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Abstract. In the present work, a solver on the open CFD software OpenFOAM was implemented, based on the leaky
dielectric model, in order to study the effects of an electric field in conducting droplets. These simulations were
performed considering both Newtonian and viscoelastic fluids. The Giesekus constitutive equation was used to
describe the viscoelastic behavior. The results of the deformation of a conducting droplet were compared to analytical
results, for Newtonian fluids, and with theoretical results, for viscoelastic ones. It was observed that the most
important parameter that influences the deformation of the drop, indeed, is the electric field. Other parameters, such as
the conductivity, permittivity and elasticity, also play a role on the deformation magnitude. Due to the applied electric
field, it was observed that the droplet deforms on a stable spheroidal form.. For viscoelastic fluids the deformation was
reduced with the increase of the relaxation time. Also, it was observed the formation of four vortexes inside and outside
the droplet, which agrees with experimental observations.
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1. INTRODUCTION

Over the past decades, the effects of an electric field over fluids have been studied from a theoretical point of view
in order to develop new processes. The understanding of the so called electrohydrodynamic effects has begun with the
works of Taylor (1964) that observed the motion of a conducting drop when it is inserted in a uniform electric field.
After these studies, many processes aiming the study of electrohydrodynamics were developed. Among them are the
electrohydrodynamic atomization, electrospinning, liquid dispersion, ink jet printing, and others (Saville, 1997).

However, there is some difficulty in improving such processes due to the high number of parameters involved and to
the complexity of the flow (Thompson, et al., 2007). Therefore, theoretical studies about the influence of the parameters
are necessary. So, the simulation of such processes became an advantageous option, once it facilitates the change of
parameters and, thereby, avoids material expenses in the testing phase.

The complexity involved in these processes encouraged the development of models that describe the electric effects
on fluids. So, theoretical studies as well as physical models have come to be developed and, subsequently, the leaky
dielectric model was stated by Taylor, completed by Melcher and reviewed by Saville (Saville, 1997).

The electrohydrodynamic model deals basically with the coupling of the mass and momentum equations with
Maxwell equations. In the presence of an electric field the molecules of the fluid polarize and, when dealing with a
homogeneous dielectric medium, the charge accumulates only at the surface. For a conducting fluid, however, charged
ions or free charges migrate instantly to the surface, resulting in an electric charge density, so that there is no charge
within the fluid (Herrera, et al., 2011). The consequence is the appearance of an electric surface force that will deform
the fluid, until surface, viscous and elastic tensions provide the necessary balance. In leaky dielectric fluids, the surface
charge density modifies the electric field producing tangential components for the electric forces, differently from those
produced by purely dielectrics or perfect conductors, which are perpendicular to the surface.

Many authors have implemented the leaky dielectric model and simulated electrohydrodynamic problems (Feng,
2002; Tomar, et al., 2007; Herrera, et al., 2011). Sherwood (1988) performed experimental and numerical simulations
of the deformation and breakup of a droplet rounded by a fluid with the same density. He observed that the deformation
remained stable even with high values of electric fields. Feng and Scott (1996) made simulation studies using the leaky
dielectric model of droplet deformation for a range of electric field intensities. Their results were consistent with
experimental observations. The difficulty arrives, however, when dealing with the droplet interface (since it is a two-
phase problem). The front tracking method was used, for the interface treatment, by Hua et al. (2008) in order to
analyze three different models: the leaky dielectric, purely dielectric and perfect conductor. The results were close to
analytical ones. Herrera, et al. (2011) used the VOF (volume of fluid) method to make three-dimensional simulations of
a conducting drop. They observed similar results compared to the analytical model proposed by Taylor (1966).

Little has been done about electrohydrodynamic flow simulations of viscoelastic fluids. The difficulty arrives in
modeling the problem due to the complexity of the equations involved. Favero (2009) and Favero, et al. (2010a)
implemented a solver in the free package OpenFOAM, which is capable of simulating viscoelastic fluid flows. The
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solver allows different constitutive equations and it was validated using the classical problem of a planar contraction.
Favero, et al. (2010b) expended the solver for multiphase flows using the VOF method. In that case, the die swell
experiment was simulated and the results were consistent with experimental observations.

The implementation of an electrohydrodynamic solver together with the viscoelastic multiphase one is a great
progress in the field of fluid flow simulation, and will allow more studies about processes such as electrospinning, as
well as more general studies concerning the effect of the parameters on viscoelastic electrohydrodynamic flows.

2. METHODOLOGY

In this section, the mathematical formulation for electrhydrodynamic flows, as well as the Giesekus constitutive
equation, used for simulating viscoelastic flows, is presented. A general description of the problem of a conducting
droplet and the boundary conditions is also presented.

2.1 Mathematical model

The general governing equations in a viscoelastic problem, considering isothermal and incompressible fluids are the
mass conservation (continuity equation) given by Eq. (1):

V-U=0 (1
where U is the velocity vector, and the momentum conservation equation in its conservative form is given by Eq. (2):

a(pU)
at

+V-(pUU) = -Vp+V-(T™ +1°) + pg (2)

where p is the fluid density, p is the pressure, T is the stress tensor, T° is the electric stress tensor and g is the
gravitational acceleration vector. The stress tensor is given by two different contributions, one for the solvent g and
one for the polymer Tp. So, the stress tensor can be written as T = 75 + Tp (Favero, et al., 2010a), where:

Ts = 27]55 (3)

and 7p is the solution of a specified constitutive equation. In the present work, the Giesekus equation was used, and it’s
given by Eq. (4) (Bird, et al., 1987):

. Ak
TPK + AK TPK+ aKT]T (TPK : TPK) = ZTIPKS (4)
K

In the above equations 7s is the solvent viscosity, 1 is the relaxation time, Tp is the upper convected derivative
applied to the stress tensor, a is the mobility factor of the relaxation mode K (Giesekus, 1982), np is the polymer
viscosity at zero share rate, and S is the deformation rate tensor given by:

S= %(VU + [vUlh) ®)

The relaxation mode K varies from 1 < K < N, where N is the number of relaxation modes. In this work it has been
set N = 1. If more relaxation modes were considered the final value of Tp would be given as the sum of the
contributions of the individual relaxation modes (Favero, 2009). The upper convected derivative in Eq. (4) is given by:

Dt
T = — 2~ [V 75, ] - [2p, - VU] ©

where Dtp, /Dt is the substantive derivative given by:

DTPK anK
= . 7
Dt~ ot U Ve (7)

In order to describe the electrohydrodynamic behavior of the flow, the Maxwell’s equations are used. In these kinds
of flows the magnetic effects can be neglected, since it is assumed, in the leaky dielectric model, that the charges
migrate instantaneously to the surface. Thus, the electric field is irrotational and it can be described as a potential
gradient, as shown in Eq. (8) (Griffiths, 1999):
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E=-V¢ ®)
where E is the electric field and ¢ is the electric potential. The Poisson equation is given by (Herrera, et al., 2011):

V- (eE) = p, ©
where € is the permittivity of the fluid and p, is the volumetric charge density.

In Eq. (2) the t° refers to the Maxwell stress tensor. One way of evaluating its relationship with the electric force is
to assume that the force on the free charges as well as the force on the dipoles, formed due to the molecules

polarization, is transferred directly to the fluid. So, the electric force per unit volume can be written as the divergence of
the Maxwell stress tensor, which is given by (Saville, 1997):

1
ad =6(EE—§E2H> (10)
where I is the identity tensor. And, thus, the electric force F, can be written as:
1
Fe=peE—§E2V€ (11)

Finally, an equation is necessary to describe the charge conservation (Herrera, et al., 2011; Poppel, 2010).

ap.
ot

+V:(cE+p,U)=0 (12)

The first term inside the divergence is related to the charge conduction, while the second term is related to the
charge convection. The Greek letter o represents the conductivity of the fluid.

Since we're dealing with a two-phase problem, a method that can treat with the free surface interface is required.
The OpenFOAM package uses the VOF methodology developed by Hirt and Nichols (1981). It consists on an indicator
function a; that allows us to know whether the control volume is totally filled with one fluid by making a; = 1 or
another fluid by making a; = 0. The interface is described by values of a; ranging from 0 < a; < 1. Thus, we can
describe the properties p, €, 4 and ¢ of both fluids by the following relationship:

0= algphasel + (1 - al)gphasez (13)
where 6 is a generic property. The indicator function must satisfy a transport equation given by (Hirt, Nichols, 1981):

6a1

o + V- (U)+ V- (y(1 —a))U,) =0 (14)

Here, U, is the relative velocity vector between phase 1 and 2 and it’s given by U, = U; — U,. The last term in Eq.
(14) is only activated on the interface since a;(1 — a;) = 0 fora; = 1 and a; = 0.
One last term must be included in Eq. (2). This one is related to the surface tension, and it’s given by:

YrVay (15)

where y is the surface tension and x represents the curvature of the free surface imposed by the equation (Hirt, Nichols,
1981):

K=_v.(V“1) (16)

Ve, |
2.2 Problem description
The problem consists in evaluating the deformation rate of a droplet inserted between two parallel plates, where an
electric potential is being applied. Since a potential difference exists, an electric field will be generated between the

plates, which will eventually ionize and/or polarize the droplet. An electric force will appear at the droplet surface
deforming it. Figure 1 shows a sketch of the problem:
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Figure 1. Sketch of the conducting droplet inserted in an electric field problem.

The problem was considered symmetric, with the symmetry axis perpendicular to the plates and passing at the center
of the drop. On the upper plate a higher potential was applied, generating an external electric field E,, from top to
bottom. Near the drop, the electric field intensity will change due to the accumulated charge density on the surface.

Experimentally, it was observed that a uniform electric field deforms a conducting droplet immersed in a non-
conducting fluid in a prolate spheroid (Taylor, 1964). When both fluids are purely dielectric there will also be a
deformation, and that will be always in a prolate shape. However, in some cases, due to the fluids conductivity, it may
be observed an oblate deformation (Taylor, 1966). The two kinds of deformation can be seen in Fig. 2:

Figure 2. Deformation types for a droplet inserted in an electric field.
Taylor (1966) characterized the total deformation of the drop by means of a D parameter defined as follows:

_a—b
Ta+b

(17

where a and b represent the deformation size parallel and perpendicular to the external electric field, respectively. Thus,
for D > 0 the drop deformed into a prolate shape, and for D < 0 it deformed into an oblate shape.

Taylor (1966) also expressed another equation for the droplet deformation valid only for small deformations (Ha,
Yang, 1995; Feng, Scott, 1996). The last one is a function of both fluid properties, and is given by:

_ 9 CaE
~ 162 + R

2+ 36

P 1+p (18)

1+R2—2Q+%(R—Q)

where R = 01/0,, Q = €;/€, and B = py/u, stands for the ratio of the inner fluid to the outer conductivities,
permittivities and viscosities, respectively. Cay = E2 R €,/y is the capillary number, where E,, = A¢/L, being L the
distance between the plates, and Ry is the initial droplet radius.

The capillary number represents the ratio between the electric forces and interfacial tensions. In this work, the same
viscosities for both fluids were applied, so § = 1.
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2.3 Boundary Conditions

For the distance between the plates it was assigned a value of L = 0.1 m, because it corresponds to the same
dimension used in the literature (Hua, et al., 2008). Since the interest is to evaluate the electrical parameters effect, the
ratio between the densities for the inner fluid to the outer was set to 1 ( p;/p, = 1 ). The boundary conditions were
applied accordingly to the boundary types available on the OpenFOAM free source package. Figure 3 shows the
locations where the boundary conditions were applied:

Figure 3. Boundaries of the droplet problem.

The conditions for pressure, velocity, volume fraction, electric charge density and electric potential imposed for the
a and b boundaries are shown in Tab. 1, where a no-slip condition was applied (wall condition):

Table 1. Conditions imposed for the a and b boundaries.

B.C. p U aq De 0]
a Vp=20 U=1(0,00) Va; =0 Vp. =0 ¢ = o
b Vp=20 U=1(0,00) Va; =0 Vp. =0 ¢$=0

For the ¢ and d boundaries, it was necessary to assign special conditions. The ¢ boundary was defined as an
opening, in a way that both the internal and external fluids could flow freely through it. This opening condition
demands specific boundary conditions. Among them are: the pressure, defined by the totalPressure command, which
consists in a fixed value condition calculated from a p, pressure (specified previously) and a local velocity; the velocity,
defined by the pressurelnletOutletVelocity command, which applies a zero gradient for all components except in
locations where there is inflow, where, in this case, a fixed value condition was applied to the tangential component;
and the volume fraction, defined by the inletOutlet command, which is given by a zero gradient when there is outflow,
and for a fixed value when there is inflow.

The d boundary was defined with a symmetry condition. That condition implies a zero fixed value to the component
of the gradient normal to the boundary, and the parallel ones are given by the projection of the components internal to
the domain (Jasak, 1996).

3. RESULTS AND DISCUSSIONS

In this section the results for Newtonian and viscoelastic drops are be presented. At the first subsection, the electric
field visualization and the deformation of a Newtonian drop due to the increase of the electric potential are shown.
Next, the effect of different relaxation times on the viscoelastic drop deformation was compared to the Newtonian one.

3.1 Newtonian droplet

In order to evaluate the numerical solutions, analytical expressions were used. Taylor (1966) affirms that the electric
potentials inside the drop ¢, and outside ¢, vary, in polar coordinates, according to the equations:

3rcosf

h=Foi R

19)
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_ 3
1-R Rd> 20)

@, =E00C059<T+2+—Rr—2

where 7 represents the variation of the distance from the center of the sphere to the upper plate, R represent the ratio
between the conductivities, R, the sphere radius and E, the external electric field.

The electric field E can be calculated using Eq. (8). Thus, the expressions of E for the normal and tangential
components for the inner and outer fluids are:

99, 3E,cosb

m= 5 T T2+R @)
Eqy = % = —E,sinf > j—TR (22)
E,, = % = FE, cosO [1 + %f—é] (23)
Eth%z —E, sin@[r+;;—2f—§] 24)

where the n and t indexes represents the normal and tangential components, respectively.

By the Eq. (21) to (24) we can observe that the normal electric field inside the sphere remains constant for a constant
value of R. However, the normal electric field outside the sphere varies with the distance r. So, as r — o we have
E,, = E,. Those are consistent forecasts, because far from the droplet the electric field isn’t affected.

The tangential components, when evaluated at the surface of the sphere, that is to say, when r = Ry, both values of
the electric field inside and outside the droplet are the same. That’s also consistent, once on any surface, the tangential
components of the electric field inside and outside that surface must be the same (Griffiths, 1999).

Figure 4 shows the simulation result for the electric field using the values of R = 2.5, Q = 2 and the electric

potential ¢ = 10 kV.

Figure 4. Electric field E around a conducting drop.

Inside the drop the electric field remains constant and outside it varies with the distance. Those results were
consistent with analytical ones. As expected, far from the drop, the electric field tends to the external electric field
value. Near the drop are the largest values of E, because that’s where the charge accumulates. Since the direction of the
external electric field E,, goes from top to bottom, the accumulation occurs at the upper and lower section of the drop,
leaving almost no charges on the sides. In this case, the electric force will also be higher on the upper and lower parts of
the drop, and, eventually, will put it in motion, deforming the drop.

In order to analyze the influence of the applied voltage on the deformation of the drop, the parameters R and Q were
maintained constant and the value of Cap was varied. By varying the voltage, the external electric field E,, is also
varied, and, as a consequence, the capillary number is altered. Thus, it is possible to compare the analytical solution for
the deformation D (Eq. (18)) with that obtained by the simulation (Eq. (17)).

Figure 5 shows the comparison between analytical and simulation results for the droplet deformation. The values of
R, Q and  were maintained equal to 2.5, 2.0 and 1.0, respectively. The value of Cay was varied from 0.1 to 2.5.
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Figure 5. Diagram of the droplet deformation D versus the capillary number Cag.

For low values of Cag the simulation agrees very well with analytical results. For large deformations the simulation
shows some discrepancy. However, as observed by Ha and Yang (2000), and posted by Taylor (1966), the Eq. (18) is
only valid for small deformations. In fact, Hua, et al. (2008) also obtained discrepant results for Cag valued, even
though they used a factor of 9/8 instead of 9/16 in Eq. (18).

The increase of the electric capillary number implies on a raise of the electric tensions with respect to the surface
tension. Thus, the higher the value of Cag, the higher the deformation will be, until they reach a balance. Figure 6
displays the deformation of the drop for three different voltages:

Figure 6. Deformation of the droplet varying the voltage.

As the voltage raises the droplet is changed into a prolate shape, and D > 0 as shown in Fig. 5. In fact, with high
values of the electric potential, the electric force becomes higher too, reducing the effect of the surface tension and,
consequently, increasing the deformation.

3.2 Viscoelastic droplet

The elastic parameters were evaluated with respect to a non-Newtonian droplet deformation immersed in a
Newtonian fluid. The interest in analyzing the deformation is to observe the influence of the elasticity in the droplet
deformation. Ha and Yang (1999) reported an experimental research about the deformation of a non-Newtonian droplet,
and it was observed that the viscoelastic fluid tends to deform less than a Newtonian one. Indeed, the elastic properties
retain the deformation preventing the droplet expansion.

Two comparisons were made in order to evaluate the viscoelastic effects. Initially, the deformation of a viscoelastic
drop was compared to the Newtonian one. To do so, the relaxation time A was maintained fixed as the electric capillary
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number was varied. Four different values of 4 were used, that implies four different non-Newtonian fluids. The
relaxation times varied from 10° < 1 < 1073, and the results were compared to the results of Fig. 5.

For a second analysis, the capillary number was maintained constant and the relaxation time was varied, in order to
evaluate the influence of elasticity on the drop deformation.

Since we are looking for the influence of viscoelastic properties, the electric parameters were maintained constant.
Among them, are the perrmittivity ratio Q = 2 and the conductivity ratio, R = 2.5. The fluids (Newtonian being the
outer fluid and non-Newtonian being the inner one) have the same density, and the ratio of viscosities was equal to one
B =np/u = 1. It is important to notice that the viscosities ratio is the viscosity at zero share rate for the viscoelastic
fluid over the dynamic viscosity of the Newtonian fluid.

Figure 7 presents the comparison between the deformation of a Newtonian fluid with four different viscoelastic
fluids:

Figure 7. Comparison of a viscoelastic drop deformation varying the capillary number for four different values of A,
with the results obtained by a Newtonian drop (Fig. 5).

The results show that a viscoelastic drop deforms less than a Newtonian one. As pointed by Ha and Yang (2000), the
elastic properties of the fluid tends to compress it, raising its stability with respect to the deformation. Their
experimental data shows the same behavior for non-Newtonian fluids.

Another observation that can be made about Fig. 7 is that an increase in the relaxation time implies in a decrease on
the deformation D of the droplet. Indeed, an increase on 4, implies in an increase on the Deborah number De, given by
Eq. (25). The last one, is directly associated with the elastic properties of the fluid, once, the higher the Deborah
number, the higher the elasticity of the fluid, and the lower the value of De, more the fluid tends to behave itself as a
purely viscous fluid.

A

De = — (25)
tc

In Eq. (25) A is the relaxation time and ¢, is the characteristic experiment time.

Clearly the influence of the relaxation time is more accentuated for large deformations in Fig. 7. The explanation is
that for low values of A, such as A; and A,, the drop behave more like a Newtonian fluid and, as a consequence, its
deformation is closer to those for Newtonian ones. Another fact is that, as pointed by Ha and Yang (2000), even
viscoelastic drop (or purely elastic) deformation match with the drop deformation theory of Newtonian fluids for small
deformations.

In other words, independently if the fluid is viscoelastic or not, when considering small deformations it tends always
on the same values of the D. The Diagram below, Fig. 8, shows exactly the last statement.
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Figure 8. Comparison of the droplet deformation varying A for different values of Cag.

As we can see, for small values of D the relaxation time almost no influence. However, for large deformations as the
fluid becomes more elastic (large values of 1) the deformation has a greater variation. Nevertheless, it is possible to
state that the electric field still is the parameter that has most influence on the drop deformation.

4. CONCLUSION

This work presented the implementation of the leaky dielectric model in the free open source package OpenFOAM,
in order to simulate -electrohydrodynamic flows of Newtonian and non-Newtonian fluids. The solver
viscoelasticinterFoam developed by Favero, et al. (2010b) was changed with the inclusion of the equations related to
electrohydrodynamic problems. The classic problem about the deformation of a droplet was simulated, so that the new
solver could be validated. The results showed good agreement with the analytical model and also with observations
made by other authors. The electric field around the drop behaved as expected with the largest values near the points
where the charge density was located and tending to the external electric field far from the drop. The deformation of the
Newtonian droplet was consistent with analytical results for small deformations. For large deformations some
discrepancy was observed, however, the same results can be seen in literature. In order to describe the viscoelastic
behavior, the Giesekus model was used. Differently from Newtonian fluids, there are few works in literature that
investigates the influence of electric effects on viscoelastic drops. Notwithstanding, the results obtained by the
simulations agreed with experimental observations. The elasticity of the fluid had an influence on the drop deformation
by reducing it. For large deformations it was observed that the increase of the relaxation time reduced the deformation,
but for small values of D, the relaxation time variation had almost no influence on it. Thus, the solver functioned
according to expectations showing capability for dealing either with Newtonian or viscoelastic fluids.
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