10 20 30 40
tempot
Figura 3 - Vibragdo Livre sem Amortecimento - vo = 1.

Verifica-se, nesta primeira validagdo, uma 6tima concordancia entre a resposta numérica e
a resposta analitica. Deve-se salientar que o parametro n definido como tempo de relaxagio ¢
inversamente proporcional a0 amortecimento. Portanto, neste caso para se obter uma estrutura
sem amortecimento o tempo de relaxacdo deve tender a infinito. Em outras palavras, ndo ha
tempo suficiente para a estrutura relaxar, restando apenas o efeito eldstico da estrutura.

Exemplo 2: Utilizando-se a estrutura com propriedades idénticas as do exemplo 1, pode-
se obter a resposta dindmica, com condi¢des iniciais nulas e excitada harmonicamente na
primeira frequéncia natural (o, ) da barra, ou seja, uma excitagado for¢ada com frequéncia igual
a da primeira ressonancia da barra, dada por F(t)=F,.Sen(w,.t), Fo = 1. Os resultados estdo
mostrados na figura 4. A concordancia com a solugdo analitica é excelente.

Exemplo 3: Em um terceiro e ultimo exemplo utilizado para validar o algoritmo
proposto, analisa-se o efeito do amortecimento estrutural na resposta dinamica da barra. As
propriedades sdo as mesmas do exemplo 1, apenas com modificagio no parametro de
relaxag¢do, que neste caso € utilizado n = 1. A forga externa ¢ dada pela fungdo Heaviside
(degrau unitario) e as condigdes iniciais sdo nulas. A resposta se encontra na figura 5.

Estes trés exemplos tem por finalidade validar tanto a formulagdo quanto a implementagéo
do algoritmo proposto. A qualidade dos resultados induz a se acreditar que os mesmos estdo
corretos. Nos exemplos seguintes avalia-se o efeito dos parametros viscoelasticos sobre as
respostas dinamicas. Variando-se a rigidez ¢ o amortecimento do modelo de trés parametros
pode-se obter os modelos de Kelvin ou Maxwell, separadamente. Em todos os casos utiliza-se
condigdes iniciais nulas e excitagdo representada pela fungao Heaviside (F=1), aplicada em t=0.

Exemplo 4: Neste caso adota-se E; =0 restando entdo um estrutura representada por
mola-amortecedor em série, que define o modelo (fluido) viscoelastico de Maxwell. Na figura
6 observa-se o efeito da variagdo do amortecimento (tempo de relaxagio 1) sobre a resposta.

A primeira caracteristica que pode ser observada nesta resposta € o efeito da inércia, pois
as oscilagdes que ocorrem nos deslocamentos sdo devido a presenga da massa do sistema, uma
vez que a forga externa aplicada € constante. Observa-se também uma propriedade patente nos
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modelos de fluidos que ¢ a de permitir deslocamentos crescentes ilimitados quando submetidos
a um carregamento externo qualquer. Quanto ao parametro de relaxag¢do (m), nota-se que
quando este cresce, 0 amortecimento efetivo ¢ menor e que a estrutura devera permanecer um
periodo maior sob controle dos pardmetros rigidez-inércia.

15

10+

deslocamento u(t)
o

St
10t
15 - ‘ -
0 10 20 30 40
tempo t

Figura 4 - Vibragdo Ressonante sem Amortecimento.

P
(5]
4

~

u(t)

i ﬁ& ++ uani(t)

b

deslocamento u(t)
o o o o =
] Is ()] (9] — [N

0 10 20 30 40
tempo t
Figura 5 - Vibragdo Amortecida - Forga Constante.

Exemplo 5: Em seguida mostra-se a versatilidade da formulagio, uma vez que podem ser
avaliados tanto os problemas dinamicos viscoelasticos transientes, como aqueles apresentados
acima, quanto os problemas quase-estaticos, caracterizados pela auséncia de forgas de inércia
(p=0). Neste caso as propriedades de rigidez sdo modificadas, fazendo-se E(=0.5 e¢ E;=5.
Obtendo-se o modelo de Kelvin, que caracteriza um solido.
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Novamente observa-se na resposta, ver figura 7, a influéncia do parametro de relaxagéao 1,
pois quando este decresce os deslocamentos tendem a se estabilizar mais rapidamente.
Observa-se ainda a completa auséncia de oscilagdes na resposta, que caracteriza a resposta
quase-estatica.

Exemplo 6: No ultimo exemplo, o mesmo problema anterior é estudado, acrescentando-
se inércia ao sistema. A resposta transiente de uma estrutura viscoelastica com inércia é
mostrada na figura 8.

8
7t
=07
=1
g% =
@
% 4 r ‘mﬂi!‘ 1
33t s . __neta=005
@ Ly
221 % .neta=010 1
1t ++neta=02
O " L "
0 20 40 60 80

tempo t
Figura 6 - Modelo de Maxwell com Efeito do Amortecimento e Inércia.
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Figura 7 - Resposta para Estrutura Quase-estatica.



ANALISE NUMERICA DE SISTEMAS VISCOELASTICOS LINEARES ...

deslocamentos u(t)
o
o e ‘
O _"‘f—‘—'—}—‘__‘___'_*_ T

++neta = 0.05
-—--neta=0.10
_neta=02
O " M N
20 40 60 80
tempo t

Figura 8 - Estrutura Viscoelastica e Efeito de Inércia.
6. COMENTARIOS FINAIS

O presente artigo mostrou que ¢ possivel introduzir dissipagdo em sistemas através da
nogdo de integral de convolugdo de Stieltjes e tratar numericamente as equagdes integro
diferenciais resultantes. O trabalho reportou um algoritmo capaz de aproximar a solugdo das
equagdes integro-diferenciais. A metodologia proposta, bem como sua implementagdo foram
validadas utilizando-se um problema unidimensional, que possui solugio analitica. A extensao
do procedimento reportado para sistemas de equagdes € imediato.
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Abstract

In the present work, stable finite element simulations of thermal incompressible viscoelastic flows has
been performed. The employed method consists of a four-field bubble formulation in terms of extra-
stress, velocity, pressure and temperature, which employs a non-consistent SUPG scheme to approx-
imate the advective term of the stress constitutive law and a GLS philosophy for the energy one.
Some computational experimentations with Oldroyd- B liquids illustrate the good performance of the

numerical procedure.
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1. PRELIMINARIES

A characteristic of solids is that they respond to external stress by deforming and
returning to their original shape when external solicitation vanishes - such kind of re-
sponse is called elastic. Under the influence of deformation, stretching of intermolecular
bonds occurs in the solid material and the resulting internal stress balances the external
stress. Thus, an equilibrium deformation is established; as the bonds can be stretched
very quickly since little motion is involved, it may be assumed that the equilibrium
deformation is established in an infinitely short time. In the simplest case there is a di-
rect proportionality between the stress and the deformation. The rheological properties
of such a material may be described by Hooke’s law. There are also elastic materials,
however, which do not obey Hooke’s law and which exhibit a non-linear dependence
between stress and deformation.

A characteristic of fluids is that, if an external stress is applied, they deform and
continue to deform as long as the stress is present. Moreover, removal of the stress
will not result in a return of the fluid to the undeformed state - such a response is
called viscous. The fluid deferms under an stress, however small, because of the great
mobility of molecules, but internal frictional forces retard the rate of deformation and
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cause an equilibrium state, in which a constant external stress results in a constant rate
of deformation. In the simplest case there is a proportionality between the stress and
the rate of deformation. The rheological properties of such a fluid may be described
by Newton’s law. There also the so-called viscous fluids, however, which do not obey
Newton’s law and exhibit a non-linear dependence between the stress and the rate of
deformation. We call such fluids non-Newtonian, pure viscous fluids - as in the power-law
and Carreau rheological models.

1.1 Viscoelastic behavior

The elastic and viscous responses represent two extremes of response to external
stress between which there can be an infinite number of intermediate ones. The simplest
example is the behavior of materials with yield stress. As long as the applied stress is
below some limit the material deforms as an elastic solid; if the applied stress exceeds
the yield stress, the material behaves like a viscous fluid. An especially important field of
research of modern rheology, however, is concerned with more complex materials which
exhibit some elastic and viscous simultaneously and are called wviscoelastic substances.
Strictly speaking, these substances may be either viscoelastic solids - i.e. elastic solids
which during deformation exhibit some viscous effects resulting from energy dissipation
- or elasticoviscous fluids - viscous fluids which exhibit some elastic effects - giving
arise to more complex phenomena such as non-null normal stresses and recoil. There is
no sharp distinction between these two categories of materials, nor is the terminology
consistent. As classical examples of viscoelastic fluids, we can cite the Mazwell and
Oldroyd liquids and, as their industrial applications, we can mention some oils, paints,
polymeric solutions under engineering flow processes such as the mechanical extrusion.

2. MECHANICAL MODEL

Assuming steady state and low Reynolds number, under the action of a body force
f and a prescribed thermal source r, the system describing the incompressible motion
of a thermal viscoelastic fluid in terms of the velocity u, the pressure p, the extra-stress
tensor o, the temperature # and the heat flux vector q consists of the balance equations
(Truesdell and Toupin, 1960),

—V.-o0+Vp=f{
V-u=0 (1)
u-vé+V-.q=r
supplemented with constitutive laws relating o to u and q to §. We consider here a
viscoelastic fluid whose constitutive law may be described as follows,
o=0]+0
o3 = 2n2€(u) (2)
o)+ /\&1 — 27}‘16(!1)
with n; and 7o being constant viscosities, A a constant relaxation time, €(u) the strain

rate tensor and &, denoting the upper-advected derivative of tensor o; (Bird, Armstrong
and Hassager, 1987 and Marchal and Crochet, 1987),
60‘1

6’]2—6?+(U'V)01—VUT0'1—0']VU (3)



In addition to material hypotheses above, in order to characterize the thermal be-
havior of the fluid, we must yet impose the Fourier constitutive law upon the heat flux

vector q,
q=—-xkV6 (4)

where k stands for the classical thermal conductivity.

2.1 Strong formulation

Employing definitions (2)-(4) into egs.(1), we can state a boundary-value problem
for thermal incompressible viscoelastic flows as,

-V.o1 - 23V-€e(u)+Vp=f in Q
o1+ Ao —2m€(u) =0 in Q
V-u=0 in Q
u-Vé—kAf=r in Q

u=u, on I, (5)

oy =0, on I',

6=6, on I,

[-pI + o1 + 2n2e(u)ln =0, on I}

q-n=gq; on I}

where u, p, o1, m1, 12, f, 0, k, r, q, n are defined as above, and I', and I';, boundary
regions of an open domain 2 C R? subjected, respectively, to Dirichlet and Neumann
conditions are considered in the usual way, i.e. I,Ul}, =TI, I',NI, =0, I', # 0, and
eventually I, is given by

', = {x € I');n(x) - u,(x) < 0}

Remark

When velocity is prescribed on the wholly boundary I' (I}, = @) the prescribed u,
must satisfy the global mass conservation, i.e.,

fu,,-nd[‘z(]
r

3. FINITE ELEMENT APPROXIMATION

In this section we present a finite element method employing a four-field (o1,u,p,6)
bubble formulation to approximate the boundary problem defined by eqgs.(5). In a
partition C; of Q0 defined by -quadrilateral elements, velocity and temperature fields
are approximated by continuous piecewise subparametric biquadratic elements and the
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pressure field by discontinuous piecewise linear ones. The extra-stress tensor field is ap-
proximated by continuous piecewise isoparametric bilinear elements in direct sum with
twelve bubble tensors in each element as defined in (Ruas, Carneiro de Araujo, 1992
and Ruas, Carneiro de Araujo, and Silva Ramos, 1993). With %,, V},, P;, and W, de-
noting the finite elements subspaces for extra-stress, velocity, pressure and temperature,
respectively,

P, ={q€ L3(Q)|qk € Pi(K), K €Cp} (6)

Wi={peH (Q)|dx€Q2K), K€Cy,6=00nT,} (7)

Vi ={veH (0)?|vk € QxK)? K€Cy,v=0o0nT,} (8)

3, ={re H'(Q)*? n; = mri| Tk € (Q1(K)® B(K))**? K €, -
T=0onTI,}

W) ={¢ecH(Q)]|¢x€QaK) KeCy,é=0,o0nrl,} (10)

Vi ={veH(Q)?|vik € Q:(K)*, K €C,v=1u,onI,} (11)

Zy={r e H(M)>?,7j = 7ji| ik € (Q1(K) ® B(K))**?, K € Cy,, 12

T=04,0nrl,}

where Q;(K ) denotes the space of polynomials of degree less than or equal to ! in each
one of the independent variables on K, P;(K) the space of polynomials of degree less
than or equal to one over K, the functional spaces L?(§2), L3(2) and H'(f2) are defined
by

L(9) = {q| /Qiqr*dﬂ < o},
L3(Q) = {g € L*(Q)] f“|q|‘-*dﬂ — 0},

H' () = {ve L*Q)] g—” € L%(Q), for i = 1,2},
I

T

and B(K ) stands for the family of bubble tensors on K introduced in Ruas, Carneiro de
Araujo (1992) and Ruas et al. (1993) defined as follows: Let K be a quadrilateral and

Fi be the bilinear mapping from a reference unit square K = [-1,1] x [-1,1] in the
reference plane O onto K. Defining $(%,9) = (1—22)(1 - §2)/4 (the bubble function
of K ) the twelve tensors §; are the reciprocal images through mapping F, of twelve

tensors éi defined in R, where

a=fs o] a-[% 0] -




. _[2¢ 0 . o o0 . [#% 0 : _[#e 0

(13)

3.1 A finite element method

Based upon the approximated sets described by eqs.(6)-(13), a stable finite element
method to approximate system (5) can be written as: Find (o, uy,pn,0) € X X
V{ x Py, x W, such that

B(JHMuhspanh;T!Vst(ﬁ):F(T1V;q;¢) T,V.qsf{bezh xvh XP.‘! X Wh (14)
with

B(oi,u,p,0;7,v,q,0) = (01,€(v)) + (2n26(u),e(v)) — (p,V-v) +(V - u,q)
+ (kVO,V¢) + (pc(u-V0),¢) + (61, 7) + (AM(u-V)oi, 7) — (AVueo,, 1)

— (o1 Vu”, ) — 2me(), 7) + (A(u- V)oy, ar(u- V)r) (15)
- Z (pe(u-V0) — kA8, ap(pe(v-Veo) — Qo)) K
KeCy

and

F(T:'U!q? d’) = (f,V) -+ (o-h'lv)rh T+ (r!‘t') 2 (Q:‘n '?5)1';‘ + Z ('r! th':,(pC(V ¢ V¢) = KA¢))?\

KeCy,
(16)
where the stability parameters o, and a, are defined as follows:
hg hg
ar = ——— ; ap=———E(Peg(x))
2[u(x)|, 7 2u(x)], '
SR
' 2K
¢ Peg(x) ,0< Peg(x)<1
o 1 s Pe;‘-(x) > 1
p
i1 |ui(x)[” , 1<p<oo
la(x)|, 2i-1 (17)
max [u; (x)| , p=00

in which m; denoting a positive constant introduced in (Franca and Frey, 1992) depen-
dent of the thermal finite element interpolation adopted.

Remarks

(1) It is well known that the standard Galerkin method applied to hyperbolic equations
results in spurious oscillations in the finite element approximation. In the formu-
lation (14)-(17), we have employing a non-consistent streamline upwind strategy
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Figure 1. Flow into a sudden contraction: problem statement.

(Marchal and Crochet, 1987) to treat the stress advective term of the stress mate-
rial law and a Galerkin/least-squares one (Franca and Frey, 1992 and Franca et al.,
1992) for the energy convection term of the system defined by eq.(5).

(2) The set of non-linear equations resulting from system (5) was solved by an incre-
mental Newton’s method. We used, for its first step, the velocity and pressure
fields for the Stokes flow (A = 0) and employed as Newton’s increment a Deborah
number De equal to 1.0. For more details and Deborah definition, see (Marchal
and Crochet, 1987 and Silva Ramos, 1993) and references therein.

4. NUMERICAL RESULTS

In this section we present an incompressible viscoelastic thermal simulation of the
model defined by eqs.(5) employing the finite element method introduced in egs.(14)-
(17). For all computations, velocity and temperature fields are approximated by con-
tinuous piecewise subparametric biquadratic elements (Q2) while the pressure field by
discontinuous piecewise linear ones (P1). The extra-stress tensor field is approximated
by continuous piecewise isoparametric bilinear elements (Q1) in direct sum with twelve
bubble tensors in each element defined in (13). All computations were performed in
microcomputers equipped with the P200 Intel chip using the finite element code FEM
and graphics post-processor VIEW, both codes under development at Laboratory of
Theoretical and Applied Mechanics (LMTA) of Universidade Federal Fluminense.

4.1 Abrupt flat contraction

The geometry and boundary conditions of the problem are sketched in Fig. 1: the
domain is a plane channel with a sudden 4:1 contraction. The boundary conditions
for velocity and extra-stress tensor at the channel entrance are fully developed profiles
and, at its exit, a fully developed profile was considered only for the velocity field -
taking into account the mass conservation. For temperatures, we have imposed the
following conditions: at entrance, a flat profile 6;; upstream the contraction, a greater
constant value 6,; and, after the contraction, a maximum value 83 was prescribed (These
conditions intend to simulate the heating generated by a mechanical extrusion process.).
In the numerical tests, we have selected a ratio n2/(n1 + n2) = 0.11 in the egs.(5), as
usual in Oldroyd-B flows simulations (Marchal and Crochet, 1987 and Ruas, Carneiro
de Araujo and Silva Ramos, 1993). For all situations, we have measured the Deborah
and Péclet numbers at downstream fully developed region. The computational domain

6



(2 was discretize by a uniform-by-block mesh consisting of 472 quadrilateral elements
with 4110 degrees-of-freedom for velocity, 2055 for temperature, 1416 for pressure and
7332 for extra stress field - see Figure 2 for a detail of the mesh near the contraction.

a)

Figure 2. Flow through a sudden contraction: (a) mesh detail near the contraction; (b) stream-

lines; (c¢) temperature contours.

Fig. 2b shows a detail of flow streamlines near the contraction for De = 12. As it
can be seen in the figure, the formulation defined by egs.(14)-(17) was able to capture
a well-defined back-flow region nearby the channel contraction. Fig. 2c illustrates
temperature contours; it can be noticed that, at downstream contraction, the fluid
heating was confined to thin boundary-layers, as expected from the high value of Péclet
number, Pe = 103. Besides, the back-flow zone disturbs the boundary-layer diffusive
mechanism on the vertical wall of the contraction. These results were expected and are
in agreement with the flow visualisations performed by Evans and Walters (1986).

5. FINAL CONCLUSIONS

In this paper, stable finite element simulations of thermal incompressible viscoelastic
flows has been performed. The adopted mechanical model was the Oldroyd-B liguid
with constant viscoelastic properties. The finite element method employed consists of
a four-field bubble formulation in terms of (o1,u,p,6). In order to generate stable
and accurate approximations of high advective situations, the method makes use of
upwind stabilization strategies. To discretize the advective term of the stress material
law of system (5) was utilized a non consistent Streamline Upwind scheme and, for the
temperature convective term of energy equation, a Galerkin/Least-squares methodology

has been employed.



Two-dimensional simulations of a plane channel subjected to a sudden contraction
indicated that numerical scheme introduced may produce stable finite element approxi-
mations even in those situations in which it is known a priori that Galerkin formulation
employing standard lagrangean elements without upwind strategies will generate unsta-
ble results.
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Abstract

Structural impact is a topic with growing importance among researchers, engineers, industry
and regulator bodies. Basic concepts of the phenomenon of impact and the analysis underlying
it are introduced in this article, including the influence of the strain rate on the flow stress. The
paper finishes with a discussion on various aspects of impact, including joint failure.
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1 Introduction

After mastering the analysis of metalic structures underlying elastic and plastic regimes, it
seems natural to seek for a deeper understanding of a next level of complexity, namely the
analysis of visco-plastic structural behaviour. Structural impact falls into this category.

The apparent justificative to study impact goes back to the military applications,
nowadays largely substituted by civil design of safer and better common place struc-
tures (Jones, 1989). Regulators bodies’ demands for a better structural impact per-
formance of cars (Johnson, 1990), ships (on Tank Vessel Design, 1991) and oil plants,
motivates further research on the topic (Jones and Wierzbicki, 1993).

The influencial work of W. Prager, R. Hill, P.G. Hodge, L.M. Kachanov and D.C.
Drucker, to name a few, in the field of plasticity set forward the basis for visco-plastic
analysis. P.S. Symonds and W. Goldsmith on the 60’s, W. Johnson on the 70’s and
currently N. Jones are among the ones who developed fundamental visco-plastic solutions
for beams, plates, shells and other basic structures.

Their analysis took as a start point modelling the material as perfectly plastic, meaning
a material with no elastic properties and a constant flow stress, regardless the strain
level. In fact, the so called rigid, perfectly plastic analysis, rpp, estabilished on the 50’s
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beam impacted at one-quarter of its
span. The thick line is the strain rate,
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was upgraded to impact analysis by taking into account inertia forces on the equilibrium
equations and strain rate effects on the flow stress.

Nowadays, many are the solutions available for simple structures experiencing im-
pact loads and exhbiting inelastic response. Their use have been superseeded in this
decade by the intensive use of finite element codes. Sophisticated numerical packages
are now available at low prices, redirecting the attention of researches to more accurate
solutions (Bammann et al., 1993; Holmes et al., 1993), although not analytical.

However, the details yielded by numerical solutions are, in some cases, less important
than some global parameters, for example maximum permanent displacement and the
associated impact energy, at least in a pre-designing phase of a component. Such features
of an analysis can also be obtained in a more straightforward way via rigid-plastic methods,
to be discussed in this article.

2 Phenomenology of impact

Structural impact has many aspects which distinguishes the analysis from the ones found
in solid mechanics, elasticity and even plasticity. For low velocity impact, typically less
than 20m/s (72km/h), upon the dynamic loading of a structure, elastic strains are domi-
nant due to the fast propagation of the elastic waves (Zukas, 1994). These waves interact
with the structural boundaries, promoting a complex picture of reflexion, attenuation,
change of wave characteristics which might determine the colapse mode of a structure.

This early time response of the structure occurs within microseconds of the initial
impact event and has to be distinguished from the long-term structural response. In this
case, the overall impact time is of the order of miliseconds, much larger than the elastic
wave propagation period.

The mechanisms of dissipation of impact energy lead to plastic deformation of the
structure. For ductile structures, large impact energies can cause severe geometry changes
and large deformations. Finite displacements increase the membrane stress enhancing the
strength of the member.

In the case of impact, the strain rate changes drastically along the structural response,
as illustrated in Figure 1 for an impacted beam. This rate of strain may cause significant
changes in the material behaviour. For instance, for a common mild steel, a strain rate
of less than 100/s can double the yielding stress. On the other hand, for most of the
aluminium alloys, the strain rate does not cause significant changes in the stress levels.

Clearly, the strain rate effect on the flow stress needs to be taken into account in the
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Figure 2: (a) Simply supported rectangular beam loaded by a (b) pressure pulse of inten-
sity po.

analysis. Two basic aspects have to be addressed. Firstly, it is necessary to use a material
constitutive law capable to relate the strain rate with the enhance of the flow stress. In
engineering practice, a common equation is

oo, = 0o, + fd, (1)

with
fd =ME™, m = GGSC'UQ and n= q_la (2)

due to Cowper and Symonds (Jones, 1989). The experimental coefficients C' and ¢ are
chosen to best fit the material experimental data. This equation serves as a good approx-
imation for some ductile materials, despite its simplicity and limitations, and it is being
widely used analytically and in numerical codes.

Obviously, it is necessary to estimate the actual strain rate taking place in the structure
under analysis. This is difficult to do analytically, although the work of Perrone and
Bhadra (Perrone and Bhadra, 1979) have been used by many authors. Perrone and
Bhadra disregard any contribution of the bending moment and, hence, the strain rate is
approximate and usually simplified to a constant value. Probably due to this limitation,
their equation gives a poor prediction of the strain rate in a beam, especially when it is
impacted off-centre. This is indicated in Figure 1, which also shows finite element results
for the strain rate at the bottom of a beam impacted at one-quarter of its span.

3 Analysis

Consider a simply supported rectangular cross-section beam with width B, depth H and
length 2L, subjected to a dynamic pressure pulse p(z,t) = po for t < 7, Figure 2.

The equilibrium of the bending moment, M, and the lateral force, @, for infinitesimal
displacements yields, respectively,

Q=M, (3)

and
Q' = —p(z,t) + mw, (4)

where m is the mass per unity beam length, w is the beam transverse displacement, (')
and () are the derivatives with respect to the z coordinate and time, respectively.

For the beam in Figure 2, the curvature, &, is related to the displacement according
to

n

K=—-w. (5)
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Figure 3: Velocity profile for
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\\‘x\ l” )[“// ' Figure 4: Velocity profile for
~ g i/ I. a simply supported beam
: L J when py > 6Mo/L%.

Equations (3) and (4) are a statement of equilibrium while equation (5) is, essencially,
a geometrical relation. To link these equations it is necessary to invoke the material
constitutive law, for instance equation (1).

Clearly, to describe the material behaviour by a constant flow stress assures a much
simpler solution for the governing equation. Tt is at this point that the rigid plastic
analysis shows its strength. However, the constant moment M, yielded by a perfectly
plastic material law does not assure on its own the solution of the governing equation.
We have to impose a velocity profile for the beam such that one or more hinges, ie singular
regions where the moment achieves the value My, take place. One such a velocity profile
can be described by ‘

w=W(1-z/L) for 0<z<IL, (6)

as shown in Figure 3, where W is the velocity of the beam at z = 0.
The assumption of a velocity profile allows solving the governing equation for a beam
loaded impulsively throughout its span. Substituting equation (3) in (4) we have

M" = —p(z,t) + mi(z,t). (7)
For a rectangular-shaped pressure-time history described by (see Figure 2(b))
p(z,t) =py for 0<t<7 and p(z,t)=0 for t>r7, (8)

the moment distribution in the first phase of motion, ie for ¢t < 7, and the displacement
at r = 0 for the beam in Figure 2(a) are given by

M = Moz — 32 + 2]/2 + poL?[2* — 2°]/4 and W = 3(poL?® — 2Mo)7/2mL?, (9)

respectively, when using the boundary conditions M(0,t < 7) = My, M(L,t < 7) =0
and the initial condition w(0,0) = W, with £ = z/L.

After the release of the pressure pulse, at ¢t = 7, it is possible that some kinetic energy
still needs to be dissipated. When taking this into account, it can be shown that the final
displacement at z = 0, Wy, when the motion ceases, ie W = 0, is (Jones, 1989)

W; = 3pori(poL? — 2My) /8m M. (10)

A closer inspection of equation (9a) shows that its second derivative is always negative
at z = 0 provided py < 6My/L? For a larger pressure pulse, this derivative becomes
positive, indicating a moment larger than My at £ = 0. This characterises the so-called
yield violation since M must never exceed My in a rpp material. The only way to avoid
this inconsistency is to choose another velocity profile, for instance the one in Figure 4,
and solve again equation (7).



For this new velocity profile, the plastic hinge initially formed at x = £ in Figure 4 is
allowed to propagate, avoiding then the yield violation. The velocity profile can be chosen
at will but the associated new solution might not be the exact one, in the sense it does
not satisfy the principle of virtual velocities (Jones, 1989).

The solution of the previous beam problem was valid for infinitesimal displacements
and membrane forces were disregarded. The increase of membrane forces with the dis-
placement implies that structural collapse will be no longer controlled solely by the mo-
ment but rather by a relation between bending moment, M, and membrane force, N. It
can be shown, for a rpp material, that this relation is (Stronge and Yu, 1993)

M N\?
il = 11
My (NU) h 1)

where My = 0o BH?/4 and Ny = 0o BH are the moment and membrane force which cause

independently the plastic collapse of a rectangular beam.
Equilibrium of bending moment, transverse shear force and membrane force in the
horizontal, u, and vertical, w, directions yield (Jones, 1989)

Q= M, N —mii=0 (12)

and
M" — (Nuw') +p—mi =0, (13)

which satisfy the principle of virtual velocities when using the associated kinematic rela-

tions

wr‘2
e=u'+ > and k=-—uw" (14)

The yield surface used in equation (11) contains only moment and membrane terms.
For more complex structures, loading regimes and boundary conditions, other generalised
stresses might play a significant role on the response. For instance, it can be shown that
the dynamic transverse shear stress for a simply supported beam is proportional to the
square root of the intensity of a rectangular pressure pulse. Hence, transverse shear force
may be dominant in impact events, even for slender beams.

4 Discussion

One important consequence of using a rpp counstitutive law is that elastic effects are
disregarded as whole in the structure response. This might be a gross simplification, as
shown by Symonds and Frye (Symonds and Frye, 1988). They have analysed a mass-
spring model where the springs were modelled as a rpp or a elastic, perfectly plastic, epp,
material. They found that rpp and epp material law for the spring yield discrepancies
of the response, especially for long pressure pulse, when compared to the natural elastic
period of the mass-spring model. For a sufficiently large energy ratio and long pulse
duration, the prediction of the rpp and epp models is similar, suggesting that the rpp
method of analysis can be used for large impact loads acting over a small time period. If
elastic effects are thought to be important, a more complex analysis would be required,
usually associated with numerical methods (Symonds and Mosquera, 1985; Symonds,
1980; Stronge and Yu, 1993).

The rigid-plastic approach is still a very popular technique to describe the overall
behaviour of simple structures. This is due to different reasons. Firstly, an accurate
numerical simulation of a given problem would be limited by a lack of knowledge of the

5
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impact loads, due to their transient nature. Additionally, these codes rely on the knowl-
edge of the material behaviour, which is not well described for complex load situations.
Lastly, it is difficult to know with a good degree of accuracy the boundary conditions of a
structural problem. All these features of an impact problem lend support to the use and
further development of rpp methods of analysis.

To assume that the beam analysed in section 3 was loaded with a rectangular pres-
sure pulse might sound a gross simplification. We should keep in mind though that the
actual impact load is difficult to know a priori. Youngdahl (Youngdahl, 1970) introduced
effective loading parameters to eliminate the influence of the pulse shape on the final
transverse displacement of basic structural members. Hence, the equilibrium equation (7)
is simplified by using, for any actual load, an equivalent one of magnitude p = p;,,. The
approach of Youngdhall was further explored for circular plates (Li and Jones, 1994) and
short cylindrical shells (Li and Jones, 1995), where shear effects were retained in the yield
condition. -

The boundary conditions play an important role on the structure response. It was
found that a small in-plane displacement at the supports of a beam can change the
response from that of an axially restrained beam to that of a freely supported beam (Jones,
1973).

The list of constitutive laws is extensive and reviews can be found elsewhere (El-Magd,
1994; Meyers, 1994; Harding, 1989). Unlike the Cowper-Symonds equation, most of the
constitutive laws require a more complex experimental programme to define all their con-
stants. The constitutive equations are, very often, valid within an equivalent space of
stress and strain, te a composition of stresses and strains taking place in the various di-
rections of the coordinate system used in a problem. The various components of stress
hold a definite relation among them, resulting in the vield surface. When simpler inter-
action curves are used, it is possible to solve various problems where finite displacements
and shear stresses are thought to be important in the structure response.

Liu and Jones (Liu and Jones, 1988), for instance, solved the problem of a beam dy-
namically loaded at any position of its span, where membrane and shear forces interacted
separately with the moment. Monoach and Karagiozova (Manoach and Karagiozova,
1993) discusse the influence of shear and hardening in the dynamic response of beams,
suggesting that shear has to be retained in the yield condition. For more sophisticated
interaction curves, numerical methods can be used to obtain the dynamic response of
beams and plates under different imposed loads (Shen and Jones, 1993a; Shen and Jones,
1992; Shen and Jones, 1993b).

We turn our attention now to joint failure. Generally speaking, current impact analysis
aim to predict the behaviour of a structure with no strong discontinuites. However, a real
structure has its boundaries formed by joints, which might fail even before total collapse
of the structure. Thus, it is important to access the failure mode of joint systems under
dynamic conditions (Birch and Alves, 1997).

It was found that the failure mode of spot weld joints is velocity dependent. Also,
the total absorbed energy in the joint changes significantly with the velocity (Birch and
Alves, 1997). This suggests that the design of devices to absorb impact energy need to
consider the performance of the jointing systems used. The subject of joint failure under
dynamic conditions is a new one (Paluszny, 1992) and further development ought to be
pursued.



5 Closure

The growing field of structural impact has naturally evolved from plasticity. Researchers
are seeking for a better understanding of the influence of the material behaviour on the
impact response of realistic structures. One driven motivation is that a quite broad class
of structures has to comply with safety rules imposed by government bodies.

It seems that the tendency towards the intensive use of numerical techniques will be
maintained. A word of caution is that a wide range of problems cannot be, as vet, handled
by such a codes. Here it is cited the problem of material and joint failure. In both cases,
further analytical and experimental work are necessary before failure criteria can become
of daily use in finite element codes.
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Abstract
Thermal storage on encapsulated phase change materials (pcm) is under consideration. The phase change
(solidification/melting) process is approximated by a quasi-stationary model, which is solved together with the
one-dimensional transport equation. Results are shown by the evolution of the non-dimensional outlet
temperature through non-dimensional time.
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Since utility industries throuhgout the world are adopting rate structures to provide a strong market
signal to their custumers to encourage load shifting, thermal energy storage’s role in the energetic
scenary has been continuosly increasing. Several works have been devoted to modeling and predicting
the transient response of latent heat storage devices, over a variety of geometries (Melo et al. (1993),
Nobrega et al. (1996), Arnold (1992)). Following the current trend, latent heat storage on encapsulated
PCM was chosen as the object of the present work. In such systems, PCMs are placed inside capsules
of different sizes and geometries, while the flow takes place around the capsules. We shall consider
cylindrical capsules (tubes), transversally disposed to the flow, as shown in figure 1.

x~ All the equations will be written for a solidification process, although the

! model is capable to simulate both heat (or cold) storage and recovery. For

practical reasons, the problem is posed as follows: at a time t = 0, the PCM

is “hot”, molten inside the tubes at a uniform temperature; at this very

' l moment, a valve at the bottom of the tank is opened, and a “cold” recovery

| :/>\ fluid starts to flow throughout the tank. To make the model practical, some
—_ — ¥

assumptions are necessary:

|
«— P — \< 1) The tank is represented by a control volume with one inlet and one
outlet.
Figure 1: Storage Tank  2) The tank, initially, is at uniform temperature.

3) All walls are perfectly insulated.

4) All vertical walls are impermeable.

5) The thermal capacitance and resistance of the tubes walls are negligible.

6) The sensible heat stored within the PCMs is small when compared to the latent heat.
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7) There is no natural convection inside the tubes, before or during the phase change.

8) The temperature of the PCMs, before and after the phase change, varies according to the lumped
capacity model.

9) The thermal resistance imposed by the PCM continuously increases with the solidification front
progress.

10) The flow of the recovey fluid throughout the tank can be modeled as a “plug-flow™.

11) The heat transfer from the PCM to the recovery fluid is represented by concentrated sources,
placed in the center lines of the tubes (figure 2).

All the assumptions are realistic, at least up to a certain
degree. The first four assumptions, for instance, are
common to all model and experimental devices. The fifth

e e v SN o R is as good as smaller are the thickness and themal
i conductivity of the tube walls, while the sixth is good for
7 enem— RS W ¥ (R S, small values of Ste number. The seventh assumption is

valid whenever Gr number is smaller than the critical value
necessary to start up any buoyancy induced flow. The eight
Figure 2: A comparison between physical ~assumption is good for moderate value of Bi number,
and numerical domains while the ninth his good when the PCM is a pure
substance. The tenth gets better with the decrease of the flow rate and/ or the increase of the tank
height and head loss through it. Finally, one should notice that the direction of the phase change
(radially to the tubes) is not the same direction of the flow. Assumption number eleven enable us to
split this two-dimensional domain into two one-dimensional domains.
It is worthwhile to notice, while observing figure 2, that the flow cross-section in the real tank is
wider than in the model. It happens because when one assumes a plug-flow condition under a given
flow rate, a representative area can be found only on a volume rate basis:

(HPL—ENTLDj)
4 (1)
Auf: H

where H, P and L are the height, width and lentgh of the storage tank. NT is the number of tubes and
Dg the diameter of the tubes

If V' is the volumetric flow rate of the recovery fluid through the tank, then the flow velocity “u”
is assumed to be uniform, and given by:

o (2)
=
AA'I'E
This enables us to write the one-dimensinal transport equation:
’ éT orT 7 o'T 5 g
e & s >+ S
PHPar "Wox )T " ox o

where:
p : recovery fluid density.
Cp : recovery fluid specific heat.
T : bulk flow temperature (at x).
K : thermal conductivity.
u : flow velocity.
x : flow direction.



As stated before, G is a heat generation which is present only on nodal points which represents the

tubes centerlines, (G = 0 otherwise)

(-1) 1 1 -
R, Ay Ax

i

G = NTPR
where:

NTPR: number of tubes per row.
Tpem : pem temperature of a given row.

T : recovery fluid temperature at the same location.
R; : thermal resistance at the same location.

Before the change of phase takes place:

|
. 5
B =50 )

After its beginning, the thermal resistance to conduction through the growing layer of PCM has to
be added to the previous term

'“[%hL 1

R = 6
" 2nK,,L hA, ©)
The value of h, is given by
h=NuK/D, (7)
in which the Nusselt number #Nu is given byZukauskas [Kakac et al. , [987].
; . Pr 0.25
Nu=(C, Re"' Pr" (F"T] (8)

where C, and C; are constants which depend on Re. C, varies from 0 to 1 for Re <10" and NR (number
of rows) < 16. For any other conditions, Cy; = 1. The Reynolds number is based on the maximum
velocity, umx , Which occurs at the minimum cross section

9)

Upax = U (Amedf’Amin) (] 0)

Then, if one places (6) in (4) and (4) in (3),

Figure 3: Maximum velocity section
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T) ' (11)

+ ﬂ(m
dx & - NE (R/ ]
1

27rk hA

[ 3

éT ﬁrj 8T  NTPR
,\t+u K >
&

PCP[

)Y
S

The position of the solidification front Ry will be found by using a quasi-stationary model of
change of phase, which, according to assumption (6), is suited to this case. If the phase change at
the J row starts at t; temperature throughout the PCM is governed by

kpnm CTpmr GTptm
? OR R 3R =0 R,>R>R, , t>¢ (12)

Subjected to the following boundary conditions:

Tpcm(Rszt) = Tm i £ Ij {I?,A)

(;T['FH
Kuw 52 =h[T0 =T, (R,0)] 151, (12B)
Rin
to obtain

In /
Rl‘

LR =T, +(T(t) - T) / DSRER, t =¥, (13)

Knowing the temperature profile, it is possible to apply a differencial balance on the front of
solidification

R, arT,
. L m I4
plrr('mf f’ (""‘f o K:r('m (? R L > {.f ( )

in which y is the latent heat of the phase change material

Ri(0) =R, (initial position of the solidification front) (14A)

resulting in

2 R i 2 K‘- 3
2R 1n~)—é—=(l+h& ](R;_.‘.— 2] P.WJ’J; T-T,)dt (15)
Def' ining a caracteristic advection time, t, and the following dimensionless variables,

= H/u (16)
T=th, (17)
x'=x/H (18)
0= (T'Tin)f(Tini'Tin) ( |9)
Pe = Hu/oem (20)
KR = prcm (2 1 )

and replacing them in (11)



vl

@ N 1 6 HL (8,-6) NTPR 1
E+ e Zer +7 (22)

o | R 1
&  Pecx Age e Ak K B )
2 R, Nu
initial condition: G(X‘,O) =1 (22A)
boundary conditions 6(0,t)=0,1>0. (22B)
tx =1 9 0 22C0)
atx =1, — = 2
' (
Also, introducing the following non-dimensional variables into eq. (15)
RR = R[JR{] (23)
Ste = Cppem(T- Tm)/ v (24)
C(T . - T
Ste, _pCp(1, - T,) (25)
pﬂt'ﬂ!y
one would obtain
1 I 5 @\* 1 Ste,, 5% 26
InR, :[2-+NM,R](1-RR)+3(-H—] KRPE—E;:(G,E—G}RRI”Sfedr (26)

The solution is then obtained by solving sinultaneously equations (22 ) and (26). The domain
relative to equation (22) is divided into a finite number of volumes (Patankar, 1980), by using the
upwind scheme to represent advection and the fully implicit scheme for the transient term. The
resulting tri-diagonal matrix is then solved, with guessed values of Ry for each row, and the
temperature field is used to evaluate Ry on each row (26). This process continues until convergence
has been achieved.

The objective is to evaluate the impact of the degree of fragmentation of a certain amount of PCM
on the heat recovery time, under different thermal solicitations. Table 1 shows data for three degrees
of fragmentation of a fixed volume of pcm contained in a fixed volume storage tank. In each case,
NTPR, NR (number of rows) and D,/L are varied simultaneously, in such a way that the ratio between
pcm and tank volumes remains constant. Some other parameters, which are shown on table 2, are held
constant. Figures (3) to (5), show the outlet adimensional temperatures as functions of the non-

dimensional time. )
Table I: Influence of the degree of fragmentation

Pe =3x10’ NR NTPR NT D./L Re Nu NTU,
#1 10 10 100 0,087 644 23,0 0,04
#2 50 50 2500 0.018 140 10,5 0,45
#3 100 100 10000 0,009 74 8.8 1,46

Pe =6x10°
#4 10 10 100 0,087 1320 42,0 0.04
#s 50 50 2500 0,018 280 15,0 0,32
46 100 100 10000 0,009 147 11.0 0.92

Pe =3x10°
#7 10 10 100 0,087 6440 112,0 0,02
#8 50 50 2500 0,018 1340 43,8 0,19
#9 100 100 10000 0.009 738 24,5 0.41
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Table 2: Constant parameters

H/L H/P Ste Ste o Kg HL/A peg
1 I 0,36 0.21 0.61 2.6
- Ud, : . .
Definition: NTU = — , or in terms of the adimensional parameters,
mCp

x NT [ H%M] (27)

[I IK i \|
Pel a2 kelnky

NUT =

Figures (6) through ( 8) shows NTU as a function of the non-dimensional time.

CONCLUSIONS

The results obtained through this model show a qualitative concurrence with those obtained by Braga
(1993) and Nobrega et al (1996). Since R, varies from an initial value to an infinit value, one
should expect the value of NTU to vary from some initial value to zero, as can be seen from
figures (6) to (8). Table 1 shows that the higher the number of tubes, the higher will be the
initial value of NTU (and consequently the average), thus increasing the heat transfer rates
and reducing the time required by the discharge process. Although Nu number decreases with
the increase in the number of tubes (NT), the impact caused by the increase of the overall
wetted area overcomes this effect, making smaller capsules more effective from the heat
transfer viewpoint (for a fixed Pe). However, the general conclusion that the discharge
process is as faster as the greater is the number of tubes NT should be made with care. Figures
(5) to (3) show that from case 7 to case 9, the discharge process has lasted 99% less, while
from case 4 to case 6, about 90% and from case to 1 to 3 only 80 %. This suggests that for
lower values of Pe number, increasing the degree of fragmentation would lead to less
effective capsules. Such values of Pe number, however, are out of the bounds imposed by
design and/or operating conditions, therefore being of no practical interest.
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Abstract

This work consists in the identification of the stiffness properties of composite materials from dynamic tests.
Unknown coefficients are identified by a technique of model updating. The used formulation (modal approach) is
based on the minimization of the eigensolution residuals (sensitivity method). Errors of generalized masses are
considered. This technique allows the simultaneous identification of several properties from a single test.
Stiffness properties of extension, bending. twisting and transverse shear are identified. A discussion of the
differents identification approaches of elastic constants of composite materials from dynamic tests is presented.
Results obtained by numerical simulations show the efficiency of the method.
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1. INTRODUCAO

O campo de aplicagdo dos materiais compostos evoluiu consideravelmente estes ultimos
anos. Utilizados inicialmente pelos setores aerondutico e espacial, os materiais compostos tém
conquistado, graga a uma grande versatilidade, dominios extremamente variados. Atualmente,
as qualidades classicas intrinsecas dos compostos como a leveza, associada a caracteristicas
de resisténcia e corrosao elevadas, sdo ampliadas gragas ao aparecimento de novos materiais,
elaborados a partir de novas filosofias de concepgao e fabricagdo. Ainda mais avangadas,
novas geragoes de estruturas ditas multi-funcionais como os materiais hibridos ou mais
recentemente os compostos adaptativos ou inteligentes, comegam a aparecer (Chou, 1992). As
novas tecnologias requerem dessa forma novas técnicas de andlise do comportamento
mecanico, adaptadas a esses novos materiais.

Este trabalho trata da identificagao de propriedades de rigidez de materiais compostos a
partir de ensaios dinamicos. O interesse dos ensaios dindmicos esta no fato de que a
informagdo do comportamento vibratério de uma estrutura comporta varias energias de
natureza diferente, o que vai de encontro ao carater de identificagdo multiaxial, inerente aos
compostos. Esta técnica permite, em principio, a identifica¢do simultanea de varias
propriedades a partir de apenas umm ensaio. Os coeficientes serdo identificados pela técnica de
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ajuste de modelos. O método utilizado (do tipo modal) € baseado na minimizag¢do de um
residuo construido com as auto-solugdes do modelo e da estrutura, técnica esta chamada de
método de sensibilidade.

2. FORMULACAO GERAL DO METODO DE SENSIBILIDADE

O método de sensibilidade consiste na

discretizagao medidas : minimiza¢do de um residuo baseado nas auto-

siemgutoslinios] |analisemodal solugdes, consideradas como grandezas de saida

l v (figura 1) (Piranda, 1994). Suas vantagens em

| matrizes amo}i‘;‘;@bes relacdo a outros métodos de ajuste de modelos em

KeM yex) y e elastodindmica sdo, de maneira geral, as

i seguintes: ndo ha expansio ou condensagao;

autovalores A2 aplicavel no caso onde o numero de sensores €

autovetores y.* reduzido, portanto bem adaptado ao tratamento

T de grandes sistemas; robustez em relagdo aos

ruidos nas medidas; facilidade de manipulagao e

corregao comparagao interpretagdo fisica das varidveis do problema
AK, AM auto-solugdes ; G cay ' -

considerado. Seus principais inconvenientes sio :

ma convergéncia ou possibilidade de minimos

locais, o que impde um modelo inicial

Figura 1 - Organograma geral do relativamente  proximo da estrutura real;

método de sensibilidade. necessidade de emparelhamento dos modos;

utilizagdo das massas generalizadas; problemas

numeéricos no caso de autovalores multiplos ou

quase-multiplos. A maioria destes inconvenientes podem no entanto serem resolvidos
através de procedimentos adaptados (Cunha, 1997).

Em ajuste de modelos, procura-se determinar as corregdes AK e AM entre as matrizes de
rigidez e de massa do modelo (a) e da estrutura (ex) :

ma concordancia

K = K™ + AK M = M + AM (1

Para isto, supde-se que o modelo elementos finitos ¢ composto de subdominios, chamados
macro-elementos, que possuem elementos dependentes dos mesmos parametros :

K=Y K" er"™ M=) MF eR"™ (2)
e=1 e=1
onde » € 0 numero de elementos de um macro-elemento, K “’e M/*’ sao respectivamente as
matrizes rigidez e massa associadas ao elemento e. As corre¢des sao efetuadas agindo-se nos
p macro-elementos de rigidez e nos g macro-elementos de massa, da seguinte maneira :

4 4
K* = gk,.xf M= Zlijj (3)

onde k; e m; sdo os coeficientes corretores que se procura identificar, K* e M* s3o as matrizes
rigidez e massa completas. O residuo € construido a partir das distancias entre as auto-
solugdes identificadas na estrutura e calculadas pelo modelo elementos finitos, avaliadas nos
graus de liberdade correspondentes aos ¢ sensores :

Ay, =y =yt e R AL, = A" -2 eR v=1l,...m (4)
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O método de sensibilidade consiste em exprimir as distancias em fungdo das variagdes dos
parametros de concep¢do dos macro-elementos. Para isto, desenvolve-se as auto-solugdes
medidas em série de Taylor de primeira ordem, nas vizinhangas das auto-solugdes
emparelhadas do modelo :

C;v(a) 5 (’a) ; 0”&{0} F)n.l:a)
pe) = plad Z Zy_‘dm; Ae) 2 pla) Z Z—‘—dm (5)
I o 5m} ;' = Cm

Sob forma matricial tem-se :

[ay, ] | % &, | amomr g T
S - -, N Y- VRR- Y {Ay} il {AP(“]
; o o dk A 'k) {m) m)
Ah i P oA | Gh Ok {dm, AZ S Ap
ok, ck, | om, om, i [m(c+1), 1] [m(c+1). p+ql Ip+q. 1]
b g, | Gh Gy
| ok, T ok, | om, om, |

onde m € o numero de autovetores identificados; ¢ ¢ o numero de graus de liberdade
instrumentados; p ¢ o numero de macro-elementos de rigidez; ¢ ¢ o numero de macro-
elementos de massa; N ¢ o numero de graus de liberdade do modelo elementos finitos; n é o
numero de autovetores calculados do modelo elementos finitos. Em relagdo a matriz de
sensibilidade S, as expressdes das derivadas primeiras das auto-solugdes em relagdo aos
parametros de rigidez e massa sdo obtidas derivando-se a equagdo de equilibrio do modelo,
considerando-se igualmente as relagdes de ortonormalidade (Piranda, 1994).

2.1 Consideracao dos erros das massas generalizadas

A defini¢do do residuo dos autovetores implica na normalizagdo correta dos autovetores
identificados, condigdo dificil de se satisfazer experimentalmente em identificagdo modal. Os
erros de identificagdo das massas generalizadas podem assim gerar corregdes erroneas do
modelo. Para resolver-se este problema introduz-se as massas generalizadas como inc()gnitas
suplementares. Designa-se por 3',*” o autovetor identificado sem erro de norma e por v/, o
autovetor realmente obtido. Supoe se que : ', =y “/(1-a, ), onde a, é um coeficiente

real desconhecido. O sistema completo a resolver torna-se entao :

[ Ay | e 0 ir 2.
| S;k) S.(’m) B .‘
}9_"1 . 0w (7)
A 5 i
J y k) (m) AU(“
IL ‘ i S} 0 Ap™
Mﬂ- L : _- )
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2.2 Aspectos dinamicos e matematicos do problema

Diversos aspectos interdependentes sao de fundamental importancia para a aplicagdo
prética da técnica de ajuste de modelos em dinamica, visto que 0 problema comporta fatores
de natureza fisica e matematica. Estes estudos foram abordados no trabalho de Cunha (1997).
Pode-se citar os seguintes pontos : problema de otimizagdo na resolu¢do da equacdo de
sensibilidade (6); emparelhamento dos modos; reanalise das auto-solugdes; posicionamento
otimo dos sensores; simulagdo com introdugdo de ruidos nas medidas; desenvolvimento do
método com aproximagdo de segunda ordem nas equagdes de Taylor; estudo aprofundado do
problema de estimagdo inicial dos pardmetros a serem identificados, com utilizagdo da técnica
dos algoritmos genéticos. Estes temas serdo objeto de futuras publicagdes.

2.3 Método de otimizacao

O método de otimizagdo utilizado para o calculo da solugio Ap na expressdo de
sensibilidade (6) € do tipo gradiente sob restrigdes de desigualdade. O principio deste método,
chamado Meétodo das Diregoes Realizaveis Modificado (DOT, 1990), consiste em se
determinar a solugdo que minimiza a fungdo custo J(p), com a vantagem de precisar a diregdo
e o ganho de passo de busca no espago paramétrico. A fungao custo ¢ formada a partir das
distancias entre as auto-solugdes e as distancias dos parametros de corregdo :

J(p)="Av(p)W Ay(p)+"AA(p) W, AA(p)+"Ap(p)W ,Ap(p) (8)

; ; i . inf sy, in sup
submetida as restri¢oes de desigualdade : Ap;n' < Ap; < Ap; P e p; / <p; < p; q
onde - Ay =V - y@ e R™' ¢ o vetor das distancias dos autovetores;

AL = A 2@ ¢ R™ ¢ o vetor das distancias dos autovalores;

Ap=p-p” e R ¢éovetor das corregdes paramétricas;

W, e R™™ W, e R™" e W, e R""™ sio as matrizes de ponderagdo, escolhidas
segundo a especificidade do problema.

2.4 Adaptacao do método de sensibilidade aos materiais compostos

No contexto das Teorias de Placas e Cascas Estratificadas, considerando-se a variedade ¢ a
complexidade dos pardmetros que influenciam o comportamento mecanico dos compostos,
existem diversos metodos para a escolha do campo de deslocamentos, das tensdes e das
condigdes de contorno associadas (Bert, 1984, Cunha, 1997). Utilizou-se neste trabalho a
chamada Teoria de Cisalhamento de Primeira Ordem, que considera o efeito do cisalhamento
transversal, e que possibilita a obtengdo de bons resultados para a maioria dos estratificados
compostos. A equagdo constitutiva € escrita sob forma contraida da seguinte maneira :

N A B 0]le
M|=|B D 0}||k 9)
Q 0 0 H||y,

onde, [A] e R’ : matriz de rigidez em membrana;
[B] e R* : matriz de acoplamento em membrana-flexao/torgao;
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[D] € R’ : matriz de rigidez em flexdo/tor¢ao;
2 a. rop— "
[H] e R™? :matriz de rigidez em cisalhamento transversal.

Q,,, W (= hi_))

M]—-

M: TM::

A, = Z(é‘j)k (hy = hi_y) B, =
k=1 (10)

1 n -
Dy =3 2@k U ~hiy) H; = Quh (o = By
k=l

=
II

sendo Q} as constantes de rigidez de uma camada em uma dire¢do qualquer; A; € a cota da
face da camada k; #n o numero de camadas e k; os fatores de correcdo do cisalhamento
transversal.

A identificagdo de propriedades de rigidez de materiais compostos por métodos do tipo
ajuste de modelos em dinamica ¢ relativamente recente. Dada a sua complexidade, o tema esta
bastante aberto. De fato, o carater de anisotropia, a diversidade dos materiais e a variedade das
formas estruturais faz com que o comportamento mecanico dos materiais compostos seja
particular. Pode-se citar por exemplo o efeito de acoplamento dos esforgos e o fendomeno de
delaminagao, tipicos dos estratificados. Desta forma, ndo existe na literatura formulagoes
gerais que permitam resolver-se todos os casos de identificagdo. Encontra-se frequentemente
estudos aplicados a casos particulares. A grande maioria destes estudos utiliza o método de
sensibilidade, com estimacdo do tipo Bayes. Alguns autores modelizam a estrutura como
homogeénea global, identificando-se propriedades do tipo E, ,E, .G, ,Vi do estratificado
(Frederiksen, 1994, Pedersen, 1988, Deobald and Gibson, 1986). Isto é na verdade uma
simplificagcdo do problema e ndo permite o calculo destas mesmas propriedades referentes as
camadas individualmente. Uma outra possibilidade, no caso particular de camadas idénticas, ¢
de se identificar diretamente as propriedades das camadas. No entanto isto pode representar
um inconveniente, pois as propriedades seriam fortemente ndo-lineares em relagdo aos
autovalores e autovetores. Uma maneira interessante de abordar o problema ¢ de se utilizar as
constantes de rigidez da lei de comportamento da estrutura (expressdao 9) que exprime as
resultantes e os momentos em fungdo das deformagdes de membrana, de cisalhamento e das
curvaturas (Sol, 1986, Link and Zhiqing, 1993). De fato, a utilizagdo das matrizes A, B,D e H
apresenta algumas vantagens :

- facilidade para a compreensio do comportamento mecanico da estrutura : estas
"propriedades globais" explicitam os efeitos de membrana, flexdo, torg¢do, cisalhamento,
de acoplamento, etc; '

- a identificagdode A,B,De H pen‘mte o calculo posterior das propriedades das camadas
no caso de camadas idénticas;

- possibilidade de se fazer a interface do me¢todo de sensibilidade com os programas
de calculo de elementos finitos, pois as constantes de rigidez sdo lineares em
relacdo as matrizes elementares de massa e rigidez;

- finalmente, pode-se lembrar que os programas de elementos finitos atuais permitem
a utilizacdo direta das constantes A, B, De H como dados de entrada, o que evita
a identificagdo das propriedades das camadas.

A formulagdo do método de sensibilidade para os materiais compostos ¢ idéntica a
formulagdo desenvolvida anteriormente, considerando-se apenas os parametros de rigidez. As
corregoes sdo efetuadas nos p macro-elementos, que sdo os componentes das matrizes A, B, D
e H. Cada macro-elemento possui assim um papel bem definido no comportamento
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mecanico da estrutura. Para ilustrar esta idéia, toma-se como exemplo o caso geral de uma
placa estratificada simétrica. As corregdes nos p macro-elementos sdo da seguinte forma :

K* :ikiKi =k|DnK1 + klesz +k3D23K3 +de16K4 e k:iD:aKs +

i=1

+k(Dyo Ko + k4K, + k3 A,Kg + kg A Ky + koA Ky + (1)
+k Ay K\ + kA Ky + ki H Ky +k H K,

onde :

DK, D;»Ks, . . ., HssK;4 representam as matrizes de rigidez dos macro-elementos; &; € o

coeficiente de corregdo do macro-elemento i; K ¢ a matriz de rigidez completa. As constantes
de rigidez sdo : Dy, - flexdo x; D, - acoplamento flexdo x / flexdo y; D> - flexdo y; Dy -
acoplamento flexdo x / torsdo; Dy - acoplamento flexdo y / torsdo; Des - torsdo; Ay -
membrana x; A, - acoplamento membrana X / membrana y; A»» - membrana y; A4 -
acoplamento membrana x / cisalhamento xy; A, - acoplamento membrana y/cisalhamento xy;
A - cisalhamento xy; Haq - cisalhamento transversal yz; Hss - cisalhamento transversal xz.

3. APLICACAO NUMERICA

A simulagdo foi feita em uma placa estratificada alternada/equilibrada simétrica, livre-livre,
com 16 camadas ortotropicas a + 45°. O material ¢ um pré-impregnado em grafite/epoxi-
Hercules AS1/3501-5. As caracteristicas da estrutura e as condigdes de ensaio sao :

- constantes de rigidez :
D11'—_449 N.m D5'5= 355 N.m
Di2=324 N.m  Hay=2.06 x 10” N/m
D= 449 N.m  Hss=2.06 x 10" N/m
Dis=59N.m  p=1580 Kg/m®
D25= 59 N.m

- nimero de sensores () =17 (2)
- nimero de modos medidos = 10

As constantes de rigidez do modelo inicial foram perturbadas em + 20%. Os resultados
obtidos foram bastante satisfatérios. A figura (2) mostra a evolugdo dos parametros no
processo de ajuste ao longo das iteragdes. Os graficos mostram uma excelente convergéncia
destes parametros, com uma redugdo significativa das distancias entre as auto-solugdes. A
tabela (1) confirma os bons resultados das corre¢des, sendo os valores das constantes de

rigidez iniciais reencontrados (0 numero entre parénteses representa a diferenga em relagao ao
modelo inicial).

Evolucao das corregdes de rigidez Evolugao da fungao objetivo

1.8! =3 T T F 100 T T T
1 80H 4

iteracao iteragdo
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_
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Figura 2 - Evolugao dos parametros de ajuste ao longo das iteragoes.

Tabela 1 : Resultado final do ajuste das constantes de rigidez.

Constantes Modelo Modelo Modelo

de rigidez Inicial Perturbado Ajustado
Dy (N.m) 449 539 (20%) 449 (0%)
D> (N.m) 324 389 (20%) 324 (0%)
Dss (N.m) 449 374 (17%) 449 (0%)
le. (N.m) 59 49 (17%) 59 (0%)
D)_(, (N.m) 59 71 (20‘.'/0] 59 (0‘%]
Dy (N.m) 355 426 (20%) 355 (0%)
Has (N/m) 2.06x 10 1.72 x 107 (17%) 2.06 x 107 (0%)
Hss (N/m) 2.06 x 10’ 2.47 x 107 (20%) 2.06 x 107 (0%)

4. CONCLUSAO

O aumento do campo de utilizagdo dos materiais compostos € diretamente dependente,
entre outros, do conhecimento preciso dos fendmenos que governam o comportamento
mecanico desses materiais. Neste sentido, a diversidade dos materiais e a complexidade das
configuragdes estruturais faz com que a elaboragdo de modelos gerais de comportamento seja
bastante dificil. Isto acontece igualmente para os métodos de identificagdo de propriedades
mecanicas. Dentro deste contexto, a técnica de identificagdo a partir de ensaios dinamicos €
interessante pois pode-se aplicd-la em uma vasta gama de estruturas. O processo € do tipo nao
destrutivo e sua implementagdo € relativamente simples. A metodologia utilizada se mostra
bem adaptada ao carater de anisotropia dos materiais compostos. Em relagao a outras técnicas
de identificagdo, o método apresenta a vantagem de simplificar consideravelmente os testes
pois pode-se identificar varias propriedades diferentes, de maneira simultinea. Uma outra
vantagem € que pode-se aplicar este método de identificagdo diretamente na estrutura (placas,
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cascas, tubos ou mesmo geometrias mais complexas), sem necessidade de corpos de prova
adaptados a cada ensaio, segundo o parametro a ser identificado. Por outro lado, as constantes
de rigidez identificadas, geralmente com uma boa precisdo, podem ser introduzidas
diretamente como dado de entrada nos programas de elementos finitos.

Os resultados obtidos por simulagdes numéricas em outros tipos de estruturas de materiais
compostos (estratificados anti-simétricos, tecidos, sanduiches, etc.), e aplicagdes a estruturas
reais, mostraram a precisao e a robustez do método de sensibilidade (Cunha, 1997). Deve-se
observar trés aspectos importantes na identificagdo : boa sensibilidade ¢ independéncia linear
das constantes a serem identificadas € uma base modal com um numero suficiente de
sensores.

Existem varias fontes de erros possiveis no processo de ajuste de modelos em materiais
compostos. Pode-se citar os erros de modelizagdo : malha elementos finitos grosseira,
hipoteses simplificadas de célculo, etc; os erros no processo de correcio (método de
sensibilidade) : ma representatividade na fungdo objetivo (linearizagdo do problema, base
modal experimental reduzida, ponderacdo dos parametros, etc.), ndo-unicidade e instabilidade
da solugdo, etc; os erros de topologia do material : heterogeneidade das propriedades fisicas,
imperfeigdes geométricas (espessura, orientagao das fibras, etc.), defeitos em geral; os erros
de medidas : erros sistematicos e aleatorios quando do ensaio dinamico (posicionamento dos
sensores, ruidos, etc.).

Concluindo, pode-se dizer que a qualidade dos resultados €, de uma maneira geral, ligada
diretamente a qualidade do modelo elementos finitos, a estratégia de ajuste utilizada e a
precisao das medidas experimentais. E a associagao destes trés fatores que pode conduzir a
uma identificacao confiavel.
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_ Abstract

This work is placed within the framework of the identification of stiffness properties of composite materials from
dynamic tests. More precisely, the used approach is inserted in the general context of model updating. The
genetic algorithms method is used as a complementary technique allowing a first estimation of the elastic
coefficients, in other words, the initial finite element model is estimated. The refinement of solutions can thus be
made by a classic updating method, as for example the sensitivity method. The procedure allows the
simultaneous estimation of several properties, from a single test. Properties of extension, bending, twisting and
transverse shear effects can be identified. Results obtained by numerical simulation show the efficiency and
robustness of the genetic algorithms.
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1. INTRODUCAO

Dentro do método de ajuste de modelos, um aspecto essencial do processo de corregdo
paramétrica € o da estimagdo inicial dos parametros a serem identificados, ou seja, a escolha
do modelo de elementos finitos inicial. Na pratica, ndo se conhecem ou se conhece pouco a
priori os parametros de corre¢do que definem o modelo de elementos finitos. Corre-se desta
maneira o risco de se ter um modelo inicial distanciado da realidade. As consequéncias de
uma escolha inoportuna neste caso podem ser bastante prejudiciais. No processo iterativo de
corre¢do, os parametros podem convergir para uma solugdo que nao € a solugao 6tima global,
ou mesmo divergir. Isto se explica pelo fato de que a maioria dos algoritmos utilizados
baseiam-se em processos de busca local. No método de sensibilidade por exemplo (Piranda,
1994), a solucdo do problema € construida a partir de um ponto de partida do espago
paramétrico. Em seguida, a resolugdo do sistema de equagdes por uma técnica de otimizagio
permite obter-se uma estimagdo das incégnitas que se aproximam em principio da solugdo
otima. O problema vem do fato de que se o ponto de partida esta distanciado da solugio
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global procurada, as solugdes obtidas pelos métodos de otinfizacdo local correm o risco de
convergirem para um minimo local ou até de divergirem.

No caso de ajuste de modelos em materiais compostos a estimagao inicial dos parametros
¢ muito importante. A natureza multimodal do problema torna particularmente delicado o
processo de convergéncia para uma solugdo oOtima. A proposta deste trabalho ¢ de se
desenvolver uma técnica de estimagdo inicial dos parametros (no caso presente de
propriedades de rigidez) que possibilite a obtengdo de uma solugdo que se aproxime da
solugdo otima. Pode-se assim a partir de um modelo inicial de boa qualidade, encontrar-se um
modelo corrigido final correto. O método escolhido € o dos algoritmos genéticos. Bastante
utilizada atualmente, esta técnica relativamente recente estda sendo aplicada em diversos
dominios (Friswell et al., 1996, Larson and Zimmerman, 1993). A proposta ¢ de adapta-la ao
contexto de ajuste de modelos em dinamica. Pode-se assim evitar as situa¢des problematicas
ja citadas, escolhendo-se dentro de uma gama de modelos, aqueles susceptivels de conduzir,
apos ajuste, a um modelo confiavel.

O problema de estimagdo do modelo inicial € um tema pouco abordado na literatura
referente a identificacdo de propriedades de rigidez de materiais compostos em dinamica.
Pode-se assim supor que se deve contentar com uma busca "manual" das propriedades
iniciais. Uma possibilidade € de se utilizar expressdes analiticas da dindmica das estruturas. A
partir de solugdes aproximadas para as frequéncias de vigas ou placas pode-se construir um
sistema de equagdes onde as incognitas sdo as propriedades de rigidez (Lai and Lau, 1993).
Este tipo de solu¢do do problema é na verdade restritivo. As expressOes analiticas sdo
normalmente limitadas a condigdes particulares, as vezes dificeis de serem realizadas
experimentalmente. Além disso, dentro da técnica de ajuste de modelos, ensaios
suplementares seriam necessarios. O metodo dos algoritmos genéticos aqui proposto € uma
técnica que pode ser aplicada em qualquer tipo de estrutura, ndo necessitando de ensaios
suplementares.

2. FORMULACAO DOS ALGORITMOS GENETICOS

Os algoritmos genéticos (AG) sdo algoritmos de exploragdo baseados nos mecanismos de
selecdo natural e da genética. Os AG utilizam os principios da sobrevivéncia das estruturas
melhor adaptadas, e as trocas de informagédo pseudo-aleatorias (Goldberg, 1994). Em um AG,
um numero finito de solugdes candidatas sdo criadas aleatoriamente formando a populacao
inicial. Esta populagdo permite em seguida a criagdo de novas gera¢des no espago de busca,
utilizando-se uma parte dos melhores elementos da geragdo precedente, complementada por
novos elementos. O principio fundamental dos AG consiste em se explorar de maneira eficaz
uma informagdo obtida de maneira aleatoria. Dentro do contexto de ajuste de modelos os
algoritmos genéticos podem ser considerados como uma metodologia de estimacio direta das
incognitas do problema. Do ponto de vista dos méetodos de otimizagdo, o que diferencia os
AG dos métodos classicos € (Goldberg, 1994) : a robustez e a flexibilidade, ou seja pode-se
tratar varios tipos de problemas (problemas com discontinuidades, etc.); os AG evitam o
carater local de exploragdo dos métodos convencionais de otimizagdo e podem assim fugir aos
minimos locais (neste sentido pode-se considerar os AG como um método global de
otimizagdo); os AG utilizam apenas os valores da fungdo estudada, sem auxilio de derivadas,
linearizagdes ou uma outra quantidade auxiliar; os AG trabalham sobre uma populagdo de
pontos, no lugar de um ponto unico; contrariamente a outros métodos, os AG utilizam regras
de transigdo probabilisticas (operadores estocasticos) e ndo deterministas, a fim de guiar a
exploracdo. Em geral os AG ndo oferecem garantia de convergéncia otima. Eles isolam zonas
interessantes do espago de busca, mas sdo métodos fracos em termos de convergéncia. Isto
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pode no entanto ndo ser um inconveniente comparativamente aos métodos tradicionais, que
procuram ganhos em termos de convergéncia, perdendo o carater de globalidade e
flexibilidade. Uma idé€ia interessante ¢ de se combinar a globalidade e o paralelismo dos AG
com o comportamento mais convergente da técnica local. Pode-se utilizar os AG para se isolar
as "melhores zonas" do espago paramétrico. Em outros termos, os AG serdo utilizados como
uma ferramenta que permitira uma estimagdo inicial das propriedades de rigidez. O
afinamento do modelo pode ser feito em seguida por uma técnica classica de ajuste de
modelos, como o método de sensibilidade.

2.1 Equacionamento do problema

O processo consiste em se definir um conjunto de operagdes estocasticas simples, que a
partir de uma populac¢do inicial (gerada aleatoriamente), produza gera¢des sucessivas no
espago de busca, com esperanga de melhora. Apresenta-se a seguir o organograma da
metodologia utilizada neste trabalho, com seus principais operadores genéticos (Cogan and
Berthod, 1995, Cunha, 1997) :

geragao aleatéria da
populagao inicial P

}

reproducao
avaliagéo do fitness da populagao :
classificagao dos "pais”

h

v

cruzamento
maior probabilidade de cruzamento dos melhores "pais” :
geragao dos "filhos" (nova populagéo P )

T

mutagao
sobre a nova geragao P ("filhos”)

h 4

selecao .
dos P melhores individuos & partir de (P+P )

substituicao do pior individuo por aquele onde os valores
dos parametros sao 0s mais provaveis

deteccao e eliminagdo dos blocos de
solugdes compactos (nichos)
substituigdo do pior individuo por novos individuos gerados
aleatoriamente segundo a distribuicdo dos pardmetros étimos

nao

resultados

fungao custo < ¢

Figura 1 - Estrutura do algoritmo genético.
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e Avaliagao (fitness) : para avaliar-se a cada instante os individuos (familias de solugoes
potenciais) aptos a sobreviver, baseia-se em seus "fitness”, ou seja, o valor da fungdo custo a
otimizar, associada a cada individuo.

e Reprodugao : cada individuo ¢ selecionado ou ndo em fungao do seu "fitness" (ponderado
por um fator aleatorio). Os individuos que tem um bom "fitness"” tem mais probabilidade de
constituir a nova geragao.

¢ Cruzamento : a partir de uma escolha aleatoria (ponderada pelo "fitness"), seleciona-se
dois individuos "pais” que vao se cruzar e gerar dois novos individuos "filhos". O cruzamento
utilizado ¢ do tipo aritmético. Faz-se a combinagdo linear de dois vetores "pais” v; e v> que vio
gerar dois vetores "filhos" w; e w; :

w; =av) + (l-a)v; wy = (l-a)v; + av> . (D

onde @ € [0,1] ¢ um numero aleatorio. Observa-se nesta formula que se os "pais” estdo numa
regido de solugdo potencial, seus "filhos" estardo igualmente.

e Mutag¢ao : a mutacdo € a modificagdo aleatoria (de baixa probalidade) do valor de um
caractere do individuo. Tomada isoladamente, a mutagdo constitui uma exploragao aleatoria
do espago dos individuos. A mutagdo assegura a manutengdo da diversidade da populagao,
reduzindo assim o risco de uma convergéncia prematura. O operador de mutacao utilizado
considera a idade da populagdo. Quanto maior a idade, menor € o efeito da mutagdo. O
novo valor do parametro p; € /[/,u] € gerado aleatoriamente segundo a expressao :

pi = pitdu-p) sed>0 ou p =p+dpi-1) sed<0 (2)

onde d ¢ um escalar definido por: d =rb" """ ; r € [-1,1] é um niimero aleatorio; 7 é 0 nimero
da geragdo corrente; 7 € o numero maximo de geragdes; b e ¢ sdo os parametros de
ponderagao da idade da populagao.

e Individuos mais provaveis : em cada geragdo, uma distribuicdo de probabilidade
aproximada dos parametros (corregdes das propriedades de rigidez) pode ser feita na
populagdo. Essa informagdo pode ser usada para introduzir-se novos individuos. A analise
desta distribui¢do pode dar indicagdes interessantes para um determinado parametro (Cogan
and Berthod, 1995) : uma distribuigdo uniforme pode indicar que o parametro em questdo ¢é
pouco sensivel; apenas um pico pode indicar o valor mais provavel do parametro; multiplos
picos podem indicar a existéncia de multiplos minimos.

e Blocos compactos (nichos) : um nicho ¢ formado quando varios individuos se agrupam em
um mesmo lugar do espago parameétrico. Os nichos sdo interessantes nos AG porque eles
mostram a diversidade de solugdes possiveis, o que é um indicador de robustez. Quando um
nicho torna-se muito compacto, conserva-se 0 melhor individuo do grupo e elimina-se os
outros. Para isto, calcula-se a distancia ||v; - v;|| entre dois individuos e quando esta distancia ¢
inferior a um limite, os dois individuos sdo considerados vizinhos, pertencendo assim a um
mesmo nicho. Os individuos eliminados sdo substituidos por outros, gerados aleatoriamente a
partir da distribuigao de probabilidade da populagao.
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Um inconveniente dos AG € seu carater combinatorio, que pode demandar um grande
numero de operagdes (avaliagoes da fungdo custo) quando da busca de uma solugdo aceitavel
no espago parameétrico. Isto acontece em particular quando a estrutura analisada possui um
numero elevado de graus de liberdade. No caso de identificagdo da rigidez de materiais
compostos, pode-se contornar este problema considerando-se dois aspectos : primeiramente, o
espago paramétrico de busca é relativamente restrito; outro fator é que pode-se utilizar,
quando do calculo da fungdo custo (residuo formado pelas auto-solugdes), uma técnica de
reanalise aproximada que permitird uma redugdo do tamanho do modelo e por consequéncia
do tempo de calculo (Cunha, 1997).

3. PROPRIEDADES DE RIGIDEZ : EQUACAO CONSTITUTIVA

As constantes elasticas a serem identificadas pelos AG constituem a lei de comportamento
da estrutura, exprimindo as resultantes e os momentos em fungdo das deformagodes de
membrana, de cisalhamento e das curvaturas (Berthelot, 1992). O uso das matrizes A, B, D e
H apresenta vantagens em relagdo a outas formas de parametrizagao (Sol, 1986, Cunha,
1997). A teoria utilizada € a do Cisalhamento de Primeira Ordem, que tem uma boa precisdo
para a maioria dos estratificados compostos, inclusive quando se considera os efeitos de
cisalhamento transversal. A equagao constitutiva ¢ dada pela forma contraida seguinte :

N A B 0}le
M|=\{B D 0]|| k (3)
o] Lo o H||y,

sendo [A] e R’ : matriz de rigidez de membrana; [B] e R*? : matriz de acoplamento
membrana-flexdo/torgdo; [D] e R* : matriz de rigidez flexao/tor¢ao; [H] € R™* : matriz de
rigidez de cisalhamento transversal.

e o b s 7 7
Aj= 200, ) (h —hiy) B, == (0 (W = hiy)
. o (4)

] n 3 n ez
D = 3 Z ij)k (B =) H; = ‘["U’Z(QH)* (g =Py )
o k=1

onde Q,. sdo as constantes de rigidez da camada & em uma referéncia qualquer; /4 € a cota da

face da camada k; n € o numero de camadas e k; sdo os fatores de corregdo do cisalhamento
transversal.

4. SIMULACAO NUMERICA

Para se estimar o potencial do método dos algoritmos genéticos apresentado, uma
simulagdo numeérica em uma estrutura de material composto ¢ feita a seguir. Trata-se de uma
placa estratificada alternada / equilibrada simétrica, livre-livre, com 16 camadas ortotropicas
a +45° O material € um pré-impregnado em grafite / epoxi - Hercules AS1/3501-5. As
caracteristicas da estrutura, as condi¢gdes de ensaio € as principais variaveis de controle dos
algoritmos genéticos sdo as seguintes :
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- nimero de sehsores () = 24 (z)
- nimero de modos medidos = 8
X a A 2 a - constantes de rigidez a estimar :
b D11 =449 N.m

y D12= 324 N.m
b=05 D22 =449 N.m

| . 7 ol Dig=59 N.m
1&// /

Dzs=59 N.m
h=0.005m Dgs = 355 N.m
T P ’ Haa = 2.06 x 107 N/m
a=v Hss=2.06 x 10" N/m

Y 3

Populagdo : 200 individuos; progenitura : 200 individuos; probabilidade de mutagdo : 0.10;
parametros de ponderagdo da idade da populagdo na mutagdo : b = 0.9, ¢ = 4; limite de se
pertencer a um nicho : 15% da distancia maxima; coeficiente de substitui¢do dos piores
individuos em relagdo aos melhores : 10%; tipo de selecdo : concorréncia no conjunto "pais" +
"filhos"; nimero maximo de geragdes : 20; dominio de variagdo dos parametros : p; € [0.5 2].
O principio da simulagdo consiste em se perturbar artificialmente o modelo (£20%), e em
seguida tentar se recuperar estas perturbagdes através dos AG. Para isto, € preciso se definir
uma fungdo custo representativa da distancia estrutura-modelo. Escolheu-se um residuo

formado a partir das distancias das auto-solugdes :
1
J=2[(Ar 7 f), +(1- MAC), ] x 100 (5)
v=]

Os resultados obtidos pelos algoritmos genéticos foram bastante satisfatorios. Os valores
exatos das corregoes dos parametros foram praticamente encontrados (figura 4). Por
consequéncia, os erros das auto-solugdes (autovalores f, e autovetores y,) do modelo corrigido
sdo pequenos (figura 6). As figuras (2) a (5) mostram a evolugdo e os valores finais das
diferentes variaveis que caracterizam os algoritmos genéticos.

100 ' 100
*
751 1 _ 75F
fungao * fungao
custo custo
50 1 sof \8 |
25 %* %k % * 8 o5 + ]
*
* * * *
§ * ok ’f‘ g ’
5 10 15 5 h 15
geragao geragao
Figura 2 : Para cada geragao, mostra-se 0 Figura 3 : Para cada geragao, representa-se o valor
valor da fungéo custo para o melhor individuo da fungao custo para o melhor individuo da
da populagao (-) e o individuo formado pelos populagdo (-) e o melhor individuo para cada
paradmetros mais provaveis (*). nicho detectado (s).

As figuras (2) a (6) mostram um bom comportamento dos parametros ao longo das geragoes.
Foi feito um total de 5779 avaliagdes da fungdo custo. A figura (2) mostra que o individuo
mais provavel ndo € necessariamente o melhor. Pode-se observar na figura (3) que o nimero
de nichos decresce rapidamente ao longo das geragdes, e que no final (figura 5) um nicho
importante ¢ formado (com um bom "fitness"), o que é um indicador de uma boa
convergencia das solugdes.
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melhor
fitn
2.0 = eSS
valores exatos
1.5 .
|4 D Dis Dss Hss
1.00 Dy Dz Das Has
0.5r 1
0

parametros (geragao15) geragado 15

Figura 4 : Valores dos parametros
(corregOes das constantes de rigidez)
correspondente ao melhor individuo
da populagao.

Figura 5 : Visualizacdo no espago parametrico
da distancia entre os individuos, indicando a
formacao dos nichos. A escala de niveis de
cores representa o "fitness” dos individuos.

Modelo perturbado
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Figura 6 - Emparelhamento e distancias das auto-solugbes em relagao ao modelo inicial.
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5. CONCLUSAO

Pode-se melhorar a performance dos algoritmos geneticos considerando-se uma populagdo
inicial maior. Isto deve no entanto levar em consideragdo o tempo de calculo, que é
diretamente proporcional ao tempo de resolugdo do problema de autovalores, de onde a
importancia da utilizagdo de uma técnica de reanalise aproximada das auto-solugoes.

Outras simulagdes foram realizadas em estrututras de materiais compostos (estratificados
anti-simeétricos, tecidos, sanduiches, etc.), com bons resultados (Cunha, 1997). Confirmou-se
assim a qualidade dos AG como uma técnica de estimagao inicial das constantes de rigidez de
materiais compostos, a partir de ensaios dinamicos. A técnica ¢ bem adaptada ao cardter de
anisotropia dos materiais compostos. Pode-se identificar de maneira simultinea varias
propriedades de natureza energética diferente, a partir de apenas um teste. As simulagoes
numeéricas mostraram que os resultados dos AG constituem mais do que uma aproximagao,
pois as solugdes obtidas estdo bastante proximas dos valores exatos dos parametros. A
associa¢do do conceito de otimizagio global dos AG (para a estimagio inicial) e dos métodos
locais de ajuste de modelos (para o afinamento das solugdes), é portanto uma metodologia
bastante interessante para se obter uma identificagdo confidvel. Resta se verificar o
comportamento dos AG em um caso real, com presenga de ruidos nas medidas experimentais.
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Abstract

The control volume finite element formulation (CVFE) is described for solving solid mechanics equations
for laminate composites. The CVFE is detailed based on the weighted residual method, and comparisons
are drawn with the conventional Galerkin Finite Element method (GFEM) to be able to clearly establish
the differences between the two methods. An integrated micro/macro mechanical formulation is proposed.
First, a micromechanical analysis is performed to obtain the effective properties. The micromechanical
mode! used is the Composite Cylinder Assemblage model (CCA). The macroscopic analysis is based
on a variation of the Vanishing Fiber Diameter Theory (VFD). The integrated micro/macro analysis is
performed for laminate composites using the concept of “smeared” elements. Punctual, uniform, and
linear distributed loadings are considered in the stress analysis of unidirectional metal matrix composite
structures. The results are compared to analytical solutions available in the literature. The CPU solution
time between the CVFE and FEM are also compared.
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1 Introduction

When dealing with composites there are two major types of approaches. The first is called the
micromechanical approach, in which the analysis is performed considering the composite components, its
micro structures, and the relationships between the fibers and the matrix. The second type is known as the
macromechanical approach, where the material is considered as a continuum medium. For more complex
problems the macromechanical approach leads to considerable less computational efforts when compared
to the micromechanical one. The micromechanical approach is more accurate due to the possibility of
considering the constituents (phases) interactions in a micro structural level. The micromechanical model
used here is the so-called “Composite Cylinder Assemblage” model (CCA) (Hashin, 1972).

An integrated micro/macro mechanical model could take advantage of these two approaches, being
even more efficient if associated to a robust numerical method. Among the various numerical methods,
there are two in which we are particularly interested in: the finite element method (FEM) and the con-
trol volume based finite element (CVFE). The first one is universally accepted among those who work
with numerical simulations. It was only recently that Zienkiewicz and Onate (1991) did a preliminary
comparison between the applications of FVM and FEM into structural mechanics. Later on, Ofate et al.
(1994) discussed the finite volume formulation for structural mechanics from a fundamental viewpoint
and for cases with triangular elements. Demirdzi¢ and Muzaferija (1994), Bailey and Cross (1995) also
investigated the use of the FVM to structural mechanics. They employed the FVM to isotropic mate-
rials under thermal and/or mechanical loading. Despite of all work done using the FVM to solve solid
mechanics problems, none of these researchers applied the CVFE or the FVM to composites.

This paper is concern with the stress analysis of composites structures using an integrated mi-
cro/macro mechanical model in conjunction with the control volume finite element method. Numerical
examples are presented to identify the pros/cons for the analysis of these problems.



2 Integrated Micro/Macro Elastostatic Model

Focusing attention on composites in considering the unidirectional material (which is of interest
here) we are treating a parallel set of cylindrical fibers embedded in an otherwise homogeneous matrix. It
is considered a certain semi-random fiber reinforced material. The composite is made of a circular cylin-
drical fibers in a concentric matrix shell. This type of arrangement is repeated until the entire composite
area is filled without overlapping. The resulting material is semi-random and it is called the " Composite
Cylinder Assemblage” model (CCA). Expressions and bounds for the five effective elastic moduli. bulk
modulus (k), Young’s modulus on axial direction (E4), shear modulus on axial and transverse directions
(G 4,Gr), and Poisson’s ratio on axial direction (v4), of a unidirectional fiber composite, consisting of
transversely isotropic fibers and matrix, were derived by Hashin (1972) and will not be described here.

The numerical simulation is performed at the macroscopic level, however the composite properties
are obtained at the microscopic level. The integration between the micro/macro approaches is done by
changing the Vanishing Fiber Diameter (VFD) theory (Dvorak & Bahei-El-Din, 1982). The VFD model
assumes that each of the cylindrical fiber (aligned and embedded in a continuous matrix, r; axis is par-
allel to fiber direction, z9 and z3 are perpendicular to z;) has _zi vanishing diameter, while the volume
fraction in the composite is finite. This assumption leads to the equilibrium and compatibility equations:

afj = o::’,-' = of;, efj = c;s;-fj- + cms;';? Vij # 11 (1)
of; =cyoli+eno], € =elj=eT Vij=1 (2)

where the superscript ¢ stands for composite, f for fiber, m for matrix, ¢; is the fibers volume fraction
and ¢,, is the matrix volume fraction.
of; are related to €f; by the compliance matrix M defined by Dvorak and Bahei-EI-Din (1982) as

M = c;S’/AS + ¢, S™A™ (3)

where S are the phase compliance matrices; for an transversely isotropic material on xy — r3 plane by
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where the superscript r can denote either fiber or matrix phases. A are the concetration factor matrices.
In the present model the compliance matrix is got by substituting the “effective” elastic moduli obtained
by the CCA in Eqn. (4). Therefore, there is no need for the use of concentration factors. To extend
the micro/macro model to laminate composites, the concept of “smeared” elements is employed. The
“smeared” element is based on the idea that one single element can represent a stack sequence of laminas
through thickness. The effective transformed elastic coefficients (Daniel & Ishai, 1994) are defined as

Tk41

h n
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where h is the laminate total thickness, Q are the transformed elastic coefficients defined by Daniel &

Ishai (1994), Q;; are the effective elasticity tensor components for the entire laminate, and zj is the k-th

lamina semi-thickness referred to the center line.



3 Weighted Residual Methods

The solution of the differential equations for linear elastic static structural problems and their
boundary conditions (Ofate et al., 1994) can be written as

Lo +bp=0 inQ (6)
e—Lu=20 in Q (7)
c-Q'ce=0 in 0 (8)
u—u, =0 inTy (9)
To—u,=0 in I (10)

In Egns. (6-10) u, € and o are the displacement, strain and stress vectors, respectively. Q* is the effective
transformed elasticity tensor, by is the constant body force vector, u, the prescribed displacements on
boundary I'y, t, the prescribed traction forces at the boundary Iy, Q the domain area or volume and the
boundary I' = T', UT;. Typical examples of matrices L and T for 2-D elasticity problems are defined as

% 0
N _[nz 0 ny
8y Or

where n,, ny are components of the unit normal n; to domain boundary.
We first consider the reduced form of Eqns. (6-10) using the displacement formulation. The equi-
librium equation becomes:

L'Qc+by =0 in (12)

and the boundary conditions
TQ’e-t, =0 in [y (13)
u—u, =0 in T, (14)

The weighted residual form of Eqns. (12-14) can be written as
f W7 [LTQ Lu + by d +f W [TQ'Lu —t,)dl + f WT [u~u,)dl' =0 (15)
Q I e

The imposition of W, = 0 satisfies the displacement boundary condition, Eqn. (14). Integrating
by parts the first term of Egn. (15) and choosing W, = — W leads to:

—/(LW)T Q‘Ludﬂ+] WT(TQ‘Lu)dr+/ waodn+f WTt,dl =0 (16)
0 Fu 9]

Iy
The approximation of the displacement field is given as,
u>~u=N;a; (j=1;..;n) (17)
where 01 are the unknown parameters and N are the shape functions.
A set of algebraic equations, which represents the discretized system of Eqns. (16), is written as
_/ (IW,)T Q"LadQ + / W7 (TQ Lu)dl + / WTbodQ + | WTt,dl =0 (18)
Q i Q Ty

where W;(i = 1,...,n) are now an appropriately selected set of weighting functions.
Egn. (18) can be cast in the following format,

Kia="f (19)
where:

K:/ (LW.—)TQ'LNJ-dQ—/ WITQ LN;dT, r:[ wfbodn+/ Wt dl  (20)
Qi Fi 115 T

In the expressions above ; is the control volume associated with i'" node where W; # 0.The
boundary of the control volume is denoted as I'; excluding the part which may coincide with external
boundary of the total domain where traction is prescribed; this part of boundary is denoted as I'y;.




4 Control Volume Based Finite Element Method

The CVFE is a special case of the weighted residual method in which the weighting functions are:
W;=1 inQ;, W;=0 elsewhere (21)

where I is the identity matrix.
A consequence of Eqn. (21) is that (LI} = 0, therefore Eqns. (20) becomes

K= —f TDLN;dTl", f:f bgdﬂ+[ tpdl’ (22)
| ] Q 1"4.-

In CVFE the element itself and the control volume §); are coincident. Each control volume is
divided into sub control volumes with the sub control volume associated with the nearest neighboring
node of element. There is no overlapping among the sub control volumes. The local stiffness matrix K
is created based on the line integrals of each internal boundaries of each sub control volume. Notice that
the contribution from external boundaries will be canceled during the assemblage process. For a 2-D
problem, K is a 8 x 8 matrix. The stiffness matrix components are defined by line integrals over each
sub control volume boundary. Using an isoparametric mapping, the following expressions are obtained:

n=0 £=0

K, = / TLQLNAdr+ [ Ti LNJidg (23)
n=-1 £=-1
n=0 £=+1

K2=f Tz_;Q‘LN.I;dn+f Ty, LN JodE (24)
n=-1 £=0
n=+1 £=+1

K; = / T33Q LNJsdn + / T3 ,LNJodé (25)
n=>0 £=0
n=+1 £=0

K; =/ T4'3Q‘LNJ3dT}+/ T44LNJ4dE {26)
7=0 g=-1

where T, ;{i.j = 1,....4) are the normal components associated with sub control volume i on face j,
Ji(i = 1,...,4) are the Jacobian associated with face i, and K;(i = 1,...,4) are 2 x 8 matrices. The
assemblage process of each of the four components will form the “element” stiffness matrix. The major
difference between CVFE and FEM lies in the selection of the weighting functions (Patankar, 1980). The
so—called Galerkin method assumes W = N.

5 Some Numerical Applications

The micro/macro integrated elastostatic model has been implemented using the FEM and CVFE. A
composite cantilever beam is chosen as a benchmark problem. Three different loading cases are simulated
and the results compared to the analytical solutions presented by Lekhnistskii (1968). “Due to the special
nature of the composite studied, orthotropic, and the type of loading applied to the beam, the only stress
component which is different from the isotropic solution is o;;" (Lekhnitskii, 1968). Therefore, in our
comparative study we will present only the ., components, even though the other components are also
calculated. The final test case is the classic plate with a hole problem under uniformly distributed loading.
Each one of the above test cases were carried out on a CRAY C90.

5.1 Bending of a B/Al beam by end forces

The first test problem is a B/Al-6061-T0 metal matrix composite laminate [0g] with 47% fiber
volume fraction. The overall composite material is considered orthotropic. Both phases are considered
isotropic. For the AlI-6061-T0, E is equal to 68.3 GPa, and v is equal to 0.30. The Boron fibers
have E equal to 379.3 GPa and v of 0.10. The effective elastic moduli predictions are compared to
experimental results (Kenaga et al., 1987), data from Sun & Vaidya (1996), and numerical simulations
using the representative volume element (RVE) approach ()ivila, 1996) in Table 1 (UB and LB stand for
upper and lower bounds, respectively). It can be observed that the elastic moduli obtained using the
micromechanical analysis are in good agreement with other researchers data.

The beam dimensions, loading and mesh are shown in Fig. (1). It employed 72 Q4 “smeared”
elements (Avila, 1996), each element modeling 3 layers. Plane stress condition is also considered. Figure



Table 1: Effective elastic moduli of B/Al
Es|GPa] Er|GPa] Ga[GPa] GT|GPa] wv4 vr

CCA (UB) 217.1 146.4 75.6 54.5 0.195 0.317
CCA (LB) 215.3 131.7 54.0 50.0 0.172 0.278
RVE 214.7 144.7 54.3 45.6 0.195 0.249
Sun & Vaydia 215.0 144.0 57.2 45.9 0.190 0.290
Kenaga et al. 216.0 140.0 52.0 - - 0.290
P P=1.0KPa o
0L =
' R LR 0% 0l
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(a) Physical representation (b) Mesh representation

Figure 1: Cantilever beam under concentrated force on its free end

(2) shows the o, distribution at distance y = 1.0 m of the center line. There is no significant difference
on the stresses produced using the lower or upper bounds. When analyzing the results from the CVFE
and the FEM methods it seems that, for the same mesh, the CVFE leads results much closer to the
analytical solution. However, when we consider the set up time (time for the assembling process of the
stiffness matrix and loading force vector) the CVFE takes more time. The solution time in the CVFE
case is also larger. The reason is the non-symmetry on the assemblage stiffness matrix. For comparison
purposes, a solver for non-symmetric systems of equations, the Generalized Minimal Residual GMRES
(Saad & Schultz, 1986) is implemented and employed for both methods - even though the FEM requires
only a solver for symmetric systems of equations.

5.2 Bending of a B/Al beam by a uniformly distributed load

The same material and mesh used on test case 1 are also employed here. The physics of the problem,
beam’s dimensions, boundary conditions and loading are shown in Fig. (3). Figure (4) represents the
0y stress distribution at the same x and y locations of the previous problem. Again, the conclusion of
the previous problems can also be applied to this test case. In the CVFE the stiffness matrix associated
to the element is calculated based on eight line integrals which are related to the normals to each sub
control volume edge. This procedure is clearly more time consuming than the “traditional” FEM one. In
term of accuracy the CVFE behavior seems to be the same for punctual or uniform distributed loading.

5.3 Bending of a B/Al beam by a linearly distributed load

The same material properties and mesh used in the previous test cases are also employed here.
The beam’s dimensions, loading and boundary conditions are shown in Fig. (5). There is no change in
accuracy on the CVFE results when compared to the analytical and the FEM results, see Fig (6). When
the CPU time is compared, the FEM analysis leads to a smaller set up and solution time. The CPU time
for set up and solution for each of the three cases considered up to now are listed in Table 2.
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5.4 SiC/Ti plate with a hole under uniformly distributed load

The objective here is to evaluate the accuracy and efficiency of the CVFE when the mesh problem
is refined. The plate with a hole under uniformly distributed load is selected. The plate is an or-
thotropic laminated [£45]2s SCS-6/Timetal321-S metal matrix composite with 35% of volume fraction
(Avila, 1996). The analytical solution is given by Daniel and Ishai (1994). The oy, distribution using
the lower bound elastic moduli for both methods, two meshes (72 and 200 Q4 “smeared” elements), and
the analytical solution are shown in Fig. (7). As it is expected, the refined mesh produces much closer
results to the analvtical data. Practically there is no difference in accuracy between the two methods
for the 200 elements mesh. However, when we compare the CPU time, the situation for the CVFE is
unfavorable. The solution time is even higher that it was expected. The reason could be attributed to the
non-symmetry of the stiffness matrix. The GMRES solver is an iterative procedure, and as the stiffness
matrix becomes more and more non-symmetric; the number of iterations to the convergence increases.
This situation is observed in Table 3, where the expected solution time for the 200 elements case for the
CVFE method was around 43.5x10~2 s, and the actual time is around 48.5x10~2 s.

Table 2: CPU time comparison for test cases 1 — 3
Set up time [10~%s] Solution time [10~ %3]

FEM CVFE FEM CVFE
Test case 1 3.390 5.221 13.113 15.503
Test case 2 3.424 5.271 13.679 15.551
Test case 3 3.436 5.282 13.704 15.555
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Figure 7: Test case 4 - oy, distribution

Table 3: Test case 4 - Solution time comparison
72 elements [10~%s] 200 elements [10~*s]
FEM 13.702 38.081
CVFE 15.560 48.591

6 Conclusions

The integrated micro/macro elastostatic model was studied considering the elastic moduli, at mi-
cromechanical level, and the overall composite behavior, at macromechanical level. At micromechanical
level. the elastic moduli produced are in good agreement with data available in the literature. It seems
to be very reliable and a promising technique to be applied to composites. At macromechanical level,
the results are compared using the CVFE, FEM, and analytical solutions. It was analyzed situations
where concentrated, and distributed loadings were applied. The accuracy and efficiency were studied.
Considering the scope of the problems studied, it is the author’'s conclusions that the CVFE seems to be
more accurate than the FEM. However, when the mesh is refined, the difference in accuracy practically
disappears. When the mesh increases in size, the FEM is more efficient. Other cases must be studied to
check if these conclusions can be generalized or not.
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Abstract

In the present work an analysis of the stability of layered composite cylindrical shells under axial compression or
lateral pressure is carried out using a non-linear shear deformable shell theory. Using general computer algebra
routines written in MAPLE. an analytical solution is obtained for the critical load and corresponding critical mode.
A modal solution based on the seminal ideas of Koiter’s post-buckling theory is employed together with the
Rayleigh-Ritz method to obtain the non-linear equilibrium equations governing the post-critical behavior of the
shell and the fundamental solution of an imperfect shell. Again these equations are obtained and solved by the use
of symbolic algebra. A detailed parametric analysis is presented and the effects of fiber orientation, material
properties, number of layers and shell geometry on the critical and post-critical behavior are discussed. It is
observed that the shell stability is highly dependent on the laminate characteristics and. from these observations, it
is concluded that, in order to exploit efficiently the composite material, an specific laminate should be designed for
each application.

Keywords
Laminated shell. composite material, stability, post-critical behavior. limit point and bifurcation point (cascas
laminadas. materiais compaositos. estabilidade. comportamento pos-critico e bifurcagoes).

1. INTRODUCTION

Thin-walled cylindrical shells have been widely used as an efficient load carrying member
in many engineering structures. In the majority of these applications they are either subjected to
lateral pressure or axial compression. Under these loadings they may loose their stability at load
levels well below the load associated with the material strength. Recently many of these shells
have been built of composite materials because of their high strength- and stiffness-to-weight
ratios. Since the behavior of composite structures differ from those built of traditional metallic
materials in many respects, the influence of the geometric parameters and material properties
on their buckling and post-buckling behavior must be investigated in detail.

The behavior of composite cylindrical shells under lateral pressure and axial compression
has been analyzed by several investigators in the last few years (Aleman, 1997). The majority
of these works either use simplified shell theories, not appropriate for the analysis of these
shells, especially when the shell is relatively thick (Leissa, 1985), or complex 3-D finite
element formulations (Kasagi and Sridharan, 1993) which give better results but is difficult to
use In a parametric analysis due to computational intricacies. Despite so many efforts, many
aspects of the buckling and post-buckling behavior of these shells are not well understood and
comprehensive parametric analyses can hardly be found in literature.



In the present work an analysis of the stability of composite cylindrical shells is carried out
using a non-linear shear deformable shell theory based on the works of Reddy and Liu (1985)
and Sanders (1963). Using general computer algebra routines written in MAPLE (Portugal,
1996), an analytical solution is obtained for the critical load and corresponding critical mode of
a cylindrical shell under axial and/or lateral pressure. A modal analysis based on the seminal
ideas of Koiter’s post-buckling theory is employed together with the Raleigh-Ritz method to
obtain the non-linear equilibrium equations governing the post-critical behavior of the shell.
Again these equations are obtained and solved by the use of symbolic algebra. A detailed
parametric analysis is presented and the effects of fiber orientation, material properties, number
of layers and shell geometry on the critical and post-critical behavior are discussed.

2. PROBLEM FORMULATION

The relevant geometric parameters and coordinate system of a typical cylindrical shell are
shown in Figure 1.

@"‘:

(a) (b)

Figure 1 - Shell geometry, displacements, coordinate system and laminate cross-section.

Based on Sanders (1963) and Reddy and Liu (1985) assumptions, it is assumed that
the displacement field is given by

u (x,y,2)=u+¢,z+k(w, +¢,)z’
Uy (X, ¥,2) = v+ @,z +k(w, +¢, —v/R)z’ (1)
u(x,y,z2)=w
where k =-4/(3h?) and ¢, and ¢, are rotations and that the kinematic relations are as follow
g, =€ +kyz+kyz's e,=€l+k,z  (i=12,6) (m=4.)5) (2)

where

1 ) w 1 2
e =u_+—w_~; €& =v _+—+—=|w -0, v/R
1 u. 2“‘, 2 F R 2( v ' / )

R I L R I R I .

85‘J = W.x + ¢I




are the deformations of the reference surface and
k=05 ky=k(@,+w,); ky=9,, 1 ko =3k(¢,+w,)
kyy = k(ﬁbz.,\- W = V._‘-/R) , kag=9¢,+ ¢, (4)
kg =k(,, + ., +2w, =6, v./R): ky=3k(¢,+w, -8, v/R)

are change of curvature quantities. Here &, is a parameter taking the values 1 or 0. If 6, = 0 the
present formulation is reduced to the so called shallow shell theory.

The associated strain energy of the shell is given by:

U=J[; ‘€A, +& kB, +e'k,; E+2Rk Dy +kyk, F
1 1 &
+5k:’3k!3 H:'.r' ]dXdy + J [_8;;: .:A +£r: kﬂ" D + 2 Am" A Fnur ]dxd:l-’
4

for (i,j = 1,2,6) and (m,n = 4,5). Here Aj;, Bjj, Djj, etc. are the shell stiffness parameters defined
as

"h 2 o
(A,,.8,.D,,,E,;,F,;,H,)= ZI Q‘,‘“ (Lz,2°,2°,2*,2%)dz ; (1ij=1.2,4,5,6) (6)

where O,""" are the elastic stiffness coeﬂ" cients for the material of the Ath lamina related to the

structural axes X, y and z. These “bar” parameters are given in terms of the orthotropic
stiffness, Q;; , through the usual transformation equations (Gibson, 1994). Moreover, they may
also be found in terms of the engineering constants E;; , v;; and G n Aleman (1997).

The potential energy of a constant lateral pressure q (8. = 0) (or, alternatively, a
hydrostatic pressure (8. = 1)) and an applied axial load resultant, p, is

l l Bl
(= J. pu  dxdv + J. {q w+ Eq&.(v“/R —vw Vv w+ w‘/R]}dxa’y (7)
A A
3. CRITICAL BIFURCATION PROBLEM

Seeking conditions for bifurcation buckling, the generalized displacement field is
assumed in the incremental form

U'=U"+U' (8)

where U' represents a fundamental pre-buckling solution and U' are kinematically admissible
small incremental displacements.

The energy criterion of elastic stability requires that

ATI=TI(U,U")-11(U") > 0 )
Expression (9) may be written, using Taylor’s expansion, as
All= 61—1+2L8 I'I+§1—8 ﬂ+ 6H (10)

where OI1 is the kth variation of AIT and l'I U+ Q.

The condition of stationarity of the critical point is expressed by the variational equation



8[6°T1]=0 (11)

In the interest of simplicity the bending confined to narrow zones adjacent to the
supports is neglected, and the fundamental solution is taken as a linear membrane state

MF'=PA33_9RA12 . apf quA“—pRAIE

3 2 v =

- Z (12)
Ar: _AHAz: All‘ _AHAIE

where A, A2, € Ax are the stiffness coefficients of the shell obtained from equation (6)

Solution to (11) is assumed as:

u(x,y) = ”Z li U, cos(a,, x) sen(B'"y)
m=l n=
v(x,y) = 1323: “Z VvV, sen(a, x) cos(B!"y)
m=1  n=l
w(x,y):lls-l-i--w sen(a, x) sen(B'!"y) (13)
m=1 n=]
¢.(x,y)=|§ E; @, cos(a,,x) sen(B,"y)
m=1 n=I
0, (x,y) = 5 I21:t:13[,,,1 sen(a, x) cos(B!'y)
m=1 n=Il

where Unn .V W (D € (D are the unknown modal amplitudes and o, = mn /L and

B! = n/R. Here m is the number ofaxla! half-waves and » is the circumferential wave number.

These modes satisfy the following essential boundary conditions imposed on x=0, L
v=0; w=0; ¢,=0 (14)

4. POST-CRITICAL SOLUTION

By a perturbation approach, based on Koiter’s post-buckling theory, it can be shown
that a particular solution for the post-critical displacement field can be written as follow

1.3.5...:1.3.5. 46024,
= ZU cos(ia, x)sen(j B y) + ZU sen(ra, x)cos(s B, y)
=] i=1 r=2 =0
. 56 R e . o 024, 24.6.. "
i {fr! ¢ [L.3]
V= V. sen(ia, x)cos(j B, Z V. cos(ra x)sen(sp''y)
i=l =l pr
FAS L35 . 024,024, .
P » . { '! ( ;
W= W, sen(ia, x)sen(j B, "' y) + Z W _cos(ra, x)cos(s 3,
i=1 f=1 r=0  a=0
e T P I, 2,4.6,.0.2.4..
¢, = @/, cos(ia, x) sen(j B y) +

@' sen(ra x)cos(s By

N

r=

=0

.k f

2

XS0 2.d:
é, = Z d) sen(;a x)cos(j B My z

2.

(15)

2 cos(ra, x)sen(s B y)

Ir
b



Substituting (15) into (10) and applying the Rayleigh-Ritz method, one obtains the
system of algebraic non-linear equations governing the post-critical behavior of the shell. These
equations are solved by the use of Newton-Raphson method, prescribing either the load or one
of the modal amplitudes.

6. PARAMETRIC ANALYSIS

Limited numerical results are presented herein for two load cases: uniform axial
compression and lateral pressure. The calculations are carried out using data appropriate for
Boron-epoxy and Graphite-epoxy. The elastic constants of these materials are listed in Table 1.
The stacking sequences used in this analysis are presented in Table 2. Sequences 1 and 2 are
commonly referred to as cross-ply and sequences 3 and 4 as angle-ply. The critical load for
shells under lateral pressure and axial compression with different shell geometries and stacking
sequences are shown in Table 3. The strongest configuration for a shell under axial
compression is [30/-60/-60/30] and the weakest is [90/0/0/90]. For a shell under lateral pressure
the strongest configuration depends on the shell geometry while the weakest is [0/90/90/0].

To generalize the results the following non-dimensional load parameters are introduced
in the following analysis

1

RL

g e Be

0= 5 7 (16)

Figure 2 illustrates the influence of ply angles on the critical load of angle-ply laminated
shells subjected to lateral pressure and axial compression. An antisymmetric laminate with four
layers, [0/-6/6/-0], is used in the analysis. Here 0 is the angle between the fiber and the cylinder
axial direction. It is shown that for a cylinder under lateral pressure the strongest geometry is
[70/-70/70/-70] while for a cylinder under axial compression the load has a maximum value for
0 ~ 20° and 6 = 70°. As observed the best geometry is a function of the type of loading.

In order to study the influence of the number of layers on the critical load a laminate
with stacking sequence [(30/-60),]s or [(60/-30),]s and » varying from 1 to 6 (4 to 24 layers)
was analyzed and the results are shown in Figure 3. The thickness of the laminate is assumed to
be constant. The shell geometry is: L/R = I, R/h = 100 and R=0.4m. As the number of layers
increase the results converge asymptotically to the critical load of a shell made of an
orthotropic material.

Table 1- Elastic Constants for Calculations.

E, E, Gy, Gi3 Gy v
TYPE MATERIAL
(Gpa) (Gpa) (Gpa) (Gpa) (Gpa)
A Boron/epoxy™ 206.844 18.6159 4.48162 4.48162 2.55107 0.21

B Graphite/epoxy™ 127.8 9.40 4.20 4.20 3.10 0.28




Table 2- Stacking Sequences Used.

CODE STACKING SEQUENCE
No.
1 [0/90/90/0]
2 [90/0/0/90]
3 [45/-45/-45/45)
4 [45/-45/45/-45]
5 [30/-60/-60/30]
6 [60/-30/-30/60]

Table 3- Critical load for a “Boron/epoxy” shell (L/IR =1, R=0.1905 m).

STACKING LATERAL PRESSURE (Pa) AXIAL COMPRESSION (N/m)
COnE R/h=100 R/h=200 R/h=100 R/h =200
1 357.4254 64.5870 327.5236 78.4776
2 885.0428 169.1013 311.4052 78.2434
3 685.6208 106.1461 381.4559 91.6101
4 685.6208 106.1461 381.4559 91.6101
5 579.1970 91.6322 737.8548 166.3430
6 981.6259 166.4735 512.9044 126.8818
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Figure 2- Influence of fiber orientation on (a) the critical lateral pressure and (b) the critical
axial compression of an angle-ply laminated shell [6/-6/0/-6] .
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Figure 3- Influence of the number of plies on the critical lateral pressure. The total thickness
remains constant. Stacking sequences: [(30/-60),]s e [(60/-30),]; .

The non-linear post-critical equilibrium paths for several laminated cylindrical shells
are shown in Figure 4 where the load parameter normalized by the critical value is shown as a
function of the modal amplitude of the critical radial mode. In figure 4.a the behavior of a
cylinder under axial compression with selected stacking sequences is analyzed. It is observed
that two laminates ([60/-30]s e [90/0]) exhibit stable post-critical response while the others
exhibit an unstable behavior with a varied degree of imperfection-sensitivity. It 1s also observed
that a change in the stacking sequence from [60/-30], to [30/-60]; leads to a drastic change in
the post-critical behavior of the shell. It is interesting to notice that the strongest sequence
([30/-60];) is precisely the one most sensitive to imperfections. Figure 4.b illustrates the post-
critical behavior of antisymmetric angle-ply cylinders with sequences [6/-8/6/-8] under external
pressure. It is observed that the post-critical behavior is again highly dependent on the stacking
sequence and ply angles.
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Figure 4- Post-critical equilibrium paths for laminated shells with different stacking
sequences: (a) cvlinder under compression (material A, R =0.1905m, R/h =100, L/R =1) and
(b) cylinder under lateral pressure (angle-ply laminates) (material B, R = 0.1905m, R/h =100,
LIR=1.5).

7. CONCLUSIONS

Influence of lay-up sequence, number of layers and fiber orientation on the shell
buckling and post-buckling behavior was examined using a non-linear shear deformable theory
for laminated composite shells. It is shown that the critical load and post-critical path are highly
dependent on these material characteristics and that the best laminate geometry is a function of
the shell geometry and applied load.
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Abstract
The excellent mechanical behavior, regarding strength and stifness, makes of the composite material. a choice in
structural application. The main objective of this work is the strength data analysis of a unidirectional laminate
composite (carbon fiber/epoxy resin). in longitudinal and transversal directions. Several conditions of composite
were tested, providing a large amount of experimental results that were studied using statistical considerations,
such as media and standard deviation.The Weibull distribution that provides informations about scattering in
strength data was also used.
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1. INTRODUCAO

O conceito de compdsito pode estar relacionado com a combinagdo de dois ou mais
materiais para proporcionar uma performance em servigo que € superior as propriedades dos
materiais de forma individual (Hull er al., 1987).Estes reforgos utilizados na confec¢do de
materiais estruturais suportam mais do carregamento ou lhe atribuem propriedades
dominantes (Weeton et al., 1987).

Por outro lado, o conceito de reforgamento por fibras ndo ¢ o de usa-las como obstaculos
em uma matriz para modificar suas propriedades mas, sim, o de usar a matriz como um meio
de cimentar fibras e transferir a carga aplicada as mesmas. Assim, usa-se a capacidade das
fibras de suportar altissimas cargas (Meyers et al., 1987).

Fibras normalmente tem alta resisténcia e alto modulo mas sido desenvolvidas somente
em formas muito finas, com diametros na faixa de 7-15 um, sendo usualmente muito frageis.

Plasticos podem ser ducteis ou frageis mas eles tem usualmente consideravel resisténcia
a ambientes quimicos. Pela combinagdo de fibras e resina um material é produzido com a
resisténcia e dureza proximos as das fibras e com a resisténcia quimica dos plasticos. E
também possivel adquirir consideravel resisténcia a propagacao de trincas e capacidade de
absorver energia durante a deformagéo (Al-Quresh., 1984).

A combinagdo do material do reforgo com o da matriz depende das caracteristicas que se
desejam. Porém, cuidados durante a fabricagdo e uso devem ser avaliados pois os
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constituintes ndo podem reagir quimicamente, de forma a prejudicar suas propriedades
individuais (Vinson ez al., 1975).

O composito em estudo € fabricado pela combinagdo adequada de um elemento de
reforgo no caso a fibra de carbono e um segundo elemento, sendo escolhida a resina epoxi,
onde serdo analisados resultados experimentais em tragdo uniaxial. Esta classe de compositos
recebe 0 nome de compdsitos fibrosos unidirecionais.

E estabelecido que a resisténcia da fibra é raramente um parimetro material, mas sim o
efeito de uma estrutura de falhas, defeitos de superficie ou danos que induz a concentragao de
tensdes. Ressaltando também que a mais séria ou grave falha ndo € necessariamente a maior,
pois sua severidade depende também de onde ela esta situada. Por esta razdo a resisténcia das
fibras de carbono € inversamente dependente da espessura apresentando tambeém grande
espalhamento.

Uma analise estatistica de dados de testes monotonicos em tragdo uniaxial se torna
necessaria. A técnica mais comumente empregada € o uso da fungdo de distribuicdo de
probabilidade de Weibull, que é frequentemente usada para analisar falhas de materiais
frageis.

Esta fungdo € descrita como o modelo do elo mais fraco, que descreve a probabilidade
do mais fraco elemento em uma corrente de elementos falhar e dessa forma causar a falha da
espécie (Trustrum ez al., 1987). Weibull desenvolveu uma equagdo empirica da forma dada
abaixo, que relaciona a probabilidade de falha com a tensio aplicada:

P=l-exp[- (o /0, )" ] (1)

O, ... parametro de escala
m ... parametro de forma

Estes parametros sao obtidos por um tratamento estatistico de uma populagdo de dados
de resisténcia, geralmente medidos por testes em tragdo uniaxial.

O modulo de Weibull é um alternativo e familiar nome do pariametro de forma e
representa a forma da distribuigdo ou dispersdo dos dados. “m "¢ um importante parametro
material que caracteriza a ‘‘fragilidade "do material (Chou et al., 1981).

2. PROCEDIMENTO EXPERIMENTAL

Foram tratados estatisticamente 93 dados obtidos em ensaios de tragdo, sendo 35 em
tracao longitudinal e 58 em tragdo transversal, segundo a norma ASTM-D3039, em uma
maquina universal de ensaios INSTRON. No presente trabalho serdo analisados dados,
referentes a dois codigos A e B, onde para cada codigo houve uma variagdo da fracdo
volumétrica das fibras (vy).

Para cada lote de resultados foram obtidos valores de média aritmética, desvio padrao,
coeficiente de variagao, modulo de Weibull, assim como levantamento de histogramas e de
Gaussianas (curvas normais), para que todas as informagdes contidas nos mesmos pudessem
ser extraidas e melhor compreendidas.

Para a determinagdo da fragao volumétrica dos vazios (v,) e das fibras (vy) foi utilizado o
método da analise termogravimétrica em um analisador termogravimétrico Perkin Elmer TGA
7, acoplado a um gerador de graficos Perkin Elmer 7500 Professional Computer.

As figuras 1 e 2 mostradas a seguir mostram dois corpos de prova, um anterior aos
ensaios de tragdo e outro submetido a teste de tragdo unidirecional.
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Figura 1: Corpo de prova anterior ao ensaio de tragdo unidirecional

Figura 2: Corpo de prova submetido & teste de tragdo unidirecional

3. RESULTADOS E DISCUSSOES

Os parametros estatisticos dos materiais denominados com os codigos A com valores
de fracdo volumétrica de fibras e vazios vi = 73,5% , vy, = 1,97% e B com vy = 73,7%, vy
2,4%), respectivamente, estdo apresentados como mostra as tabelas 1 e 2:

Tabela 1: Parametros estatisticos com dados comparados segundo a orientagao de corte (angulos),
do material para o codigo A

ve13,5% ; vw=197% CODIGO A
p = 1,60 g/ml TRACAO 0° | TRACAO 90°




LSRN AL LA INLA LD L LN LS LA VL IV VDL U

Média Aritmética (E) [GPa} 160,13 10,20
Média Aritmética (o) [MPa] 1838,7 28,61
Desvio-Padrao (s) [MPa] 59,44 10,42
Variancia (s° ) [MPa’] 35331 108,58
Coeficiente de Variagio (cv) [%] 323 36,42
Moddulo de Weibull (m) 32,03 3,04

Tabela 2: Parametros estatisticos com dados comparados segundo a orientagao de corte (angulos),

do material para o cédigo B

vi= 73,7% : vi,=2,4% CODIGO B
p=1,59 g/ml TRACAO 0° | TRACAO 90°

Meédia Aritmética (E) [GPa] 148,59 10,29
Média Aritmética (o, ) [MPa] 21594 32,64
Desvio-Padrio (s) [MPa] 92,27 12,48
Variancia (s°) [MPa’] 8513,7 155,75
Coeficiente de Variagdo (cv) [%] 4,27 38,24

Moédulo de Weibull (m) 26,57 2,75

Para a maioria dos codigos pode ser verificado que a distribui¢do de frequéncia para os
valores do limite de resisténcia a tragao longitudinal e transversal apresentam na sua grande
maioria um espalhamento bastante uniforme e muito semelhante as curvas de Gauss
(Dallemand, 1987).

Na comparagdo entre os angulos de orientagdo do corte do material (0° e 90°) mantendo
constantes os codigos, observa-se que com relagdo ao desvio-padrdo sdo na grande maioria
dos casos inferiores a 10% da média dos valores do limite de resisténcia a tragdo longitudinal,
e em alguns casos os valores sdo bastante similares. Ja em tragdo transversal os valores dos
desvios-padrao sao superiores a 10%, devido ao fato das propriedades das fibras ndo
exercerem um papel tdo importante, restando somente as propriedades da resina como o fator
chave e responsavel pelas propriedades de resisténcia do composito.

Isto significa que sendo o desvio-padrao uma medida de espalhamento dos pontos
experimentais, uma grande maioria dos pontos estdo concentrados em uma determinada faixa
de valores, ou seja, os valores médios dos limites de resisténcia podem ser considerados como
sendo bastante representativos da amostra.

No que se refere aos valores medios do modulo de elasticidade (E), com os calculos do
desvio-padrao (ndo apresentados), pode ser notado que os valores dos mesmos estdo bastante
coerentes com os dados apresentados, e girando em torno de 10% desses valores (Pimentel,
1996).

Na verdade ndo existe uma relagdo simples para poder se prever a resisténcia a tragao
transversal, ao contrario da resisténcia a tragdo longitudinal que ¢ determinado quase que
inteiramente por um fator simples, isto €, a resisténcia da fibra (c.=o¢ Vi ).

Existem diversos fatores que governam a resisténcia a tragdo fransversal, inclusive
fatores relacionados as propriedades da fibra e da matriz, como resisténcia a adesdo
interfacial, presenga e distribuigdo de vazios, tensdes internas e a distribui¢do da deformagao
devido a interagao entre fibras e vazios.
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Na resisténcia a tragdo transversal em um laminado pode ser comentado que é pequena
ou quase inexistente uma interface adesiva, e a mesma é determinada pela resisténcia da
resina.

No tocante a0 modulo de Weibull (m) verifica-se que, quanto maior o modulo menor é o
espalhamento dos valores do limite de resisténcia para o material, assim para a tragdo
longitudinal os valores dos mesmos sdo sempre maiores, o que significa um menor
espalhamento (Chou er al., 1987).

As figuras de 3 a 6 representam as curvas da fungio de distribui¢do de probabilidades de
Weibull, onde serdo apresentadas a distribui¢ao dos valores dos limites de resisténcia a tragao
longitudinal e transversal, bem como as curvas para o median rank, 5 e 95%, que fornecem
resultados com uma confiabilidade de de 90%.

In [In(1/1-P)]

In [In(1/1-P)|

® curva para median rank | ® curva para median rank g

curva para 5% curva para 5%

5| A curva para 95% - [ A curva para 95%

e e e = e % e s a0 s o
Inoc Inc
Figura 3: Distribuigdo de probabilidade de Figura 4: Distribuicao de probabilidade de
Weibull Curvas para Median Rank 5% e 95% Weibull. Curvas para Median Rank, 5% e 95%
para tragdo longitudinal , cédigo A para tragao transversal , cédigo A
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Figura 5: Distribuicdo de probabilidade de Figura 6: Distribuigdo de probabilidade de
Weibull. Curvas para Median Rank, 5% e 95% Weibull. Curvas para Median Rank, 5% e 95%
para tracéo longitudinal e codigo B para tragdo transversal e codigo B

Referente ao modulo de Weibull (m) e ao coeficiente de variagao (cv), pode-se dizer que
o material esta de acordo com o citado na literatura; ou seja, quanto menor o coeficiente de
varia¢do mais seguro ¢ o material, visto que para tragdo longitudinal o coeficiente de variagdo
¢ sempre menor do que para tragdo transversal.

Para o modulo de Weibull quanto maior o modulo menor ¢ o espalhamento dos valores
do limite de resisténcia para o material. Logo para os ensaios de tragdo longitudinal os valores
do modulo de Weibull sdo sempre maiores o que significa um menor espalhamento. Os
valores do modulo de Weibull (m) e do coeficiente de variagdo (cv) foram apresentados nas
tabelas mostradas anteriormente, onde uma comparagao satisfatoria