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Abstract. The rupture of the anterior cruciate ligament (ACL) is the most common injury of the human knee and causes
great instability to it, decreased functional ability as well as degeneration of the menisci and adjacent articular cartilage.
When surgery is required, the preoperative planning becomes a critical step in defining the parameters to be used in
surgery. In this context, orthopedic surgeons need to scientifically define the best insertion position of the graft, that
approximates the functionality of an intact ACL, and also to know the pretension that the graft should be fixed. In addition
to the factors listed above, it is interesting to estimate the force acting on the ligament (or graft) in response to an
aFbeingpplied load on the knee. This force is called In-Situ force. The objective of the present research is to propose and
to implement a methodology for computational modeling of the knee in the sagittal plane, considering elastic behavior of
the ligaments, based on the theory of mechanisms and Davies method. The model should simulate the positions and In-Situ
forces of a healthy ACL and also the pretension of the graft. This methodology will be used to implement custom models
of the knee, to provide information to assist the medical decision making in the preoperative planning. The proposed
methodology provides a unique and systematic approach for the biomechanical analysis of the knee, and it consists of
four steps: Schematic representation of the physical model of the knee, Identification of the successive positions of the
cruciate ligaments, Determining the cruciates ligaments forces, and Consideration of elastic behavior. The proposed
methodology contemplates an experimental procedure performed to obtain the In-Situ forces. Experimental In-Situ forces
serve to validate the proposed model. The experimental procedure is performed by a robotic manipulator that applies
anterior tibial loads on a knee specimen, in several flexion angles. The robotic manipulator is coupled with an universal
force sensor (UFS), that measures the In-Situ forces in the ACL. It can be concluded that the numeric results of the In-Situ
forces and desplacements that consider elastic behavior, are very close to the ones obtained in simulations which do not
include elastic behavior of the ligaments. The simulated results are different fromthe experimental ones, because the
proposed model is simplified and does not include tridimensional behaviors, such as axial knee rotation. It is possible
to improve the results by adding a tridimensional model and the anatomical structures which were not considered in the
proposed methodology, allowing the achievement of better simulation results, closer to the ones experimentally obtained.

Keywords: Computational modeling of the knee, preoperative planning, mechanisms, Davies method, elastic behavior.

1. INTRODUCTION

The human knee joint is subjected to high mechanical solicitations when performing its biomechanical function and
injuries are frequent. The rupture of the anterior cruciate ligament (ACL) is the most common injury on human knee (Woo
et al., 2006b) and causes great instability to it, decreased functional ability as well as degeneration of the menisci and
adjacent articular cartilage. Cartilage problems and ligament injuries are treated surgically using grafts as a replacement
of the ligaments, in case of ligament reconstruction, or using prosthesis, in case of osteoarthritis.

The surgical treatment for injuries involves the knee joint surgery, physiotherapy and rehabilitation procedures to
restore the patient’s functional abilities of the knee. For the surgery, the orthopedic surgeon must plan the surgery in
order to obtain better results postoperatively. Therefore the preoperative planning is a critical step in selecting the surgical
technique and the parameters definition to be used in surgery for each patient and, thus, it can directly affect the results of
surgery.

For an appropriate preoperative planning, the orthopedic surgeon needs to know the exact problem to be solved (San-
cisi and Parenti-Castelli, 2010; Olanlokun and Wills, 2002), possible surgical solutions (Sancisi and Parenti-Castelli,
2010; Olanlokun and Wills, 2002), the expected consequences for each solution (Olanlokun and Wills, 2002) and the
physiotherapy protocol in the postoperative period (Sancisi and Parenti-Castelli, 2011b). In this context, several studies
have been developed to define mechanical models representative of the knee. It has been shown that these models provide
additional information to orthopedic doctors in several aspects of preoperative planning, as well as in the reconstruction
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of ligaments, joint surfaces and osteotomy (Olanlokun and Wills, 2002). Moreover, these mechanical models are essential
for the design of prostheses (Sancisi and Parenti-Castelli, 2010; Ottoboni et al., 2005; Sancisi et al., 2011), synthesis
orthoses (Sancisi and Parenti-Castelli, 2010), and to estimate indirectly unmeasured forces that are internal to the joint
(Sancisi et al., 2011).

However, there still exist needs on the part of the orthopedic surgeons, such as: to obtain the scientific setting of the
point for insertion of the graft that approximates the functionality of an intact ACL; to know the pretension that the graft
should be fixed; and to estimate the force acting on the ligament (or graft) in response to an applied load to the knee. That
force is called In-Situ force (Woo et al., 2006a, 1998).

The main purposes of this work is to support the orthopedic surgeon to know the above mentioned requirements, using
the information provided by a two-dimensional mechanical model of the knee, to be developed based on the mechanisms
theory, the screw representation and the Davies method. This model allows to simulate the positions and forces of a
healthy ACL in the sagittal plane, considering the elastic behavior of the cruciate ligaments. The model also allows to
simulate the forces that occur in an ACL graft replacement, depending on the site of the graft insertion.

This being a multidisciplinary work, it begins with the biological theoretical foundations, which briefly covers the
biomechanics of the knee in the sagittal plane. In the following section the theoretical backgrounds in robotics is presented,
using it for analysis and modeling of the knee. The next section presents the proposed methodology for modeling, which
consists of four sequential steps. In order to validate the proposed model, comparison were made between the simulated
values of the In Situ force in the ACL with the experimetals ones, obtained by Woo et al. (1998). Finally, the conclusions
are presented.

2. THEORICAL FOUNDATIONS IN KNEE BIOMECHANICS: FUNCTION OF THE CRUCIATE LIGAMENTS
IN THE SAGITTAL PLANE

The function of the knee joint is the result of the interaction between the different parts that compose it. The inter-
dependence of these structures are such that the injury of any of them leads to the deterioration of the joint as a whole
(Woo et al., 1998). Ligaments are particularly vulnerable because they are subject to sprains in almost all knee injuries,
especially ACL. For this reason, the present study focused on the biomechanics of the cruciate ligaments and, specifically,
on the ACL.

For a preliminary two-dimensional analysis of the knee, it is considered that the cruciate ligaments are behaving
as inextensible cords or isometric links attached to bones (femur and tibia) through rotary joints. This consideration
(Kapandji et al., 2000; Wilson and O’Connor, 1997; Wilson et al., 1998; Huson et al., 1989; Gregorio and Parenti-
Castelli, 2006; Parenti-Castelli et al., 2004; Sancisi and Parenti-Castelli, 2011a, 2010, 2011b; Sancisi et al., 2011), has the
advantage of clarifying the general mechanical action of a ligament, but it does not allow to know the behavior in detail,
because it does not take into account neither the viscoelastic effects, nor the other adjacent anatomical structures.

The geometry of the cruciate ligaments determines the condylar profile in the sagittal plane (O’connor et al., 1989).
Overall, the cruciate ligaments ensures the anterior-posterior stability of the knee allowing flexion movements and while
maintaining the articular surfaces in contact. Their function can be illustrated with a cross four-bar mechanism easy to
visualize (Fig. 1a,1b and 1c), where the ACL and PCL are represented as links cd and ab, respectively. Meanwhile, the
link ad represents the tibial link (fixed to the tibia), and bc represents the femoral link (fixed to the femur). Starting from
the extended position (Fig. 1a), the ACL (cd) is uptight and is one of the limitings of the hyperextension. As a result, the
flexion tilt the femoral link bc (Fig. 1b), whereas the LCP (ab) straightens up and the LCA (cd) is semi-recumbent. From
the moment in which the flexion is between 70◦ (Fig. 1b) and 140◦ (Fig. 1c) the LCP straightens up almost vertically and
tightens, but the ACL is semi-recumbent and distended (Kapandji et al., 2000).

Figure 1. Mechanical model of the knee in flexion: a) 0◦ or fully extended, b) 70◦, c) 140◦, based on (O’connor et al.,
1989), d) Rollback knee movement, Based on (Bacarim Pavan, 2010).

ISSN 2176-5480

5854



22nd International Congress of Mechanical Engineering (COBEM 2013)
November 3-7, 2013, Ribeirão Preto, SP, Brazil

As shown in Figure 1, the femoral condyle is on the distal end of the femur, and it is articulated wtih with the surface
of the tibia, or the tibial plateau. The movement of the femoral condyles on the tibial surface combines rolling and slip
(Kapandji et al., 2000). During the first 30◦ of flexion, the femur rolls over the tibial surface (Bacarim Pavan, 2010), a
phenomenon known as rollback (Fig. 1d), and in flexion angles higher to 30◦, femoral condyles tend to maintain a fixed
point of rotation of the tibial surface. The motion of rolling can be easily understood in terms of the operation of the
cruciate ligaments, but the slip involves a higher complexity. The ligaments restrict movement of the femoral condyles so
that they slide on the tibial surface in the opposite direction to its rolling (Kapandji et al., 2000). During flexion, the ACL
acts femur driving forward. Then, the ACL is responsible for the forward slip of the femoral condyle, associated with its
rolling back. Viewed in this way, it can be said that the ACL is the main limiting of the anterior displacement of the tibia
relative to the femur, or that its prevents the anterior tibial displacament. Another important function of the ACL is to
limit the axial rotation of the femur on the tibia.

3. THEORICAL FOUNDATIONS IN ROBOTICS

To perform a knee modeling based on the mechanisms theory, each anatomical knee structure should have a complete
representation of the positions and forces that take place in the biomechanics of the joint.

For the static analysis, the Kirchhoff’s current law adapted for mechanisms by Davies (Davies, 1981) can be used.
To obtain the kinematic position of the ligaments, is used the Freudensteint’s Equation (Freudenstein, 2010) and Rigid
Transformations (Selig, 1992). Therefore, the position and orientation are entered in the Davies method. This allows to
the kinematics and to the statics of a mechanism are able to be known by a unified methodology.

The use of the of Davies method is possible by previous knowledge of the Screw theory (Ball, 1900), which will also
be reviewed in this session.

3.1 Davies method in static

The Kirchhofft’s Current Law states that the algebraic sum of the currents entering and leaving a node is zero. In
an analogous manner, to analisys of the static of mechanisms, Davies (1981) states that the sum of the wrench (screw
of force) that belong to a same cut (performed in a subset of couplings) is zero, which is called the Cut-Set Law.
Therefore, the method demonstrated in this session, uses Kirchhoff’s laws to build the dependence of the unknowns. The
physical characteristics such as force, moment, position, orientation and geometric characteristics, are included in the
screw representation.

3.2 Screw theory

A screw is a geometric element defined by a directed line (axis) and an associated pitch h, which can be used to
represent mechanical magnitudes (Campos et al., 2005, 2009; Campos, 2004). It is said normalized screw $̂ when the
directed line is represented by a normalized vector. The screw can be conveniently expressed through the six Plücker
homogeneous coordinates, as shown in Eq. (1) where ~S is the orientation vector along the helical axis, ~S0 is the position
vector of any point of the helical axis relative to the origin of the system and L, M , N , P ∗, Q∗ e R∗ are the Plücker
homogeneous coordinates (Campos et al., 2005, 2009).

$ =
(
~S; ~S0 × ~S + h~S

)T
= (L,M,N ;P ∗, Q∗, R∗)

T (1)

3.3 Screw in static

The state of forces of a rigid body relative to an inertial system can be described by a screw called wrench $A, and
consists of two main components: a moment ~T parallel to the helical axis, and the resultant force vector ~R, whose line
of action defines the helical axis (Ball, 1900; Weihmann et al., 2011a,b; Laus et al., 2012). The moment ~T has units of
[force] x [length] equivalent to the product of the resultant force ~R with the pitch h.

In a similar way to the homogeneous coordinates of Plüker (Eq. (1)), the wrench $A can be rewritten with six coordi-
nates, as shown in Eq. (2).

$A = (P ∗, Q∗, R∗;L,M,N)
T

=
(
~S0 × ~R+ h~R; ~R

)T
=
(
~TP ; ~R

)T
(2)

The first three components of this vector correspond to the moment ~TP , and represents a free vector acting on the rigid
body at a point P instantaneously coincident with the origin O. The resulting force ~R is a row vector that acts on the
screw axis (Weihmann et al., 2011a,b; Laus et al., 2012), and corresponds to the last three vector components of the Eq.
(2).

Normalizing the wrench $A, it is possible to separate it into a geometric element $̂A, with no associated mechanical
greatness, and a magnitude Ψ with force units, thus $A = $̂AΨ.

ISSN 2176-5480

5855



Saldias D. A. P. , Martins D. and Roesler C. R. M.
Modeling of Human Knee Joint in Sagittal Plane Considering Elastic Behavior

The wrench can assume two conditions according to the pitch value. When the pitch is zero h=0, the wrench represent
purely force. When the screw has pitch h =∞, means that the net force ~R is zero and wrench represents purely moment.
Thus, in a coupling each constraint is represented by a wrench (Weihmann et al., 2011a,b; Laus et al., 2012). Also, all
brench of a mechanism may be arranged in so-called matrix of Actions, which is denoted by [AD]λ×C shown in eq. (3),
where C is the brute degree of restriction of the coupling network, equal to the sum of all unit restrictions cp of each
coupling belonging to the circuit of the mechanism. Normalizing the heliforças obtains the Unit Action matrix ˆ[AD]λ×C .

For its part, the magnitudes arranged as a matrix, compose the magnitude action vector
{
~Ψ
}
C×1

.

The Davies Cut-Set Law states that the algebraic sum of the wrench that belong to the same cut (performed in a subset
of couplings) is zero. Thus a cut in the λ space can be represented by the screw matrix notation as shown in Eq. (3):∑

$A = [AD]λ×C = [ÂD]λ×C

{
~Ψ
}
C×1

=
{
~0
}
λ×1

(3)

In the same way for a number of k cuts, the system of the Eq.(3) is as follows:

[ÂN ]λ.k×C

{
~Ψ
}
C×1

=
{
~0
}
λ.k×1

(4)

Where [ÂN ]λ.k×C is called Unit Network Action matrix.
Authors such as Weihmann et al. (2011a,b); Laus et al. (2012) show clearly how to set the system of the Eq. (3), taking

into account the graphs that determine the topological relation of the mechanism. The solution of the Eq. (3) depends on
the proper selection of CN primary variables belonging to the vector

{
~Ψ
}
C×1

, which are usually related to the actuators,

through external forces that were internalized. This equation system can be partitioned betweenCN primary variables and
secondary variables a, where the secondary variables lead the sub-index S and the primary variables carry the subscript
P . The last step is to isolate the unknowns vector {ΨS}a×1, resulting in the static solution:{

~ΨS

}
a×1

= −[ÂNS ]−1
a×a[ÂNP ]a×CN

{
~ΨP

}
CN×1

(5)

Where [ÂNS ] is the Secondary Network submatrix and [ÂNP ] is the Primary Network submatrix. Assigning values to
the primary variables [~ΨP ] is possible to obtain a static solution, corresponding to the Eq. (5).

4. PROPOSED METHODOLOGY

The proposed methodology for modeling the knee in the sagittal plane provides a unique and systematic approach for
the biomechanical analysis of the knee, and it consists of four steps (Fig. 2): (1) Schematic representation of the physical
model of the knee, (2) Identification of the successive positions of the cruciate ligaments, (3) Determining the cruciates
ligaments forces, and (4) Consideration of elastic behavior.

The first step identifies the initial positions of the cruciate ligaments when the knee is in full extension position, based
on magnetic resonance imaging (MRI). The second step leads to the identifications of the successive positions of the
cruciate ligaments in the flexion-extension movement of the knee. The third step leads to the identification of the forces
acting on the cruciate ligaments for each position, by means of the Davies method. This static analysis enables to obtain
the In-Situ force of the ACL (or ACL graft) and the magnitude of pre-tension of the ACL graft fixation, due to an applied
external load. The fourth step leads to the identification of forces and displacements considering elastic behavior of the
cruciate ligaments. This is performed with the In-Situ force, obtained in the previous step, and an experimental stiffness
constant k, obtained from Górios et al. (2001). Finally, it can be analyzed the effect of considering the elastic behavior.
This whole procedure is briefly schematized in the Fig. 2 and it will be explained in detail below.

4.1 Schematic representation of the physical model of the knee in the sagittal plane

The proposed physical model is based on the experimental approach presented by O’connor et al. (1989), where it is
considered that the cruciate ligaments are always in tension and a cross four-bar mechanism abcd is superimposed to the
cruciate ligaments, as shown in Fig. 3a. Here, a, b, c and d are rotary joints of the mechanism, the link ab represents
the PCL, the link cd represents the ACL, the link ad represents the tibial link (fixed to the tibia), and bc represents the
femoral link (fixed to the femur). The angle α indicates the orientation of the link cd relative to the tibial link, and β is
the orientation angle of the link ab relative to the tibial link. I is the intersection of the cruciate ligaments and represents
the center of rotation of the joint.

The length and position of the links in the proposed model, depend on the ACL and PCL length, as well as the location
of the ligament insertions on the tibia and femur. The determination of these parameters can be performed by MRI
inspection as shown in Fig. 3b.

ISSN 2176-5480

5856



22nd International Congress of Mechanical Engineering (COBEM 2013)
November 3-7, 2013, Ribeirão Preto, SP, Brazil

1. SCHEMATIC REPRESENTATION OF THE
PHYSICAL MODEL OF THE KNEE

Ligament´s initial positions (obtained from MRI):
S0a ; S0b ; S0c ; S0d

2. IDENTIFICATION OF THE SUCESSIVE POSITIONS OF THE
CRUCIATE LIGAMENTS

3. DETERMINING THE CRUCIATE LIGAMENTS FORCES

DAVIES METHOD IN STATICS: Internalize the external loads applied in the experimental
procedure proposed by Woo et al. (1998).

FLCA and FLCP

Without Considering Elastic
Behaviour

4. CONSIDERATION OF ELASTIC BEHAVIOUR

Spring Stiffness Equation: F=K.d, (k=const.)

dLCA=FLCA / KLCA => S0cf(elastic)=S0cf + dLCA

dLCP=FLCP / KLCP => S0bf(elastic)=S0bf + dLCP

Load distribution
due to a new
displacement

position

FLCA and FLCP

Considering Elastic
Behaviour

S0f =[A]S0

External loads aplied on the knee
for several positions.

Experimental procedure (Woo et
al., 1998)

Static modeling of
the external loads on
the two dimensional

knee

Internalize the external loads for
each knee position.

New
displacement
computation

(Direct kinematics)

Analysing Elastic Behaviour

Homogeneous Matrix

Ligament´s initial position

Ligament´s final
position

Figure 2. Schematic process of the proposed methodology, composed by four steps: (1) Schematic representation of the
physical model of the knee, (2) Identification of the successive positions of the cruciate ligaments, (3) Determining the

cruciates ligaments forces, and (4) Consideration of elastic behavior.

Williams et al. (1991) did an exhaustive literature review, which showed the wide range of variation of the lengths of
the cruciate ligaments in the sagittal plane, indicating that the length of the ACL and the PCL varies between 23 and 40
mm. Authors such as Bradley et al. (1988); Clement et al. (1989); Crowninshield et al. (1976) and Wang et al. (1973) also
present studies with ligament length values. The ligament length values chosen for the simulation of the proposed model
were based on the most frequent values found in the literature, out of which: LCA (cd)=24.6mm, LCP (ab)=25.7mm,
femoral link (bc)=13mm, tibial link (ad)=22mm.

4.2 Identification of the successive positions of the cruciate ligaments

In this section, the successive positions of the cruciate ligaments are calculated, from the maximum extension up to the
maximum flexion of the knee (0◦ - 140◦), as shown in Fig.1. For this analysis, the Freudenstein’s equation (Freudenstein,
2010) and Rigid Transformations (Selig, 1992) are used. The Freudenstein’s equation (Freudenstein, 2010) is widely used
for the synthesis of 4-bar mechanisms, and in the proposed model it allows to find the β angle in function of α angle (Fig.
3a).

Considering the fixed points a and d, and the point a as the origin of the coordinate system, the successive positions

ISSN 2176-5480

5857



Saldias D. A. P. , Martins D. and Roesler C. R. M.
Modeling of Human Knee Joint in Sagittal Plane Considering Elastic Behavior

d)

Figure 3. a) Knee in flexion with a cross four-bar mechanism superimposed on the cruciate ligaments (O’connor et al.,
1989). b) MRI of a knee in extension (Lykissas et al., 2010). c) Physical model of the knee in extension (O’connor et al.,

1989). d) Successive positions of the cruciate ligaments: ACL in red, LCP in blue, tibial and femoral link in black.

of the links ab and cd can be described. The position of the vector ab is described as the rotation of the point b around the
point a, as shown in equation 6, whereas ~Sobf is the final position of the point b, ~Sob is the initial position of the point b,
and [Aβ ] is homogeneous matrix that describes the rotation angle β around the point a.

~Sobf = [Aβ ] ~Sob (6)

In the same way, the position vector cd is described as the rotating point c around the point d, as shown in equation 7,
whereas ~Socf is the final position of the point c, ~Soc is the initial position of the point c, and [Aα] is the homogeneous
matrix that describes the rotation angle α around the point d.

~Socf = [Aα] ~Soc (7)

Entering the successive values of α (from the maximum extension up to the maximum flexion) in the Eq.(6) and (7),
all positions of the cruciate ligaments are obtained, as shown in Fig. 3d.

4.3 Determining the cruciates ligaments forces

In this section the forces in the cruciate ligaments are calculated by static analysis using the the Davies Cut-Set Law
(Davies, 1981). For this, the experimental procedure proposed by Woo et al. (1998) is modeled and simulated to obtain the
In-Situ force by using a robotic manipulator system (Unimate, PUMA model 762) and a universal force-moment sensor
UFS (JR3, model 4015), as shown in Fig. 4a. This experimental procedure is described as follows. Woo et al. (1998)
analyzed the In Situ force in the ACL, using knees specimens whose tibia and femur were cut to a length of 200mm from
the joint line, secured within thick-walled aluminum cylinders and rigidly fixed. The cylinder that holds the femur is fixed
to the ground by a supportive base structure. The cylinder that holds the tibia is fixed to the UFS, which in turn is fixed
on the end-effector of the robot (Fig.4a). To obtain the In-Situ force of the ACL, the robot applies an anterior tibial load
as shown by the red arrow in Fig. 4a, and it is applied in five knee angles of flexion (0◦, 15◦, 30◦, 60◦, 90◦).

The load direction is chosen anteriorly to the tibia because there are exams, where the doctor manually applies a
similar load on the tibia in order to determine the existence of ACL injuries (Drawer Test, Lachman test). A second
reason, because the ACL is the primary limiter of anterior displacement of the tibia relative to the femur. Therefore, the
load applied by the robot directly affects the LCA. For its part, the UFS sensor allows to save the data of force and torque
that occur in the tibia, and by Jacobian operations, the magnitudes that occur in the LCA are known, such as the In-Situ
force (Woo et al., 1998, 2006b, 2004, 2006a).

The modeling of the experimental procedure of Woo et al. (1998) is shown in Fig. 4b. This model adopts the inertial
reference system coinciding with the point a, belonging to the tibia. This convention considers that the femur is moving
and the tibia is fixed.

The anterior tibial force applied by the robot has a magnitude of F1, and is accompanied by a torque τ1 that constrains
the flexion angle in order to provoke a forward translation of the tibia relative to the femur. The loads applied by the robot
are shown in red (Fig. 4b). Whereas the ligaments transmit the applied loads by the robot, from the tibia to the femur,
in the form of a reaction force F and a torque reaction τ , shown in blue (Fig. 4b). The reaction force F keeps constant
its direction throughout of the knee flexion, and it is considered to be located at the midpoint of the femoral link bc. The
application point of the force (F) is called ~S0F .
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a) b)

t t

t t
1 1

1 1

Figure 4. a) Experimental procedure proposed by Woo et al. (1998). b) Static modeling of the experimental procedure
(Saldías et al., 2013).

For the static analysis by Davies method (Davies, 1981), both external force and torque shown in red (Fig. 4b), must
be internalized and replaced with equivalent actions between links belonging to the analyzed mechanism, resulting in a
over-constrained chain (Fig. 5a). At this stage, numbers are assigned to each link and internal actions Rx and Ry are
specified at each joint, as well as the force F and torque τ (Fig. 5a).

Once the actions are internalized, the action graph GA (Fig.5b) is formed, where the 8 edges Rx and Ry represent the
passive actions between each link in 0, 1, 2 e 3, and the edges F and τ represent the active actions between the links 0 and
2.

a) b)
u

v

w

Figure 5. a) Actions on the couplings of the modeled mechanism. b) Action graph GA of the modeled mechanism, and k
cuts in red dashed lines. (Saldías et al., 2013).

For the graph GA the k cuts are determined. The number of k cuts is given by the relation 8, (Tsai, 2001):

k = n− 1 = 4− 1 = 3 (8)

Where n is the number of vertices of the graphGA. Based on the generator tree (Weihmann et al., 2011a,b; Laus et al.,
2012), it is determined where the k = 3 cuts in the graph will be applied. The 3 cuts are called u, v and w, and are shown
in red dashed lines (Fig. 5b).

For the internalized actions chain, in the workspace λ = 3, can be described λ · k equations that must be satisfied by
C unknowns. The C unknowns correspond to the sum of the number of passive actions Rx and Ry , and active actions F e
τ :

C = Rx+Ry + F + τ = 4 + 4 + 1 + 1 = 10 (9)

These C unknowns can be written as a function of CN primary variables (Weihmann et al., 2011a,b; Laus et al., 2012).

CN = C − λ · k = 10− (3 · 3) = 1 (10)

Thus, it is possible to determine the internal actions C of the chain, by imposing CN = 1 variables, corresponding to
the force F.
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In relation to wrench to the rotary joints (Rx and Ry), and the force F pitch h is zero, therefore wrenches are obtained
that represent pure force constraints as shown in eq.11.

$ =
(
~S0 × ~S; ~S

)T
=
(
~S0 × ~R; ~R

)T
(11)

On the other hand, the wrench pitch corresponding to pure torque τ is infinite; therefore, wrenches which represent
pure torque are obtained as indicated in equation 12.

$ =
(
~S;~0
)T

=
(
τ ;~0
)T

(12)

Considering the eq.(11) and Eq. (12), and that the position vectors ~S0 of the wrenches are obtained in the step 2 of the
methodology (Identification of the successive positions of the cruciate ligaments), the following wrenches are obtained
for the proposed model:

$ax =

(
~0
~Rax

)
; $ay =

(
~0
~Ray

)
; $bx =

(
~S0bf × ~Rbx

~Rbx

)
; $by =

(
~S0bf × ~Rby

~Rby

)
;

$cx =

(
~S0cf × ~Rcx

~Rcx

)
; $cy =

(
~S0cf × ~Rcy

~Rcy

)
; $dx =

(
~S0df × ~Rdx

~Rdx

)
;

$dy =

(
~S0df × ~Rdy

~Rdy

)
; $F =

(
~S0F × ~F

~F

)
; $τ =

(
~τ
~0

)
; (13)

The Davies Cut-Set Law (Davies, 1981) states that the sum of the wrenches belonging to a cut is zero (Eq.4). To
apply the Cut-Set Law it is built the Unit Network Action matrix [ÂN ]λ.k×C . In this matrix, the normalized wrenches
belonging to each cut u, v and w of the graph GA are placed in an organized way, (Fig. 5b). The Unit Network Action
matrix for the proposed model is presented in Eq. (14):

cut u
cut v
cut w

 $̂ax $̂ay ~0 ~0 ~0 ~0 $̂dx $̂dy $̂τ $̂F
$̂ax $̂ay $̂bx $̂by ~0 ~0 ~0 ~0 ~0 ~0

$̂ax $̂ay ~0 ~0 $̂cx $̂cy ~0 ~0 $̂τ $̂F

 = [ÂN ]λ.k×C (14)

Thus, the Eq. (4) applied to the proposed model becomes:

 $̂ax $̂ay ~0 ~0 ~0 ~0 $̂dx $̂dy $̂τ $̂F
$̂ax $̂ay $̂bx $̂by ~0 ~0 ~0 ~0 ~0 ~0

$̂ax $̂ay ~0 ~0 $̂cx $̂cy ~0 ~0 $̂τ $̂F


9×10

=



Rax
Ray
Rbx
Rby
Rcx
Rcy
Rdx
Rdy
τ
F


10×1

=
[
~0
]
10×1

(15)

According to the Eq. (5), the system of the Eq. (15) can be rewritten, so that the Primary Network submatrix [ÂNP ]
is equal to the last column of the matrix [ÂN ]λ.k×C , and Secondary Network submatrix [ÂNS ] is equal to the first nine
columns of the matrix [ÂN ]λ.k×C . Since [ÂNS ] is invertible, the magnitudes of secondary actions [~ΨS ] are calculated by:

Rax
Ray
Rbx
Rby
Rcx
Rcy
Rdx
Rdy
τ


9×1

= −

 $̂ax $̂ay ~0 ~0 ~0 ~0 $̂dx $̂dy $̂τ
$̂ax $̂ay $̂bx $̂by ~0 ~0 ~0 ~0 ~0

$̂ax $̂ay ~0 ~0 $̂cx $̂cy ~0 ~0 $̂τ


−1

9×9

 $̂F
~0

$̂F


9×1

· ~F (16)
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Assigning a value to the primary variable ~F , it is possible to obtain a static solution, corresponding to the Eq. (16).
In order to perform the static simulation that represents the experimental procedure proposed by Woo et al. (1998),
the motion of the knee flexion ranges from 0◦ to 90◦. For each flexion angle, an anterior tibial force ~F is applied.
The In-Situ force of LCA is calculated as the force that passes through the link dc for each flexion angle, that is:
FLCAinsitu=Rdx/(cos(α)). The In-Situ force of LCP is calculated as the force that passes through the link ab for each
flexion angle, that is: FLCPinsitu=Rax/(cos(β)).

4.4 Consideration of elastic behavior

This step leads to the identification of forces and displacements of the cruciate ligaments considering elastic behavior.
The elastic displacements of the ligaments d are obtained by means of the Spring Stiffness Equation, shown in Eq. (17).
There, K is the stiffness constant, F is the value corresponding to the In-Situ force of the cruciate ligaments, which had
been obtained for each flexion angle in the previous step of the methodology (Fig. 2).

F = K.d (17)

Specifically, the elastic displacements of the ACL and PCL were obtained as shown in Eq. (18), whereKACL=121.91N/mm
and KPCL=143.88N/mm are the constant values of ACL and PCL stiffness, proposed by Górios et al. (2001).

dACL = FACL/KACL

dPCL = FPCL/KPCL (18)

It is important to note that each elastic displacement (dACL and dPCL) varies as long as the In-Situ force varies for
each angle flexion. All the sucessive ligaments positions had to be updated, as shown in Eq. (19) considering these elastic
displacements. The updated positions of the ACL and PCL, now considering elastic behavior, are called ~Socf(elastic) and
~Sobf(elastic) respectively. Three principal sucessive positions of the cruciate ligaments, considering elastic behavior (red)

and disconsidering elastic behavior (blue), are shown in (Fig. 6)

~Socf(elastic) = ~Socf + dACL
~Sobf(elastic) = ~Sobf + dPCL (19)

For the updated positions the Cut-Set Law is reapplied, finding forces that consider elastic behavior of the cruciate
ligaments, and they will be shown in the next section.

Figure 6. Positions of the cruciate ligaments: considering elastic behavior (red) and disconsidering elastic behavior (blue).

5. RESULTS

In this section, the results of the In-Situ forces in the ACL and the anterior tibial displacement simulated in the model
are presented. To validate the proposed model, the experimental results obtained by Woo et al. (1998) are compared
with the two simulated results: one that considers elastic behavior, and another that disconsiders elastic behavior. The
experimental values (force and displacement) were obtained when Woo et al. (1998) robotically applied an anterior tibial
load F1 = 110N for the following flexion angles: 0◦, 15◦, 30◦, 60◦, 90◦. On the other hand, the simulated results are
obtained considering that F1 is continuosly applied from 0◦ up to 90◦.
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The results of the In-Situ forces in the ACL, are shown in Fig. 7a. The experimental values are shown in blue
triangles. The simulated values that consider elastic behavior are shown in black squares. The simulated values that
disconsider elastic behavior are shown in red circles. The experimental values of In-Situ force grow from 0◦ up to 15◦

of flexion, after these angle the values are decreasing. The simulated values of In-Situ force start to decrease from 0◦ up
to 90◦. The maximum difference between experimental and simulated values of In-Situ force is 20.7N at 0◦ of flexion,
while the minimum differences (colse to 0N) are from 12◦ up to 90◦ of flexion. The difference between the two simulated
results, one that considers and another that disconsiders elastic behavior, vary within 3.0N and 3.7N. Of which, those that
consider elastic behavior are slightly higher.

The anterior tibial displacement due to the anterior tibial load F1 = 110N, are shown in Fig. 7b. The experimental
values are shown in blue triangles. The simulated values that consider elastic behavior are shown in black squares. The
simulated values that disconsider elastic behavior are shown in red asterisks. The experimental values of anterior tibial
displacement grows strongly from 0◦ up to 30◦ of flexion (rollback effect). After that, the displacement decreases. This
means that the femur glides over the tibia and even changes the direction of displacement. The simulated values of
anterior tibial displacement start to grow continously from 0◦, without changing its direction. The maximum difference
between experimental and simulated values of anterior tibial displacement is 4.9mm at 0◦ of flexion, while the minimum
differences (0mm) are located at 67◦ and 70◦ of flexion. The difference between two simulated results, one that considers
and another that disconsiders elastic behavior, vary within 0.2mm and 0.9mm. Of which, those that consider elastic
behavior are slightly higher.

Figure 7. Experimental values, simulated values that consider elastic behavior, and simulated values that do not consider
elastic behavior for: a) In-Situ forces in the ACL. b) Anterior tibial translation.

Figure 8. In-Situ Forces for F1 magnitudes: a) Experimental values (Woo et al., 1998), b) simulated values that disconsider
elastic behavior, and c) Simulated values that consider elastic behavior.

After that procedure, the In-Situ forces in the ACL were evaluated on the same flexion angles, but varying the magni-
tude of the anterior tibial forces F1 to: 110N, 88N, 66N, 44N and 22N. The experimental values are shown in Fig.8a. The
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simulated values that disconsider elastic behavior are shown in Fig.8b. The simulated values that consider elastic behavior
are shown in Fig.8c. In Fig.8a can be seen that the graphs of experimental results of In-Situ forces have a convex shape
with the maximum values close to 15◦ of flexion. In contrast, the simulated values of forces (Fig.8a,b) have a decreasing
shape with a maximum at 0◦ of flexion. The maximum difference between experimental and simulated values of In-Situ
forces is 20.7N at 0◦ of flexion. The maximum difference between simulated values of In-Situ forces, that consider and
disconsider elastic behavior, is 3.7N at 90◦ of flexion.

6. CONCLUSIONS

The proposed model of the human knee joint allows to obtain results of position and In-Situ forces in the ACL close to
the experimental ones. This fact makes possible to provide support to the orthopedic surgeons with important informations
for preoperative planning and medical decision making.

The inclusion of the elastic behavior can be negligible, because the largest error between simulated In-Situ forces, that
consider and disconsider elastic behavior, is small (5, 1%). In its turn, the largest error between the simulated anterior
tibial displacements, that consider and disconsider elastic behavior, is small as well (6.1%). It is concluded that a model
with fixed-length links would reproduce results close the experimental ones.

The proposed methodology for inclusion of the elastic behavior could be considered as a series of iterations, where the
positions of the ligaments are accommodating until converge, according to an external load F1 and a stiffness constant K.
But in this work a single iteration has been performed, because the variation of the length of the ligaments in one iteration
resulted very small, thus considering it as already converged.

The main reason of the difference between simulated and experimental results of In-Situ forces in the ACL is the
disregarding of the three-dimensional effects, such as axial rotation of the knee, which occurs strongly in the first degrees
of knee flexion, but also on the whole knee movement. For the same reason, the simulated values of anterior tibial
displacement are growing continuously without change of direction (unlike the experimental values). Although the results
of this study are encouraging, they still do not reflect faithfully the experimental results.

The proposed methodology would allow to improve the present model, simulating customized models of the knee, in-
cluding three dimensional effects and other internal structures, that will allow better results and closer to the experimental
ones.
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