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Abstract. A numerical investigation of a structured thixotropic fluid flowing in an abrupt planar expansion is performed,
using the recently model proposed by de Souza Mendes (2009). This model present a Maxwell-type constitutive equation
where the relaxation time and the viscosity are dependent of the material structure level. The structure level is determined
through to a time dependent evolution equation. The model equations are approximated by the stabilized Galerkin Least-
square Method. The numerical research presented consistent results for the Structured Thixotropic Fluid flows where the
relevant parameters for the model are varied.
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1. INTRODUCTION

Many industrial and scientific activities involving Structured Thixotropic Fluid which makes the study of their behavior
of great importance. The main characteristics of Structured Thixotropic Fluids are: (i) structure-dependent viscosity;
(ii) elastic effects to high levels of structuring the material; (iii) unyielded regions to high structure levels; (iv) time-
dependent tixotropic effects. Examples of the Structure Thixotropic Fluids include emulsions, paints, nanocomposites,
gels, drilling fluids, food products, and mineral slurries. The aim of the present article is to analyze the performance
in a complex flow of the constitutive equation for Structured Thixotropic Fluids recently proposed by de Souza Mendes
(2009). This equation is based on the upper-convected Maxwell constitutive equation, modified to include structuring
level dependence in both the elastic modulus and the viscosity. It is introduced in the model a parameter that describes
the material structure level governed by an evolution equation. The numerical modeling of the governing equations
is based on a four-field Galerkin least-squares formulation in terms of the structure parameter, extra-stress, pressure,
and velocity. The formulation mentioned above is used to perform a numerical investigation of the steady flow of a
Structured Thixotropic Fluid flowing in an abrupt planar expansion. Inertia is neglected, and thixotropic and elastic
effects are evaluated for a relevant range of the governing parameters. All the numerical results proved to be physically
meaningful and in accordance with the related literature, indicating that the constitutive equation employed provides a
good description of the mechanical behavior of elasto-viscoplastic thixotropic fluids.

2. NUMERICAL SCHEME

2.1 Mechanical Model

According to the model proposed in de Souza Mendes (2009), assuming a open domain Ω ∈ <2, bounded by a
regular polygonal boundary Γ, where it is assumed one creeping flow, the model for structured thixotropic fluid can be
described by the equations of conservation of mass and balance of momentum, coupled with a Maxwell-type equation
and a evolution equation for the level of material structure. Thus, we can write the mechanical model as follows

∂xk
uk = 0 in Ω (1)

∂xi
P − ∂xj

τij − 2η∞∂xj
D(u)ij = 0 for i = 1, · · ·N in Ω (2)

τij + θ(λ)τ̌ij − 2η(λ)D(u)ij = 0 for i, j = 1, · · ·N in Ω (3)

uk∂xk
λ =

1

teq

[
(1− λ)− (1− λeq)

(
λ

λeq

)(
τ

η(λ)γ̇

)]
in Ω (4)
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where τ̌ij stands for the upper-convected derivative of the extra-stress tensor,

τ̌ij = uk∂xk
τij − ∂xk

uiτkj − τik∂xk
uj (5)

and ui is the component of velocity vector, P is the moficated pressure, Dij is the component of strain rate tensor,
The relaxation time θ, the elastic modulus G and the structural viscosity η are functions of a scalar parameter λ that

maps the material structuring level,

θ(λ) =
η(λ)

G(λ)
; G(λ) =

G0

λm
; η(λ) =

(
η0

η∞

)λ
η∞ (6)

with G0 representing the elastic modulus of a fully-structured material and λ determined solving the evolution equation
above,

uk∂xk
λ =

1

teq

[
(1− λ)− (1− λeq)

(
λ

λeq

)(
τ

η(λ)γ̇

)]
(7)

The equilibrium-state of the structure parameter can be obtained from the equilibrium-state of the structural viscosity,

λeq(γ̇eq) =
ln ηeq(γ̇eq)− ln η∞

ln η0 − ln η∞
(8)

where ηeq is given by the viscoplastic viscosity function proposed in de Souza Mendes and Dutra (2004),

ηeq(λeq) =

[
1− exp(−η0γ̇eq

τ0
)

] [
τ0 − τ0d

γ̇eq
exp(− γ̇0

γ̇0d

) +
τ0d

γ̇eq
+Kγ̇n−1

eq

]
+ η∞ (9)

η0 and η∞ are the viscosity of fully structured and unstructured fluids, and τ0 and τ0d
are the static and dynamic yield

stress.

2.2 Finite Elements Method

The numerical solution for a Structured Thixotropic Fluids flows is obtained using a multi-field Galerkin Least-Squares
formulation (GLS) in terms of the structure parameter, extra-stress, velocity and pressure (Fonseca, 2013). In an attempt
to increase the stability of classical Galerkin formulation, GLS formulation have with main features simple combinations
of finite element interpolation and a stable approach for both elastic and viscous-dominated regions. Employing the usual
finite element subspaces to the incompressible muti-fields problem - λ ∈ H1(Ω), τ ∈ C0(Ω)N×N ∩H2(Ω)N×N , p ∈
C0(Ω) ∩ H2(Ω), u ∈ H1(Ω)N - such a formulation is expressed as: Find the quadruple (λh, τh, ph, uh) ∈
Λh × Σh × Ph × V hg such that ∀ (φh ,Sh, qh, vh) ∈ Λh × Σh × Ph × V h

∫
Ω

(∇ · uh)qhdΩ + ε

∫
Ω

phqhdΩ−
∫

Ω

ph(∇ · vh)dΩ +

∫
Ω

τh ·D(vh)dΩ

+

∫
Ω

τh · ShdΩ−
∫

Ω

2ηvD(uh) · ShdΩ−
∫

Ω

θ(λ)τh(∇uh)T · ShdΩ

+

∫
Ω

θ(λh)(∇τh)uh · ShdΩ−
∫

Ω

θ(λh)(∇uh)τh · ShdΩ

+

∫
Ω

(uh · ∇λh)φhdΩ + t−1
eq

∫
Ω

λhφhdΩ− t−1
eq

∫
Ω

[
1− λeq
λeq

(
τ

ηv(λ)γ̇

)c]
λhφhdΩ

+

∫
Ω

(∇ · uh)δ(∇ · vh)dΩ +
∑

K∈Ωh

∫
Ωk

(∇ph −∇ · τh) · α(x)(∇qh −∇ · Sh)dΩ (10)

+

∫
Ω

[
u · ∇λh + t−1

eq λ
h −

[
1− λeq
λeq

(
τ

ηv(λh)dotγ

)c]
λh
]

·ψ
[
uh · ∇φh + t−eq1φ

h −
[

1− λeq
λeq

(
τ

ηv(λh)γ̇

)c]
φh
]
dΩ

+2ηp

∫
Ω

((2ηp)
−1τh + (2ηp)

−1θ(λ)((∇τh)uh −∇uhτh − τh∇(uh)T ) + D(u)
h
)

·β((2ηp)
−1Sh + (2ηp)

−1θ(λ)((∇Sh)uh −∇uhSh − Sh∇(uh)T )−D(v)
h
)dΩ

=

∫
Ω

f · vhdΩ +

∫
Ω

t−1
eq φ

hdΩ +

∫
Γh

th · vhdΓ +
∑
K∈Ωh

∫
ΩK

f · α(x)(−∇qh +∇ · Sh)dΩ
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where stability parameters α and δ are proposed in Franca and Frey (1992) for fluids with constant viscosity, ψ is the
parameter introduced in Franca et al. (1999) equation in the context of advection-reaction-diffusion, and the parameter β
is set according to the error estimate GLS established in Behr et al. (1993). The discretization of Eq. 10 are obtained from
the expansions of finite element approximations for λh, τh, uh, ph, φh, Sh, vh and qh as a combination of their respective
shape functions and degrees of freedom, thus generating residual system of a nonlinear equations. In the solution of the
algebraic system obtained is employed iterative Quasi-Newton Method.

2.3 Yield Surface Criterion

Structured Thixotropic Fluids flows have a two distinct regions: yielded region where the flow behaves as a Newtonian
Generalized Liquid; unyielded region where the flow has a very high viscosity and elasticity effect. The surface that
separates these two regions is called yield surface. In the literature there are numerous criteria to determine the yield
surface, for example we can quote criteria yielded stress, bi-viscosity, yielded strain rate, etc. For Structured Thixotropic
Fluids, none of these criteria would be physically correct due to the temporal dependence between the applied stress and
the strain rate. For the fluid in question a physically correct criterion is to determine a level of structuring the material that
would separate the two distinct regions mentioned above. To calculate the structure parameter must resolve the Eq.8 and
thus determine a strain rate which characterizes the yield surface. One suitable physically choice is γ̇(τ0, η0) given by
the following expression:

γ̇0 =
τ0
η0

(11)

were the γ̇0 is the strain rate for the totally structured fluid.

2.4 Dimensionless Parameters

The equations and dimensionless parameters are obtained using a rheological adimensionalization proposed by de
Souza Mendes, 2007. The adimensionalization has the virtue of decoupling of kinematic and rheological effects of
dimensionless parameters coming from the of motion and material equations. Thus, we introduce the nondimensional
variable set below

t∗ = tγ̇1; x∗ =
x

Lc
; u∗ =

u

γ̇1Lc
; γ̇∗ =

γ̇

γ̇1
; p∗ =

p

τ0
; τ ∗ =

τ

τ0d
; η∗v(γ̇∗) =

ηv(γ̇)

τ0d/γ̇1
(12)

From the dimensionless equations governing the mechanical model arise important dimensionless numbers shown
below

J ≡ γ̇1 − γ̇0

γ̇0
= η∗0 − 1; θ∗0 ≡ θ∗(1) =

η0γ̇1

G0
=
τ0d
G0

(J + 1); U∗ =
U

γ̇1Lc
(13)

where J is a measure of the jump of shear rate occurs when the material flows while the stress is approximately over τ0,
θ∗0 is the relaxation time for a fully structured fluid and is elastic parameter of the problem and U∗ is the intensity of the
flow and is the parameter that carries the information about the kinematics of the flow.

2.5 Problem Statement

The geometry and boundary conditions are illustrated in Fig. ??. The abrupt expansion has 50 Lc units upstream and
downstream of the expansion plan, where Lc is equal to half the height of the channel upstream of the expansion plan.
The length of the channels upstream and downstream of the expansion plan is considered sufficient in order to achieve a
fully developed flow. The aspect ratio given by Hin/Hout is 1:4.

The kinematic boundary conditions are:
(i) no slip and tightness along the channel wall and the surface of the cylinder (ui = 0 for i = 1, ..., N);
(ii) symmetry along the center line of the channel (τij = ∂xj

ui = 0 for i 6= j and u2 = 0);
(iii) uniform profiles for velocity and extra stress along the channel input (τij = 0 for i, j = 1, ..., N and u1 =

U, u2 = 0)
(iv) free traction along the channel outlet ([−∂xip+ τ12]ni = 0)
(v) uniform profile along the channel inlet for the structure parameter (λ = 0)
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Figure 1. The geometry and the flow kinematics.

Remarks:
(i) Due to the parabolic nature of the evolution equation for the level of the material structure, only one initial condition

is necessary. Thus, boundary conditions at the channel inlet are sufficient for your solution.
(ii) Other important topic that deserves attention concerns the imposition of kinematic boundary conditions along

the entrance channel. Unlike purely viscoelastic or viscoplastic flow, for which appropriate exact solutions for fully
developed stress and velocity profiles are available, an imposition of exact boundary conditions profiles is not possible
for the Structured Thixotropic Fluids flow. Structured Thixotropic Fluid flows are neither purely viscoelastic nor purely
viscoplastic, which makes the imposition of the input stress and velocity profiles an open question. Thus, we opted for
flat profiles which caused some flow entry problems.

2.6 Mesh Independence

In order to evaluate the independence of the results in relation the mesh used for the simulations of Strutured Thixotropic
Fluids flows in an abrupt planar expansion, it was made four bi-linear lagrangian meshes (Q1) with different refinements:
(i) M1 mesh with 2500 elements (ii) M2 mesh with 5000 elements (iii) M3 mesh with 6500 elements (iv) M4 mesh with
7680 elements . To research the meshes made, it was decided to compare the transverse profiles of the structure parameter
in the expansion plane. This choice becomes interesting by the fact that, as stated earlier, the parameter structure involves
in its evolution equation (Eq. 4), the extra-stress tensor magnitude , structural viscosity, strain rate and thixotropic effects.
The location of the profiles were chosen in areas which the main effects are experienced by the flow. The results are
shown in Fig. ?? for the parameters fixed θ∗0 = 5, J = 500, n = 0.5 and t∗eq = 1.

Figure 2. Structure Parameter profiles for θ∗0 = 5, J = 500, n = 0.5, t∗eq = 1 and x∗1 = 0

In the Tab. ?? show the calculation of relative error of the results obtained for the structure parameter profiles shown
in Fig. ??. The relative error is calculated between meshes, where is compared a lowest refinement mesh with a largest
refinement mesh.

Table 1. Relative error for the structure parameter transverse profiles in x∗1 = 0

x∗2 M1-M2 M2-M3 M3-M4
0 2.80% 2.64% 0.29%

0.5 2.46% 0.35% 0.22%
1 0.75% 0.48% 0.96%

Determining how mesh independence criterion a relative error of 1%, so we can assert that the M3 mesh refinement is
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sufficient. In Fig ?? is showed the mesh detail.

Figure 3. Bi-linear Finite Element mesh M3

3. RESULTS

In this section, numerical simulations of Structured Thixotropic Fluids flows are here obtained by stabilized finite
element approximations of the governing equations defined by Eqs. 1, 2, 3 and 4. The numerical scheme introduced in
the previous section is used to approximate creeping flows (Re << 1) in steady state for Structured Thixotropic Fluids
through a geometry of interest in engineering problems. Flow characteristics are presented and discussed for relevant
ranges of the rheological and kinematic parameters governing the mechanical model.

(a)

(b)

(c)

Figure 4. Structure Parameter field for θ∗0 = 5, J = 500, n = 0.5 and: (a)t∗eq = 0.01; (c) t∗eq = 1 and (e) t∗eq = 10

The Fig. ?? shows the influence to thixotropic effects of different flows. The kinematics, elasticity, shear thinning and
viscosity levels are kept fixed. An increase in thixotropic effects causes the material structure present a major restructuring
time to achieve equilibrium with the applied stress. The materials with higher thixotropy has a restructuring later after the
breakage due the stress caused in the expansion, where the space acceleration of the structure parameter (advective term
of Eq. 4) is higher. It is also observed that low levels of the material structure in the corner of expansion are advected into
the channel.

The yielded/unyielded regions fields for an influence of the thixotropic effects investigation on Structured Thixotropic
fluids flows in an abrupt planar expansion is shown in Fig.??. Determining the level of structuring of the fluid that delimits
a yielded/unyielded regions in accordance with the procedures set forth in section 2.3, it was found the yield surface the
locus where λ ' 0.96. Here, the thixotropy effects are evident, where it is observed that dead zones at the corner of
expansion are advected into the channel with increase in thixotropic effects. For unyielded regions in the center of the
channel, thixotropic effects also show evident. With the breakdown of the material structure due to stresses generated
on the edge of the expansion plan, yielded regions are perceived. With the restructuring of the fluid in the center of the
channel, due to the low stresses applied to the fluid in this region, unyielded regions are formed. For less thixotropic cases
the formation of unyielded regions are clearly faster (Lagrangian sense) than for more thixotropic cases.

In Fig.?? shows the results for the structured parameter field for θ∗0 = 5 − 100 and kinematics, elasticity, shear
thinning fixed. In a preliminary analysis can perceive structured regions around the center of the channel and the upper
corner formed by the area increase in the expansion plan. These regions have low stresses and strain rates, making a
insufficient frame for a great breakdown of the structure. For more elastic materials flows are seen fields with higher
structured regions both upstream to downstream of the expansion compared to materials with less elasticity.

Fig. ?? shows the influence of the elasticity in the yielded/unyielded zones for the same parameters of the previous
results. We can observe that the pattern shown by the structure parameter field is reflected in the morphology of the
yielded/unyielded zones. A small growth of the unyielded regions upstream of the expansion plan for materials with
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(a)

(b)

(c)
Figure 5. Unyielded Regions: τ∗-isobands for θ∗0 = 5, J = 500, n = 0.5 and: (a)t∗eq = 0.01; (b) t∗eq = 1 and (c) t∗eq = 10

(a)

(b)

(c)

Figure 6. Structure Parameter field for t∗eq = 1, J = 500, n = 0.5 and: (a)θ∗0 = 5; (b) θ∗0 = 25 and (c)θ∗0 = 100

greater elasticity. It is also observed an increase of the unyielded regions in expansion corner to higher levels of elasticity.
Downstream of the expansion plan, a formation later of unyielded regions are seen with increased elasticity.

(a)

(b)

(c)
Figure 7. Unyielded Regions: τ∗-isobands for t∗eq = 1, J = 500, n = 0.5 and: (a)θ∗0 = 5; (b) θ∗0 = 25 and (c)θ∗0 = 100

The next results show the influence of the jump number, J, in the Structured Thixotropic creeping flow flow in an
abrupt planar expansion. Fluids with lower J have higher levels of structuring. For larger J, a break in the structure more
pronounced in the expansion can be observed. By definition, a change in the number jump provides a change of η∗0 level,
which influence its level of structure in a state of equilibrium, and therefore the structured parameter field. For this reason
it is interesting that we are analyzing the structural viscosity field.

Analyzing Fig.9 we can confirm the above allegations. By analyzing the definition of structural viscosity, Eq. 6, makes
it clear where of the J parameter growth is directly proportional to η∗0 .
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(a)

(b)

(c)

Figure 8. Structure Parameter field for θ∗0 = 5, t∗eq = 1, n = 0.5 and: (a)J = 200: (b)J = 500 and (c) J = 800

(a)

(b)

(c)

Figure 9. Structured Viscosity isobands for θ∗0 = 5, t∗eq = 1, n = 0.5 and: (a)J = 200: (b)J = 500 and (c) J = 800
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