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Abstract. Considerable residual stresses may be formed during quenching process of mechanical 
components, especially in the presence of geometric discontinuities, and therefore, these stresses 
may significantly affect industrial processes. Since phenomenological aspects of quenching involve 
couplings among different physical processes, its description is unusually complex. This study 
analyzes effects of stress concentration during quenching employing the finite element method 
associated with an anisothermal constitutive model with two phases (austenite and martensite). 
Progressive induction hardening of steel cylinders with semi-circular notches is of concerned. 
Different geometric configurations adopting different radius are treated. This analysis allows one 
to obtain information about stress concentration during quenching. 
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1. INTRODUCTION 

 
Quenching is a heat treatment usually employed in industrial processes and provides a mean 

to control mechanical properties of steels. Considerable residual stresses may be formed during 
quenching process of mechanical components, especially in the presence of geometric 
discontinuities, and therefore, its prediction is an important task (Denis et al., 1985; Denis et al., 
1999; Woodard, et al., 1999; Sjöström, 1985; Sen et al., 2000). Nevertheless, the proposed models 
employed to describe this process are not generic and are usually applicable to simple geometries.  

Phenomenological aspects of quenching involve couplings among different physical 
processes and, therefore, its description is unusually complex. Basically, three couplings are 
essential: thermal phenomena, phase transformation and mechanical aspects. Pacheco et al. (2001) 
and Silva et al. (2004) propose a constitutive model to describe the thermo-mechanical behavior 
related to the quenching process. This anisothermal model is formulated within the framework of 
continuum mechanics and the thermodynamics of irreversible processes.  



Silva et al. (2003) present a finite element method (FEM) to simulate quenching process. 
Even though the proposed formulation is general, plane elements are adopted allowing the 
description of axisymmetrical problems. Comparisons between numerical and experimental 
measures were developed by the authors in previous works in order to validate results (Pacheco et 
al., 2001; Silva et al., 2004; Oliveira, 2004). In this study, finite element procedure is revisited in 
order to analyze the effect of stress concentration during quenching. With this aim, steel cylinder 
bodies with semi-circular notches with different radius are analyzed during quenching. Numerical 
results estimate residual stresses showing critical situations. 
 
2. FINITE ELEMENT MODEL 

 The description of quenching process is done with the aid of a constitutive model presented 
in Pacheco et al. (2001) and Silva et al. (2004). This model is formulated within the framework of 
continuum mechanics and the thermodynamics of irreversible processes (Lemaitre & Chaboche, 
1990). Thermodynamic forces are defined from the Helmholtz free energy, ψ, and thermodynamic 
fluxes, defined from the pseudo-potential of dissipation, φ. Helmholtz free energy is proposed as a 
function of observable variables, total deformation, εij, and temperature, T; also, internal variables 
are considered: plastic deformation, , volumetric fraction of martensitic phase, β, and another set 
variable associated with kinematic hardening, α
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the coefficient of linear thermal expansion and γ and κ are material parameters related to volumetric 
expansion and plastic deformation induced by martensitic transformation (Sjöström, 1985; Denis et 
al., 1985). The deviatoric stress component is defined by = σd
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 A detailed description of this constitutive model may be obtained in Pacheco et al. (2001) 
and Silva et al. (2004). This contribution considers long cylindrical bodies as an application of the 
proposed general formulation. With this assumption, heat transfer analysis may be reduced to a one-
dimensional problem in regions far from the cylinder ends. Also, plane stress or plane strain state 
can be assumed. Under these assumptions, only radial, r, circumferential, θ, and longitudinal, z, 
components need to be considered. In brief, it is important to notice that tensor quantities may be 
replaced by scalar or vector quantities. As examples, one could mention: Eijkl replaced by E; Hijkl 
replaced by H; σij replaced by σi (σr , σθ , σz). 
 In order to deal with the nonlinearities of the formulation, an iterative numerical procedure 
is proposed based on the operator split technique (Ortiz et al., 1983). With this assumption, coupled 
governing equations are solved from four uncoupled problems: thermal, phase transformation, 
thermo-elastic and elastoplastic. In this article, finite element method is employed to perform spatial 
discretization of governing equations. Therefore, the following moduli are considered: 
 
Thermal Problem - Comprises a radial conduction problem with surface convection. Material 
properties depend on temperature, and therefore, the problem is governed by nonlinear parabolic 
equations. Classical finite element method is employed to spatial discretization while Crank-
Nicolson method is used for time discretization (Lewis et al., 1996; Gartling & Hogan, 1994; 
Segerlind, 1984).  



 
Phase Transformation Problem - Volumetric fraction of martensitic phase is determined in this 
problem. Evolution equations are integrated from a simple implicit Euler method (Pacheco et al., 
2001, 2002; Ames, 1992; Nakamura, 1993). 
 
Thermo-elastic Problem - Stress and displacement fields are evaluated from temperature 
distribution. Classical finite element method is employed for spatial discretization (Segerlind, 
1984). 
 
Elastoplastic Problem - Stress and strain fields are determined considering the plastic strain 
evolution in the process. Numerical solution is based on the classical return mapping algorithm 
(Simo & Miehe, 1992; Simo & Hughes, 1998). 

 
 As an application of the general procedure technique, classical plane FEM is considered, 
adopting triangular elements for all finite element moduli.  
 
3. NUMERICAL SIMULATIONS 
 

In order to analyze the effect of stress concentration during quenching process, numerical 
investigations are carried out simulating a progressive induction (PI) hardening. Progressive 
induction hardening is a heat treatment process that is done moving a workpiece at a constant speed 
through a coil and a cooling ring. During heating, a thin surface layer of austenite is formed. After 
that, this layer is transformed into martensite, pearlite, bainite and proeutectoid ferrite/cementite 
depending on, among other things, the cooling rate. A hard surface layer with high compressive 
residual stresses, combined with a tough core with tensile residual stresses, is often obtained. 

This article considers progressive induction hardening simulations in a cylindrical bar with 
radius R = 45mm and a thickness of induced layer, ePI = 5mm. The specimen is heated to 1120K 
(850°C) for 5s and then, immersing in a liquid medium at 294K (21°C) for 10s. After that, air-
cooling is assumed until a time instant of 60s is reached.  
 Material parameters for numerical simulation are presented in Table 1. Other parameters 
depend on temperature and are interpolated from experimental data as follows (Melander, 1985a; 
Melander, 1985b; Hildenwall, 1979; Camarão, 1998; Pacheco et al., 2001): 
 

Table 1 – Material parameters (SAE 4140H). 
k = 1.100 x 10-2 K-1 κ = 5.200 x 10-11 Pa-1 Ms = 748 K 
γ = 1.110 x 10-2 ρ = 7.800 x 103 kg/m3 Mf = 573 K 
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 Heat transfer coefficient for cooling fluid (Ucon E 2.8%) and air are respectively given by 
(Camarão et al., 2000; Pacheco et al., 2001; Hildenwall, 1979; Melander, 1985a; Melander, 1985b): 
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FEM analysis is performed exploiting axisymmetrical geometry and a single strip is considered 

for simulations (Gür & Tekkaya, 1996). This assumption is employed since the passage of the 
moving workpiece through the heating and cooling rings induces their effects in this single strip 
while adjacent material, above and below this strip, is at lower temperatures. The material at lower 
temperatures prevents the axial strain and, as a consequence, plane strain condition may be adopted. 
Moreover, radial heat flux is assumed.  

Stress concentration is introduced by semi-circular notch with different radius, r*. Basically, 
6 situations are analyzed: 0, 0.5mm, 0.75mm, 1.0mm, 1.50mm and 2.0mm. Figure 1 shows a mesh 
for r* = 2.0mm and similar meshes are generated for other configurations. Table 2 presents mesh 
characteristics of each configuration. 

In Fig. 1, the segment OM is at the cylinder center axis while LK is at the cylinder surface. 
Null displacements are imposed in OK and ML. Moreover, thermal boundary conditions impose 
convection condition in KL while other faces have adiabatic conditions.  

   
(a)       (b) 

Figure 1 – (a) Cylinder with stress concentrator; (b) FEM mesh for r* = 2.0mm. 
 

Table 2 – Mesh information for different radius r*. 
r* (mm) Nodes  Elements 

0 377 672 
0.50 716 1323 
0.75 487 880 
1.00 503 904 
1.50 417 740 
2.00 535 972 

 



 At first, volumetric phase fraction of martensite is of concern. Figure 2 shows the final time 
instant considering different radius, r*. Notice that phase transformations tends to follow the 
geometry of the specimen. On the other hand, numerical simulations show that temperature 
distribution tends to be homogeneous for all configurations. 
 

   
(a)      (b) 

   
     (c)       (d) 

    
 (e)      (f) 

 
 

Figure 2 – Volumetric fraction of martensite for the final time instant. 
(a) r* = 0; (b) r* = 0.5 mm; (c) r* = 0.75 mm; (d) r* = 1.0 mm; (e) r* = 1.5 mm; (f) r* = 2.0. 

 
 Residual stresses are now focused. In general, residual stresses σr and σz are compressive in 
cylinder surface. Figure 3 shows that residual radial stresses, σr, the increase stress concentrator 
radius r* causes the increase of the region related to maximum tensile stresses.  
 Figure 4 shows residual stresses σθ  for the final time instant and different radius r*. Notice a 
well defined tensile stress region in the range 12mm < r < 18mm. The larger value (in magnitude) 
of compressive stresses is observed for r* = 1.5 mm. In order to evaluate the effect of stress 
concentration during quenching it is interesting to compare the maximum compressive stress value 
(in magnitude) when r* = 1.5mm, σθ = −996.5MPa, and when r* = 0mm (without stress 
concentrator), σθ = −667.9MPa, which is 47% of difference. 
 Figure 5 shows residual stresses σz presenting similar behavior of σθ. Notice that 
compressive stress region in the core decreases when the stress concentrator radius increases. 
Evaluating the effect of stress concentrator it is possible to observe a difference of 78% (σz = 
−955.5MPa when r* = 0.5mm, and σz = −536.4MPa when r* = 0). 
 Shear residual stresses σrz also has extreme values near stress concentrator (Figure 6). 
Notice that greater values occur for r* = 1.0mm. 
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Figure 3 – Residual stress σr for the final time instant. 

(a) r* = 0; (b) r* = 0.5 mm; (c) r* = 0.75 mm; (d) r* = 1.0 mm; (e) r* = 1.5 mm; (f) r* = 2.0 mm. 
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Figure 4 – Residual stress σθ for the final time instant. 

(a) r* = 0; (b) r* = 0.5 mm; (c) r* = 0.75 mm; (d) r* = 1.0 mm; (e) r* = 1.5 mm; (f) r* = 2.0 mm. 
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(e)        (f) 

 
Figure 5 – Residual stress σz for the final time instant. 

(a) r* = 0; (b) r* = 0.5 mm; (c) r* = 0.75 mm; (d) r* = 1.0 mm; (e) r* = 1.5 mm; (f) r* = 2.0 mm. 
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Figure 6 - Residual stress σrz for the final time instant. 

(a) r* = 0; (b) r* = 0.5 mm; (c) r* = 0.75 mm; (d) r* = 1.0 mm; (e) r* = 1.5 mm; (f) r* = 2.0 mm. 



 
Figure 7 shows an alternative way to observe the previous results using von Mises stresses. 

These stresses are important for the evaluation of the structural integrity of mechanical components, 
as in the case of yielding and fatigue design. A peak for the maximum stress value is observed for 
0.75mm and a non-monotonic behavior is observed when the residual stress is plotted against r*/R. 
It is worth to note that the stress concentration factor for this geometry considering usual shaft 
loading, as axial, torsion or bending loading, rises as the relation r*/R decreases. Therefore, a 
different behavior is observed for residual and operational stresses.   

 

Maximum Stresses
Minimum Stresses

 
Figure 7 – von Mises stresses as a function of radius r*. 

 
4. CONCLUSIONS 
 

This article reports on the modeling and simulation of quenching process, considering finite 
element method associated with an anisothermal constitutive model with two phases (austenite and 
martensite). A numerical procedure based on operator split technique associated with an iterative 
numerical scheme is employed in order to deal with nonlinearities in the formulation. Progressive 
induction hardening of a steel cylindrical body with a semi-circular notche is considered. The effect 
of stress concentration is of concerned, analyzing different configurations defined by the radius of 
the semi-circular notches, r*.  Numerical simulations show that, in general, there is a critical value 
of this radius where residual stress is larger and non-monotonic behavior is observed. The authors 
agree that this kind of analysis may be useful to evaluate critical situation for quenching process.  
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