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Abstract. In the present work three-dimensional numerical study of the transitional flow in natural convection in an horizontal
annulus was performed using the Large-Eddy Simulation methodology with dynamical sub-grid scale model. The onset of the
transition and turbulent regimes are pointed out. The characteristics of the unstable flow and  the influence on heat transfer
coefficient were analyzed. A comparative analyses involving tree kind of second filtering process, was also presented.
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1. Introduction

The study of the natural convection between concentric cylinders has been the aim of several numerical and
experimental investigations since the 30’s, due to the enormous quantity of practical and technological applications. In
the recent years, many numerical works have been done, some of them of three-dimensional approach.

One of the first works that studied the natural convection between concentric horizontal cylinders was due to
Beckmann (1931), who used air, hydrogen, and carbon dioxide in order to analyze the type of fluid and the cylinders
radii radio influence on the global heat transfer. Several later investigations, among them Voig & Krischer (1932),
Kraussold (1934), and Grigull & Hauf (1966), have studied the effects on the local and global heat transfer due to the
changes in the several parameters involved. The advances in the experimental techniques have allowed obtaining more
information and details about the flow pattern, as can be seen in Bishop & Carley (1966) and Kuehn &
Goldstein (1978). Among the few works that show and describes the flow destabilization in more details are Kuehn &
Goldstein (1978) and McLeod & Bishop (1989). Kuehn & Goldstein (1978) have studied cylindrical concentric
geometries filled with pressurized hydrogen over a wide range of Rayleigh number, corresponding to
2,2x102 ≤≤ Ra 7,7x107 and radii radio of 2,6. The results have shown that the flow becomes, initially, unstable on the
plume region (cavity’s upper area) of about =Ra 2x105, changing to an fully turbulent condition as the Rayleigh number
increases. At high Ra, they have reported the simultaneous coexistence of a highly turbulent zone and a stable laminar
flow inside the cavity’s lower part. McLeod e Bishop (1989) studied the problem using helium at cryogenic
temperatures, changing the Rayleigh number of 8x106 ≤≤ Ra 2x109, expansion number of 0,25 ≤∆≤ Tβ 1,0, and diameter
radio of 3,36 ≤≤ io DD 4,85. As the results of their observations, they have graphically represented the dramatic
changes when the Ra number is increased, and new flow structures in enclosure upper part have been found. It has been
found, also, that an increment on the expansion number at a constant Ra number, developes a more turbulence intensity
inside the enclosure. The referred graphic representations have revealed, at =Ra 107, an unstable thermal plume
oscillating from right to left and vice-versa and, in the cavity’s lower part, a stagnation region. The majority of the cited
authors presented correlations to the heat transfer coefficient calculus. Itoh et al. (1970) presented, also, an interesting
correlation based on a new definition for the characteristic length employed in the Rayleigh number evaluation.

The theoretical analysis about the convection between concentric cylinders has been, initially, performed by
analytical solutions of series expansion and perturbation method and, afterwards, the boundary-layer theory was
employed. After Crawford & Lemlich (1962), that used a Gauss-Seidel method, the numerical solutions have been
shown a promising tool. Several techniques and methodologies have been used to solve the natural convection between
horizontal concentric cylinders in laminar regime as well as the turbulent one. Some laminar flow references are
Shibayama & Mashimo (1968), Powe et al. (1971), Kuehn & Goldstein (1976), Van de Sande & Hamer (1979), and
Tsui & Templay (1983), noting that the later two works emphatized the transient behaviour. Studies on two-
dimensional turbulent flow with ε−k  modeling are presented by Farouk & Güçeri (1982) and Char & Hsu (1998), the
former considering vertical symmetry.

There are few three-dimensional approaches, as can be seen in laminar regime in Fusegi & Farouk (1986), Vafai &
Ettefag (1991) & Vafai e Desai (1993). Desai e Vafai (1994) employed Van Driest mix length and ε−k  Standard to
analyse the flow at 106 ≤≤ Ra 109 , several Prandtl number and radii ratio, and considering a closed cavity and symmetry
in two directions, reducing the computational domain in ¾ of its original size. Information about the unstable behavior
of the turbulent natural convection in periodic horizontal annuli is found in Fukuda et al. (1990) and Miki et al. (1993).
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Fukuda et al. (1990) have employed the Direct Numerical Simulation (DNS) to study problems for Rayleigh up to
5x105, Prandtl number of 0,71, radii ratio of 2,0, and aspect ratio of  2,8. The results made possible to predict the
transition flow oscillations, as well as characteristic heated plume movement, and have shown that they diverge from
the experimental data as the turbulence increases. On the other hand, Miki et al. (1993) have used the Large Eddy
Simulation methodology with Smagorinsky sub-grid scale model, considering several radii ratio, aspect ratio,
Smagorinsky constant and Prandtl number, and Rayleigh numbers of 2,5x106 ≤≤ Ra 1,18x109. The effects of these
parameters on the turbulent characteristics were evaluated.

In this work, numerical studies of the transition phenomena inside horizontal annuli in natural convection are
presented, having periodicity condition in axial plane, and Large-Eddy Simulation methodology with dynamic sub-grid
scale modeling.

2. Numerical Method

An incompressible and newtonian flow (air), having constant physical proprieties are considered. The buoyancy
term, related to the fluid density change, caused mainly for the fluid thermal expansion, is modeled by the Boussinesq
approximation. The flow having cinematic viscosity ν  and density ρ , are inside an annuli formed by two horizontal
concentric cylinders of radii iR  and

oR , corresponding to inner and outer cylinder, respectively. As observed in Fig. 1,
the cylinders are isothermic surfaces at iT  and oT , where the inner cylinder temperature is higher than the outer one. The
space between cylinders is labeled io RRL −=  and the axial length axL . The geometric characteristics are defined by the
parameters: radii ratio io RR=η and aspect ratio LLax=Γ .

Figure 1. Cavity between concentric cylinders.

The problem presented in this work is governed by the Navier-Stokes equations and the energy conservation, in
which the filtering process are applied, allowing separating the sub-grid field from the large scales. This filtering
process gives rise to the generalized sub-grid Reynolds stress tensor, defined as )( jijiij uuuu −−=τ  and to the
generalized sub-grid turbulent flux, defined as )( TuTuq jjjt −−= , as described by Silveira-Neto et al. (2002).This

tensor and this turbulent flow are modeled using the Boussinesq hypothesis.
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where 
tν is the turbulent viscosity, )(5,0 ijjiij xuxuS ∂∂+∂∂= is filtered field strain rate, k  is the kinetic turbulent

energy, 
ijδ  is the Dirac’s δ-function, and 

tα  is the turbulent thermal diffusivity. The Eqs. (1) and (2) are added to the
governing equations leading, finally, to:

0 = 
x
u

j

j

∂

∂ ,    (3)



⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+++−−=+

i

j

j

i
t

j
i

jj

jii

 x
u 

 x
u 

 x
 gTβ∆

 x
p 

ρ x
uu 

 t
u 

∂
∂

∂
∂

νν
∂
∂

∂
∂

∂
∂

∂
∂

)(1)(

0

,    (4)

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

∂
∂

+
∂
∂

=
∂

∂
+

j
t

jj

j

x
T

xx
Tu(

 t
T )(

)
αα

∂
∂ ,    (5)

where 
oρ  represents the density at bulk temperature, β  is the thermal expansion coefficient and, 

ig  is the gravity
acceleration. The dynamic sub-grid scale model (Germano et al., 1991) allows the turbulent viscosity evaluation
according to the expression presented by Lilly (1991):
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According to the Eq. (6), the turbulent viscosity is directly related to the dynamic coefficient ),( txC r , filter characteristic
length ∆ , and the strain tensor modulus || S . The dynamic coefficient depends on the global Leonard tensor

jijiij uuuuL ˆˆ−=  and on the tensor
ijijij SSSSM ||)(ˆ|ˆ|)ˆ( 22 ∆−∆= , where the operator [^] indicates the second filtering

process, as recommended in Padilla & Siveira-Neto (2003). The turbulent thermal diffusivity is evaluated using the
turbulent Prandtl number, as done by Silveira-Neto et al. (1993).

The filtered equations (3-5) in cylindrical coordinates are non-dimensionalized by the inner and outer cylinders
temperatures, the spacing between cylinders, the molecular viscosity, and the density. The boundary condition along the
radial axis becomes:

0),,,(    ,  , =tzRwvu i θ , 1),,,( =tzRT i θ ,

0),,,(    ,  , =tzRwvu o θ , 0),,,( =tzRT o θ .

Along the angular and axial directions, the periodicity condition is considered.
In order to perform the equations discretization, the finite volume method was employed in a staggered grid, having

second order schemes in space and time (Piomelli, 2000 and Ferzinger & Peric, 1999): central differencing scheme and
Adams-Bashforth, respectively. The pressure-velocity coupling method was the fractional time (Kim e Moin, 1985),
where the steps named predictor and corrector are used. The pressure correction field is evaluated by solving the
Poisson equation using SIP (Strongly Implicit Procedure) method, as proposed by Stone (1968).

The time step is evaluated following the CFL (Courant-Friedix e Lewi) stability criteria. Moreover, non-uniform
meshes are employed along the radial direction, concentrated near walls (5% variation), and uniform along the
remaining axes.

3. Results

The numerical analysis of the natural convection at low and moderate Rayleigh number, which represents stable
flows, were presented in previous Works: Padilla (2004) and Padilla et al. (2004). In the present work, the flow pattern
and its influence on the local and average heat transfer process are compared qualitatively and quantitatively against the
experimental data from Kuehn e Goldstein (1976). Fig. 2 shows the local flow proprieties, for Ra =4.7x104, and
geometric configuration of radii ratio of η=2.6 and aspect ratio of Γ=1, considering a mesh of 20x80x2 along the
radial, angular, and axial axis, respectively. No sub-grid turbulence modeling was employed.

In the Figure 2(a), one has the temperature distribution along the radial direction for three values of θ =0°, 90° and
270° and, in the Fig. 2(b) the local Nusselt number distribution in the inner iNu  and outer oNu  walls, evaluated
according to the definitions:
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Comparison com others authors indicates a good agreement to the experimental data, showing that the numerical
code reproduces, accurately, flows with heat transfer inside horizontal concentric cylinders.
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Figure 2. Comparison with experimental dates at Ra =4.7x104, η=2.6, Γ=1; (a) temperature distribution, (b) local
Nusselt number.

3.1. Discrete Test Filters

An important question related to the use of dynamic sub-grid scale models is the application of the test filter,
because the second filtering process would give information about the resolved scales to model the energy transfer
between the two part of the energy spectrum. In this context, three discrete filters are suggested, denominated FA, FT
and FP, respectively:
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where pp  is the weight factor attributed to 
ijkf  and MPf  corresponds to the weighted average in function to the distance

d  between the adjacent volumes centers.
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Several simulation were performed to evaluate the influence of the test filters FA, FT e FPpp, with the weight factor
pp =2 and 5, on the transition flow at Rayleigh number of Ra =1.7x105 and geometric parameters η=2 and Γ=2.8. The

mesh considered in this analysis was the 12x60x20 cells. It is a stable flow characterized by the presence of three-
dimensional oscillations, which allows evaluating the sub-grid scale model properly with different test filters. This case
was, also, simulated without sub-grid modeling.

The time behavior of the radial and angular velocity components using several filters, as well as with or without
sub-grid scale turbulence model, is presented in Fig. 3. The numerical probes signals were monitored at r =1.5, θ =90°
and z =1.4 position. One observes different behavior in the frequency and amplitude for both velocity components,
with the presence of great fluctuations for filters FT and FP05 cases. The differences observed in the average angular
velocity with the FA filter, where that fluctuations appear, are enormous. Clear differences were observed, also, in the
temporal behavior of the axial velocity component. Indeed, the flow dynamics change from each filter used.

It is well-known that the non-use of a sub-grid turbulence models in unstable flows implies in a underestimation of
this kind of flow oscillations. However, the oscillations don’t lead the simulations to diverge, which tend to consider the
described dynamic behavior as valid. Coincidently, the FP02 filter behavior follows the no model case, though with
smaller amplitudes.

In the Figure 4, one has the turbulent viscosity radial distribution and average temperature (timely) in 90° and
z =1.4. The turbulent viscosity profile (Fig. 4a) describes an important characteristic of the dynamic model, observed
near the cylinders walls, in which the turbulent viscosity tends to zero. The distribution with FP05 and FP02 filters
shows a more coherent behavior. In the Fig. 4(b), the temperature profile, corresponding to the plume region, are
compared against to the experimental data of Fukuda et al. (1990). Again, the filters FP05 and FP02 present a good
behaviour, when compared against experimental data.



According to the results presented and a complete analysis done in Padilla & Silveira-Neto (2003) and Padilla
(2004), where the qualitative characteristics are highlighted, the FP02 was considered the more suitable filter in order to
perform the second filtering process.
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Figure 3. Influence of the several test filters over velocity fluctuations; (a) radial velocity (b) angular velocity.
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Figure 4. Influence of the several test filters over average-time proprieties; (a) turbulent viscosity, (b) temperature.

3.2. Transitional Flows

A study corresponding to the stable flows in horizontal annuli was done over a range of Rayleigh
4.6x104 ≤≤ Ra 7.5x105 , and geometric configuration of radii ratio of η =2 and aspect radio of Γ =2.8. Moreover, was
employed a mesh having 16x72x24 cells along the radial, angular and axial directions, respectively. The computational
costs is higher as the Ra increases, for example, in order to simulate only one second at Ra =1.5x105 is necessary 4.9 h
in a 2.8 GHz Pentium IV.

According to Bishop et al. (1968), the instability onset appears at cavities upper part, becoming an oscillating
behavior, where the oscillations increase as the Ra increases. It was possible to register, precisely, theses characteristics
by a numerical probe located at r =1.5, θ  =90° e z =1.4. Small periodic oscillations in the velocity and temperature
field were observed at Ra =4.7x104. For higher Ra values these oscillations increases and changes drastically, as can be
seen in Fig. 5. In this figure, the radial velocity component is depicted for four different Ra numbers. The fluctuations
for Ra =5.0x104 are small and periodic, that oscillates at a fundamental frequency of 0.75 Hz. As the Rayleigh number
increases, the oscillations lose its periodic behavior, augmenting its amplitude and frequency. From Ra =1.5x105  the
oscillations start representing a certain irregular pattern, which  at Ra =7.5x107 they present a complete irregular pattern
and high amplitude, with the presence of a wide range of important frequencies, characterizing fully turbulent flow.

The effect of the dynamic instability on the temperature field manifest, initially, in the plume structure and after, in
the other regions, as can be seen in the Fig. 6. In Figs. 6 and 7, instantaneous isothermal surfaces are depicted for three
different Rayleigh numbers. The blue and yellow isosurfaces represents the non-dimensional temperatures of 0.65 and
0.25, respectively. One observe, in Fig. 6, that as the Ra is increased, the instabilities multiplies and intensifies, where
the more affected region corresponds to the upper part of the cavity. In the flow corresponding to Ra =1,0x105 (Fig. 6a),
the thermal plume oscillates axially, with small amplitudes and, also, small movements along the θ  direction. For
Rayleigh number Ra =1.5x105 (Fig. 6b), the oscillation represents high amplitudes and intense three-



dimensionalization, where the blue isosurfaces oscillations are notorious, mainly around 0° and 180°. For Ra =5.8x105

(Fig. 6c) one observes an irregular pattern with hot mass loosing in both sides, showing turbulent behaviour. The
oscillations around 0° and 180° are very intense, noting that the cavity lower part is unstable, but less intense.
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Figure 5. Radial velocity fluctuations at Ra =5x104, 1.5x105, 3.1x105, 7.5x105.

    
    (a)   (b)      (c)

Figure 6. Instantaneous temperature isosurface, 25: blue and 0.65: yellow; (a) Ra =1x105, (b) Ra =1.5x105, (c)
Ra =5.8x105.

In Figure 7, one depicts the flow time development at Ra =1,5x105 in three periods: 49, 49.5 and 50 s. The
transitional flow presents oscillation in three dimensions. The plume oscillates periodically with high amplitude,
moving from right (Fig. 7a) to left (Fig. 7b), and vice-versa, as experimentally demonstrated by Bishop et al. (1968),
and Kuehn & Goldstein (1978).

The evaluation of average flow proprieties has allowed confirming the results coherence, where the radial and axial
velocity components distribution presents a profile similar to the stable flows at moderate Ra, but without symmetry,
referring to the vertical axial plane. The axial velocity component presents a magnitude lower than its other
counterparts, indicating clearly the presence of recirculating flows.

The turbulent viscosity average behavior along the radial direction in θ =0°, 90°, 180° and 270° and z =1.4, for
cases at Ra =1.5x105 and 5.8x105, are shown in the Figure 8. One can see its adequate behavior near the cylinders walls,
and its nullification in parietal regions. The turbulent viscosity presents higher values as the Ra increases, demonstrating
that the sub-grid scale model plays a role of increasing importance. The profile in 90° indicates that, at the upper cavity
region, the instabilities has a higher intensity level, where the turbulent viscosity is 0.1 to 0.45 times the molecular
viscosity at Ra =1.5x105 and 5.8x105, respectively.
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Figure 7. Temporal evolution of temperature isosurface for Ra =1,5x105; (a) 49 s, (b) 49.5 s, (c) 50 s.
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Figure 8. Average-time turbulent viscosity at four values of θ ; (a) Ra =1.5x105, (b) Ra =5.8x105.

The energy spectrum related to the radial velocity component fluctuation, at Ra =1.5x105 and 7.5x105, are
presented in Figure 9. A line having the -5/3 inclination has been drawn, according to the Kolmogorov’s law, which
corresponds to spectrum inertial zone inclination at fully developed turbulence. One observe, also, that he flow energy
increases as the Ra becomes higher. The spectrum at Ra =1.5x105 has inclination higher than -5/3, demonstrating an
energy concentration in the large scales. On the other hand, increasing the Rayleigh number up to  Ra =7.5x105, the
energy is better distributed, “smoothing” the spectrum inclination to –5/3.
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Figure 9. Energy spectra of the radial velocity fluctuation at; (a) Ra =1.5x105, (b) Ra =7.5x105

The formation of structures inside the flow is a characteristic of unstable flows, that changes its topology as the
Rayleigh number increases, and an example can be seen in Figure 10. In this figure, vorticities isosurfaces are depicted
for θω = 200 (grey) e –200 (green). At Ra =1.5x105, is evident the counter-rotating structures disposed in Λ  shape at



cavity upper part, which orientation changes, following the plume oscillatory movement. For higher Rayleigh numbers,
a disorganization process can be seen, as a result of the frequency multiplication.

(a) (b)

Figure 10. Instantaneous vorticity isosurface, 200: grey and -200: green; (a) Ra =1.5x105, (b) Ra =5.8x105.

Fluctuations on the local and average Nusselt number, related to the inner and outer cylinders surfaces, are a
consequence of the unstable dynamic behavior typical of transitioning to turbulence flows, which leads to a more
efficient heat transfer process where. The average local Nusselt number also increases.

The global average Nusselt number distribution, as a function of the Rayleigh number is depicted in the Fig. 11.
The results in the global average Nusselt number }{Nu evaluation, that compounds the inner ( iNu ) and outer ( oNu )
space and time average, are compared against the Itoh et al. (1970) correlation, that used the composed characteristic
length  oioim RRRRr )ln(=  to evaluate the modified Grashof number. Experimental data leads to the expression

4/118,0}{ mGrNu = . One can see that the agreement with the Itoh et al. (1970) correlation is very good for the entire
transition to turbulence range. When comparing to Fukuda et al. (1990) numeric results, which predicts an higher
turbulence intensity, the present work has better results than the former work.
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Figure 11. Mean Nusselt number as a function of Rayleigh number.

5. Conclusion

Numerical simulations of natural convection flows in transition to turbulence regime were successful performed
employing Large-Eddy Simulation technique with dynamic sub-grid scale model. The results have evidenced the onset
of the first instabilities that increases its intensity as the Rayleigh number increases, becoming fully irregular when the
turbulent regime is reached. Moreover, it was possible to capture the flow dynamic characteristics, as well as the plume
transition. A new test filter, suitable for non-uniform meshes in cylindrical coordinates, is proposed. Results compare
very well with experimental and numerical results from others authors

Acknowledgement: The autors would like to tank Conselho Nacional de Desenvolvimento Científico e
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