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Abstract. This paper presents the stiffness analysis of CaPaMan-2bis (Casino Parallel Manipulator version 2 bis) 
robotic structure using the Finite Element Analysis (FEA). First, a review of the methods for calculating the stiffness of 
multibody systems is presented. After is presented the kinematics model of CaPaMan-2bis. Many types of computer 
software can be used to model the structure and run its finite element analysis. The software chosen for this paper were 
the SolidWorks® for 3D modeling and ANSYS® for the finite elements modeling and analysis. Finally are presented the 
results of the compliant displacements of this structure.  
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1. INTRODUCTION  

 
Multibody systems consist on a kinematic chain composed of links that can be rigid or flexible, interconnected by 

joints. An example of multibody system that has been widely studied in recent years is the parallel robotic structure. In 
spite of its several advantages, this structure presents challenges to researchers on what concerns the solution of 
problems such as: singularities, stiffness and accuracy (Gosselin and Angeles, 1990; Macho et al., 2008; Gonçalves and 
Carvalho, 2008; Gonçalves, 2009). 

The influence of compliant displacements of links and joints can be obtained from the stiffness study of parallel 
robotic structures.  

Stiffness can be defined as the capacity of a mechanical system to sustain loads without excessive changes of its 
geometry (Rivin, 1999). These changes on geometry, due to the applied forces, are known as deformations or compliant 
displacements. 

Compliant displacements in a parallel robotic system produces negative effects on static and fatigue strength, wear 
resistance, efficiency (friction losses), accuracy, and dynamic stability (vibrations). The growing importance of high 
accuracy and dynamic performance for parallel robotic systems has increased the use of high strength materials and 
lightweight designs improving significant reduction of cross-sections and weight. Nevertheless, these solutions also 
increase structural deformations and may result in intense resonance and self-excited vibrations at high speed (Rivin, 
1999). Therefore, the study of the stiffness becomes of primary importance to design robotic systems in order to 
properly choose materials, component geometry, shape and size, and interaction of each component with others.  

The overall stiffness of a manipulator depends on several factors including the size and material used for links, the 
mechanical transmission mechanisms, actuators and the controller (Tsai, 1999). In general, to realize a high stiffness 
mechanism, many parts should be large and heavy. However, to achieve high speed motion, these should be small and 
light. Moreover, one should point out that the stiffness is greatly affected by both the position and the values of the 
mechanical parameters of the structure parts (Yoon et al., 2004). 

There are three main methods have been used to derive the stiffness model of parallel manipulators (Gonçalves, 
2009; Deblaise, 2006). These methods are based on the calculation of the Jacobian matrix (Zhang et al., 2004; Majou et 
al, 2004; Company et al., 2005); the Finite Element Analysis (FEA) (Bouzgarrou et al., 2005; Corradini et al., 2004) 
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and the Matrix Structural Analysis (MSA) (Deblaise, 2006; Przemieniecki, 1985; Dong et al., 2005, Gonçalves and 
Carvalho, 2008).  

In this paper is presented an approach to stiffness analysis of robotic structures using the FEA method. 
Stiffness analysis of structures, when done through analytical methods, almost always produces solutions in the 

form of closed equations, which are hard to solve, and in some cases, impossible to be solved. In that case, it becomes 
necessary to realize a numerical approximation of calculus, so we can obtain results as close to real as possible. 

The FEA method is a numerical analysis technique used to obtain approximate solutions to problems governed by 
differential equations. Although the method was first developed for statical analysis of structural systems, it has been 
used in the study of a great variety of engineering problems, in the domains of solids mechanics, fluids mechanics, heat 
transfer and electromagnetism (Brenner, 2008). 

The FEA method can be defined as a process of discretization of the problem, which changes the infinite-
dimensional condition of the problem to a finite-dimensional condition, limiting the number of unknowns. The method 
consists in dividing the domain in multiple linked regions, named “elements”. Each element is limited by points called 
“nodes”, and the group of elements with their nodes is called “mesh”. After defining elements and their respective 
nodes, inside each element, are admitted approximate solutions expressed by interpolation functions. Also are imposed 
conditions guaranteeing a continuous solution in the nodes shared by various elements. The problem’s unknowns, called 
“degrees of freedom” (dof), become the values of the field variables in the nodal points, and the number of these 
unknowns (now finite) is called number of degrees of freedom of the model. Depending on the nature of the problem, 
after the discretization, the governing mathematical model results of the representation of a finite number of ordinary 
differential equations or algebraic equations, of which numerical solving leads to the values of the nodal unknowns. 
Once these unknowns are determined, the values of the field variables inside the elements can be evaluated using 
interpolation functions (Brenner, 2008; Rade, 2001). 

The main advantages of FEA are: elements of different shapes and sizes can be associated to discretize domains of 
complex geometry; the division of the continuous domain in regions makes the modeling of problems with non-
homogeneous domains easier, where physical properties vary; and the method can completely formulated with matrices, 
making its computational implementation easier. The main disadvantages of the method are the uncertainties inherent of 
the FEA modeling resultant of simplifications of the physical model such as:  not considering some physical effects like 
non-linearity, hysteresis, damping, etc.; discretization error; inaccurate values of physical and/or geometrical parameters 
(elasticity models, density, etc.); difficulty in modeling localized effects such as screwed or riveted junctions; and errors 
derived of the process of numerical resolutions (Brenner, 2008; Rade, 2001). 

The finite element modeling is appropriate for robotic structures, since it allows us to faithfully describe the 
structure’s geometry. Besides, it is possible to consider the behavior of the structure’s joints and restrictions.  

Many authors have been using FEA for stiffness analysis of robotic structures. Bouzgarrou et al. (2004) held a 
stiffness study of the parallel robot 3TR1 presented by Gogu (2002) using finite elements coupled to a CAD model. 
Clinton et al. in 1997 studied the stiffness of the Gough-Stewart platform. In this structure all elements are subject only 
to traction and compression solicitations. Each element is studied individually and then assembled in order to do the set 
study of the structure. In Dong et al. (2005) a study using FEA is done in order to determine the stiffness model of a 
parallel structure that has flexible joints. 

Zhou et al. (2006) uses FEA for the modeling of the parallel manipulator 3-PRS. The moving platform is modeled 
by triangular plate elements and the legs by beam spatial element. The flexibility of the joints is considered by the 
introduction of virtual springs to the FEA model. As the joints parameters are not known the FEA numerical model is 
adjusted through experimental tests according to the frequency response functions. 

Deblaise (2006) used FEA modeling to compare the results obtained using matrix structure analysis (MSA). This 
study was applied in the modeling of a Delta parallel robot, Fig. 1(a). In this paper, a first model, considering only the 
flexibility of the segments, Fig. 1(b), did not give compatible results with the ones from experimental tests. 

 
Figure 1. (a) Delta parallel robot; (b) FEA model (Deblaise, 2006). 
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Corradine et al., (2004) used FEA to model the H4 robot, Fig. 2(a). Besides the modeling of segments, the joints in 
the structures, spherical and rotational, were modeled introducing “displacement relaxation” in the FEA model, which 
allows, for the spherical joints, that all flexible translation displacements between the segments are the same, but not the 
rotations. For the rotational joints all movements, excluding the rotation axis, must be the same. Figure 2(b) presents the 
results of the FEA modeling obtained. When comparing the results of the FEA model with those from experiments, they 
were close to each other.  

 

 
  

Figure 2.  (a) Prototype of H4 robot; (b) FEA model of H4 robot (Corradine et al., 2004). 
 

Aginaga et al. (2012) presented an analytical method to calculate the stiffness matrix in parallel structures, applying 
it to the 6-RUS structure. The finite elements method was then applied to a specific component of the structure, due to 
its complex geometry, in order to calculate the stiffness indexes of such component.  

Hu et al. (2011) used the finite element method to evaluate the stiffness and elastic deformations of a serial-parallel 
manipulator 2(SP+SPR+SPU). The results for the calculus of stiffness of the finite elements simulations were found 
within the expected reasonable approximation, and the results for the elastic deformations simulations were practically 
coincident to the analytical solution.  

Kobel e Clavel (2011) developed a reduced size with large workspace robot, named ΦR, for micro manipulation and 
assembling, using finite elements to evaluate the static behavior of the structure. The bearings in the structure were 
idealized using 6 springs between inner and outer rings of each revolute joint in order to account for the influence of 
such bearings. 

Li (2009) proposed two new micro manipulator models of three degrees of freedom, using the serial parallel 
configuration, one of them with actuators redundancy. Finite elements in this cased were used not to evaluate the 
stiffness of the structures, but to find was to optimize it. Results showed that the actuator redundant structure had 
greater strength. 

Liang et al. (2011) modeled a 6 degree-of-freedom micro manipulator based on the CPM (compliant parallel 
manipulator) structure, using finite elements to validate the studies done over the desired characteristics for the structure 
and its accuracy. Results found were satisfactory, showing that the structure can provide high accuracy and resolution 
movements.  

Rezaei et al. (2012) held the stiffness analysis of a spatial parallel 3-PSP structure, considering the moving platform 
as flexible. The finite elements method was then used as comparison parameter.  

Taghvaeipour et al (2010) developed an online method for calculating the stiffness matrix of structures using finite 
elements, and used the McGill SMG structure as a case of study.  

Gonçalves and Carvalho (2008) used FEA method to validate their proposed method using Matrix Structural 
Analysis to find the stiffness of parallel structures applied in 6-RSS parallel manipulator. 

Tian et al. (2010) presented the project and analysis of 6 degrees of freedom parallel robot, used in surgeries of 
artificial replacement of the cervical disc. The structural statics, singularities and workspace were evaluated using FEA. 

From the papers analyzed the FEA method, generally, is used to validate analytical models (El-Khasawneh e 
Ferreira, 1999; Li et al., 2002; Deblaise, 2006; Liang et al., 2011; Taghvaeipour et al., 2010) and or experimental results 
(Corradini et al., 2004; Bouzgarrou et al., 2004; Zhou et al., 2006; Deblaise, 2006; Rezaei et al., 2012) or even for 
optimization of structures and parts of structures (Li, 2009; Aginaga et al., 2012). 

The biggest advantage of using the FEA method is the utilization of the mechanical structure’s project with no 
simplification, considering its full geometry. For robotic structures with irregular geometry, like industrial serial robots 
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and parallel robotic structures that are subject to not only axial loads, like the Gough-Stewart platform, the use of the 
FEA method can make the stiffness analysis for the robotic structure easier. 

The disadvantage of the FEA method, when it involves commercial software for analysis, is that it requires great 
computational effort, because, since stiffness depends on positions, it's necessary, for each specific position, to build a 
finite element model (Huang et al., 2002). 

In this paper the FEA method was used to evaluate the stiffness of the CaPaMan-2bis (Casino Parallel Manipulator 
version 2 bis) structure.  

Many types of computer software can be used to model the structure and run its finite element analysis. The 
software chosen for this paper were the SolidWorks® for 3D modeling and ANSYS® for the finite elements modeling 
and analysis. 
  
2. CAPAMAN-2BIS DESCRIPTION AND KINEMATIC MODEL 
 

The object of study in this paper is the parallel robot CaPaMan-2bis, Fig. 3, designed and built at the University of 
Casino, Italy at LARM: Laboratory of Robotics and Mechatronics.  

 

 
 

Figure 3. CaPaMan-2bis prototype at LARM in Casino (Liang et al., 2009). 
 
Several prototypes of parallel manipulators have been built at LARM, with low-cost and easy-operation 

characteristics. Research activities have been carried out on both theoretical study and application aspects. In the works 
of Ceccarelli (1997), Ceccarelli and Figliolini (1997) and Carvalho and Ceccarelli (2001), a three D.O.F (degrees of 
freedom) spatial parallel manipulator named as CaPaMan was proposed with peculiar mechanism architecture. Direct 
and inverse kinematic algebraic equations have been formulated for it in a close-loop form. Workspace capacity and 
operation characteristics have been evaluated in simulation and experimental tests (Ottaviano and Ceccarelli, 2002, 
Ceccarelli and Carbone, 2002 and Ceccarelli et al., 2002). The platform of CaPaMan has been used as a motion 
generator for earthquake simulation at LARM (Ottaviano and Ceccarelli, 2006). Later, two prototypes named as 
CaPaMan2 and CaPaMan2-bis have been built with modified mechanism architectures. In addition, stiffness and 
accuracy have been improved by paying special attention on mechanical design (Liang et al., 2009). 

CaPaMan-2bis has been the result of these enhancements, where the modified shape of the movable plate has been 
designed to properly lock a commercially available drilling tool. CaPaMan2-bis has been implemented as a part of a 
hybrid robotic architecture for surgical tasks (Carbone and Ceccarelli, 2005), as well as a trunk module in a humanoid 
robot design named as CALUMA (CAssino Low-cost hUMAnoid robot) (Nava-Rodriguez et al., 2006). Previous works 
were developed to analyze the CaPaMan-2bis prototype in terms of stiffness and basic kinematics (Carbone and 
Ceccarelli, 2006 and Aguirre et al., 2003). Since the solution of direct kinematic problem for CaPaMan-2bis can be 
complex, the system behavior can be conveniently simulated and experimentally measured (Hernandez-Martinez et al., 
2010).  
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Figure 4 shows a kinematic scheme of CaPaMan-2bis. It is composed of a movable platform MP, which is 
connected to a fixed base FP by means of three leg mechanisms. Each leg mechanism is composed of an articulated 
parallelogram AP whose coupler carries a revolute joint RJ, a connecting bar CB that transmits the motion from AP to 
MP through RJ, and a spherical joint BJ, which is installed on MP at point J. The revolute joint RJ, which is installed on 
the coupler of AP has the rotation axis coinciding with the parallelogram plane. 

Each leg mechanism is rotated of π/3 with respect to the neighboring one so that the leg planes lie along two vertices 
of an equilateral triangle, giving symmetry properties to the mechanism. Design parameters of the mechanism are 
depicted in the Fig. 4, and they can be identified for the k-th leg mechanism (k=1, 2, 3) as: ak is the length of the frame 
link; bk is the length of input crank; ck is the length of the coupler link; dk is the length of follower crank and hk is the 
length of connecting bar CB. The size of the movable platform MP and fixed base FP is given by the distance rp and rf 
as depicted in Fig. 4. Points H and O are the center points of MP and FP, respectively. Points Ok is the middle point of 
the frame link ak, Jk is the connecting points between the k-th leg mechanism and platform MP. The design parameters 
of the prototype CaPaMan2 bis shown in Fig. 4 are listed in Tab. 1. 

 

 
Figure 4. A scheme of mechanism for CaPaMan-2bis with design parameters (Liang et al., 2009). 

 
 

Table 1 – Mechanical design parameters of CaPaMan-2bis prototype in Fig. 4 (Liang et al., 2009). 
 

 
 

An inertial frame OXYZ has been assumed to be fixed to the base FP. A moving frame HXPYPZP has been attached 
to the platform MP. OXYZ has been fixed with Z axis orthogonal to the FP plane and X axis as coincide with the line 
joining O to O1. The moving frame HXPYPZP has been fixed to the platform MP with ZP orthogonal to the MP plane 
and XP axis as coincident to the line joining H to J and YP to give a Cartesian frame. The angle δk is the structure 
rotation angle between OX1 and OXk as well as between HJ1 and HJk. They are equal to δ1 = 0, δ2 =2π/3 and δ3 = 4π/3. 

The position of H in the center of movable platform MP is represented by coordinates x, y and z. The orientation of 
MP with respect to the fixed base FP can be represented with the three Euler angles θ, φ and ψ as depicted in Fig. 4, 
where θ is a rotation about the Z axis; φ is a tilting rotation about the YP axis, which is the Y axis after a θ rotation; and 
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ψ is a rotation about the ZP axis. For each leg mechanism, the kinematic variables are the input crank angles αk and the 
passive revolute angle βk. CaPaMan-2bis is a three DOF spatial mechanism. When one leg mechanism is moved, a 
coupled movement with orientation angles and position translation is obtained. A quasi translation movement can be 
prescribed in XY plane by fixing one leg mechanism and synchronizing the motions of other two leg mechanisms. The 
platform MP has a yaw movement that is coupled with a translation along Z axis even when the three leg mechanisms 
have the same input motions (Liang et al., 2009). 

The shape and size of all the links has been redesigned to have higher stiffness. Ball bearings have been installed at 
the rotational joints in order to reduce friction (Carbone and Ceccarelli, 2005). 

 
3. FINITE ELEMENT ANALYSIS OF CAPAMAN-2BIS STIFFNESS 
  

The CaPaMan-2bis structure was built tridimensional in the SolidWorks® software and modeled in finite elements 
using the software ANSYS®. Both models are shown in Fig. 5.  

The fixed platform was removed from the finite element analysis because it does not affect the static behavior of the 
structure. In the middle of the mobile plate MP were applied loads. 

This model of CaPaMan-2bis structure considers the flexibility of all elements, including that of the joints. When 
doing the finite element modeling in the ANSYS® software the AQWA environment of the software allowed us to 
define all of the structure joints (rotational and spherical), as shown in Fig. 5(a), as well as the fixed constraint in the 
points where the rotational actuators are placed, in order to evaluate the structure statically. The FEA modeling joints is 
complicated by the necessity of defining the joint stiffness parameters, thus, in this paper the joints are modeled using 
the standard element MPC184. The properties used to segments are: aluminum EN AW-1200, E = 7e+10 N/m²,            
G = 2.7e+10 N/m². 

The structure was then meshed in low resolution, triangular element, automatically defined by the software as 
“medium size elements”, in order to lower the processing and simulation time, given that the more complex the 
structure is and the higher the resolution of the mesh is, more powerful the computer needs to be and more time will be 
consumed. The computer used had an Intel® Core™ 2 Duo P8700 2.54 GHz processor with 4 Gb of RAM memory and 
an Intel® Mobile Graphics card. In such configuration, the meshing took a few seconds and the static evaluation no 
more than a minute, Fig. 5(b). 

 

             
 

                                            (a)                                                                          (b) 
Figure 5. (a) CAD model of CaPaMan-2bis Aqwa; (b) FEA model of CaPaMan-2bis. 

The idea of this model is by the application of a force in the center of the moving plate, obtained the values of 
flexible linear and angular displacements for this point, and through these values of displacement, combined with the 
value and direction of the applied force evaluated the stiffness of the structure. 

 It is important to say that this analysis depends on the configuration of the structure, and in this paper, the 
CaPaMan-2bis was studied in the vertical position, that is, with all legs making a 90º angle with the ground, Fig. 5. 
Table 2 shows the results obtained for linear displacements in the central point of MP in function of applied load. 
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Table 2. Displacement values for the center of the moving plate. 
 

Displacement Fx  = 100N Fy  = 100N Fz  = 100N Fx  = Fy  = Fz  = 100N 
δx [mm] 0.2644 0 0 0.2644 
δy [mm] 0 0.0043 0 0.0042 
δz [mm] 0 0 0.2644 0.2644 

USUM [mm] 0.2644 0.0043 0.264 0.3739 
 

Figure 6 shows the results obtained in simulations for the total deformation of the structure when applied the loads 
Fx  = Fy  = Fz  = 100N. It’s notable that the structure’s legs had little load, and the greatest displacements were found in 
the moving plate MP. Still, all displacements were very little, even in this platform. The displacement in vertical 
direction is minimum.  
 

 
 

Figure 6. FEA model results of the CaPaMan-2bis when applied the loads Fx = Fy = Fz  = 100N. 
 

4. CONCLUSIONS 
  

This paper presented the stiffness analysis of CaPaMan-2bis (Casino Parallel Manipulator version 2 bis) robotic 
structure using the Finite Element Analysis (FEA). 

In this paper was performed the review and an exposition of the advantages and disadvantages of using the FEA. 
For application of the presented methodology the kinematic model of the structure and dimensions of its elements 

(segments and joints) must be known.  
The use of FEA method produces satisfactory results, but its major drawback is the need to develop a model for each 

position to be examined and getting your mesh, and then apply a (solver) finite elements software. Thus, for example, to 
map the stiffness of the structure, using the FEA method is inconvenient, but to validate experimental results and news 
methods of stiffness analysis is highly recommended and used.  

Future research includes the experimental tests to validate and adjust the proposed FEA model of CaPaMan-2bis 
considering the experimental joints parameters. 
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