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LNM6O<PRQRSUTWVRXZYK[]\^S_XZ`ba6\cXedgfhM6\_ikjmlNXen:[]Xe\cd
TWVRXZYK[]\cScXpoqMros[2os[2tu\_MrScveweX8MCxyTWV4t
z \c{]osXpd<oqM}|4M~iBQRwpoqMros[2��[�iBVRd~wpd~�~X8M�x�tuwed�iBd�L
f�[BP4Mr\�`bM6O<[]V�`_d<os[2��VR�~[]VR�4M6\cX�M<��[�i��rVsX�i�M�x������
� S�M<��d�\�`_[��qtu\�M6ScvpweX�M�xyf���|��?�:LN� z��4�r�~�s��� x ���~�
 K¡~¢q£K¤s¥r¦s§�¥K¤6¨s©s¡�ªr¨¬«�­N®¯­s¢
° E¬9C=²±G7�³ � []ScPI[BS_ScQR\_M�\c[]w�M�`_XZY~M�{´QsO P4M6\��6O<[B`_\^dµXeO<P:d~\^`�MrV�`c[¶V4M6S·[�¸�Q4Mr¹Bº�[]S
os[´i�M6S_i�MrS����Wd
i�arwpiBQRwed»os[Ui�M6S�i]MrSuO»QRXZ`_d½¼qV4M6Sh¾

ε
P:[�¸KQR[]VRd¬¿b�sM½Scd~wpQq¹]Àrd

uε
M6PR\c[BS_[]VK`bMÁi�M6OgMroqMrSuweXeO<Xe`c[]S���XÂ�Ã[��Ä[]S^`_\c[]XZ`bM6S

\c[]�~Xeº¬[]SÅ¾ÆiBQ~Ç^MG[]ScP:[]ScScQR\�M�osXpO}XpV¬QsX�ikd�O
ε
¿Èd~Vqos[´M�Scd~weQq¹�Àrd�d�QÉScQ4M6S�os[]\^XeY~MroqMrS�`_[]Vqos[BO MGXeVs¼qVRXZ`_d

¸�Q4M6Vqosd
ε
`_[]Vqos[}M�Ê][]\cdR�½�W[]S^`_[ÈM6\^`_Xe�~d·S�À6dmM6PR\c[]Sc[]V�`�M~oqM6SËScXeO»QRw�Mr¹Bº¬[]ShV¬QRO<{]\^X�i]MrS��IY¬X8M�O<{B`cd�osd~SËosd�S

[]we[]O<[]V�`cd�Sh¼qVRXZ`_d~S��?os[Èi�Mr\^\c[]�KMrO}[]V�`_d~S½os[}i�M6S_i�M6S½QRVsXpÌ8d�\cO}[]O<[]V�`c[È�RXeP:[]\cn:Í~weX�i�M6S��ÈÎ�n�Y¬X8M6O<[]V�`c[��HPqMr\_M
d�ns`c[]\�xÏSc[»i]arwpiBQRwed�S�PR\c[�iBXeScd�S��:{2VR[�iB[]ScS�ar\^Xpd�dg\^[B¼qV4M6O<[]V�`_d�oqM<O�Mrwe�4M6ShVqMrShi�M6OgMroqMrS�weXeO<XZ`_[�� � ScS_XeO��4{
[]O<PR\^[]��Mrosd·QRO�PR\^d�iB[]ScScd
os[<MroqMrPs`�M~¹�À6dmos[»OgM6wp�4M�¸�QR[ÈP:[B\cO<XZ`_[»QROÐi�a6wpiBQRwed
Xe`c[]\�M�`_XZYKdmMrQ�`_d~Oga6`cX�ikd
os[2MrwZ`bMÈ¸�Q4M6wpXpoqMros[��
Ñ 1:581�Ò�3C1q9kÓ�ÔrÕ�1�Ò:E4³Öi�M6S_i�M}os[]we��MroqM��4i�M6OgMroqMÈweXpO}Xe`c[��ROgM6we�4M<M~oqM6Ps`�M6`cXeY~M��

× �:)���"#��	��'��-��

�W[BSc`c[ÁMr\�`_Xe��d<¸KQR[]\c[]O}d�SN[]S^`_QqoqM6\WM»PR\cd~P4M6��Mr¹�À6d�os[ËScXeVR��QRw�M6\cXpoqM~os[BSWVRd�SNScXpS^`c[]OgMrS�os[½i�M6S�i]MrS��sXZx
P:[]\cn:Í~wpXpi�M6S<¾¯M�ScQRP:[]\^ÌØvpiBXp[»O}{�osX�MgoqMgi�M6S_i�M<`_[]O�iBQR\^Y~M�`_QR\_MrS�PR\cXeVqiBXeP4MrXeSËos[�ScXpV4M6XeShd~P:d�S^`_d~Sb¿k�hfU[�ÌÆM6`cdq�
MrSÙ`_[]d~\cX�MrS�o�[Wi�M6S_i�MrS�os[�ÚËXe\_i��R�RdrÛ4xÝÜ�dCYK[N[W��XpVqosweXeV<SbÀ6d½n4M6S_[�M~oqM6S�[BO*ScXpS^`_[BOgMrSÞos[�[�¸�QqM~¹Bº�[]SÞ[]wpvePs`_Xpi�M6S
P4Mr\_M

ε > 0
[}S_Q4M6SÁScd~wpQq¹Bº�[]S2P:d~S_ScQR[]O�MrS½PR\cd~PR\cXe[�oqMros[]S�iBw�arScScXpi�MrS2os[<\c[]�~QRw�Mr\^X�oqMros[��g��V�`c\c[B`�MrV�`cdq��d

ScXpS^`_[]O�MUwpXeO<XZ`_[�d�ns`cX�osdË¸�Q4M6Vqosd
ε
`_[]Vqos[NM�Ê][B\cdh{ß[]wevePs`_XpiBdËScd�O<[BV�`_[�S_[NMUS_QsPI[B\cÌØvpiBXe[NO<{�o�X8MU{ß[Bw8MUO<[]ScOgM

[]wevpPs`cX�i�M���à�Q4M6Vqosd�MÈS_QsP:[]\cÌØvpiBXe[2O<{�osX�MÈ`c[]OáP:d~V�`_d~SU�RXeP:[]\^nIÍ~weX�ikd�S�d~Q�P4Mr\_Mrn:Í~weX�iBd~SUd�PR\^d�nRwe[]OgM}weXeO<XZ`_[



`_[]O Y�[]\_oqMros[]Xe\�M6S·wpXeVR�4M6S
i�M6\�Mrik`_[]\^vpS^`_Xpi�M6S�¾¯MrS�weXpVR�qMrSmMrScScXeV�`_Ír`_Xpi�M6S
oqM�ScQRP:[]\cÌ8v�iBXe[´O<{�osX�M,oqM,i�M6S_i�MK¿b�
�W[]S^`_[�i�M6Scdq�ÄoqM~o�d�S»os[g[]V�`_\_M~oqMmScXeVR��QRw�M6\c[]S
¾âV4MrS»iBd~VqosXp¹Bº¬[BS}os[giBd�VK`_d~\cVRd¶d~Q,VRd¶i�Mr\^\c[]�KMrO}[]V�`_dãXpO»x
P:d�S^`_d�¿ÙPs\cd�osQsÊ][]OäScXpVs��QRw�M6\cXpoqM~os[]S�¸�QR[�S_[�PR\cd~P4Mr�KM6O�MrdÁwed�VR�~d�oqM6S�weXpVR�4M6S�i]Mr\_M~ik`c[]\cveS^`_Xpi�MrS�[]Oä\^[]��Xeº¬[BS
ScXe`cQ4M~oqM6SWwed~VR��[Áos[½d�Vqos[½ÌØd~\�M6O#d~\cXe�~XpV4MroqM6SC�

�ÙOåiB[]\�`_d~S�i]MrScd~SC��[]S^`bM6S�S_XeVR�~QRw�Mr\^X�oqMros[]SÞSbÀ6dÁosXeS^`_\^XpnRQRXp¹Bº�[]SU¾ÆP:d~\�[kæs[]O<PRwedÁikd�O<dËQRO
δ
d�Q}QRO

δ′
¿

V4M�osXe\c[�¹�À6d�`_\�M6VRS^YK[]\^SbM6wHç6SßweXeVR�4MrSNi�M6\�Mrik`_[]\^vpS^`cX�i�M6Sß[�S_[�PR\^d�P4M6�KMrO Mrd»wed~VR��dÈos[]S^`bM6Sß[ËM�os[]ÌØd~\cO�M~¹�À6d»[
MË[]VR[B\c��X�MËSc[WiBd~VqiB[]V�`_\_MrOåVR[]S^`�MrSÞ\c[]�~Xeº¬[]Su¸�Qs[WS�À6dÁVRd~O<[CMroqMrSui]MrOgMroqM6S�weXeO<XZ`_[]S�d~Q�i�MrO�M~oqM6S�XeV�`c[]\cV4M6S��
z M6\�MãY�M6wed�\^[]S�os[

ε
P:[�¸�QR[]VRd~S<OgM6S<osXeÌØ[]\^[]V�`_[BS�os[
Ê][]\^d�MrS}Scd~wpQq¹kº¬[]S<S�ÀrdÅ\c[B��QRw�M6\c[]S�ikd�Oè\^[]��Xeº�[]S�os[

iBd�O}P:d�\�`bM6O<[]V�`_d�ScXpVs��QRw�M6\��@XÂ�Ã[��Ë\c[]�~Xeº¬[]SË[]S^`_\^[]XZ`bMrS}¾ÆiBQ~Ç^Mg[]ScP:[]ScScQR\�M�osXeO<XeV¬QR[ÈiBd~O
ε
¿Wd~Vqos[}MgScd~wpQq¹]Àrd

d�QmScQ4M6SUos[]\^XeY~MroqMrSN`_[]Vqo�[]OéçÈXeVs¼qVRXZ`_d�¸�Q4M6Vqosd
ε
`c[]Vqos[2MÈÊ][B\cdq�

�W[BSc`c[mM6\^`_Xe�~dÅSbÀ6d´O<d�S^`_\_M~oRMrSÈScXeO»QRw�Mr¹Bº¬[]S}V�QRO<{]\cXpi�M6S}\^[CMrweXeÊCMroqMrS}[]O<PR\^[]�KMrVqosd6xÏSc[
d´[]wp[BO<[]V�`cd
¼qVRXZ`_dGos[
i�MrS_i�M6S�f�Ú½��¾ÆXeO<PRwe[]O<[]VK`bMrosdÅP:d�\mêëtu[]\cVqM~osd~Qãìå�¶M�`_dg�ÙXp\^d�M
¾ �]��íK� ¿ÏîNVRdGiBÍ¬osXe��dGos[
[]we[kx
O<[]V�`cd�Sh¼qVRXZ`_d~S2�´ÎËfhTUÜ��Þ|�¿k� � S½XeVqiBÍ~��VRXZ`bM6SÁos[]S^`_[È[]wp[BO<[]V�`cd
SbÀ6d�M6SÁiBd~O<P:d~VR[]V�`c[]SË`bM6VR�~[]VqiBX�MrXeS2o�d
os[]Scwpd¬i�M6O<[]V�`cd�oqM�i�M6S_i�M

u1

[
u2

�:M�ikd�O<P:d~VR[]V�`c[�Vsd�\^OgMrw
u3

[»M6S�iBd�O}P:d�VR[]VK`_[]S�os[2\cdr`bMr¹�À6d�oqM}VRd~\�x
OgM6w�ç�ScQRP:[]\cÌ8v�iBXe[ÈO<{]osX8M

β1

[
β2

� � MroqM6Ps`bMr¹�Àrd
oqM�OgM6wp�qMg{»\c[�MrweXeÊCM~oqM·M�`_\�M]YK{BSËosd
iBÍ¬osXe��dmt � �´ïÈ�
os[]Sc[]V�YKd~wZY�XposdÁP:d~\UêëðW[�i��K`�¾ �]�~��í ¿ÝîqVRdÁñy��l�ñ � ¾Ýò_óRôkõÆöØõÆ÷sõ�ó@ørõÆö¯ù6ó@ø~ú4ûKüWý_ü�þbÿRübý�þbÿsühükó·ö8ó��]ù6ý���ørõÆö��k÷qüËüBõ�übó
ø6÷sõÝù��gørõÆö��k÷4ü�x�|q\_MrVq¹]MK¿b�2Î�S½i�a6wpiBQRwed�SËV¬QRO}{]\cXpiBd~SËO<d~S^`_\�M6O�MrS�Y~MrV�`�Mr�~[]VRSËoqMgQs`_XeweXpÊ�M~¹�À6dmos[»OgM6we�4MrS
M~oqM6Ps`bMroqM6S�çÈ[BSc`c[Ë`_XeP:d�os[½PR\cd~nRwe[]OgMs�

ÎµPR\^XpO}[]Xp\^d�[]S^`cQqosdWos[Þi�M6S_dN{�QRO PR\^d�nRwe[]OgMßiBw8a6ScScX�iBd�[]VqiBd~V�`c\�M~o�d�[]Oäê�ð�Q4MrVR�<ìåðWXeV�`_d~V�¾ �]��í	� ¿ÏîÏ�
ê�tu[]\^V4Mrosd�Q�ìå�¶M6`cdg��Xe\cdKMm¾ ���~íK� ¿ÝîÂ��êÃÚÁMrVRd	
Kxy�WQ�
¬QRwpi��4M6X�¾ �]�K�r� ¿Ýî?[�ê���[][�
·ì*�ÄM6V�¾ �]�~í
� ¿ÝîÏ�Þ��S^`c[½PR\cd6x
nRwe[]OgM�V4ÀrdÁM6PR\c[]Sc[]V�`�MhScXeVR�~QRw8M6\cXpoqMros[]SÞOgM6S�d~SÞosd�XeS�Sc[]�~QRXpVK`_[]S�S�Àrd½i�M6S_d~S�d~Vqos[N[kæsXeS^`_[]O�ScXpVs��QRw�M6\cXpoqM~os[]S
os[�iBd~\c\c[BV�`_[]SËoqM�iBd~VqosXp¹�À6dmos[ÈiBd~V�`_d~\cVRd�d�QÅosd·i�Mr\^\c[]�KMrO}[]V�`_d
MrPRweXpi�M~osd
¸�QR[}M6PR\c[]Sc[]V�`�MgQROgMgosXeS_iBd�V¬x
`_XeV¬QRXpoqM~o�[��å�W[]S^`_[]S
osd~XpS
i�M6Scd�S
os[´ScXpVR�~QRw�Mr\^X�oqMros[]S
S�ÀrdµÌØ[]XZ`_d~Smi]arwpiBQRwed�SmoRMµi�M6S_i�MµiBd~O Y�M6wed�\^[]SmoRM
[]ScP:[]ScS_QR\_M

ε
O�QRXe`cd
P:[�¸�QR[]VRd~S2¸�QR[}P:[]\cO}Xe`c[]OÐ[]S^`cQqoqMr\ÁM·ÌØd~\cO�M·[<M·[]ScP:[]ScScQR\�M
oqM6SÁi�M6OgM~oqM6SÁweXeO<XZ`_[

¾ÆVRd<iBd�VK`_d~\cVRd�osd<osd�O}vpVRXed�¿�[ÁXeV�`c[]\cV4M
¾ÆVRd}XpVK`_[]\cXed~\Wosd�osd~O<veVRXed¬¿b�
�Wd~S²i�M6Scd�S²os[uiBd~O<P:d~\^`�MrO<[]VK`_dWScXpVR�~QRw�Mr\²oRMWi�M6S_i�M�{�[]S^`cQqoqM~oqMWMNPR\cd~P4Mr�KMr¹�Àrd�oqM6S�ScXpVs��QRw�M6\cXpoqM~os[]S

[US�Àrd�Ì8[]Xe`�MrSu[]S^`_XeOgM6`cXZY�M6SßoqMÁd~\_o�[]O�os[U��\_MrVqo�[]ÊCM�oqM6Sßi]MrOgMroqM6S�weXpO}Xe`c[�[UXeV�`c[]\cV4M��ÞTWOä[]S^`_QqosdÁ`_[]Í~\cXpiBd
os[�QROÖPR\cd~nRwe[]OgM
O<d¬os[]wedãScXeO<Xpw�M6\»M6d�PR\cd~nRwe[]OgMmos[gi�M6S�i]MrS2ÌØd~XÞÌØ[]XZ`_d�P:d�\gêëÚÁM6\�M6O<X�MrVµükõNø~ú���¾�� ���~� ¿Ýî
[�êëf�[��¬d~QRÊCMãüBõßø~ú��W¾�� �~� ��¿ÝîÏ�ÈÎ�S½\^[]S_Qswe`�M~osd~S½d�ns`cX�osd~S½VR[]S^`_[BSË`_\�M6n4M6wp�Rd~S½SbÀ6d
Qs`cXpweXeÊCM~osd~S�Mr¸�QRXÙP4M6\�M�Sc[
ÌÆM6Ê][]\�QROgM}M6V4arweXeS_[ÁiBd�O<PqMr\_M6`_XZY~MÈ[]V�`c\c[½Scd~weQq¹Bº¬[]S�M6V4MrwevZ`_Xpi�M6SU[½V¬QRO}{]\cXpi�M6SC�

� ������� ������� � !"� #���$%#�� &'� ()����*,+�-���#.�

fU[]ScXe��V4M6O<d~S�P:d�\ E3
dÈ[]ScP4M~¹kd<[]QqiBweXposX8M6VRd<[ËS_QqM»n4M6S_[Ëd�\�`_d~VRd�\^OgMrw

(0, ~e1, ~e2, ~e3)
��L�d~VRScXpos[]\�MCxÏS_[

dgosd~O<veVRXed
Ω = {(x, y) ∈ R2| − 50in ≤ x, y ≤ 50in} [ S MÈScQRP:[]\cÌ8v�iBXe[2�RXeP:[]\cn:Í~weX�i�M}P4Mr\_MrO<[k`_\cXeÊCMroqMP:[]w�M<i]Mr\�`bMÈwed¬i�Mrw�¾

Ω, ~φ
¿b�qiBd~O ~φ(x, y) = (x, y, xy

c
)
���UM}i�M6S_i�MÈ[]O#[]S^`cQqosd}`cd�OgM6O<d~S

c = 250
�

Î�S�YK[k`_d~\c[]S�`bM6VR��[BV�`_[
~aα = ∂α~φ

¸KQR[2os[B¼qVR[]Oád�PRw�M6Vqosd<`bM6VR��[]VK`_[�ç}ScQRP:[]\^ÌØvpiBXp[
S
[]O `_d¬osd�SWd�S
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c

|ÄXe�~QR\�M �~� LßMrS_i�MÈ�RXeP:[]\^n:Í�weXpi�M}[]O#ÌØd~\cOgMÈos[½Sc[]w�M

P:d�VK`_d�S ~φ(x, y)
[½d}Y�[B`_d~\�VRd~\cOgM6w�Mrd<Psw8M6VRd}`bM6VR��[BV�`_[

~a3

S�Àrd<oqM~osd~SWP:d~\

~a1 = (1, 0,
y

c
), ~a2 = (0, 1,

x

c
) e ~a3 =

1√
x2 + y2 + c2

(−y, −x, c).

� S_[]�~QRVqoqMÈÌ8d�\^OgMÈÌ8QRVqoqM6O<[]V�`�Mrw�oqM»ScQRP:[]\cÌØvpiBXe[ÁO<{�osX�M
S
{ÁoRM~oqMÈP:d~\

b11 dx2 + 2b12 dxdy + b22 dy2

d�Vqo�[

b11 = b22 = 0 e b12 =
1√

x2 + y2 + c2

S�Àrd�MrSWiBd~O<P:d�Vs[]V�`_[]SUikd�Y~M6\cX�MrV�`c[]SUoqM»Sc[]��QsVqoqMÈÌØd~\cOgM»ÌØQRVqoqM6O<[]VK`bM6wÂ�
z Mr\_MÈ[BSc`cQqoqM6\�M»ScQRP:[]\cÌ8v�iBXe[

S
i�M6wpiBQRw�M�xÏSc[

b2
12 − b11b22 =

1

x2 + y2 + c2
> 0.

� ScScXeO���M¶ScQRP:[]\^ÌØvpiBXp[
O<{]osX8M¶oqM´i�M6S_i�M¶{·QRVRXeÌØd�\^O<[]O<[BV�`_[·�RXePI[B\cn:Í~wpXpi�M´[·[kæsXeS^`_[]OèosQqMrS}weXeVR�4M6S
MrScScXeV�`_Ír`_Xpi�M6SW[]Oái�MroqMÈQRO#osd�S�P:d~V�`_d~SUoqMÈi�MrS_i�M�����S^`bM6S�weXpVR�qMrSWS�À6d�os[B¼qVRXpoqM6SWP:[]w�M}[]¸�Q4Mr¹�Àrd

b11 dx2 + 2b12 dxdy + b22 dy2 = 0

2√
x2 + y2 + c2

dxdy = 0.

Lud�O}dµd,`c[]\cO<d 2√
x2 + y2 + c2

{´Sc[]O}PR\c[¶P:d~ScXe`cXeY�dq�UMrS�weXpVR�4M6SmM6S_ScXeV�`_Ír`_Xpi�M6S·S�ÀrdµoqM~oqM6S·P:d~\
x = const

[
y = const

�
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� i�M6S�i�Mm�RXeP:[]\cn:Í~wpXpi�M¶o�[]S�ik\cXZ`bMmV4M�Sc[�¹�À6dÅM6V�`_[B\cXed�\2{g[]VR�KM6Sc`�M~oqMm[]O�`cd�osdãdãS_[BQµiBd�VK`_d~\cVRd¶[�{
ScXpO�QRw8MroqMãikd�O<dãQRO�M�i�MrS_i�M
¼qV4Mãi�M6\c\^[]��MroqMmP:d�\2QROgMmPR\c[]ScS�À6d¶QRVsXpÌ8d�\cO}[g[]OÖ`_d�o�d¶dãSc[]Qµosd~O<veVRXpdR�
� Shi�Mr\_M~ib`_[]\cveS^`_Xpi�M6SËosd�OgM�`_[]\cX�M6w²S�Àrd � O<Í¬osQRwpd�os[�>�d~QRVR�

E = 28500lb/in2
�@iBd�[B¼4iBXe[]V�`_[Èos[ z d�XeScS_d~V

ν = 0, 4
�R[]ScP:[]ScScQR\�M}oqMÈi�M6S�i�M

e = 0.8in
[½PR\c[]ScS�À6d

p = 0.01lb/in2
[kæs[]\ciBXpoqMÈVRd�\^OgMrweO<[]VK`_[2çÈi�MrS_i�M��

Î �~\�a�¼4iBdÁoqM�¼q�~QR\�M?�~MhO<d~S^`_\�M�dËY~Mrwed~\ÞoqMËiBd~O<P:d�VR[BV�`_[�VRd~\cO�MrwRosdÁos[]Scwed�i�M6O<[]V�`cd
u3
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