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Abstract. Liquid-liquid flows are present in a wide range of industrial processes; however, studies on such two-phase 
flow are not as common as those on gas-liquid flow. The interest in liquid-liquid flow has recently increased mainly 
due to the petroleum industry. Pressure drop, heat transfer, corrosion and structural vibration are a few examples of 
topics that depend on the geometrical configuration or flow patterns of the immiscible phases. The stratified flow 
pattern is commonly present in directional oil wells and pipelines. The interfacial wavy structure in gas-liquid flow has 
been studied by many authors and some findings were that this structure affects the friction factor and the heat transfer 
coefficients. On the other hand, studies on waves in stratified liquid-liquid flow are scanty. Regarding the interfacial 
wave shape in stratified liquid-liquid flow, there are almost no references. Therefore, the main goal of this work is to 
present a general equation based on Fourier Functions, where the coefficients are functions of dimensionless numbers, 
modified Weber and Froude numbers, for the interfacial wave shape in water-heavy oil flows. The findings are based 
based on experimental data acquired at the Thermal-Fluid Engineering Laboratory of the Sao Carlos School of 
Engineering, USP. 
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1. INTRODUCTION  

 
Liquid-liquid flows are present in a wide range of industrial processes; however, studies on such two-phase flow are 

not as common as those on gas-liquid flow. The interest in liquid-liquid flow has recently increased mainly due to the 
petroleum industry, where oil and water are often transported together for long distances. Pressure drop, heat transfer, 
corrosion and structural vibration are a few examples of topics that depend on the geometrical configuration or flow 
patterns of the immiscible phases. The stratified and annular flow patterns are usually denominated separated flows. 
The stratified flow pattern is commonly present in directional oil wells and pipelines. This flow is characterized by the 
heavier and lighter phases located at the bottom and top part of the pipe, respectively, divided by an interface that can 
be smooth, wavy or present droplets of one phase into the other phase.  

An experimental work on characterization of liquid-liquid flow patterns can be seen in Trallero (1995) and Trallero 
et al. (1997), where data for horizontal flow were presented including stratified and semi-stratified flow, dispersions and 
emulsions. Those authors did not differentiate wavy stratified from stratified with mixing at the interface. Elseth (2001) 
presented a more detailed horizontal oil-water flow pattern classification, dividing Trallero’s patterns into several sub-
patterns. Elseth (2001) observed the wavy stratified flow. Alkaya et al. (2000) continued the work of Trallero et al. 
(1997), but now introducing the effect of pipe inclination. A wavy stratified flow pattern was reported. All the quoted 
authors have dealt with relatively low viscosity oils. On the other hand, Bannwart et al. (2004) studied a horizontal very 
viscous oil-water flow and reported the stratified flow pattern among others. Interfacial waves in liquid-liquid stratified 
flow have been spotted, but details on the wave’s geometrical properties were not given. 

The interfacial wavy structure was studied in gas-liquid flow by Bontozoglou and Hanratty (1989) and Bontozoglou 
(1991). One of the findings was that the two-phase friction factor of wavy stratified flow can be about fifty times as 
high as the friction factor of smooth stratified flow. Li et al. (1997) also studied the gas-liquid stratified flow pattern and 
showed that the interfacial waves have significant influence on heat transfer and pressure drop. The interfacial wavy 
structure of separated flows in gas-liquid systems and its influence on the flow have been further studied by a few 
researches; the effect of interfacial waves on friction factor with or without gravity in annular flow, the role played by 
stratified-flow parameters on slug flow formation and a numerical solution for stratified flow that considers an effective 
roughness due to the waves have been the research subject of, respectively, Wang et al. (2004a and b), Dyment and 
Boudlal (2004) and Berthelsen and Ytrehus (2005). Brauner et al. (1996) compared the gas-liquid and liquid-liquid 
interfaces in stratified flow. In the former, a flat interface is more likely because the flow is dominated by gravitational 
forces, whereas the latter tends to present a curved interface since interfacial tension also plays a role.  

The study of wave motion is a vast scientific topic; one can cite, for instance, ocean waves in deep or shallow 
waters. The study of interfacial wave behavior in two-phase flow is a relatively recent research topic, but of significant 
importance, since key parameters as holdup and pressure drop are expected to depend on the wavy structure. In 
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addition, an exponential increase in time or space of wave amplitude might cause instabilities and, eventually, flow 
pattern transition (Wallis 1969). There are a few studies in the literature on interfacial waves in core-annular flow. In 
Ooms (1972), Ooms et al. (1974) and Oliemans (1986) it was demonstrated that the existence of waves is fundamental 
for the stability of the core-annular flow pattern. Experimental data on the characteristics of the interfacial wave in the 
core-annular flow were presented by Bannwart (1998). Feng et al. (1995), working with numerical simulation, also 
found that waves are indispensable for the hydrodynamic stability of such liquid-liquid separated flow pattern. On the 
other hand, information on interfacial wave properties in liquid-liquid stratified flow is scanty, although it seems 
evident that it is crucial for the complete understanding of stratified flow. Some data are presented in Al-Wahaibi and 
Angeli (2007) and Al-Wahaibi et al. (2007), but it lacks of details on wave properties. Recently, Castro et al. (2012) 
used the data obtained by Pereira (2011) to make a preliminary analysis and showed that the oil-water interface 
properties are function of the relative velocity, holdup and pipe inclination angle. 

As said, there are few works devoted to the systematic study of waves in stratified viscous oil-water pipe flow. So, 
the main goal of this work is to investigate the topological characteristic of the interfacial wave in the heavy oil-water 
stratified flow pattern, and propose a generic equation to predict the characteristics of these waves based on 
dimensionless numbers calculated with flow and fluid properties. This allows, for example, the simulation of the 
propagation of these waves in a pipeline. In Sections 2 and 3 the experimental setup and procedure are presented. The 
image processing technique used to measure wave properties is explained in Section 4. In Section 5 experimental data 
on aspect ratio, wave celerity and mean interfacial wave topology are offered. Section 6 presents the study on the 
generic wave to predict the properties and wave shape of the interfacial wave. Finally, the conclusions are drawn in 
section 7.  
 
2. EXPERIMENTAL SETUP 

 
The hydrophilic-oilphobic glass test line of 26-mm i.d. and 12-m length of the multiphase flow loop of the Thermal-

Fluids Engineering Laboratory of the Engineering School of Sao Carlos at the University of Sao Paulo (LETeF) was 
used to observe different oil-water flow patterns. The test section has seven transparent boxes used to film the flow, in 
order to correct any remaining distortion of light due to lens and parallax effects, the boxes were filled with water. The 
first box is placed at 1.3 m from the beginning of the test line; the others are placed 1.5 m apart of each other. A 
schematic view of the flow loop and details related to the holdup measurement technique can be seen in Rodriguez et al. 
(2011). The water used in the experiments had density of 988 kg/m³ and viscosity of 1 mPa.s at temperature of 20 °C. 
The oil used had density of 828 kg/m³ and viscosity of 300 mPa.s at 20 °C. The viscosity was measured with a 
rheometer Brokfield™ model LVDV-III+ with rotor SC4-18. The oil-water interfacial tension was of 0,045 N/m. The 
oil-water contact angle with the borosilicate glass was 29° (hydrophilic-oilphobic). The interfacial tension and contact 
angle were measured with an optical tensiometer of KSV™ model CAM 200. The box placed at 4.3 m from the pipe 
entrance was used in the experiments presented in this paper. 

 
3. EXPERIMENTAL PROCEDURE 

 
The flow was recorded by a high-speed video camera (i-SPEED 3 OLYMPUS), which allowed the acquisition and 

optical measurement of the geometrical properties and celerity of the interfacial waves. The camera was installed on a 
pedestal. Two xenon lamps were used to illuminate the flow. The oil and water flow rates would be set and after 
reaching steady state the flow was recorded at a rate of 100 fps (frames per second) for 48 seconds at a resolution of 
800x600 pixels. According to Pereira (2011) 30 fps would be enough to acquire all the information of the interfacial 
wave. A homemade LabView™-based program was used to extract the properties of the waves from the images 
(frames). The real-length-to-pixel conversion was done using the technique proposed by Pereira (2011). The 
experiments were carried out with the pipeline in the horizontal position. The inclination was measured using a 
BOSCH™ inclination meter model DN-ML 60 with accuracy of 0.1°. The water superficial velocity (Uws) varied from 
0.05 to 0.16 m/s, and the oil superficial velocity (Uos) varied from 0.02 to 0.18 m/s.  

During the experiments it was observed that the wave properties seemed to be a function of the relative velocity and 
holdup. Therefore, two modified dimensionless number were proposed to correlate the experimental data of the 
interfacial wave. A modified Froude number (Fr*), Eq. (1), correlates the wave celerity and a modified Weber number 
(We*), Eq. (2), correlates the aspect ratio (ratio between wavelength and wave amplitude). Both the dimensionless 
number are function of a characteristic dimension defined in Eq. (3). 
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In these equations Vw-Vo is the relative velocity, θ is the inclination angle from horizontal, εw the water in-situ 

volumetric fraction, g the gravitational acceleration, D the pipe’s internal diameter and Δρ is the difference between the 
densities of the fluids, and σ is the interfacial tension. 

 
4. DATA TREATMENT 

 
4.1 Interfacial wave properties 

 
The Labview™ based software was used to identify the wave corresponding to the oil-water interface and predict its 

amplitude (α), wavelength (λ) and celerity (c). Each frame of the film is binarized (Fig. 1), bubbles and other noises are 
taken off the images. After those steps the interface is captured via a color contrast technique. 

 

 
 

Figure 1. Binarized interfacial wave picture (Uws=0,09 m/s and Uos=0,1 m/s). 
 
All the peaks and valleys of the interface were found, and the waves of each image were separated. After finding the 

peaks and the valley of a wave, the algorithm fits a parabola between these points. It identifies and takes into account 
only the waves that have more than a predetermined quantity of points. Hence, ripples waves are eliminated. It was 
necessary to avoid interferences of the filter in the wave topology.  

For each wave separated from the initial captured interface, the wavelength and wave amplitude are calculated using 
the definition of wave crest as the pixel in the spatial domain where the first derivative is zero, the next pixel has 
derivative lower than zero and the previous pixel has derivative greater than zero. The wavelength is the length 
difference between the abscissas (x-coordinate) of two followed crests. Since the interfacial wave is asymmetric, the 
definition of amplitude is not quite simple. It differs whether it is measured from the crest to the right or left valley 
(minimum value in the y-coordinate). To avoid this ambiguity, this paper uses the mean between the two calculated 
amplitudes (from the crest to the right valley and from the crest to the left valley) as the definition of wave amplitude. 
The celerity is calculated using cross-correlation between two frames lagged in time (Bendat and Piersol 2000). More 
details were presented by Castro et al. (2012). 
 
4.2 Average wave shape 

 
The methodology used to obtain the average topology of the wave was proposed by Castro et al. (2012). In the 

methodology proposed all the found waves were normalized, in each i-wave the x-coordinate is normalized by its 
wavelength and the y-coordinate is normalized by the pipe’s internal diameter, i.e., the dimensionless x*- coordinate 
and yi*- coordinate are defined by Eqs. (4) and (5): 
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As every i-wave has different dimensionless yi*- coordinates, Eq. (6) is applied in order to calculate the average 

dimensionless y*- coordinate: 
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where k is the number of waves used for the purpose of wave shape determination. Finally, the average wave shape 

is given by the xm- coordinate and ym- coordinate: 
 

*xx mm    (7) 
 

*yDym   (8) 
 
where m is the mean wavelength between all the waves observed in a movie of each flow.  

 
5. INTERFACIAL WAVE PROPERTIES 

 
5.1 Wavelenght, wave amplitude and celerity 

 
The interfacial wave properties are functions of the dimensionless numbers given in Section 3; it was presented by 

Castro and Rodriguez (2013). Data of the ratio between wave celerity and mixture velocity are presented as function of 
the modified Froude number (Fig. 2a), presenting an exponential correlation (Eq. 9). 
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Figure 2. (a) Wave celerity as a function of the Froude number; (b) Wave aspect ratio as a function of the Weber 

number (Castro and Rodriguez, 2013). 
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The aspect ratio of the interfacial wave of the heavy oil-water stratified flow pattern were plotted against the 

modified Weber number (Fig. 2b), and it presented, also, an exponential correlation given by Eq. (10). 
 

 */0.15931.24 7.86Wee




   (10) 

 
These data might be used to, given the parameters of a flow, superficial velocities, pipe diameter, fluid properties, 

and using models to predict the volumetric fraction of each phase achieve the properties that the interfacial wave of the 
flow should have. But, although this, the wave shape or topology remains an unknown. To correctly determine all the 
characteristics of the interfacial wave of the stratified flow the wave shape is one of the most important data. With this 
parameter analyses from the influence, for example of the relative velocity between the phases might be studied. For the 
known of the authors, the first time that the interfacial wave topology were presented was in the paper from Castro et al. 
(2012), but in that paper, the authors just presented the data without proposing a mathematical correlation to achieve the 
wave topology. This article intends to fill this gap for horizontal flows including new data on interfacial wave topology. 
 
5.2 Wave shape  

 
The technique proposed in Section 4.2 was used to get the interfacial wave shape.  As pointed by Castro et al. (2012) 

the characteristics of the wave varies with the relative velocity between the phases. For a fixed oil superficial velocity 
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the variation of the water superficial velocity implies an increase of the wave amplitude without a big change in the 
wavelength. This might be seen in Fig. 3a, where the wave shape of several mean interfacial wave topology is presented 
for a fixed oil superficial velocity of 0.1 m/s, and the water superficial velocity varying from 0.05 to 0.13 m/s. The wave 
amplitude increase from about 0.6 mm to 2.7 mm as the water superficial velocity increases. Also, one might see the 
difference in the derivative from the sides of the wave, reminding a sea wave in the region of break. The flow occurs 
from the right to the left. The increase in the relative velocity makes the flow more unstable, and a bigger wave. This 
increase of the wave has a limit where droplets begin to be torn from the crest of these waves; this explains this 
increase. 
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Figure 3. (a) Mean wave shape as function of the water superficial velocity for a fixed oil superficial velocity (0.1 m/s); 

(b) Mean wave shape as function of the oil superficial velocity for a fixed water superficial velocity (0.09 m/s). 
 
In the case of fixing the water superficial velocity, and varying the oil superficial velocity, the wavelength varies, 

and the variation in the wave amplitude is marginal. As the oil superficial velocity increases the wavelength tends to 
decrease so the wave becomes narrower, so, more unstable, and the tendency of torning droplets from the interface is 
higher. Also, again there is the difference in the derivative from each side to the other of the mean interfacial wave, 
remembering the sea wave in the region of the break. These relations might be seen in Fig. 3b.  

From the mean interfacial wave the wave of the flow might be rebuilt just making sequential waves of the same 
shape. The formed waves are compared with binarized images of the real flow at the same conditions. Examples of this 
reconstruction might be seen in Figs. 4 to 7. Figures 4 and 5 present the real and reconstructed interfacial wave for a 
flow with water and oil superficial velocities of 0.09 and 0.1 m/s, respectively. This wave has small amplitude and 
wavelength. Figures 7 and 8 present the real and rebuilt interfacial wave for in a flow with higher difference in the 
superficial velocities, so, a higher difference in the relative velocity. This flow has water and oil superficial velocities of 
0.16 and 0.02 m/s, respectively. In this flow the wave amplitude is bigger, and also the wavelength. Looking at the 
Weber number of both flows, one might see that the on from the last flow is higher which propose a smaller aspect ratio 
of this wave instead of the first case. 

 

 
 

Figure 4. Image of the real interfacial wave (Uws=0.09 m/s and Uos=0.1 m/s). 
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Figure 5. Mean interfacial wave rebuilt (Uws=0.09 m/s and Uos=0.1 m/s). 

 

 
 

Figure 6. Image of the real interfacial wave (Uws=0.16 m/s and Uos=0.02 m/s). 
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Figure 7. Mean interfacial wave rebuilt (Uws=0.16 m/s and Uos=0.02 m/s). 

 
All the conclusions made in this section were already published, but as said before, no references were observed 

about a mean mathematical function that describes this wave shape. This is the work that will be presented in the next 
section. 

 
6. GENERIC INTERFACIAL WAVE EQUATION 

 
6.1 Generic equation 

 
The last section showed that the interfacial wave of the stratified oil-water flow might be rebuilt, and that this rebuilt 

is in good agreement with the experimental data. Now, a generic function that describes this wave is necessary, and will 
be made using a Fourier series of second order. Other orders were used, but higher orders only include more 
coefficients to be analyzed with almost no gain in the quality of the reconstruction. An equation with the form of Eq. 
(11) is proposed: 

 
       0 1 1 2 2cos sen cos 2 sen 2m m m m my a a wx b wx a wx b wx      (11) 

 
The coefficients are a0 to b2 and w. The coordinates are xm and ym, given by Eqs. (7) and (8), respectively. 
Using this series the mean waves were rebuilt and the result for one case in horizontal flow, with water and oil 

superficial velocities of 0.13 and 0.12 m/s, respectively, is showed in Fig. 8. 
Using MatLab™ curve fitting tool, the coefficients (a0 to w) for each mean wave were acquired. It was observed that 

these coefficients might be plotted against the proposed dimensionless numbers of Froude and Weber.  
The a0 coefficient was plotted against the modified Froude number, been well correlated by an exponential function 

(Fig. 9), given by Eq. (12).    
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Figure 8. Comparison between mean wave and rebuilt by Fourier series (Uws=0.13 m/s, Uos=0.12 m/s and θ=0°). 
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Figure 9. Coefficient a0 as a function of the modified dimensionless Froude number. 
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Coefficient a1 has a linear relation with Froude number, the experimental data is presented in Fig. 10. The equation 

that correlates the coefficient with the dimensionless parameter is given by Eq. (13). 
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Figure 10. Coefficient a1 as a function of the modified dimensionless Froude number. 
 

1 0.99 * 2a Fr    (13) 
Coefficient a2 is related to the modified dimensionless Weber number, also by a linear correlation. The graph is 

presented in Fig. 11, and the correlation is given by Eq. (14). 
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Figure 11. Coefficient a2 as a function of the modified dimensionless Weber number. 
 

2 0.12 * 0.06a We   (14) 
 
The coefficient b1 is also linearly correlated by the modified Weber number, as coefficient a2. Figure 12 present the 

experimental data plotted against the proposed dimensionless number, and the linear correlation, given by Eq. (15). 
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Figure 12. Coefficient b1 as a function of the modified dimensionless Weber number. 
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The last coefficients have, both, linear correlations with the Froude number. Experimental data on coefficient b2 is 

presented in Fig. 13, and the correlation is given in Eq. (16). 
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Figure 13. Coefficient b2 as a function of the modified dimensionless Froude number. 
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2 0.18 * 0.29b Fr    (16) 
 
The coefficient w, which might be described as the spatial frequency of the Fourier function, is presented against the 

Froude number in Fig. 14, and the linear correlation is given in Eq. (17). 
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Figure 14. Coefficient w as a function of the modified dimensionless Froude number. 
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So, Eq. (11) might be rewritten as function of the dimensionless parameters of the flow, Eq. (18). 
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With Eq. (18) and the modified Froude and Weber number it is possible to rebuild the interfacial wave of the wavy 

stratified water-heavy oil flows. This will be presented in the next section for several flow conditions. 
 

6.2 Reconstruction of the interfacial wave 

 
If the characteristics of the flow, of superficial velocities, fluid and pipe properties are known, Eqs. (12) - (17) can 

be used to calculate the coefficients of the Eq. (18), and so, the interfacial wave might be rebuilt. In this section a 
comparison between the mean interfacial waves given by the method proposed in the Section 4.2 and 5.2 and the one 
given by the generic equation.  

Figures 15 to 17 present the mean wave and reconstructed for high water superficial velocities. In these cases the 
proposed method seems to be accurate in the reconstruction of the wavelength and wave amplitude of the interfacial 
wave, and the wave shape, resembling the sea wave, as said before.  
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Figure 15. Comparison between mean wave and rebuilt by generic equation (Uws=0.12 m/s and Uos=0.04 m/s) 
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Figure 16. Comparison between mean wave and rebuilt by generic equation (Uws=0.12 m/s and Uos=0.06 m/s) 
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Figure 17. Comparison between mean wave and rebuilt by generic equation (Uws=0.13 m/s and Uos=0.1 m/s) 
 
Figures 18 and 19 present the reconstruction of waves for low water superficial velocities and high oil superficial 

velocities. In these cases, the method does not present good agreement with the prediction, by rebuilding a wave with 
bigger amplitude and smaller wavelength than the mean wave. This region represents a small slip between the phases, 
low relative velocity and low water holdup; these facts indicate low Weber numbers and high Froude numbers. It 
indicates that in these regions the dispersion of the points is so high that the proposed correlations for the coefficients of 
Eq. (18) are not suitable in marginal regions.  

So, more experimental data are necessary, even in inclined flow, where the effect of gravity would be more 
prominent, and so, one can acquire more experimental points in the regions of low or high Froude and Weber numbers. 
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Figure 18. Comparison between mean wave and rebuilt by generic equation (Uws=0.05 m/s and Uos=0.14 m/s). 
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Figure 19. Comparison between mean wave and rebuilt by generic equation (Uws=0.05 m/s and Uos=0.16 m/s). 
 

7. CONCLUSIONS 

 
The authors are proposing a generic equation to predict the characteristics of wavelength, amplitude and shape of the 

interfacial wave of water-heavy oil flows, and so, rebuild a mean wave.  
The method uses a generic second order Fourier function where the coefficients are given as functions of 

dimensionless number of the flow; Weber and modified Froude numbers. These dimensionless numbers are functions of 
parameters of the flow as superficial velocities, and fluid and pipe properties.  

Experimental data from literature were used to achieve the correlations for the coefficients of the generic equation. 
The comparison in between experimental and reconstructed mean wave presents good agreement in the regions of 

medium Weber and Froude number; although this, in the regions of high Froude and low Weber numbers, where the 
relative velocity is small the equation predicts high differences between the experimental data and the rebuild wave. 
This could be explained by the high dispersion of the points in these regions, so the correlations proposed are not 
suitable for these areas. 

So, more experimental data is needed to incorporate other factors, as gravitational forces, and so achieve more data 
in the regions where the correlations are not suitable. 
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