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Abstract. The aim of this work is to investigate the three-dimensional motions of imperfect cantilever beams under 
uniformly distributed lateral harmonic excitation.  Bifurcations and dynamic instabilities are analyzed near to the 1:1 
internal and external resonance regions, by taking into account small geometric imperfections of the beam, which is 
one of the most important construction factors that influences the nonlinear dynamic behavior of slender bar 
structures. For this, the nonlinear integro-differential equations describing the flexural-flexural-torsional couplings of 
the beam are used. All quadratic and cubic nonlinear terms are considered, enough to include the essential inertial 
and geometric nonlinearities in the formulation. By using the Galerkin procedure, a set of discretized equations of 
motion are obtained, which are in turn numerically solved by using the Runge-Kutta method. In addition, several tools 
of nonlinear dynamics are used to determinate and compare the responses of the beam with and without geometric 
imperfection. The results reveals that the geometric imperfections have a profound influence on the bifurcation 
scenario and stability of the beam and that, depending on the type and magnitude of the imperfections, the responses 
for perfect and imperfect beams can be rather different with respect to each other, leading the structure to behaviors 
unanticipated in the design phase. 
 
Keywords: nonplanar vibrations, dynamics instability, flexural-flexural-torsional couplings, bifurcation analysis, 
geometric imperfections 

 
1. INTRODUCTION 
 

Due to its high accuracy and capacity to represent both geometric and inertial nonlinearities, the present work is 
based on the equations of motion derived by Crespo da Silva and coworkers. In 1978 Crepo da Silva and Glynn (1978a 
and 1978b) presented a set of integro-differential equations able to describe the nonlinear flexural-flexural-torsional 
coupled motion of inextensible cantilever beams. In the following year, Crespo da Silva and Glynn (1979a), using two 
of the three equations presented before, studied the influence of possible resonances between the flexural and torsional 
vibration modes. In another work, published in the same year, Crespo da Silva and Glynn (1979b), applying 
perturbation technics, studied the nonplanar motion of clamped-clamped beams under uniformly distributed harmonic 
excitation. One decade later, Crespo da Silva and Zaretzky (1994) used the three integro-differential equations to study 
the nonlinear nonplanar motion of inextensible cantilever beams, followed by an experimental analysis of the same 
problem (Zaretzky and Crespo da Silva, 1994). 

Nayfeh and Pai (1989) used the two equations formulated by Crepo da Silva and Glynn (1978a and 1978b) to 
investigate the planar and nonplanar motion of cantilever beams. In 1990, Pai and Nayfeh analyzed the same problem 
considering a base excitation (Pai and Nayfeh, 1990). At the same time, Luongo et al. (1989) studied the nonlinear 
dynamic behavior of inextensible cantilever beams with open cross section. Some years later, Di Egidio et al. (2003a 
and 2003b) included in the formulation presented by Luongo et al. (1989) the deformation of the cross section. 

Adopting a beam with closed cross section, Aghababaei et al. (2009a), using the hypotheses adopted by Crepo da 
Silva and Glynn (1978a and 1978b), derived two equations of motion able to describe the nonlinear nonplanar motion 
of slender inextensible beams with small initial geometric imperfections. In addition, Aghababaei et al. (2009b) 
investigated the nonlinear nonplanar responses of a near-square cantilevered beam with geometric imperfection under 
harmonic base excitation using the equations presented in Aghababaei et al. (2009a). 
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This work aims to investigate the three-dimensional motions of imperfect cantilever beams under uniformly 
distributed lateral harmonic excitation. First the three equations that govern the flexural-flexural-torsional coupled 
motion of slender inextensible cantilever beams, including the effect of initial geometric imperfections, are derived. 
Next, the influence of geometric imperfection on the natural frequencies of the beam is studied. Then, assuming 
different geometric imperfection shapes and using time histories, Poincaré maps, phase spaces sections, selected cross 
sections of basin of attraction and bifurcation diagrams, a parametric analysis is conducted to understand the influence 
of the imperfections in the bifurcation scenario, a problem not tackled in the previous literature on this subject. 
 
2. DYNAMIC SYSTEM 
 

A uniform, homogeneous and inextensible beam of linear isotropic material, length L and mass per unit length m is 
considered. A deformed beam segment of arc length s is shown in Fig. 1, where the axes ( X, Y, Z ) define the inertial 
rectangular coordinate system, while  ) denote a local orthogonal curvilinear coordinate system of the beam at 
the position s in the deformed configuration, which coincide with the principal axes of the beam’s cross section. In the 
perfect configuration, the axes  and X are coincident and the axes and  are parallel to the axes Y and Z, respectively. 
The components of the elastic displacement vector of the centroid C, along the inertial rectangular coordinate system 
( X, Y, Z ), are denoted by u = u (s, t), v  = v (s, t) = v + v0  and w  = w (s, t) = w + w0, where v = v(s) and w = w(s) are 
the deflections of the beam in the Y and Z directions and v0 = v0(s) and w0 = w0(s) describe the initial geometric 
imperfections. In the Fig. 1,  (s, t) is the angle that describes the orientation of the beam cross section at location s. 

To investigate the relative influence of initial geometric imperfections on the nonlinear dynamic behavior of the 
beam, a square cross section with side length a is adopted in this work, as shown in Fig. 1. The excitation is applied in 
the Y direction and it is denoted by Qv (t) = qv cos (v t), where qv is the excitation magnitude, v is the excitation 
frequency and t is time. 
 
 

 
 

Figure 1. Coordinate systems, displacements, excitation and beam cross section 
 
 
3. EQUATIONS OF MOTION 
 

Using only one mode approximation in the Galerkin’s procedure, the following third-order dimensionless PDEs 
equations of motion are obtained: 
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 (3) 

 
Details of this formulation, not considering the initial geometric imperfection, can be found in Crespo da Silva 

(1991), where   =  (t) is the angle of torsion, y and are nondimensional stiffness parameters, J and Jare the 
moments of inertia  and cv, cw and c, are the linear viscous damping coefficients. The superscript ( ' ) denotes partial 
differentiation with respect to s and the superscript (   ) means differentiation with respect to time t. Finally, the 
eigenfunctions Fv (s), Fw (s) and F (s) used in the Galerkin procedure have the following form: 

 

           ,sinsinhcoscosh 4,24,23,13,1,4,23,1,, srrrsrKsrsrCF wvwvwv   (4) 

 
   ,2sin sCF    (5) 

 
where the quantities r1 to r4 are obtained from the solution of the characteristic equation, 

 
          ,0sinsinhcoscosh2 4,23,1

2

3,1

2

4,24,23,14,23,1

2

4,2

2

3,1

4

4,2

4

3,1  rrrrrrrrrrrr  (6) 

 
In the above equations vi, wi e i (for i = 1, 2, 3, …) are the Galerkin’s coefficients, which can be found in 

Carvalho (2013). 
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4. NONLINEAR VIBRATION 
 

To investigate the influence of possible initial geometric imperfections on the nonlinear dynamic behavior of highly 
flexible slender structures, a cantilever beam with square cross section of relative size a/L = 25 is adopted (see Fig. 1). 
For this geometry, y = 1.0,   = 0.643810, J = J  = 0.000133, J = 0.000266, Cv = Cw = 1.0 e C = 1.414214. 
Replacing these values in Eqs. (1) to (3), the following set of discretized equations of motion is obtained: 
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Linearizing Eqs. (7) to (9), the three natural frequencies of the beam are obtained as a function of the geometric 

imperfections v0 and w0. They are: 
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Figure 2 shows the variation of the natural frequency of the beam as a function of the geometric imperfection 

magnitude. 
 

 
 

(a) Surface v0 vs. w0 vs. v 

 
 

(b) Surface v0 vs. w0 vs.w

 
 

(c) Surface v0 vs. w0 vs.

 
Figure 2. Influence of the imperfections on the natural frequencies of the beam 
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Comparing the Fig. 2a with the Fig 2b, it is observed that one is a mirror image from the other, i.e., a point with 
coordinates (v0, w0, v) in Fig. 2a correspond to a point with coordinates (w0, v0, w) in Fig. 2b. So, the 1:1 internal 
resonance (v = w) can be observed whenever the module of v0 is equal to the module of w0. As observed here, all 
natural flexural frequencies decrease with the geometric imperfections. For this cross section geometry the torsional 
frequency is much higher than the flexural natural frequencies. Based in this system characteristic, most of the works in 
this research area disregards the angle of torsion, adopting a system with only two degrees of freedom (2DOF). Here no 
simplification is considered. 
 
5. FORCED MOTION 
 

The forced and damped motion of beam is studied now, considering a uniformly lateral harmonic excitation denoted 
by qv cos (v t) and applied in the Y direction (see Fig. 1). An excitation magnitude qv = 0.025 and linear viscous 
damping cv = cw = c = 0.6% are adopted. The bifurcation diagram in the v vs. v vs. w space, for the perfect beam 
(v0 = w0 = 0.0), is shown in Fig. 3.  

 

 
 

(a) Projection v vs. v vs. w  

 
 

(b) Projection  vs. v vs. w 
 

Figure 3. Bifurcation diagrams for the perfect beam 
 

Here the maximum displacement of the beam is plotted as a function of the excitation frequency. These bifurcation 
diagrams were obtained by using the continuation software AUTO (Doedel et al., 1998). The continuous curves 
correspond to the stable solutions and dashed curves to the unstable solutions. To facilitate the parametric analysis, 
different colors are used for different solutions branches. The black curve, corresponds to the in-plane vibrations of the 
beam (classical resonance curve), where load and structure are contained in the same plane (the displacement w and the 
angle of torsion  are equal to zero). Due to the modal coupling, the displacement w and the angle of torsion   are 
excited and two new branches of solutions appear (blue and red branches) connecting the subcritical pitchfork 
bifurcation points PF1 and PF2. They are coincident due to the symmetry of the cross section with relation to the load 
direction. This means that the same vibration pattern is observed for both bifurcated branches (one exhibiting a 
clockwise and the other a counterclockwise motion). Along these new bifurcated branches saddle-node bifurcations 
occur with stable solution branches between SN1 = SN3 and SN2 = SN4. This leads to several coexisting attractors in 
the main resonance region associated with planar and non-planar motions. 

Figures 4 and 5 show the bifurcation diagrams for the beam with, respectively, initial geometric imperfection 
v0 = 0.01 (0.04% L) and w0 = 0.01. Comparing the projections of these two diagrams with Fig. 3, important differences 
can be observed. In the Fig. 4a (see detail in Fig. 4c) it is observed that the subcritical pitchfork bifurcation point PF1 
moves along the previously unstable branch of planar motions prolonging the stable region and creating an additional 
stable coexisting solution. In the Fig. 5a (see detail in Fig. 5c), however, the pitchfork bifurcation point PF1 moves in 
the opposite direction, increasing the unstable region, and the pitchfork bifurcation becomes supercritical, leading to a 
different sequence of stable and unstable branches of non-planar solutions (blue and red). Two new saddle-node 
bifurcation point appear (NS5=NS6), with stable solutions between the points PF1 and SN5=SN6 and SN1=SN3 and 
SN2=SN4. Additionally, the nonplanar solution branches, coincident in the perfect case (Fig. 3), start to diverge from 
each other, as shown in Fig. 4 and Fig. 5. This behavior occurs due to the symmetry breaking effect imposed by the 
geometric imperfections. 

To clarify the strong influence of the geometric imperfections on the dynamic behavior of the beam, Fig. 6 and Fig. 
7 show some time histories, phase space projections and Poincaré maps for, respectively, v0 = 0.01 and w0 = 0.01, 
considering v = 3.66064. The solutions refer to Fig. 4 and Fig. 5, following the same color convention. These 
projections are observed in the hyperplane defined by v  = 1.881350, w  = -0.470302,   = 0.011297 and   = 0.051874. 
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(a) Projection v vs. v vs. w  

 
 

(b) Projection  vs. v vs. w 

 
 

(c) Detail of the projection v vs. v vs. w at the 
PF1 bifurcation region 

 
Figure 4. Bifurcation diagrams for the beam with initial geometric imperfection v0 = 0.01 

 

 
 

(a) Projection v vs. v vs. w  

 
 

(b) Projection  vs. v vs. w 

 
 

(c) Detail of the projection v vs. v vs. w at the 
PF1 bifurcation region

 
Figure 5. Bifurcation diagrams for the beam with initial geometric imperfection w0 = 0.01 

 
Figure 6 shows four period one stable solutions (four fixed points in Fig. 6c, each one associated with a closed orbit 

in the phase space projection). Two planar solutions (the small amplitude solution TS and the large amplitude solution 
TL) and two non-planar solutions (NT1 and NT2) are observed. Comparing the Fig. 6 with the Fig. 7, one can observed 
that when v = 3.66064 the large amplitude planar solution disappears and two period one nonplanar additional 
solutions are observed (NT3 and NT4), which arise in the state variable space when the imperfection occurs orthogonal 
to the excitation plane, i.e., in the Z direction (w0 = 0.01. 

Additionally, Fig. 6d and 7d show the deformed beam configuration for, respectively, the four and five possible 
stable equilibrium configuration. Among these possible coexisting solutions, that assumed by the structure depends on 
of the system initial conditions. 

Some v vs. w cross sections of the six dimensional basin of attraction are presented in the Fig. 8 for v0 = 0.01, and in 
the Fig. 9 for w0 = 0.01 (see detail in Fig. 9b), both defined by the v  = 1.881350,  w  = -0.470302,  = 0.011297, 
  = 0.051874 hyperplane. In these sections, six different regions, each one associated with a specific behavior, are 

observed. They are: (a) black region – solution with large vibrations occurring in the same plane as the excitation (TL in 
Fig. 6), (b) gray region – solution with small vibrations occurring in the same plane as the excitation (TS in Fig. 6 and 
Fig. 7), (c) blue and red regions – nonplanar solutions excited due to the modal coupling and with moderate vibration 
amplitude (respectively, NT2 and NT1 in Fig, 6 and Fig. 7) and (d) dark blue and dark red regions – nonplanar solutions 
with large vibration amplitude (respectively, NT3 and NT4 in Fig. 7). The yellow dots are projections of the fixed 
points of the Poincaré map onto the chosen cross sections. 

A well-defined set of initial conditions is identified in Fig. 8, which lead to vibrations with large amplitude in the 
same plane as the excitation (black region). A great sensibility to initial conditions is observed in the remaining basin, 
with non-planar sub-basins (blue and red) intercalated by the planar gray basin associated with the small amplitude 
planar solution. A fractal basin is also observed in the Fig. 9, where a very small set of initial conditions associated with 
the dark blue and dark red sub-basins can be identified in Fig. 9b. 
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(a) v vs. t time history  

 
 

(b) w vs. t time history 
   

 
 

(c) v vs. w phase space projection and Poincaré map (dots)

 

 
 

(d) (s + u) vs. v vs. w phase space projection and deformed configuration

 
Figure 6. Coexisting stable solutions for v = 3.66064 and v0 = 0.01 

 

 
 

(a) v vs. t time history  

 
 

(b) w vs. t time history 
   

 
 

(c) v vs. w phase space projection and Poincaré map

 

 
 

(d) (s + u) vs. v vs. w phase space projection and deformed configuration

 
Figure 7. Coexisting stable solutions for v = 3.66064 and w0 = 0.01 
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Figure 8. v vs. w cross section of the basin of attraction for v  = 1.881350,  w  = -0.470302,  = 0.011297 and 
  = 0.051874, considering v = 3.66064 and v0 = 0.01 

 

 
 

(a) Seção v vs. w  

 
 

(b) Detalhe da projeção v vs. w 
 

Figure 9. v vs. w cross section of the basin of attraction for v  = 1.881350,  w  = -0.470302,  = 0.011297 and 
  = 0.051874, considering v = 3.66064 and w0 = 0.01 

 
The results presented up to this point of the work are already enough to give a good illustration about the strong 

influence of geometric imperfections on the dynamic behavior of slender cantilever beams, changing the bifurcation 
scenario of the structure and, due to that, leading the system to new periodic solutions, including some with large 
vibration amplitude. Furthermore, is observed that the direction of the imperfection, with respect to the excitation 
direction, also has a profound influence on the instabilities of the system. 

Considering this last point in view, a geometric imperfection at 45º, with v0 = w0 = 0.001 (very small imperfection), 
is imposed on the system. In the Fig. 10a it is observed that the solutions associated with the black curve are no longer 
planar and the pitchfork bifurcation point PF1 moves out of the v vs. v plane. Also the two non-planar solution 
branches (blue and red), due to the simultaneous imperfections (v0 = w0) considered, are no longer coincident (see 
Fig. 10b). However, considering the higher geometric imperfection magnitude, v0 = w0 = 0.01, a profound change can 
be observed on the response of the structure (Fig. 11). For this geometric imperfection magnitude, the response diverges 
radically from the classical resonance curve, giving rise to a new non-planar solution branch (green with w ≠ 0.0 and 
 ≠ 0.0) and the pitchfork bifurcation point PF1 disappear, arising in its place a new saddle-node bifurcation point 
(SN0). 

At this point, it is important call attention to the fact that, the angle of torsion, not considered in previous works on 
beams with high torsional stiffness, in addition to providing additional information on the three dimensional motions of 
the beam, becomes indispensable when the vibrations reach large amplitudes. Fig. 12, e.g., shows a bifurcation diagram 
for the beam with geometric imperfections v0 = w0 = 0.01, obtained disregarding the angle of torsion ( = 0) in the Eqs. 
(7) to (9), i.e., considering a system with only 2DOF (v and w). To help in the comparison, Fig. 12 also shows, in gray, 
the bifurcation diagram presented before in the Fig. 11. It is observed that the response of the structure obtained 
considering a system with 2DOF is different from that obtained considering a 3DOF system (v, w and ). This 
difference is also observed looking at the phase space projection, together with the Poincaré map, in the Fig. 12b for a 
solution with large amplitude. Thus, the traditional 2DOF system used for perfect bar structures with large torsional 
stiffness cannot be used to study beams with initial geometric imperfections. 
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Finally, to complement the numerical results presented in this work, the bifurcation diagrams considering 
v0 = 2 w0 = 0.01 and w0 = 2 v0 = 0.01 are shown in Fig. 13a and Fig. 13b, respectively, where the influence of the 
geometric imperfections on the response of the structure can be observed again. 

 

 
 

(a) Projection v vs. v vs. w 

 
 

(b) Projection  vs. v vs. w 
 

Figure 10. Bifurcation diagrams for the beam with initial geometric imperfection v0 = w0 = 0.001 
 

 
 

(a) Projection v vs. v vs. w 

 
 

(b) Projection  vs. v vs. w 
 

Figure 11. Bifurcation diagrams for the beam with initial geometric imperfection v0 = w0 = 0.01 
 

 
 

(a) v vs. v vs. w bifurcation diagram projection

 
 

(b) v vs. w phase space projection 
 

Figure 12. Bifurcation diagrams and phase space projection for the beam with initial geometric imperfection 
v0 = w0 = 0.01, obtained considering   = 0.0 in the Eqs. (7) to (9) 

 
In particular, due to the difference between the geometric imperfection components (v0 ≠ w0 ≠ 0.0) and the resulting 

asymmetry, a different sequence of bifurcation can be observed in each case. In particular, in Fig. 13b, four new saddle-
node bifurcation points appear (SN5=SN7 and SN6=SN8), changing consequently the stability of the solutions and the 
number of coexisting solutions for a given forcing frequency. 
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6. CONCLUSIONS 
 

The flexural-flexural-torsional response of slender cantilever beams was investigated in this work by taking into 
account the effect of initial geometric imperfection. Both geometrical and inertial nonlinearities were considered in the 
equations of motion. The beams were subjected to a uniformly distributed lateral harmonic excitation. 

 

 
 

(a) v vs. v vs. w projection, assuming v0 = 2 w0 = 0.01

 
 

(b) v vs. v vs. w projection, assuming w0 = 2 v0 = 0.01

 
Figure 13. Bifurcation diagrams for the beam with initial geometric imperfection v0 ≠ w0 ≠ 0.0 

 
Numerical integration of the equations of motion and bifurcation diagrams were used to investigate the behavior of 

the beam. The results show a remarkable influence of geometric imperfections on the dynamics behavior of structure, 
changing the bifurcation scenario of the beam and leading the system to different planar and nonplanar periodic 
solutions with small, moderate and large vibration amplitudes. Also, the results show that the traditional 2DOF systems 
used for perfect bar structures with large torsional stiffness cannot be used to study beams with initial geometric 
imperfections, being necessary to include in the formulation the torsion angle (3DOF system). Finally, the results call 
attention to the need for a careful design of tall self-supported towers and mast and similar structural systems working 
in a dynamic environment. 
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