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Abstract. Several fluids used in oil and gas industry exhibit non-Newtonian behavior, with rheology strongly dependent
on temperature. The transport of solid particles by these fluids and their flow rate and pressure drop relationships are
important for oil well engineering. This work presents the development of a computational code for simulating the flow
and heat transfer of non-Newtonian incompressible fluids, with temperature dependent rheology and multi-region heat
transfer coupling, considering fluid and solid domains. The code was developed using the finite volume method, in the
C++ programming language, using the CFD package OpenFOAM®, version 1.6-ext. The pressure-velocity coupling was
carried out using the PIMPLE algorithm. The developed solver was named coupledMRNINNF (Coupled Multi-Region
Non-Isothermal Non-Newtonian Foam). Results are presented for few problems, illustrating the importance of thermal
coupling in vertical and horizontal oil wells and the effects of radial temperature gradient and drill string rotation on the
pressure drop in an oil well.
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1. INTRODUCTION

The existence of increasingly challenging scenarios in the oil and gas exploration and production implies their oper-
ation with small economical margins, which requires the largest possible accuracy in well design. Oil well drilling is an
extremely costly operation in which an excessive error might turn operations uneconomical or technically unfeasible.

One important aspect in drilling operations is the flow of the drilling fluids which is responsible for the transport of
the cuttings and for the pressure field inside the well, which determines the well mechanical stability and operational
safety. These fluids exhibit non-Newtonian behavior with a highly temperature-dependent rheology. Therefore, the flow
pressure losses depend on the well temperature field. Even the fluid density, which determines the hydrostatic pressure
field, depends slightly on the temperature and pressure fields.

However, the heat transfer analysis in the flow of drilling fluids is usually either not considered or estimated through
one-dimensional models. These simple models commonly employ correlations for the heat transfer coefficients which
have been developed for Newtonian fluids. Some of these models are presented in Raymond (1969), Holmes and Swift
(1970), Keller et al. (1973), Wooley (1980), Hoang and Somerton (1981), Marshall and Bentsen (1982), Corre et al.
(1984), Beirute (1991), Garcia et al. (1998), Aranha et al. (2011), Aranha et al. (2008) and Waldmann et al. (2009). They
solve a one-dimensional energy balance for an axial temperature profile, fully uncoupled with the fluid flow equations.

Other cases of non-Newtonian fluid flow in long pipes subject to non-isothermal conditions occur in oil well engineer-
ing, such as operations for well stimulation and for pumping of cement slurries.

In order to achieve a better comprehension of these phenomena, this work developed a computational code for sim-
ulating the flow and heat transfer of non-Newtonian incompressible fluids with temperature dependent rheology and
multi-region conjugated heat transfer coupling.

2. METHODOLOGY

A mathematical model using computational fluid dynamics was developed and implemented in the CFD package
OpenFOAM® (Open-Source Field Operation and Manipulation), version 1.6-ext. The model description and some im-
plementation details are given in the following.
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2.1 Mathematical Model

The solver can consider several fluid and solid domains. Fluid and solid domains were modeled using a different set of
governing equations. For a fluid domain, the conservation equations for momentum, mass and energy were solved for the
fields of velocity, pressure and temperature, considering an incompressible non-Newtonian fluid. For the solid domains,
only the energy equation was solved for the temperature.

Fluid domain conservation equations. The continuity equation for an incompressible fluid is simply:

∇ ·U = 0 (1)

where U is the fluid velocity vector. The momentum conservation equation is given by:

ρ
∂U

∂t
+ ρ∇ · (UU) +∇ · τ = −∇p+ ρg (2)

where t is the time, τ is the viscous stress tensor, ρ is fluid density, p is the pressure, and g is the gravitational acceleration.
The viscous stress depends on the rheological model used to describe the fluid. Different rheological models were

implemented, all belonging to the generalized Newtonian fluid model, given by Eq. (3),

τ = −η(γ̇)γ̇ (3)

which represents the viscous stress tensor as proportional to the rate of strain tensor γ̇, defined by

γ̇ = ∇U + (∇U)T (4)

whose proportionality coefficient is called the apparent viscosity and represented by η(γ̇), being an algebraic function of
the scalar rate of strain defined by:

γ̇ = |γ̇| =
√

1

2
γ̇ : γ̇ =

√
1

2

∑
i

∑
j

γ̇ij γ̇ji (5)

Some different generalized Newtonian fluid models were implemented, such as the power-law model by Ostwald and
de Waele,

τ = −kγ̇n−1γ̇, (6)

the Herschel-Bulkley model,
τ = −η(γ̇)γ̇

η(γ̇) =
τo + kγ̇n

γ̇

 for |τ | > τo,

{
γ̇ = 0
η =∞

}
for |τ | ≤ τo, (7)

the Cross model,

τ = −
[
η∞ +

(
ηo − η∞

1 + (λγ̇)n

)]
γ̇, (8)

the Carreau model,

τ = −
[
η∞ + (ηo − η∞)

(
1 + (λγ̇)2

)n−1
2

]
γ̇, (9)

and the Carreau-Yasuda model,

τ = −
[
η∞ + (ηo − η∞) (1 + (λγ̇)a)

n−1
a

]
γ̇ (10)

In addition, the Newtonian model, given by Eq. 11, was also implemented.

τ = −µγ̇ (11)

All these equations are suited for incompressible and isothermal fluids, and k, n, τo, λ, a, ηo and η∞ are all adjustable
parameters and µ is the dynamic viscosity of a Newtonian fluid.
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The rheology dependence on temperature was modeled according to Tanner (2000):

τ (γ̇, T ) =
T

To
τ (aT γ̇, To) (12)

where T is temperature, To is a reference temperature, and aT is a factor that describes the temperature dependence,
which in the case of well engineering fluids might be given by:

aT = exp

[
∆H̃

R

(
1

T
− 1

To

)]
(13)

where ∆H̃ is an adjustable parameter and R is the universal gas constant.
Substituting the viscous stress tensor in Eq. (2) and dividing by the fluid density, we derive the following equation for

the velocity field which was then implemented in OpenFOAM®.

∂U

∂t
+∇ · (UU)−∇ · (ν∇U) = −1

ρ
∇p+ g +∇ν · (∇U)T (14)

where ν is the apparent kinematic viscosity, given by the apparent viscosity divided by the fluid density ν = η(γ̇)/ρ.
The energy conservation equation was expressed as:

ρCp
∂T

∂t
+ ρCp∇ · (UT ) = ∇ · (k∇T )− τ : ∇U (15)

where Cp is the specific heat capacity at constant pressure, which was assumed to be constant, and k is thermal conduc-
tivity.

Solid domain conservation equations. For a solid domain, only the energy conservation equation must be solved. In
the case of a static solid, it reduces to the transient heat diffusion equation:

ρCp
∂T

∂t
= ∇ · (k∇T ) (16)

In the more general case of a solid moving in relation to the adopted reference frame, the energy equation must contain
the advective term, that is:

ρCp
∂T

∂t
+ ρCp∇ · (UT ) = ∇ · (k∇T ) (17)

where the solid velocity field does not need to be solved for, because it is given as an imposed rigid body translation
and/or rotation velocity. In the case of a rotating solid with axisymmetry, the advective term cancels out.

Fluid-solid boundary conditions. The thermal coupling at the fluid-solid interfaces is carried out by imposing temper-
ature and heat flux continuity at these boundaries. In this section, the s and f subscripts are used to the solid and fluid
fields and properties, respectively. Being x the position vector and xi its value at the fluid-solid interface, the boundary
conditions that implement the thermal coupling are given by:

lim
x→xi

Ts = lim
x→xi

Tf (18)

ksn̂ ·∇Ts
∣∣∣
x→xi

= kf n̂ ·∇Tf
∣∣∣
x→xi

(19)

where n̂ is the unitary vector normal to the boundary surface.

2.2 Implementation

The computational implementation was carried out using the CFD package OpenFOAM®, version 1.6-ext. The rheo-
logical models were implemented in a new library named transportModelsNonIsothermal, which is a modification of the
existing library transportModels. The changes in the existing library consisted of the addition of the temperature field
dependence in the parameters of the viscosity models, the inclusion of the Carreau-Yasuda model, and the modification
of the rate of strain tensor definition, which became calculated as given by Eq. (5). It is worth noting that the rate of strain
tensor was explicitly calculated.
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For the solution of the heat transfer in the flow of a non-Newtonian fluid, a single-domain solver was developed. It
was called NINNF, which stands for Non-Isothermal Non-Newtonian Foam. It is a modification of the solver nonNewto-
nianIcoFoam that exists in OpenFOAM®. The main modification was the addition of the energy equation solution for the
temperature field with temperature-dependent rheological models. In addition, the following modifications were carried
out:

• addition of the term
[
∇ν · (∇U)T

]
in the right-hand side of the momentum conservation equation, Eq. (14), which

was neglected in the original solver;

• activation of the mesh non-orthogonality corrections for the solution of the momentum and energy equations;

• modification of the pressure-velocity coupling algorithm from PISO, which is used in nonNewtonianIcoFoam, to
PIMPLE, which is used in the existing solver pimpleFoam from OpenFOAM®);

• implementation of a mixed convergence criterion based on the maximum of the pressure field change between
successive iterations of the solution algorithm.

The last two modification were made in order to improve the convergence behavior of the pressure equation solution,
which was clearly the most difficult step for the overall algorithm convergence in the performed tests.

For the simulation of the fluid-solid conjugated heat transfer in the flow of a non-Newtonian fluid, a multi-region solver
was created. It was named coupledMRNINNF, which stands for coupled Multi-Region Non-Isothermal Non-Newtonian
Foam. This was developed from the NINNF solver by splitting the mesh into multiple domains of two types: solid and
fluid, similarly to what is done in the solver chtMultiRegionFoam that exists in OpenFOAM®, version 1.6-ext. It is
possible to define two or more fluid domains with different properties and rheological models. The definition of multiple
solid domains with different properties is also possible.

In the fluid domains, the heat transfer problem in the flow of an incompressible non-Newtonian fluid with temperature
dependent rheology was solved for pressure, velocity and temperature, exactly as in the NINNF solver. In the solid
domains, the solution of the transient heat diffusion equation, Eq. (16), was implemented. For the cases of interest in the
present work, the advective term in Eq. (17) has no contribution. However, if necessary, its implementation from a given
velocity field is trivial.

The heat transfer coupling between fluid and solid domains was carried out using the boundary conditions expressed
by Eqs. (18) and (19), which were previously implemented in OpenFOAM®, version 1.6-ext. This pair of boundary con-
ditions was named solidWallMixedTemperatureCoupled. In its usage, the user must specify the temperature and thermal
conductivity fields from both domains which form the interface. Other possible boundary conditions for the solid-fluid
interface are available, such as solidWallTemperatureCoupled, solidWallHeatFluxTemperature and solidWallHeatFlux-
TemperatureCoupled.

For the convergence of the solution in the multiple domains, an overall convergence loop was included. The usage
of coupledMRNINNF is a bit different from other solvers available in OpenFOAM®, version 1.6-ext. A usage tutorial is
available at Schwalbert (2013).

3. RESULTS

3.1 Code verification

In order to verify the solvers NINNF and coupledMRNINNF, tests with simplified problems that could be simulated
with existing OpenFOAM®(version 1.6-ext) solvers were conducted. Therefore, code verification was carried out by
comparing the simulated results obtained using these solvers and those developed in this work.

For verifying the fluid dynamics solution implemented in both codes, the isothermal flow of Newtonian and non-
Newtonian fluids were used. The solutions of some test cases obtained using the NINNF were compared to the nonNew-
tonianIcoFoam solution, for non-Newtonian fluid models, and to the icoFoam solution, for a Newtonian fluid. For all test
cases, the NINNF results were in excellent agreement to the results of the other solvers, verifying this part of the code also
implemented in the coupledMRNINNF solver.

The solution of the heat transfer problem in the flow of a fluid was verified by imposing the steady-state velocity field in
the flow in a circular duct obtained from the NINNF solver into the scalarTransportFoam solver present in OpenFOAM®,
that solves the transport equation for a passive scalar which, in this case, is the temperature. The agreement between the
temperature profiles obtained directly by the NINNF solver and by using the strategy described above was very good.

For the verification of the heat transfer coupling at the interface of different domains, a heat transfer problem using two
solid domains was used. It consists of the one-dimensional heat transfer through two solid plates with a common interface
and with fixed temperatures at their other faces (see Fig. 1). The steady-state solution given by the coupledMRNINNF
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Figure 1. System of two contacting solid plates for simulating the heat transfer coupling at the interface.

solver was compared with the analytical solution for this problem:

T (x) =


T1 +

Ti − T1
L1

x, 0 ≤ x ≤ L1

Ti +
T2 − Ti
L2

(x− L1), L1 ≤ x ≤ L1 + L2

(20)

where the solid plate 1 has thermal conductivity k1, begins at x = 0 and ends at x = L1, the solid plate 2 has thermal
conductivity k2, begins at x = L1 and ends at x = L1 + L2, T1 is the temperature at x = 0, T2 is the temperature
at x = L1 + L2 and Ti is the temperature at the interface, given by Eq. (21). Both plates are infinite in the directions
orthogonal to the x axis.

Ti =
k2L1T2 + k1L2T1
k1L2 + k2L1

(21)

Figure 2 shows the results for the case with T1 = 200K, T2 = 400K, L1 = L2 = 0.01m, k1 = 3k2 =
3000WK−1m−1 and k2 = 1000WK−1m−1. Figure 3 shows the results for the case with T1 = 200K, T2 = 400K,
L1 = 0.01m, L2 = 2L1 = 0.02m, k1 = 500WK−1m−1 and k2 = 3k1 = 1500WK−1m−1.

In Figs. 2 and 3, the continuous line represents the analytical solution while the symbols show the numerical results. It
can be seen that the results are in very good agreement, which verifies the code for the thermal coupling between domains.

Figure 2. Heat transfer coupling at the interfaces of two solid domains with L1 = L2 and k1 = 3k2: comparison between
analytical (solid line) and numerical (symbols) solutions.
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Figure 3. Heat transfer coupling at the interfaces of two solid domains with L2 = 2L1 and k2 = 3k1: comparison between
analytical (solid line) and numerical (symbols) solutions.

3.2 Application cases

The examples of the application of the coupledMRNINNF solver consider the heat transfer in the flow of a non-
Newtonian fluid in an oil well section with 700 meter of length. The corresponding geometry is shown in Fig. 4 and the
geometric data is listed in Table 1.

This example represents the drilling process of an oil well. It is assumed that the drill is operating at the bottom of
the well section represented in Fig. 4. It is not geometrically represented, but its effect on the heat transfer problem was
considered. However, the drilling bit jets were not considered in the simulations.

The drilling fluid flows down the drill string (internal concentric cylindrical tube in Fig. 4), flows through the drill bit
and then rises in the annular region between the drill string wall and the well walls, while the drill string rotates. The well
walls were considered at the geothermal temperature profile and, therefore, the annulus fluid is heated, from which the
heat is transferred to the drill string solid steel, which then heats the drill string internal fluid.

Figure 4. Geometry and boundaries of the oil well section.
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Table 1. Geometric characteristics of the oil well section

Variable Value (m) Value in field units
length 700 700 m

external well diameter 0.2159 8 1
2 in

external drill string diameter 0.127 5 in
internal drill string diameter 0.1086 4.276 in

The fluid is heated during its passage by the well bottom due to the heat generated by the drilling process. Thus, it
was necessary to couple the temperature of the drill string and annulus fluids at the well bottom. That was implemented
directly at the solver code. A perfect mixture was assumed at the well bottom, so that the heat added to the fluid in this
region increases its temperature from the drill string outlet temperature up to the temperature at the annulus inlet.

The physical and transport properties used in the simulations are those listed in Table 2. The rheology was modeled
by the Carreau-Yasuda model, whose parameters were estimated from measurements of an actual oil-based drilling fluid.
Different fluid flow rates and drill string rotations were used in the simulations, as presented in Table 3. It also lists the
fluid average axial velocity in the drill string (Uz,av,ds) and in the annulus (Uz,av,an), as well as the drill string rotation
angular velocities.

In the following, several simulation results for the steady-state conditions are reported. A mesh convergence analysis
was carried out and the presented results were converged to a large degree of accuracy. Figure 5 shows the simulated
annulus radial temperature profiles obtained at the depth 200 m above the bottom, when there is no drill string rotation
and for the three considered flow rates. Figure 6 shows similar results but at the depth 700 m above the bottom. Finally,
Fig. 7 shows the annulus temperature profiles at 400 m above the bottom for the flow rate of 300 gpm and the four drill
string rotations.

It can be observed that the rotation makes little or no influence in the radial temperature profile and the drilling fluid
heating is larger at lower flow rates. Besides, for the range of the simulated conditions, the fluid inside the drill string
suffers almost no heating, because the thermal boundary layer does not reach the drill string in the 700 m extent.

Figure 8 shows the radial profiles of the axial component of the fluid velocity in the annulus (Uz) at the depth 400 m
above the bottom for the four drill string rotation speeds and the flow rate of 300 gpm. Figure 9 shows similar results but
for the flow rate of 500 gpm. From these figures, it is clear that the axial velocity is little affected by the rotation.

Figure 10 shows the radial profiles of the tangential component of the fluid velocity in the annulus (Uθ) at the depth
400 m above the bottom for the four drill string rotation speeds and the flow rate of 500 gpm. As expected, the tangential
velocity decreases from the drill string wall to the well wall, having a region far from both walls where the fluid almost
achieves a solid rotation, that is, with constant angular velocity. This results from the non-Newtonian character of the
fluid.

Table 2. Physical properties used in the simulations

Material Property Value

Drilling Fluid
ρ (kg/m3) 1150.33

Cp (Jkg−1K−1) 2265.15
k (WK−1m−1) 0.286

Drill string Steel
ρ (kg/m3) 7833

Cp (Jkg−1K−1) 467.7
k (WK−1m−1) 54

Table 3. Operational conditions used in the simulations

Parameters Values

Flow rate

S.I. units (m3/s) field units (gpm) Uz,av,an (m/s) Uz,av,ds (m/s)
0.0189 300 0.79 2.04
0.0252 400 1.05 2.72
0.0315 500 1.32 3.40

Rotation

rotation speed (rpm) angular velocity (rad/s)
0 0
50 5.24
100 10.47
150 15.71
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Figure 5. Annulus radial temperature profiles at three flow rates with no drill string rotation at 200 m above the well
bottom.

Figure 6. Annulus radial temperature profiles at three flow rates with no drill string rotation at 700 m above the well
bottom.

Figure 7. Annulus radial temperature profiles at four rotation speeds, with the drilling fluid flow rate of 300 gpm at 400m
above the well bottom.
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Figure 8. Annulus Radial profiles of the fluid velocity axial component at four rotation speeds, with the drilling fluid flow
rate of 300 gpm at 400 m above the well bottom.

Figure 9. Annulus radial profiles of the fluid velocity axial component at four rotation speeds, with the drilling fluid flow
rate of 500 gpm at 400 m above the well bottom.

Figure 10. Annulus radial profiles of the fluid velocity tangential component at four rotation speeds, with the drilling fluid
flow rate of 500 gpm at 400 m above the well bottom.
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Figure 11. Pressure loss along the 700 m for the isothermal flow with no rotation at two flow rates, and comparison with
the results of the correlation recommended by API (2009).

Figure 11 shows the pressure loss along the 700 m extent for the isothermal flow with no rotation, for flow rates of
300 and 500 gpm. It also shows the corresponding pressure losses calculated using the correlation recommended by API
(2009), showing that the correlation is quite good when there is no rotation and no heating of the fluid.

Figure 12 shows the pressure losses along the 700m extent for the non-isothermal flow with rotation, for the four drill
string rotation speeds and the flow rate of 300 gpm. It shows that, in this range of parameters, the increase in the rotation
speed reduces the pressure loss. Figure 13 shows similar results for the flow rate of 400 gpm. Comparing these results
with those of the correlation recommended by API (2009), also shown in these figures, it can be seen that the presence of
rotation of the drill string or the heat transfer in the flow increases the prediction error of this correlation.

As the heating of the drilling fluid was small in the considered section of a vertical well, a simulation was carried out
for a horizontal well of 700 m long, entirely in the region of the higher depth and, therefore, higher temperature of the
previous simulations. Figure 14 shows the radial profiles of the temperature throughout the three domains (drill string
internal fluid, solid steel and annulus fluid) at different axial positions for a flow rate of 300 gpm and rotation speed of
100 rpm. It can be seen that even in this case the heating in the 700 m-long section was not enough to rise the drill string
fluid temperature by a significant amount.

4. CONCLUSIONS

A mathematical model for the conjugated heat transfer in the flow of an incompressible non-Newtonian fluid with
temperature-dependent rheological model was developed and implemented in an open-source computational code. The
resulting solver can handle any number of fluid and solid domains. The code was verified and used to simulate some
cases that represent the heat transfer problem in the drilling process of an oil well, obtaining satisfactory results. These
examples proved the usefulness of this code in improving the understanding of the flow with heat transfer phenomena that
occurs in several operations of the oil well engineering.

Figure 12. Pressure loss along the 700 m for the non-isothermal flow at the four drill string rotation speeds at the flow
rate of 300 gpm.
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Figure 13. Pressure loss along the 700 m for the non-isothermal flow at the four drill string rotation speeds at the flow
rate of 400 gpm.

Figure 14. Horizontal well radial temperature profiles in the three domains at different axial positions.
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