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Abstract. The simulation of the incompressible displacement of oil by water in anisotropic and heterogeneous petrole-
um reservoirs   represents a major challenge from a numerical point view. The mathematical model that describes the 
fluid flow in the oil reservoir includes an elliptic equation for the pressure field and a quasi-linear hyperbolic equation 
for the saturation field, which are solved via an Implicit Pressure Explicit Saturation (IMPES) procedure. In this meth-
od, given an initial saturation field, the pressure equation is solved implicitly, then the velocity field is computed and 
used in the saturation equation which is solved explicitly. In the present work, the pressure equation is discretized by a 
Multipoint Flux Approximation Method with a Diamond type stencil (MPFA-D) that is very robust and capable of re-
producing piecewise linear solutions exactly by means of a linear preserving interpolation with explicit weights that 
avoid the solution of locally defined systems of equations which is a common feature of other MPFA methods. For the 
solution of the saturation equation, we use a traditional First Order Upwind Method (FOUM). In order to validate our 
formulation, we solve some problems involving heterogeneous and anisotropic reservoirs. Our results compare very 
well with others found in literature.  
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1. INTRODUCTION  

 
The main objective of the simulation of two-phase flows in porous media is to depict accordingly the complex 

physical and chemical fluid flow interactions in order to predict correctly the fluid flow displacement in heterogeneous 
reservoir rocks. The numerical simulation of reservoirs is basically the use of computational tools to solve the differen-
tial equations that govern the transport phenomena of fluids through highly heterogeneous and anisotropic porous me-
dia. The methodology that we use to discretize the equations governing is a Cell-Centered Finite Volume (CCFV) 
which is locally and globally conservative. The CCFV method is quite popular in engineering and computational phys-
ics due its easy implementation and robustness in handling of unstructured grids and complex geometries. One of the 
most popular methodologies used to solve the governing equation of immiscible displacement of oil-water in oil reser-
voir is the Implicit Pressure-Explicit Saturation (IMPES) strategy (Carvalho, et al., 2006). In this strategy or procedure, 
a sequential time stepping procedure is used to split the computation of the pressure field from the saturation field. In 
the IMPES method, initially, the pressure equation is solved implicitly from an initial saturation distribution, and then, 
the velocities are computed from this pressure field. In sequence, the velocity field is used as an input for the saturation 
equation, which is finally solved explicitly. The process is repeated until the end of the analysis. In commercial simula-
tors the pressure equation is solved based on conservative Finite Difference scheme (FD) or Two Point Flux Approxi-
mation (TPFA), according (Aavastmark, et al. 1996 ) this flux approximation is inconsistent because used only two 
point causing numerical errors that no disappear with the mesh refinement, this occurs particularly in grid not K-
orthogonal. We present a fully cell-centered finite volume formulation, initially formulated by (GAO,et al., 2010) for 
heterogeneous and anisotropic diffusion problems.  For simulating the immiscible displacement of oil-water, we intro-
duce the term mobility in proposed formulation by (GAO,et al., 2010), then pressure equation is solved by called 
MPFA–D (Multi-Point Flux Approximation type Diamond) scheme, in this scheme, the flux on each cell edge is explic-
itly expressed by two cell-centered unknowns defined on the cells which are sharing that edge, and two vertex un-
knowns at the two endpoints. The vertex unknowns are express as certain linear combinations of the neighboring cell-
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centered unknowns, which reduces the scheme to a completely cell-centered one. The weights of this linear combina-
tion are derived in order to make the robust method and able reproducing a piecewise linear solution accurately. MPFA-
D is an important generalization in spatial discretization, since it provides a consistent and accurate flux representation 
for general non-orthogonal grids with full tensor, furthermore, the weights are calculated of form explicit, without need 
to solve locals matrix, as occurs in others classics schemes, for example, MPFA-O (Aavastmark, et al, 1996). The satu-
ration equation is discretized using the finite volume scheme, where hyperbolic flux is calculated by first order upwind 
scheme which is robust and produces monotones solutions near shock regions (Hirsch, 1994). 
 
2. MATHEMATICAL FORMULATION 

 
The mathematical formulation consists in describing the governing equations of the two-phase flow of oil and water 

in the interior of the reservoirs. We assume, without loss of generality, that the fluid and rock are incompressible and 
that the flow is isothermal, despite the gravitational effects and capillary. We use a segregated formulation in the which 
the basic equations are obtained from the Conservation of Mass and the Darcy's Law, which can be written for i-phase 
(i=o (oil), w (water)), as: 

 
 

   and 






   


 i i ri

i i i
i

S k
q p

t
 i iv v K                                                                                              (1)                                                                                                                                                            

 
where vi and i , represent, the Darcy velocity and densities for each i-phase,  and qi are the porosity and the source 
term (or sink). Besides, ip  and Si is pressure and saturation for each i-phase. The mobility of phase in question is de-
noted by  i ri ik , with rik  and i  represent viscosity and relative permeability, respectively. K  is absolute perme-

ability tensor of the rock that satisfies the ellipticity condition  2xx yy xyK K K . We assume that the rock is fully satu-

rated by oil and water and the following equation holds: 
 

1o wS S                                                                                                                                                                    (2) 
 
We assume that   2 w op p p , furthermore 

o w
v = v + v . Using Eqs. (1) to (2) and after algebraic manipulations, 

we write the pressure equation for two-phase flow, as: 
 

  with  TQ p    v v K∇                                                                                                                          (3) 
 
Where T o w     and Q=Qw + Qo, the total mobility total and specific flow rate, respectively.  
Again, using Eqs. (1) - (3) and after some algebraic manipulation we can write the saturation equation, as: 
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where ( ) wwF S f v  is the flux function which is dependent on the water-phase saturation and wf , is fractional flow 
function, more detail over mathematical formulation in (Ewing 1983), (Carvalho et al, 2006) and (Chen et al 2006). 

 
2.1 Initial conditions and boundary conditions 

 
The pressure and saturation equations are completely determined when we use an appropriate set of initial and 

boundary conditions, as follows: 
 

   

 
0

0 in 0,  , ( , )  in 0,

( , )  in   0,

( ,0) in

N D

w w I

w w

t p t p t

S t S t

S S

      

  

 

v n x

x

x    

                                                                                                          (5) 

 

ISSN 2176-5480

7315



22nd International Congress of Mechanical Engineering (COBEM 2013) 
November 3-7, 2013, Ribeirão Preto, SP, Brazil 

where D , N  represent the Dirichlet (prescribed pressures) and Neumann (prescribed fluxes) boundary conditions, 
respectively, I  represents the injection wells, wS  represents the saturation prescribed in a set of injection wells and 

finally, 0
wS  is the initial saturation distribution. 

 
3. NUMERICAL FORMULATION 

 
As mentioned at the beginning of section 2, we use the IMPES methodology (Ewing, 1983) to solve governing 

equations displacement immiscible of two-phase flow oil-water.  
 

3.1 Implicit formulation of equation of pressure by the method MPFA-D 

 
Integrating the pressure equation (Eq. (3)) over the whole domain  , we have: 
 

Q
 

     v                                                                                                                                                        (6) 

 
Applying the Divergence Theorem of Gauss in arbitrary control volume k , we have: 
 

k k

dA
 

     v v n                                                                                                                                                 (7) 

 
where n is the unit normal vector to k . In equation (7) after using Mean Value Theorem, the discretization at each 
control surface of the control volume is approximated using the Finite Volume Method, thus we have: 
 



  
k
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where vIJ is the approximate velocity over the control surface formed by nodes I and J, and NIJ is the normal area vec-
tor, and Qk is the value specific injection/production in the control volume “k”, kV  is the volume of a generic triangular 
control volume “k”. The interpolation of the flow mobility in the control surface is given by: 
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where n(i) represent the number of cells that concur in the i-vertex. The discretization of the Eq. (8) is obtained using 
the proposed method by (Gao, et al.,  2010). This method ensures that the solutions obtained for the pressure field is 
piecewise linear. Therefore, the estimated gradient is written as: 
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where L̂p , Ip and Jp  are the pressures at the vertices of the triangle L̂IJ , IJ is the vector that belong to control sur-
face and   is the rotation matrix in counterclockwise direction. The set of geometric parameters additional used in the 
present formulation is shown in Figure 1. 

From the equation (10) we can approximate the velocities and consequently the flow on the control surfaces, as: 
 

 ( ) ( )
ˆ ˆ
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n t

I J J IIJ IJL Lp p ctg IJL p p ctg LIJ p pIJv N K K                                                           (11) 

 
Where the geometric and physical constants are given by:  
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Therefore, integrating Eq. (11) in the control surface IJ, and taking into account the triangle ˆIJL , we have: 
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Analogously, integrating the Eq. (11) in surface JI, and taking into account the triangle ˆJIR , we have: 
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Therefore, sum the Eq. (13) and (14), and using the flux continuity in the control surface, and after algebraic manip-

ulations, we can write the approximate flow in the control surface, as:  
 

 (1) (1)
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(15) 

 
where R̂p  and L̂p  are the pressures in the barycenter of the control volume, pI and pJ are the pressures in the vertex of 
the control surface IJ. The parameters in Eq. (15) are given by: 
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Figure 1. Local diagram of any polygonal mesh, illustrating the Diamond Path. 
 
3.2 Treatment of boundary conditions  

 
If IJ is located on the Dirichlet boundary, we obtain directly the approximation of flux from Eq. (13):  
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Ng IJ IJ IJv N N                                                                                                                                                   (18) 

 
where ( )Dg J , ( )Dg I  are the pressures defined in Dirichlet boundaries and Ng  are the fluxes defined in Neumann 
boundaries. 
 
3.3 Interpolating the pressures at the mesh vertices 

 
The pressures at the vertices can be expressed as linear combinations of cell-centered pressures in order to the 

MPFA-D method become completely a Cell-Centered method. Therefore, the pressure in arbitrary vertex “I” of the 
primal mesh is given by: 
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( )

1

n I

I k k
k

p w p


                                                                                                                                              (19) 

 
where kw  is the weight associated to cell “k”. In this paper, we use two types of explicit weights proposed by (Gao, et. 
al. 2010). The “explicit” term is used to indicate that the weights are computed explicitly, without the need of solve a 
local system of equations as in other classic MPFA-O methods (Aavatsmark, et al., 1996). The explicit weight is given 
in Eq.(20), and derived using the continuity equation in the iteration region (Gao, et. al. 2010), see Figure 2. Other au-
thors have proposed various ways to calculate the interpolation weights (Wu, et al., 2003), (Huang, et al., 1998), (G. X, 
et al., 2007), but, in general, these interpolations are not very robust whenever treating anisotropic and heterogeneous 
(possibly discontinuous) media. 
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The physical and geometrical parameters are calculated analogously to the terms given in Eq. (12). 
 

 

 

 

 

 

 

 
Figure 2. Sketch of the region of iteration involving geometric entities needed to calculate the weights of type 1. 

 
3.4 Explicit saturation equation 

 
Integrating Equation (4) along the domain , we can write: 
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Considering an arbitrary control volume k , the Eq. (24), can be written by Green-Gauss theorem as 
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Considering the general case of an inhomogeneous porous media, a semi-discrete numerical scheme for the solution 

of the non-linear hyperbolic saturation equation, can be written as 
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In Equation (26), the term spatial is solve using the classical First Order Upwind scheme, which can be computed as 
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where w,Lf  and ,w Rf

 
are the fractional flow of water on the left and right control volumes of face IJ, respectively. 

 
4. NUMERICAL RESULTS 

 
In this section, we solve some "benchmark" problems in order to show the potential of the formulation to deal with 

heterogeneous and anisotropic petroleum reservoirs. 
 

4.1 Study field pressures in heterogeneous and anisotropic domain 

 
The problem analyzed in this example was adapted from (Crumpton, et al, 1994), (Hyman, et al, 1997), (Carvalho, 

2005) and (Contreras, 2012). Domain is a square [-1,1]2, with Dirichlet boundary conditions given by analytical solu-
tion. The analytical solution and the term sink are given by: 
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The permeability is given as follows: 
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In order to calculate the convergence rates, we define the following norms of errors: 
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Where EMAX, ERMS and EVEL are the maximum, the root mean square and the velocity-L2 errors norms, respectively, 

and N is the number of cells, p  numerical solution. Being v velocity analytically computed and v  velocity numerically 
computed, NA is the number of faces which are in mesh and Vi is the sum of the volumes of the cells that share the i-th 
face. In this example, we used the MPFA-D, with explicit weight on a triangular structured mesh. It can be seen that the 
rates of convergence for the pressure are of second order and that, for velocity, they are higher than one, presenting very 
similar results to those of (Crumpton, et al, 1994) and (Hyman, et al, 1997). As higher is the parameter α, as more se-
verely discontinuous is the porous medium, which is characteristic of oil reservoir. The scheme MPFA-D represent 
properly discontinuous medium, due this, even for very higher alpha, the scheme continues to present rates of conver-
gence of second order. This discretization is suitable for problems in which the permeability tensor is heterogeneous 
and represented by non-matrix diagonal, with strong discontinuities. 

ISSN 2176-5480

7319



22nd International Congress of Mechanical Engineering (COBEM 2013) 
November 3-7, 2013, Ribeirão Preto, SP, Brazil 

 
Table 1. Results by the method MPFA-D, with α=1. 

 

1 h  MPFA-D (Hyman, et al., 1997 Crumpton, et al., 1994 Rate of Convergency MPFA-D 

EMÁX ERMS EMÁX RMÁX ERMS RRMS RMAX RRMS RVel 

8 0.0156 0.0062 --------- ------- 3.33x10-3 ------- --------- ------- ------- 
 16 0.0046 0.0016 3.74x10-3 ------- 9.37x10-4 1.8294 1.7618 1.9542 1.5538 
32 0.0013 3.95x10-4 9.66x10-4 1.9529 2.45x10-4 1.9353 1.8231 1.20181 1.6415 
64 3.43x10-4 9.89x10-4 2.45x10-4 1.9792 6.25x10-5 1.9709 1.9222 1.9978 1.7681 

 
Table 2. Results by the method MPFA-D, with α=1000 

 

1 h  MPFA-D Crumpton, et al., 1994 Rate of Convergency MPFA-D 

EMÁX ERMS ERMS RRMS RMAX RRMS 
8 7.7343 3.1410 1.83 ------- --------- ------- 

 16 2.2107 0.7825 4.79x10-1 1.9337 1.8068 2.0051 
32 0.6324 0.1945 1.22x10-1 1.9731 1.8056 2.0083 
64 0.1729 0.0488 3.07x10-2 1.9906 1.8709 1.9948 

 
4.2  Two-phase flow in a quarter five-spot wells configuration with reason viscosity moderately adverse M=4.0 

 
This problem was adapted from (Durlofsky, 1993), (Carvalho, 2005) and (Contreras, 2012), it is a non-

dimensionalized version of the one quarter five-spot problem wells. We consider a homogeneous and isotropic reser-
voir, where the porosity value is irrelevant, in which it serves only to non-dimensionalize the time step. The residual 
saturations and viscosities of oil and water phases are given, respectively by: Srw=Sro=0 and the mobility ratio is 4M  . 
The water saturation in the injector well is 1 and the pressure in the production wells are zero. This problem is slightly 
sensitive to the grid orientation effect (GOE), due the adverse mobility ratio. In this problem we used four meshes: one 
non-structured, one structured and aligned, one structured and non-aligned and one quadrilateral mesh, see Figure 3. 
According (Durlofsky,1993), theoretically, the solutions should be the same regardless of the mesh configuration. From 
the analysis of Figure 5, using as reference the results obtained with the non-structured mesh which, in principle, is free 
GOE. We note that the results obtained with the aligned mesh shows an anticipation of the breakthrough, while the 
results from the non-aligned and the quadrilateral meshes delay the arrival of the water saturation front, compared with 
the results on non-structured mesh. We note that our results are similar with the results obtained by Durlofsky on non-
aligned triangular mesh using a combination of Mixed Finite Elements to solve the pressure equation and Finite Volume 
scheme to solve the saturation equation. 

 

                           
(a)                                                                    (b) 

 
Figure 3. Two-phase flow in a configuration the quarter five-spot wells with ratio moderately adverse viscosity 

M=4 (a) recovery oil and (b) accumulate oil. 
 
4.3 Two-phase flow in a configuration a quarter five-spot wells flow through a confined region with four low 

permeability barrier 

 
This is a variation of the classical one quarter five spot problem, which was adapted from (Edwards, 2006). In this 

case, it involves a high-permeability domain divided by four non-intersecting low permeability barriers (with drop by 
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six orders of magnitude in permeability) aligned in a cross shape, see Figure 3. The configuration permits fluid flows 
through the mid-section. The permeability tensor in zones 1 and 3 is an identity tensor and in zones 2 and 4 it is a full 
permeability tensor, with principal axes at 45º to the domain axes and larger principal value (ratio 9:1) along the or-
thogonal to the right hand diagonal. The residual saturations of oil and water are Sro =Srw =0 and the mobility ratio is 
M=4. The boundary conditions at the injection well are given by: Sinj =1, Qinj =1 and the pressure in the producing well 
is pprod =0, see Figure 4 a. Indeed, in Figure 5, we can observe that, as expected, that there is no flow through the low 
permeability barriers, making it clear that the velocity field was also calculated accurately "respecting" the abrupt varia-
tion in the permeability field between the barriers and the rest of the reservoir. A brief analysis of Figures 5, allow us to 
conclude that in both the coarser mesh as the mesh finer, solutions represent the same behavior, and the representation 
of the saturation front in the mesh finer is very accuracy presenting lower scattering along the field, that in the mesh 
coarser. The low-permeability barriers are clearly detected by the first order upwind (see, Figure 5) and the computed 
fronts conform to the expected quarter five-spot ‘cascade’. The test show the fundamental advantages of the scheme 
(for two-phase flow), the scheme’s ability to detect rapid changes in permeability and yield consistent flow behavior.  

 

                 
 

Figure 4.  (a) Geometry of the domain with four different sections. 
 

              
                        (a)                                                              (b)                                                                   (c) 

Figure 5.  (a) Coarse mesh, adapted of (Edwards, 2006), (b) profile saturation field with VPI=0.1, and (c) profile satu-
ration field for VPI =0.95. 

 

               
                            (a)                                                         (b)                                                                 (c) 

Figure 6. (a) Fine mesh, (b) profile saturation for VPI=0.1, and (c) profile saturation for VPI =0.95. 
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5. CONCLUSIONS 

 
In this article, we presented a full cell-centered finite volume (CCFV) method to simulate the immiscible displace-

ment of oil and water in heterogeneous and anisotropic in oil reservoirs. The pressure equation is discretized using a 
MPFA-D. The first order upwind method is used here to solve the saturation equation. The presented method is able to 
deal with any polygonal meshes by producing convergent solutions without need to solve local systems which are 
common in other classical MPFA schemes. This FV formulation is capable of handling highly discontinuous coeffi-
cients in an elegant and accurate manner. Some representative model examples were used in order to show the ability of 
the proposed method to deal with discontinuous permeability fields in which this characteristic vary in orders of magni-
tude throughout of the reservoir. The results indicate the potential of the method for modeling reservoirs with complex 
geometries. In near future, we aim to extend this methodology to deal with more realistic problems, including the ef-
fects of gravity and capillarity in three dimensions. 
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