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Abstract. In the present study, forced convection flow in two-dimensional laminar simultaneous development pipeline 

with rectangular geometry, is analyzed analytically using the Navier-Stokes, Poisson and Energy in its primitive form. 
These equations are solved by the Generalized Integral Transform Technique, which is characteristic hybrid-numeric. 

The development work is composed primarily by restructuring the problem, so that, it can be solved by using the 

subroutine Fortran, IMSL Library, DBVPFD. Then, the results obtained are considered of practical interest, such as 

the velocity field, the temperature profile, the behavior of the average temperature, the Nusselt number and the friction 

factor, with the goal of providing a better parameter for construction equipment. These parameters are assessed both 

longitudinally and horizontally. Finally, the results are validated through convergence charts in order to comparisons 

with literature articles. 

Keywords: Forced Convection; GITT; Navier-Stokes; Variables Primitives ;Laminar)  

 

1. INTRODUCTION  

 
The growth of technology, is directly correlated to the importance of heat transfer in the daily lives of people. We 

have as examples the fridge that we use daily, oven, electric shower and others. But this issue extends to both macro 

proportions, in the space field, the constructions of ships and interactions with the media, as the micro field, in IT for 

example, where more and more electronics and processors is decreasing ratio . 

This work has as main goal, and more specifically, the forced convection. Where this is when the flow is caused by 

external means, for example, a fan or a pump or by wind in the atmosphere (Incropera, 2008). 

The study of forced convection has been the subject of interest of many researchers due to its importance in 

engineering practice. The knowledge of certain parameters enables the development, optimization and construction of 

new equipment, as examples of these parameters can cite the friction factor, average speed, pressure, temperature and 

average Nusselt where these indicators enables the analysis of equipment, making with us to avoid undesirable effects, 

such as failure or reduction of the thermal performance of the same. 

Another important factor in this study is the increasing need for exact solutions to engineering problems, 
increasingly complex, in a short time. For this reason the techniques of numerical approximations have been gaining 

more space for experimentation and classical analytical methods. This is because experimentation generally be time 

consuming and, depending on the test onerous, since for each new experiment has been spent on new use of other 

equipment, new measurements of equipment for the adaptation of the new situation. Recalling that one of the most 

important reasons of numerical technique is required is related to the fact that computers present processing capacity 

increasing, so has advanced considerably in the simulation of problems in fluid mechanics and heat transfer, allowing a 

smaller cost and minimizing time spent on the job. 

The purely numerical methods are used a lot, but it has been used in recent years the Generalized Integral Transform 

Technique, known by its acronym in English as GITT (Generalized Integral Transform Technique), which is an 

analytical method for handling which presents solutions hybrid analysis. 

The Generalized Integral Transform Technique, presents some advantages over purely numerical methods, since it 
retains the same characteristics of an analytical solution, not requiring domain discretization or meshing in a 

multidimensional geometry, in addition to keeping an automatic control over the relative error of the results, which is 

established a priori. Besides its excellent performace is confirmed by numerous studies in fluid mechanics (Cotta, 

1993a) and heat transfer (Santos et al., 2002; Perreira and Pérez Guerrero, 2002). 
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This work aims a theoretical study of the simultaneous determination of the hydrodynamic profiles and energy, in 

the region of a channel parallel flat plates. The numerical simulation is based on the solution of the Navier-Stokes 

equations for the flow and energy equation, given in a two-dimensional space, transforming it in terms of primitive 

variables by use of the methodology used in the Generalized Integral Transform Technique. 

 

2. PROBLEM DEFINITION 

 

We consider the problem of simultaneous development of the field of velocity, pressure and temperature geometry 

of a channel with parallel plates, operating at steady state in which the boundary conditions are specified in the input 

and output thereof, as illustrated in Figure 1 

 
Figura 1 – Development in parallel pipelines 

 

The mathematical formulation of the physical problem is obtained from the following restrictive assumptions: 

incompressible flow, waterproof and non-slip on the walls of the duct; Newtonian fluid, viscous dissipation negligible; 

physical constants; laminar flow, two-dimensional, steady. With the aim of determining the hydrodynamic 

characteristics of flow and heat transfer analysis along the apparatus. 
 

2.1. HYDRODYNAMIC 

 

For the solution of the hydrodynamic problem, the flow in the channel parallel plates is governed by the equations of 

continuity, Navier-Stokes, Poisson and submitted to the dimensionless groups: 

 

  
(1) - (2) 

   

  
(3) - (4) 

   

  
(5) - (6) 

 

 

Therefore the equations cited are now valid in the domain 0 <Y <1, X> 0 and its boundary conditions are rewritten 

in the following dimensionless form: 

 

 
 

 (7) 

 
 

(8) 
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 (9) 

 

 
(10) 

 

 

With the boundary conditions of the form: 

 

- Entry ( :   

  (11) - (12) 

  

  (13) 

 

- In the center and the symmetry ( :   

  
(14) – (15) 

  

  (16) 

 

- On exit ( :   

 

 
(17) – (18)  

  

  (19) 

 

- No slippage and tightness in the wall : 

 

 
(20) – (21) 

  

  (22) 

 

 

2.1.1 SOLUTION OF THE PROBLEM BY HYDRODYNAMIC GITT 

 

For the proper implementation of GITT and improve their performance computing is convenient to a 

homogenization of the boundary conditions. This is done because according to Machado (1992) separation speed in two 

stages, where the first is under development according to the two dimensions and the second is already developed, 

depending only on the thickness of the channel greatly improves the convergence of solutions differential equations 

processed in this order: 

 (22) 

Where  is the velocity field is fully developed and  the velocity field in development, to be 
discovered. 

The expression representing the developed part is given by: 

 
(23) 

 

A filter pressure is needed to make a homogeneous boundary conditions. Therefore, the solution pressure is given as 
follows: 

 

ISSN 2176-5480

7203



Thiago Andrade Fernandes; Carlos Cabral Santos; Kleber Lima Cezar; Marcos Lima Cordeiro 
Analysis Of Forced Convection In Two-Dimensional Laminar Flow In Rectangular Ducts By Gitt Primitive With Variable. 

 
 

(24) 

Which gives: 

 

 
 

(25) 

With the boundary conditions for the filter defined as: 

 

 (26) 

  

 
(27) 

  

 
(28) 

  

 

(29) 

  

With this technique adequately applying the GITT, or by choosing an auxiliary problem and determining a 

transformation pair of series and its inverse, can transform the hydrodynamic problem, which consisted of an EDP in a 
series of ODEs. Thus the governing equations are of the form: 

 

 

(30) 

   

 
(31) 

 

where: 

 

 

(32) 

   

 

(33) 

   

 

(34) 

 
Where the coefficients are calculated analytically from the integral: 

 

 
(35) 

   

 
(36) 
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(37) 

   

 
(38) 

   

 
(39) 

   

 
(40) 

   

 
(41) 

   

 
(42) 

   

 
(43) 

 

The same procedure is also applied to the boundary conditions: 
 

 
(44) 

   

 (45) 

   

 (46) 

   

 
(47) 

 

Thus, the partial differential problem has been transformed into a series of common nonlinear equations with the 

boundary conditions at two points. 

 

2.2. PROBLEM OF HEAT TRANSFER 

 

Using the dimensionless parameters already mentioned, along with defined below: 
 

  
(48) – (49) 

   

 
 

(50) – (51) 

Adimensionalizando equation (XX) and applying the filter velocity, we obtain: 

 

-Energy Equation 

 

 
(52) 

 

And similarly the equations of the conditions of entry and contour becomes: 

 

  (53) 
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  (54) 

   

 
 (55) 

   

 
 (56) 

 

   

Using the technique adequately, ie selecting one auxiliary problem and determining a transformation pair of series 

and its inverse, can transform the energy problem, which consisted of an EDP’s in a series of ODE’s. Thus the governing 

equation is of the form: 

 

 

(57) 

 

Where the coefficients are calculated analytically from the integral: 

 

 
(58) 

   

 
(59) 

   

 
(60) 

   

 
(61) 

 

 

3. SOLUTION OF ORDINARY DIFFERENTIAL SYSTEM 

 

 

Because you do not have analytical solution of the ordinary second-order equations (30), (31) and (57), will be 

addressed from numerical procedures. The Generalized Integral Transform Technique, has as one of its important 

feature, ensuring convergence of solutions to increasing order of the number of terms of the series. The GITT method is 
also known for its controlled precision factor, as determined with this amount of terms of the series guarantees the 

convergence of the solution. Due to this control set in the order truncation of the expansion, which can be automatically 

determined during the solution process, similar to the technique rather than a purely analytical one. 

As the boundary conditions for the channel output are specified at infinity do a contraction of scale, ie, we make a 

coordinate transformation such that one can map the semi-infinite domain in a finite domain. This change in channel 

length has been used by Perez Guerrero (1995), which is of the form: 

 

 (62) 

 

And its derivative, 

 

 
(63) 

 

Where the constant c is the scale factor. 

 

All coefficients were manipulated and then conferred by MATHEMATICA 8.0 (Wolfram, 2011), to validate the 

proposed problem, which is revolved by Fortran 90. The Jacobian was analyzed numerically by subroutine FDJAC 

IMSL library, which uses the finite difference method for obtaining the Jacobian matrix of the given function. 

 

4. RESULTS AND DISCUSSION 
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The computational code was built in Fortran 90 and run on a working platform Intel Core i5 first generation of Solar 

Energy Laboratory of the DEM / UFPB. 

In order to solve the problem of energy transfer associated with the hydrodynamic problem is determined and 

analyzed the behavior of the pressure and velocity fields for the system formulation of equations in terms of primitive 

variables. It was built the computational code where ever the problem is solved for Reynolds equal to 300, Prandtl equal 

to 0.7 and a domain by finite transformations of the domain (62). It is also important to note that all calculations were 

made with the same amounts of eigenfunctions, ie, NU equal to NP, which is equal to NT, we will deal with them by 

NN. The shrinkage factor worth 0:55. 

In table 4.1 the results are shown in several works with results for Reynolds 300, which is worth remembering that it 

comes from the hydraulic Reynolds. 

 
It is noted that the present results are consistent with literature and is consistent with the results of both Lime (2002) 

working with the primitive variables, and for Perez Guerrero (1995), working with input conditions and irrotational 

those of Wang and longwell (1994) and McDonald et al. (1972), these methods using finite differences and finite 

elements. The data are compared regarding Reynolds equal to 300, which are considered 60 terms in the series 

expansion. 

 

Table 1 - Comparison table of the longitudinal velocity in the center of the pipe () to Reynolds 300. 

 Position x 

Reference 0.2083 0.8333 3.3333 7.5000 

Present Work 1.053 1.171 1.340 1.473 

Lima (2002) 1.052 1.176 1.325 1.443 

Peréz Guerrero (1995) 1.052 1.170 1.337 1.444 

Wang e Longwell (1994) 1.058 1.188 1.357 1.451 

Mac Donald et al, (1972) 1.050 1.170 1.340 1.440 

 

In all tables developed observed that for small numbers of terms convergence is not achieved. It is also remarkable to 

note in regions near the entrance to the duct, the convergence is slow and is only achieved for higher numbers of terms 

of speed and pressure at the end of the duct convergence is faster speed due to filters and pressure applied the problem. 

The convergence rate improves along the pipeline, the measure that reaches the fully developed flow. The function 

 used as a filter, the velocity profile is fully developed , so when advancing the flow along the duct, tends 

to  the speed , requiring less term in the expansion. 
. 

 
Figure 2 - Development of the longitudinal component of the speed.  

 

Through the figure (2) we can observe the behavior of the longitudinal velocity in the center of the duct, where it 
can be seen that conforms with the conditions imposed. Note that the entrance to the duct velocity this next one (1), but 
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a) b) c) 

at the end of it, where the problem is developed, the speed tends to 1.5 as default, since by equation (23) with Y equal to 

0 (zero), the value is  equal 1.5. 
 

Figure 4.3 shows the behavior of the relationship f.Re for the flow in a channel parallel plate obtained by the 

formulation in primitive variables. Where it is found that the result was satisfactory in this respect, since, to a value 

considerably large input channel, the relationship tends to 24, as can be confronted with the vast literature on the 

subject. 

 

 
Figure 3 - Behavior of the relationship f.Re along the component X. 

 

The following figures deal with the velocity profile in the duct at different axial positions in the case of Reynolds 

equal to 300. 
 

 
 

 

Figure 4 - Velocity Profile in the axial position (a) X = 0.208, (b) X = 3.333 and (c) X = 12.228. 

 

The results show that as it advances into the duct, the parabolic profile is most evident, featuring fully developed 

flow. 
The following figures deal with the pressure profile in the duct at different axial positions in the case of Reynolds 

equal to 300. It is observed that the behavior of the pressure is inversely proportional to the velocity, ie the higher the 

speed the lower the pressure, such as due, and conditions are imposed to agreements with the problem. 
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a) b) c) 

a) b) c) 

 
 

 

Figure 5 - Pressure Profile in the axial position (a) X = 0.208, (b) X = 3.333 and (c) X = 12.228. 

 

For figure (6) it is observed that according to the conditions where the temperature at the beginning of the duct 

remains at 1 (one), however it along the pipeline decreases tending to 0 (zero). This implies that when the temperature 

development tends to infinity approaches . 
 

 
Figure 6 - Behavior of temperature at the center of the duct along the same Reynolds to 300. 

 

The following figures deal with the temperature profile in the duct at different axial positions in the case of 
Reynolds equal to 300. 

 

  
 

 

Figure 7 - Temperature Profile in axial direction (a) X = 0.208, (b) X = 3.333 and (c) X = 12.228.  
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The graphics of the temperature profile satisfies the boundary conditions. Where the beginning of the temperature 

tends to channel 1 and channel develop in this tends to 0. And it is noticeable that the temperature behavior evolves 

much faster than the speed due to the Prandtl number is less than one. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8 - Behavior Nusselt along the X component for Reynolds 300, with emphasis on the end of the flow. 

 
In figure (8) observed downward trend of Nusselt, where it tends to stabilize around 9.88. The result obtained this 

consistent with the literature, where KAKAÇ (1994) states that the value of Nusselt, for our type of problem tends to 

9.8696. 

 

5.  CONCLUSION 

 

This work at first tried to address the Navier-Stokes equations coupled with the Poisson equation simultaneously, in 

order to determine the velocity field and pressure, so studying the important parameters of literature, the second time 

addressed the equation energy to obtain the temperature field, where it possible to analyze the behavior of Nusselt. 

These equations were solved using the technique of generalized integral transformation (GITT) in primitive form, 

considering the Newtonian fluid, incompressible and physical constants. 
 

The solution in primitive variables allows the lifting of the velocity field and pressure, can be used to control 

leakage in pipelines and industrial. With this, the present results are reliable at work, therefore, are consistent with the 

previous work. The use of filters, with the main goal to homogenize the boundary conditions, is enhanced both for 

speed and for pressure, because that enhances the convergence and improves computational performance. Solve the 

problem by primitive variables facilitated the construction schedule with reference to the difficulty we would have if we 

used the current function, however, it is noteworthy that the latter provides continuity automatically. 

 

 

The temperature field behaved stable, its development was quite satisfactory, with convergence to low numbers of 

eigenvalues, much of it due to the Prandtl number is less than 1, which allowed more rapid development to temperature. 
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The results obtained for these parameters had good behavior, where the friction factor multiplied by Reynolds 

converged to 23.91 where the vast literature on the subject shows that this must be close to 24, for the proposed 

problem. Already Nusselt number is validated by the book KAKAÇ (1995) where it says that, with conditions identical 

to the present work, tends to converge to 9.8698, where we obtained 9.88 for 70 eigenvalues. 

 

With all this above, it is found that transformation technique Generalized Integral, which is used in this work was 

found to be effective in solving the problem of a drain, simultaneous, two-dimensional, permanent, considering the 

velocity, pressure and temperature, also showing excellent agreement with other previous works. 
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